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Abstract

Asymptotic and numerical methods are used to highlight different types of dynamical be-
haviors that occur for the motion of a localized spike-type solution to the singularly perturbed
Gierer-Meinhardt and Schnakenburg reaction-diffusion models in a one-dimensional spatial do-
main. Depending on the parameter range in these models, there can either be a slow evolution
of a spike towards the midpoint of the domain, a sudden oscillatory instability triggered by
a Hopf bifurcation leading to an intricate temporal oscillation in the height of the spike, or
a pulse-splitting instability leading to the creation of new spikes in the domain. Criteria for
the onset of these oscillatory and pulse-splitting instabilities are obtained through asymptotic
and numerical techniques. A moving-mesh numerical method is introduced to compute these
different behaviors numerically, and results are compared with corresponding results computed
using a method of lines based software package.

1 Introduction

Since the pioneering work of Turing [27], there have been many studies of instabilities of spatially
homogeneous patterns in two-component reaction-diffusion systems. The criterion for the onset of
instabilities of these spatially homogeneous patterns, and the associated weakly nonlinear theory
describing the evolution of small disturbances, has largely been explored. However, in the singularly
perturbed limit, many reaction-diffusion systems can give rise to spike-type patterns whereby one
of the components of the system becomes spatially localized at certain points in the domain. In
different contexts, these types of solutions are also referred to as pulses (cf. [5]) or spots (cf. [16]).
In contrast to spatially homogeneous solutions, the instabilities and the dynamics of these localized
patterns is not nearly as well understood. In this paper, we use asymptotic and numerical methods
to highlight different types of dynamical behaviors and instabilities that occur for the motion of

*Mathematics and System Science School of Shandong University, Jinan, 250100, Shandong, P.R. China
fDepartment of Mathematics, The Hong Kong Baptist University, Kowloon Tong, Hong Kong
tDepartment of Mathematics, U. B. C, Vancouver, Canada V6T 1Z2; (corresponding author)
$Department of Mathematics, Chinese University of Hong Kong, New Territories, Hong Kong



a localized spike-type solution to the singularly perturbed Gierer-Meinhardt and Schnakenburg
reaction-diffusion models in a one-dimensional spatial domain.

The Gierer-Meinhardt (GM) model, introduced in [9], is a reaction-diffusion system of activator-
inhibitor type. It has been widely used to model localization processes in nature, such as cell dif-
ferentiation and morphogenesis (cf. [10]), biological pattern formation (cf. [15]), and the formation
of sea-shell patterns (cf. [16]). In dimensionless form, the GM model can be written as

aP

at:82am—a—|—ﬁ, —-l<z<l, t>0, (1.1a)

am
Tht:Dhm—h—Fe_lF, ~l<z<1l, t>0, (1.1b)
az(£1,t) = hy(£1,t) = 0; a(z,0) = ag(z), h(z,0) = ho(z) . (1.1c)

Here a, h, 0 < e < 1, D > 0, and 7 > 0, represent the activator concentration, inhibitor con-
centration, activator diffusivity, inhibitor diffusivity, and reaction-time constant, respectively. The
parameters D and 7 are assumed to be constant. The usual assumption on the exponents (p, g, m, s)
(cf. [9]) are that they satisfy

qm
(p—1)

A typical exponent set is (p,q,m,s) = (2,1,2,0). The nondimensionalization of the dimensional
GM model, which results in (1.1), is summarized in Appendix A.

The Schnakenburg model [26] is another well-known two-component reaction-diffusion system.
In the absence of diffusion, the kinetics for this model are such that spatially homogeneous patterns
can exhibit Hopf bifurcations leading to temporal oscillations. When the ratio of the diffusion
coefficients in the model is suitably large, spike-type solutions to this model are also possible (cf. [29],
[13]). In this limit, and with the nondimensionalization procedure summarized in Appendix A, the
Schnakenburg model can be written in dimensionless variables as

p>1, g>0, m > 1, >0, with (= —(s+1)>0. (1.2)

Up = €2 Ugy — u + VU2, -l<z<l1l, t>0, (1.3a)

1
Tvt:szz—I—E—e_lqu, -l<z<l, t>0, (1.3b)
ug(£1,t) = vy (£1,¢) = 0; u(z,0) = up(z), v(z,0) = vo(x). (1.3¢)

For the case 7 = 0, there have been several recent studies of the stability of equilibrium spike-
type solutions to the GM model (1.1) and the Schnakenburg model (1.3). The stability of symmetric
multi-spike equilibria and the existence and stability of asymmetric multi-spike equilibria for the
GM model have been analyzed using formal asymptotic techniques in [12] and [28], respectively.
A rigorous framework for these stability analyses is given in [33]. Similar results for the existence



and stability of symmetric and asymmetric multi-spike equilibria for (1.3) when 7 = 0 have been
obtained in [13] and [29].

There are only a few stability results for the case where 7 > 0. The difficulty with the analysis
in this case is that oscillatory instabilities may emerge for certain ranges of 7. This was anticipated
in [19] where numerical results were shown at two different values of 7 for the oscillatory motion
of a boundary spike for the shadow GM model obtained by taking the limit D — oo in (1.1). For
7 > 0, and D sufficiently large, the stability of a one-spike solution to (1.1) was analyzed rigorously
in [20] under the condition that the exponents (p,q,m,s) in the model are such that ¢ — 0% in
(1.2). For the shadow GM model, a combination of rigorous and formal asymptotic and numerical
techniques were used in [30] to determine the conditions for the onset of oscillatory stabilities of an
equilibrium one-spike solution to the shadow GM model in N spatial dimensions.

For the case 7 = 0 and D = O(1), the dynamics of a collection of spikes for the GM model
has been analyzed in [11] by deriving equations of motion for the slow evolution of the centers of
the spikes. It was shown asymptotically and numerically in [11] that a collection of spikes will
move slowly in time, but can experience a sudden instability whereby one of the spikes collapses
monotonically to zero on an O(1) time scale. The stability and dynamics of spike solutions with
7> 0 and D = O(1) has not been considered previously.

There are two main purposes of this paper. The first goal is to highlight the different types of
behaviors associated with the dynamics of a localized spike-type solution for (1.1) and (1.3). Two
key parameters in the analysis are the reaction-time constant 7 and the diffusivity D. Asymptotic
methods are used as a guide to provide a partial analysis of the range of behaviors seen. For
the case 7 = 0, there will be a slow evolution of the center of the spike towards the midpoint of
the domain. The motion occurs on a long time-scale of order O(¢72). An asymptotic differential
equation for the motion of the center of the spike is derived. For other ranges of the parameter 7,
a spike can move slowly in the domain, but then at some point during the slow evolution develop a
sudden and very intricate oscillatory motion in its height that occurs on an O(1) time-scale. This
type of oscillatory instability, which is initially triggered through a Hopf bifurcation, has not been
observed previously. By deriving a nonlocal eigenvalue problem, and then by studying this problem
numerically, we show that this instability will occur when 7 > 7y, where 7y depends on D and on
the location, zg, of the spike at a given time. The values for 7y are computed numerically for (1.1)
and (1.3). For other ranges of the parameters, a pulse-splitting instability can occur for (1.1), and
for a certain generalized form of the basic model (1.1). Although we do not give a detailed account
of pulse-splitting instabilities for (1.1), we give a prediction for the critical value of D below which
pulse-splitting instabilities occur. For the well-known Gray-Scott model, pulse-splitting instabilities
and traveling waves have been explored in considerable detail in [25], [5], [6], [7], [8], [17], [22] (see
also the references therein). They were also predicted to occur for the GM model when D in (1.1b)
is sufficiently small (cf. [21]).

These various dynamical behaviors of spike motion highlight potential challenges associated
with the numerical solution to (1.1) and (1.3) using only a moderate number of spatial meshpoints.
There are several key challenges. Since a spike is localized in space, there is a need for a fine spatial



grid near the core of the spike. This spatial grid needs to adapt to the slow change in the location
of the spike as it moves across the domain. In addition, since a spike can exhibit a fast oscillatory
instability in its height, an accurate long-time integration is needed in order to capture the slow
drift of the center of the spike in the presence of an O(1) time-scale oscillation of the height of
the spike. Pulse-splitting instabilities, whereby new spikes are created, provide a severe challenge
as they require that new computational meshpoints be generated to follow each new spike. In our
one-dimensional spatial domain it is possible to largely overcome these difficulties by using a very
large number of equidistantly spaced spatial meshpoints and stringent tolerances on the adaptive
time stepping control for a method of lines based PDE solver from the NAG library [18]. Although,
this type of brute force approach is possible in one space dimension, it is computationally inefficient
and, from practical purposes, infeasible in more than one space dimension, where similar types of
dynamical behavior for spike solutions is likely to occur. In this light, the second goal of this
paper is to introduce a moving-mesh numerical method to compute a spike-type solution for (1.1)
and (1.3) using only a moderate number of meshpoints. Numerical results from this moving-mesh
method and from a software routine in the NAG library are shown. Work is in progress to extend
the moving-mesh method to two space dimensions in the future. A different type of moving-mesh
method, described in [3], has been used previously for the Gray-Scott model in [5].

The outline of this paper is as follows. In §2 we introduce a moving-mesh numerical method
for computing a spike-type solution for (1.1) and (1.3). In §3, for the case 7 =0 in (1.1) and (1.3),
we study both asymptotically and numerically the slow, regular, motion of a spike towards the
midpoint of the domain. In §4, asymptotic analysis is used to determine the conditions on 7 for
which an oscillatory instability in the height of the spike is triggered. Numerical computations are
shown for values of 7 both near, and well beyond, this critical value. These computations highlight
the various types of oscillatory instabilities. In §5 and §6 pulse-splitting instabilities are shown for
(1.1) and for a generalization of (1.1).

2 The Moving Mesh Method

In this section, we describe the moving mesh numerical method used to approximate the solution
o (1.1). A similar discretization scheme is used to compute solutions to (1.3).

Let -1 =z9p < z; < --- < zy = 1 be a partition of [—1,1]. A natural way to discretize (1.1) is
to use the central differencing in space to handle the diffusion terms and to use a method of line
approach to deal with the time derivatives. One of the difficult issues is how to handle the boundary
conditions. There are several ways to deal with the nonreflecting boundary conditions in (1.1c).
For example, by using Taylor expansions with the given boundary conditions we can determine
numerically the boundary values at £ = +1. Then the method of line equations are set up at
T =11, ,rN—1. However, our numerical experiments have shown that this approach in general
leads to wrong solutions: in most cases the numerical solutions for the activator concentration
diffuse to zero at a finite time.



It is found that an appropriate numerical scheme for the GM model (1.1) has to satisfy the two

compatibility conditions
1 1 1 P
a;dx + adr = —dz, (2.1a)
_ 1 he

1 —1 —
1 1 1 am
7/ htdm+/ hdw:e_l/ —dz. (2.1b)
—1 -1 -1 hs

With this in mind, we propose the following numerical scheme for solving (1.1). Let the approxi-
mations to the activator and inhibitor concentrations at the grid point x; be defined by {A(¢);}}
and {H (t);}{’, respectively. On a nonuniform mesh, we introduce the discretizations

ooy = oot (Hoasi - H0=TR).
A(t)1 — A(t)o Al)y—1 — A(t)n
(w1 — 20)? (zv —zN-1)?

=1,...,N—-1, (2.2a)

0z(6zA())o = , o 03(0:A())N =

(2.2b)

The approximate solutions A(¢) and H(¢) are made to satisfy the following semi-discrete equations,
fore=0,...,Nandt>0:

A(t)P

(A(t)i)e = €202(0,A(t))i — A(t)i + T (2.3a)
T(H(t)i)t = D(S@((SmH(t))Z — H(t)Z + 6_11;_;(2)2 , (23b)
A(0)i = ao(zi),  H(0)i = ho(zi)- (2.3¢)

We now generate the moving mesh based on the equidistribution principle in one dimension as
introduced by de Boor [4]. Let z € [-1,1] and £ € [0, 1] denote the physical and computational
coordinates, respectively. The mesh z(¢) is defined in terms of a differentiable mesh transformation
from [0, 1] to [—1, 1]. The underlying strategy for determining z(¢) is to require equidistribution of
a positive monitor function, say M (a,a,), so that

/deyzﬁ/lMdy, &£ €[0,1]; z(0)=-1, =z(1)=1. (2.4)
0 0

The above integral form was proposed in [34].

Roughly speaking, the role of the monitor function is to cluster more grid points in the regions
where the monitor has the largest values. A popular class of monitor function depends on the
gradient of the physical solution to be adapted, see, e.g., [2]. However, for problems with finitely
many peaks, a typical choice for the monitor function (cf. [14], [24]) is

M(a(z,t)) = /1 + ca®(z,t), (2.5)



where ¢ > 0 is a user-prescribed parameter, chosen depending on the character of the physical
solution. In the computations below we take M as given in (2.5) with ¢ = 1.

Suppose that a uniform mesh is given to the computational domain by {£;})Y. We denote the
corresponding mesh in z by {z;}{’. For a chosen monitor function M (a(z,t)), the equidistribution
principle (2.4) can be expressed in the discrete form:

Ti+1

M(a(y, ) dy = /m Ma(y,)dy,  i=1,... . N—1. (2.6)

Using the mid-point rule leads to the following system:
M(a(zi412,8)) (@iv1 — 23) = M(a(zi—y/2, 1)) (2 —23-1), i=1,...,N—1, (2.7)

with zp = —1 and zy = 1.

We now describe the procedure for solving the semi-discrete system (2.3). From the initial
condition ay we first generate the initial adaptive mesh by solving the linear system (2.7) — in this
case the monitor function is given explicitly. We then map the initial value of the activator and
inhibitor concentrations to the initial adaptive mesh at £ = 0. Then, once the approximate solution
{4, Hz}éV on the adaptive moving mesh is known at ¢ = ¢, > 0, the activator concentration and
inhibitor concentrations are then computed at ¢ = ¢,,11 by means of an explicit fourth order Runge
Kutta method on the mesh {z;(t,)}{’. This high order time integration scheme is needed to capture
oscillatory instabilities. We generate the mesh at next time step by solving the linearized system
(2.7) with M; /5 and M;_; /o computed by the value of A(t,). We then map the activator concen-
tration A(tp+1) on the previous mesh to the present mesh by using first order linear interpolation.
In the special case where 7 = 0 in (2.3b) we first compute H (t,+1) on the present mesh from the
solution to (2.3b) using the known values of A(t,+1)-

3 The Dynamics with a Zero Reaction-Time Constant

In this section we consider the evolution of a one-spike solution to the GM model (1.1) and the
Schnakenburg model (1.3) when 7 = 0. For the case 7 = 0, the dynamics of a one-spike solution
to (1.1) for € <« 1 was analyzed in [12]. In §3.2 we derive an analogous result for the dynamics of
a one-spike solution to (1.3). The asymptotic results for the location of the spike as a function of
time are compared with corresponding numerical results computed using the moving-mesh method
of §2 and the NAG library routine DO3PCF [18].

3.1 The GM Model

For ¢ < 1, the method of matched asymptotic expansions was used in [12] to derive the following
asymptotic result for the dynamics of a one-spike solution to (1.1):



Proposition 3.1(From [12]): For 0 < ¢ < 1 and 7 = 0, the dynamics of a one-spike solution to
(1.1) is characterized by

a(z,t) ~ a. = H'w (e 'z — zo(t)]) , (3.1a)
h(z,t) ~ he = HGp, [2;20(t)] /G [20(2); zo(1)], (3.1b)

where v = q/(p — 1), and the spike location z((t) satisfies the differential equation

0 (o [p 0 2] - 00 ]) . a0

Here w(y) is the unique, positive, solution to
w —w+uwP =0, —oo<y< oo; w—0 as |y = oo; w(0) =0, w(0)>0. (3.1d)
In (3.1b), Gy (x; ) is the Green’s function satisfying
DGy — G = —6(x — ), -l<z<1; Gz (£1;29) =0, (3.1e)
and the constant H(t) is defined in terms of Gy, by

o0

1 1/¢
H=|——— b = md 3.1f
eay| = mmay, (311
where ( is defined in (1.2).

Experiment 1: To illustrate the moving-mesh method for solving (1.1), we take ¢ = 0.03, D =1,
7 = 0, and the exponent set (p,q,m,s) = (2,1,2,0). We take the spike to be located at x = 0.6
initially. The initial profiles for a and h are chosen to have the form in (3.1a) and (3.1b) respectively,

so that
3H

e~ 1
ag(z) = 7sechQ (T[ac - mon) . H=[6Gn(zo;z0)] ", (3.2)

with z¢(0) = 0.6.

In Fig. 1-2, we plot the numerical solution to (1.1) based on our moving-mesh method with
N = 100 meshpoints. In Table 1 we compare the asymptotic and numerical results for zy(¢) with
the moving-mesh results for N = 100 and N = 200 meshpoints. The asymptotic result is obtained
by integrating (3.1c) with z¢(0) = 0.6. To compare with these results, we solve (1.1) for this
parameter set using the NAG library code DO3PCF [18] with N = 2000 equally spaced meshpoints
and strict tolerances on the time-stepping. The results, which should be very close to the true
solution, are shown in the fourth column of Table 1. Notice that the moving-mesh method with
N = 200 gives a rather close approximation to the results from the NAG routine.
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t | 2o(t) (ASY) | 2o(t) (MM, N=200) | 2o(t) (MM, N=100) | zo(t) (NAG)
100 | 0.55338 0.555 0.55 0.5506
400 0.43577 0.425 0.43 0.4272
800 | 0.31891 0.305 0.33 0.3064
1200 0.23441 0.215 0.23 0.2207
1800 0.14834 0.135 0.015 0.1353
3000 | 0.05975 0.055 0.07 0.0512

Table 1: Comparison of the asymptotic and numerical results for the center z(t) of the spike for
Experiment 1. Here N is the number of mesh points and (MM) denotes moving-mesh.

3.2 The Schnakenberg Model

We now consider the evolution of a one-spike solution for (1.3). The adaptive moving-mesh nu-
merical method for this problem is similar to that described in §2 for the GM model. To compare
with results from the numerical method, we use the method of matched asymptotic expansions for
e < 1 to derive a differential equation for the center of a spike for a one-spike solution to (1.3). We
obtain the following result:

Proposition 3.2: For 0 < ¢ < 1 and 7 = 0, the dynamics of a one-spike solution to (1.8) is
characterized by

u(z,t) ~ue =V tw (e Hz — z0(t)]) (3.3a)
0(3,1) ~ ve = Gyl m0(t)] — Galo(t); 20 ()] + V. (3.3b)

Here w is the solution to (3.1d) with p = 2. The spike location z(t) and the constant V satisfy

dz g
d—to ~ — (6—D> I, V= bQ, (33C)

where by, is defined in (3.1f). In (3.3b), Gs(x;z0) is the modified Green’s function satisfying

1 1
DGsge + 5 = —0(zx —m0), |2] <15 Guu(EL20) = 0; / Gs(z320)dz =0.  (3.3d)
-1

It can be calculated explicitly as

1
Gs(m;m0) = ——=(z° + zg) + Ekl? — x| — —=. (3.3e)



We now derive the result (3.3) using the method of matched asymptotic expansions. In the
analysis two expansions are needed: an inner expansion near the core of the spike and an outer
expansion away from the core. In the inner region, near x = z(, we introduce new variables by

y=ctz—zo(r)], (y) =v(wo+ey), aly)=ulzotey), T=c%, (3.4a)

and we expand

o(y) = Bo(y) +evi(y) +...,  aly) =do(y) +eta(y) +... . (3.4b)

We substitute (3.4) into (1.3) and collect powers of €. The leading order problem, on —o0 < y < 00,
is
fig — g + Totia =0; By =0. (3.5)
The solution is 3
doy) = V'wly),  w(y) = gse? (5) . Ho=V. (3.6)
Here w(y) is the solution to (3.1d) when p = 2, and V = V(1) is a function to be determined. At

next order, we obtain that @, and v, satisfy

'
n U}2 rw

Uy —ﬂ1+2wﬂ1:—7f61—x07, —00 <y <00, (3.7a)
n 1
Dy, = Vw2, —00 <y <00, (3.7b)

with @; — 0 exponentially as |y| — oo. In (3.7a), z; = dzo/dr. The right-hand side of (3.7a)
must be orthogonal to the solution w’ of the homogeneous problem for (3.7a). From this solvability
condition, we obtain
0o 9 I
;o J° o Wrw U1 dy

ry= —"—>_ ° 3.8
TV T o

If we integrate (3.8) by parts twice, and use the facts that 17’1' and w are even functions, we get

= 2 (foo‘” w(y)] dy) [lim 5 4+ lim o, . (3.9)

"W\ W@ dy) e T e

In the outer region away from the core of the spike, u is exponentially small and v = O(1). We

thus expand v = vy + ..., where vy satisfies
n ]_ !
Dy + 3 = el =0, —l<z<l;  wy(£1)=0. (3.10)

10



Since u is localized near x = g, the e~! term in (3.10) can be approximated as a Dirac mass. This

gives
" 1 b !
D, +§—V26(x—x0) =0, —l<z<l1; vo(£1) =0, (3.11)

where by is defined in (3.1f). The problem (3.11) must satisfy a solvability condition, as seen by
integrating the differential equation in (3.11) across the interval —1 < z < 1. This condition yields
that

o
Vb= / w(y)]? dy. (3.12)
— 00
With w(y) as in (3.6), we calculate that V' = 6. The solution to (3.11) is
vo(z) = Gs(x;20) + 0, (3.13)

where ¥ is a constant to be found, and G, is the modified Green’s function satisfying (3.3d). The
solution to (3.3d) is simply (3.3e).
Next, we match the inner and outer solutions. This requires that

vo(zg) =V =6, and lim 9, + lim 9, = voz(Tos) + vor(zo_) - (3.14)
y—+o00 y—>—0o0
Thus, setting vo(zo) = 6 in (3.13), we obtain that v = —Gs(zo;x0) + 6. Substituting v into (3.13)
we obtain (3.3b) above. Finally, we substitute (3.3b) into the second equation of (3.14). Then,
from (3.9), we obtain a differential equation for the spike location

oy 1 (fon [w(y)]’ dy
dr 36\ [, [w' (y))* dy

Using (3.3e) for G, 7 = £2t, and the form for w in (3.6) to calculate the ratio of the two integrals in
(3.15), we obtain the result (3.3c) for the dynamics of a one-spike solution to (1.3). This completes
the derivation of proposition 3.2.

Experiment 2: We take 7 = 0, ¢ = 0.03, and D = 1.0 in (1.3). We take the initial location of
the spike to be z¢(0) = 0.25. The initial profiles for u and v are as given in (3.3a) and (3.3b),
respectively. In Fig. 3, we plot the numerical solution to (1.3) at three different times computed
using our moving-mesh method with N = 200 meshpoints. In Table 2 we compare the asymptotic
and numerical results for zo(t) with the moving-mesh results for N = 200 meshpoints. The asymp-
totic result is obtained by integrating (3.3c) with z¢(0) = 0.25. In the fourth column we again
show the results obtained using the NAG library code DO3PCF [18] with N = 2000 meshpoints
and strict tolerances on the time-stepping. For this example, the asymptotic result is very close to
the values computed from the NAG routine. The moving-mesh method with N = 200 meshpoints
also performs well.

> [Gsw(iv(j;;ivo) + Gsw($6;$0)] . (3.15)

11



t | 2o() (ASY) | zo(¢) (MM, N=200) | zo() (NAG)
204 0.242466 0.2412 0.2425
486 0.232423 0.2311 0.2324
864 0.219612 0.2206 0.2196
1314 | 0.205277 0.2011 0.2053
1884 | 0.188455 0.1812 0.1885
2274 | 0.177746 0.1710 0.1778

Table 2: Comparison of the asymptotic and numerical results for the center z(t) of the spike for
Experiment 2. Here N is the number of mesh points and (MM) denotes moving-mesh.

4 Oscillatory Dynamics with a Nonzero Reaction-Time Constant

In this section we study the stability, on an O(1) time-scale, of one-spike quasi-equilibrium profiles
for the GM and Schnakenburg models with respect to a nonzero reaction-time constant 7 > (. The
spike is assumed to be located initially at some point 2o € (—1,1). In §4.1 we formulate nonlocal
eigenvalue problems that determine the stability of these profiles for (1.1) and for (1.3). From a
numerical computation of these eigenvalue problems, in §4.2 we give some results for the critical
value of 7 at which an oscillatory instability is triggered. This critical value of 7 depends on z¢ and
on D. In §4.3 and §4.4 we give some full numerical results for (1.1) and (1.3) showing oscillatory
instabilities for a spike at the origin and for a slowly drifting spike, respectively.

4.1 The Nonlocal Eigenvalue Problems

We first formulate a nonlocal eigenvalue problem that determines the stability on an O(1) time
scale of the quasi-equilibrium profile for the GM model (1.1).

For a fixed zy € (—1,1), the quasi-equilibrium profile a., h. for the GM model is defined in
(3.1). To study the stability of this profile, we let a = a. + e*¢, h = h, + e’n, where ¢ < 1 and
n < 1. Substituting into (1.1), we obtain the eigenvalue problem

-1

a a
& bz — ¢+p;q ¢—:qfl77 A, —l<z<l, (4.1a)
_1ma 18
Dngg — (L4 7A)n = x ¢+e h8+177’ -1<z<1, (4.1b)
¢5(£1) = nz(£1) = 0. (4.1c)

We look for eigenvalues of (4.1) that are O(1) as e — 0. The corresponding eigenfunction is localized,
and has the form

d(z) ~ @ [s_l(:v - xo)] , (4.2)
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Figure 3: Plot of u at different times from the numerical solution to (1.3) with D = 1.0, 7 = 0, and
€ = 0.03. The solid curve is at £ = 0, the dashed curve is at ¢ = 2190, and the heavy solid curve is

at t = 6108

where ®(y) — 0 exponentially as |y| — oo. Since a, and ¢ are localized near z = z;, the problem
(4.1b) for n reduces, for € — 0, to

Dngr — (14+7XN)n =0, -l<z<1; n(£1) =0, (4.3a)
[Mo=0,  [Dmaly=—w+ sbnHn(m), (4.3b)
where
o0
w= mH7(m1)S/ w™ o dy . (4.3¢)
—00

In (4.3b), we have defined [v]o = v(zo+) — v(zo—). Similarly, for ¢ < 1, the problem (4.1a) in terms

of ® becomes
O — &4 puP 10 — gH twPry(zy) = D, —00 <y < 00. (4.4)

By solving (4.3) explicitly, we can calculate n(xg) as

w
n(z0) = D 05 B(0x; z0) + sHSby, (4.5)

where 6y = /(1 + 7))/D, and the function B(&;z¢) is defined by

B(&; o) = tanh [£(1 + 70)] + tanh [£(1 — z0)] - (4.6)
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Next, we substitute b HS¢ = [Gp(zo;20)]”", obtained from (3.1f), into (4.5). By calculating
Gm(xo; o) explicitly from (3.1e), we find [Gm(aco;aco)]_1 = /Dp(6y; o), where 6y = D~1/2. Sub-
stituting the resulting expression for 7(x() into (4.4), we obtain the following nonlocal eigenvalue
problem:

Proposition 4.1: Assume that 0 < e < 1 7> 0, and xg € (—1,1). Then, the stability of the
quasi-equilibrium profile (3.1a) and (3.1b) for the GM model (1.1) is determined by the spectrum
of the monlocal eigenvalue problem

ffooo wm 1P dy
L()(I) — Xm’wp W = )\(I), -0 < Yy < o0, (473.)
—00
®—0, as |y| = oo. (4.7b)

In (4.7), the local operator Ly, and the multiplier x., are defined by,

Ld=d" — &+ pu” '®, (4.7¢)
and B
Xm :Xm(z;370) =qm |:S+\/1+Z (%)] . (4.7d)

Here the function B(&;xo) is defined in (4.6), and

Z=TA, 0\ = 6pV1+ z, 0o =D '/?. (4.7¢)

We now formulate a nonlocal eigenvalue problem that determines the stability of a one-spike
quasi-equilibrium profile for the Schnakenburg model (1.3). Since the details of the analysis are
similar to that given above for the GM model, we simply outline the key steps in the derivation. For
a fixed 2y € (—1,1), the quasi-equilibrium profile u., v, for (1.3) is defined in (3.3). Substituting
u = ue. + eMp and v = v, + eMn, with ¢ < 1 and n < 1, into (1.3), we obtain the eigenvalue
problem

2 pe — PH2ucve ¢+ uln = A, -l<z<l1, (4.8a)
Dijyy — TAD = 26 ‘ugvep +¢ uly,  —l<z<l, (4.8b)
$o(£1) = mg(£1) = 0. (4.8¢)

We look for a localized eigenfunction of (4.8) in the form (4.2). In place of (4.3), we now obtain

Dngy —1An =0, -1<z <1y nx(il) =0, (4'93)
_ _ n(zo) o
7o =0, [Dns]y = % +2 wddy . (4.9b)
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Here V is defined in (3.12). From (4.8a), the eigenvalue problem for & becomes
3" — &+ 2wd + V2uwln(z) = \®, —00 <y <o0. (4.10)

By solving (4.9) explicitly, we can calculate n(xo). Substituting this formula for n(z¢) into (4.10),
we obtain the following nonlocal eigenvalue problem analogous to (4.7):

Proposition 4.2: Assume that 0 < ¢ < 1 7 > 0, and zg € (—=1,1). Then, the stability of the
quasi-equilibrium profile (3.3a) and (3.3b) for the Schnakenburg model (1.3) is determined by the
spectrum of the nonlocal eigenvalue problem

) ffooo wd dy

LO@ — XsW ﬁ = A@, -0 < Y < oo, (411&)
[ w?dy

®—0, as |yl — oo. (4.11b)

Here Ly and w satisfy (4.7c) and (3.1d), respectively, with p = 2. The multiplier x5 is defined by
-1
Xs = Xs(%;20) =2 [1 + 6v Dzﬂ(u,\;xo)] , 2=TA, m=+2/D. (4.11c)

In (4.11¢), the function B(&;x0) is defined in (4.6).

4.2 Numerical Computations of the Spectrum: Small-Scale Oscillations

In this section we determine, numerically, conditions for which a complex conjugate pair of eigen-
values for (4.7) and (4.11) crosses into the unstable right half-plane Re(A) > 0 as 7 is increased.
For illustration purposes, in the remainder of §4 our computations for the GM model (1.1) are done
only for the exponent set (p,q,m,s) = (2,1,2,0). A much more detailed analysis of the spectrum
of the GM nonlocal eigenvalue problem (4.7) is given in [31].

We first reformulate (4.11) and (4.7). Let 1 (y) be the solution to

Lo = Mp + w?; =0 as |yl = . (4.12)
Here w(y) = 3sech® (y/2). Then, the eigenfunctions of (4.7) and (4.11) can be written as

o d
6= JTx, JE%, (4.13)

where x is either x.,, or xs. We are only interested in eigenfunctions for which ffooo wody # 0. If
ffooo w¢ dy = 0, then they must be the translation mode of the local operator Lgy. This mode is w,
and it corresponds only to the zero eigenvalue. Thus, from multiplying (4.13) by w and integrating,
we obtain that the eigenvalues of the nonlocal eigenvalue problems are the roots of g(A) = 0, where
25 wipdy

. (4.14)

1
A) = — .
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When D = oo and 7 = 0, it was proved in [32] that Re(\) < 0, except for the translation mode
¢ =w where X = 0.

We now look for a pure imaginary eigenvalue of the form A = iA;. Without loss of generality
we may assume that A\ > 0. Along the imaginary axis, we separate (4.14) and (4.12) into real and
imaginary parts by writing

g9 = gr +1igr, A =1iAr, % = YR+ iyr. (4.15)
From (4.14) and (4.12) we get
1 22 wiprdy 1 [2° wipr dy
gRERe(_)_ooi, gIEIm(—>—°°7, 416
X 2 w2 dy X 2 wdy (4.16)
where
Loyr = =Arpr +wP; Lopr = A\1Yr , (4.17)

with ¥ — 0 and ¢¥r — 0 as |y| — oc.

The coupled system gr = 0 and g; = 0 gives two equations for A; and 7 for given values of D and
zo. These critical values of 7 and A; are labeled by 7y by /\9. Our numerical computations below
determine the minimum value of 7 for which a complex conjugate pair of eigenvalues crosses into
the right half-plane. To compute 7o and \? we solve the system (4.17) for 9 and 1; numerically
using COLSYS at each fixed A;. We then use Newton’s method to locate the roots to gg = 0 and
gr = 0, and we use Euler continuation to calculate the dependence of 7y on zy and on D. We have
verified numerically that these eigenvalues cross into the right half-plane as 7 is increased past 7p.

In Fig 4(a) we plot 7o and A} versus D for a spike of the GM model (1.1) with (p,q,m,s) =
(2,1,2,0) that is located at the origin £y = 0. When zy = 0, 79 is a monotonically decreasing
function of D. It ranges from the value 79 ~ 2.749 when D < 1, to 79 = 0.771 when D > 1.
Thus, to obtain an oscillatory instability as D is decreased, we must increase the value of 7. From
Fig. 4(a) we see that the frequency )\? of small oscillations has a weak dependence on D and is
quite close to the value unity for the full range of D. Similarly, in Fig 4(b) we plot 79 and A} versus
D for a spike of the Schnakenburg model (1.3) that is located at the origin zp = 0. Once again 7
is a decreasing function of D, and 79 — 0.065 as D — oo. However, in contrast to the GM model,
70 is unbounded as D — 0. This difference between the models results from the fact that y,, in
(4.7d) is such that ,,! is independent of D for D < 1, whereas for the Schnakenburg model with
zo = 0 we have from (4.11c) that x;! — % + 6V D7\ for D < 1. Also note that 7y has already
decreased to its limiting value 79 ~ 0.065 when D > 0.2. Thus, unless D is very small, oscillatory
instabilities in the Schnakenburg model will typically occur for smaller values of 7 than for the GM
model with (p,q,m,s) = (2,1,2,0).

We now give a numerical confirmation of our results predicting the onset of an oscillatory
instability. To do so, we solve the GM model (1.1) and the Schnakenburg model (1.3) numerically
using the moving-mesh method of §2. Results essentially identical to those displayed are obtained
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Figure 4: Plots of 7 (solid curve) and A} (dashed curve) for the GM model (leftmost figure) and
the Schnakenburg model (rightmost figure).
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Figure 5: Plots of a,, versus t for the GM model in the leftmost figure with 7 = 1.3 (heavy
solid curve) and 7 = 1.35 (dashed curve). In the rightmost figure we plot u,, versus ¢ for the
Schnakenburg model with 7 = 0.085 (heavy solid curve) and 7 = 0.088 (dashed curve).

17



using the NAG library routine DO3PCEF [18]. The initial condition for the GM model (1.1) is taken
to be a small, but localized, perturbation off of the equilibrium solution a, and h. given in (3.1)
with 2p = 0. More precisely, we took

a(z,0) = a. [1 +0.02 cos (1—’”) e—-’ﬂz/(?f)] . R(,0) = he. (4.18)

A similar small perturbation off of the equilibrium solution u, and v, given in (3.3), is used in the
numerical simulation of the Schnakenburg model (1.3).

To illustrate small-scale oscillatory behavior for the GM model, in Fig. 5(a) we plot a,, = a(0,1),
referred to as the amplitude of the spike, as a function of ¢ for two values of 7 when D = 1 and
¢ = 0.01. Numerically, from the data used to generate Fig. 4(a), we get that 79 = 1.343. Notice from
Fig. 5(a) that, when 7 = 1.3, the small oscillations generated by the perturbation are damped out,
whereas when 7 = 1.35 the oscillations begin to grow as ¢ increases. Similarly, for the Schnakenburg
model, in Fig. 5(b) we plot u,, = u(0,t) as a function of ¢ for two values of 7 when D = 0.1 and
¢ = 0.01. The value predicted from the nonlocal eigenvalue problem is 7o = 0.0873. From Fig. 5(b)
we observe that small oscillations are damped out when 7 = 0.085 and they begin to grow when
7 = 0.088. We have performed similar tests for other parameter values to obtain confirming
evidence of the oscillatory instability that occurs when 7 is increased beyond the critical value 7.
The resulting Hopf bifurcation is apparently subcritical as numerical evidence suggests that the
emerging small-scale periodic oscillations are unstable.

4.3 Large-Scale Oscillations: Spike at the Origin

We now illustrate some large-scale oscillatory motions that occur for a spike centered at the origin
xzo = 0 when 7 is well beyond the bifurcation value 7y. Starting from the initial condition (4.18),
in Fig. 6(a) and Fig. 6(b) we plot the numerically computed spike amplitude a,, = a(0,t) versus
t for 7 = 1.38 and 7 = 1.5. The parameters for the GM model are D = 1, € = 0.01, and
(p,q,m,s) = (2,1,2,0). The critical value 7y for these parameters is 79 = 1.343. Notice that
when 7 = 1.5, the amplitude of the spike exhibits a few large oscillations for some range of ¢,
but then eventually collapses to zero. Similar spike collapse behavior occurs for larger values of
7. However, when 7 = 1.38 we observe a very intricate large-scale motion in the spike amplitude.
This type of motion, which persists for long time intervals, has not been observed previously for
(1.1). Although the spike remains at the origin, a numerical solution requires small time-steps and
an accurate time integration scheme to capture the oscillations. The intricate oscillatory motion is
not due to numerical errors as it persists under grid refinement and was also verified using the NAG
library routine DO3PCF [18]. A related oscillatory behavior was found in [30] for the N-dimensional
shadow GM problem obtained by taking the limit D — oo in the multi-dimensional extension of
(1.1). The qualitative mechanism responsible for this behavior in the shadow system is given in
[30]. The analysis of the oscillation shown in Fig. 6 is an open problem.

Similar oscillatory behavior occur for the Schnakenburg model when 7 is increased past the
critical value 7y. in Fig. 7(a) and Fig. 7(b) we plot the numerically computed spike amplitude
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Figure 6: Plots of a,, versus ¢ for the GM model at two values of 7 when D = 1.0 and € = .01.

Um = u(0,t) versus ¢ for 7 = 0.092 and 7 = 0.10, when D = 1 and ¢ = 0.01. The critical value 7
is 79 = 0.0873. When 7 is sufficiently beyond the value 7y, the spike amplitude tends to zero as ¢
increases, such as in Fig. 7(b) for 7 = 0.10. However, as seen in Fig. 7(a), for intermediate values
of 7 such as 7 = 0.092, the spike amplitude exhibits a large-scale oscillatory motion persisting for
long time intervals, before it eventually collapses.

4.4 Large-Scale Oscillations: Slowly Drifting Spikes

Next we consider instabilities that occur for quasi-equilibrium solutions where the spike is initially
located at some ¢ € (—1,1). By symmetry 7 is an even function of 2y and so we need only consider
zo € (0,1). From the numerical procedure described in §4.2, we can calculate the dependence of
To on zg € (0,1) for different values of D. In the remainder of this section we write 79 = 7o(z0)-
For different values of D, the results are shown in Fig. 8(a) for the GM model with (p,q,m,s) =
(2,1,2,0) and in Fig. 8(b) for the Schnakenburg model. The behavior of 7y as a function of z
depends on the value of D and is complicated. For D > 1, 7y is constant with respect to zy. For
larger values of D, we find that 7y is an increasing function of z( (see the curves in Fig. 8(a) and
Fig. 8(b) for D = 1.0 and D = 0.1, respectively). For smaller values of D, the dependence of 7
on zo is not monotone. The results shown in these figures for £y — 1 give the critical value 7y for
a boundary spike on an interval of length 2. This value is the same as the threshold for a spike
centered at the origin in a domain of length 4.

The dependence 1y = 7o(zo) suggests that we look for sudden oscillatory instabilities for slowly
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Figure 7: Plots of uy, versus ¢ for the Schnakenburg model with D = 0.10 and ¢ = 0.01 at two
different values of 7.
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Figure 8: Plots of 7y versus zg for the GM model and Schnakenburg model. In the leftmost figure,
D =1.0 (solid curve), D = 0.5 (dashed curve), and D = 0.1 (heavy solid curve). In the rightmost
figure, D = 0.1 (solid curve), D = 0.05 (dashed curve), and D = 0.025 (heavy solid curve).
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drifting spikes. In particular, for certain choices of 7 and the initial spike location z((0), this
dependence of 79 on z(y suggests that at some point during the slow evolution of a spike, a sudden
and very intricate oscillatory motion in its height, occurring on an O(1) time-scale, can develop.
The four experiments below show precisely this feature. The numerical results displayed below
were computed using the NAG library software DO3PCF [18] with 2000 spatial meshpoints and
stringent tolerances on the local accuracy of each time-step. The phenomena, persists under spatial
grid refinement and the usual numerical tests. The moving mesh-method performed adequately in
computing these intricate behaviors.

In each of the experiments below, the initial condition for the GM model (1.1) was a perturbation
of the form (4.18) of the quasi-equilibrium solution centered at zy, with a similar form for the
Schnakenburg model. The location = = z((t) of the maximum of either a for (1.1) or u for (1.3) is
plotted together with the maximum values a,, = a(zg,t) and u,, = u(zo,1).

Experiment 1 (GM Model): Persistent Oscillation: We take D = 1.0, ¢ = 0.03, 7 = 1.35,
z0(0) = 0.6, and (p, g¢,m, s) = (2,1,2,0). For D = 1.0, 19(zo) is a monotonically increasing function
of 2y for o > 0 (see Fig. 8(a)). Key critical values of 1o(xg) are 79(0.6) = 1.477, 79(0) = 1.343
and 79(0.35) = 1.36. Since 7 < 70(0.6), the spike is initially stable. It then slowly drifts towards
the origin. However, since 7(0) < 7 it experiences a sudden instability before it reaches the origin.
A plot of the spike amplitude a,,(t) and spike location zy(t) are shown in Fig. 9(a) and Fig. 9(b),
respectively. The oscillation for a,,, which is shown on a shorter time interval than for zy only
for graphical purposes, persists for a very long-time interval. Recall that with the same parameter
values, but with 7 = 0, the corresponding motion was computed previously in Experiment 1 of §3.

0.80
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(a) am = a(zo,t) (b) zo(t)

Figure 9: Plots of a,, and x¢ versus ¢ for Experiment 1 of §4.3.
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Experiment 2 (GM Model): Oscillation Followed by Collapse: We take D = 1.0, ¢ = 0.03,
T = 1.42, 9(0) = 0.6, and (p,q,m,s) = (2,1,2,0). The only difference between this and the
previous experiment is that we have raised the value of 7. In this case, the spike begins to drift
slowly towards the origin, but then collapses to zero. The numerical results are shown In Fig. 10(a)
and Fig. 10(b), respectively. This example is qualitatively similar to the example of §4.2 where, for
a spike at the origin, the value of 7 well exceeds the Hopf bifurcation value 7.
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Figure 10: Plots of a,, and zo versus t for Experiment 2 of §4.3.

Experiment 3 (Schnakenburg): A Delayed Oscillatory Collapse: We take D = 0.05,
e = 0.015, 7 = 0.2 and z((0) = 0.5. For this value of D, we obtain from Fig. 8(b) that 7o(zo)
is monotonically increasing. Key critical values of 7o(zg) are 79(0.5) = 0.22, 79(0.4) = 0.194, and
70(0.35) = 0.182. As shown in Fig. 11(a) and Fig. 11(b), the spike begins to drift towards the
origin. It then experiences a sudden instability, and then ultimately collapses. Notice, however,
that there is a delayed bifurcation effect in that the spike is able to penetrate some distance into
the unstable region before the instability is triggered. This phenomena occurs since the initial
perturbation in the spike amplitude has essentially completely died out before the spike enters the
zone of instability. Similar types of delayed bifurcation phenomena are well-known in ODE models.
Experiment 4 (Schnakenburg): Persistent Oscillation: We take D = 0.025, ¢ = 0.01,
7 = 0.459 and z((0) = 0.25. For this value of D, we have from Fig. 8(b) that 7(z¢) is monotonically
decreasing on 0 < zy < 0.25. Key critical values are 79(0) = 0.497 and 79(0.25) = 0.459. Thus,
for this example, the initial spike location is chosen so that 7 = 7p. Hence a small-scale oscillation
should emerge initially. In Fig. 12(a) and Fig. 12(b) we plot u,, and zo versus ¢. The spike moves
towards the origin into a region of stability where 7 < (). Notice that the small-scale oscillation
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Figure 11: Plots of u,, and x( versus ¢ for Experiment 3 of §4.3.

persists for a very long time interval, but is slowly damped out as the spike approaches the origin.
The approach of the spike to the origin is monotonic. Again, for graphical purposes only, we have
plotted u,;, on a shorter time interval than x.

Further numerical experiments have revealed three interesting qualitative features of this type
of oscillatory instability: (1) There is no significant qualitative difference in the behavior between
the GM model and the Schnakenburg model with respect to these oscillations. (2) The spike always
appears to drift slowly towards the origin, rather than towards the boundary of the domain. This
occurs even if the function 7p(zp) has a minimum at some point z§ in (0,1), such as shown in
Fig. 8(a) for the GM model where for D = 0.50 we have zjj ~ 0.67. If we choose z¢(0) > zj and
T > 19(zf), the spike will attempt to move to the origin through the unstable zone rather than in
the direction of the boundary where it would not experience a sudden instability. (3) The motion of
the spike is monotonic towards the origin, but its speed slows when there is an oscillatory instability
in the height of the spike (see the kink in the graph of Fig. 9(b)). The derivation of an explicit
equation of motion of the spike for (1.1) and (1.3) when 7 > 0, in a form similar to that given in
propositions 3.1 and 3.2, is an open problem.

The type of intricate oscillatory instability observed above, which is initially triggered through
a subcritical Hopf bifurcation, has not been observed previously. In [23] it was shown that the
Gray-Scott model can exhibit various types of chaotic pulse dynamics in certain parameter regimes
when the two diffusion coefficients in the model are of the same asymptotic order. The irregular
behavior observed above is significantly different in that it occurs for an O(1) inhibitor diffusivity
and an O(g?) activator diffusivity.
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Figure 12: Plots of u,, and x( versus ¢ for Experiment 4 of §4.3.

5 Pulse-Splitting Dynamics with Small Inhibitor Diffusion

When D is sufficiently small, with D = O(e?), pulse-splitting can occur in the GM model (1.1)
(cf. [8], [21]). For a certain range of the parameters, an initial one-spike profile centered at the
midpoint of the domain can split into two spikes that travel towards the ends of the interval. Each
of these spikes can then in turn split again. The splitting process can continue until a sequence
of oscillations fills up the domain. Related pulse-splitting instabilities for the Gray-Scott model
were computed numerically in [25], and then analyzed in detail in [5], [6], [7], and [22]. In [22], a
detailed mechanism for pulse-splitting was put forth, with one key feature being that pulse-splitting
is linked to the disappearance of branches of homoclinic orbits.

For the GM model, pulse-splitting was observed in [8] in their analysis of bifurcations of homo-
clinic stripe patterns in thin two-dimensional domains. It was also predicted by [21]. Similar to
the mechanism in the Gray-Scott model, pulse-splitting in the GM model seems to be related to
the disappearance of a homoclinic orbit, which approximates the solution in the core of the spike,
as D is decreased below some critical value. It is beyond our scope here to give a full account of
pulse-splitting behavior for (1.1). Instead we give a numerical procedure to identity the critical
value of D below which pulse-splitting should occur. We then give an example to validate our
prediction, and show that the moving-mesh method of §2 is able to calculate the solution.

When D = O(e?), the analysis leading to the quasi-equilibrium profiles a. and h, in (3.1) is
invalid. However, by letting D = O(e?) in (3.1b) we can determine the appropriate scalings for
studying pulse-splitting behavior. Setting D = O(e?) in (3.1e), we calculate from (3.1f) and (3.1b)
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Figure 13: Plots of a(0) versus Dq for the homoclinic orbit of (5.2) for different exponent sets. The
top curve is for (4,2,2,0), the dashed curve is for (3,2, 2,0), the heavy solid curve is for (3,2,3,1),
and the solid curve is for (2,1,2,0). In each case, numerical evidence indicates that the solution
branch cannot be continued below the minimum value of Dy shown on each curve.

that h = O (sl/c) as € — 0 near the core of the spike. Here ( is given in (1.2). This suggests the
following rescaling in the spike core:

h=¢'/Ch, a=el/ PG, D =€?Dy, y=¢e Hz —z0). (5.1)

Substituting (5.1) into the steady-state form of (1.1), and dropping the tilde notation, we obtain
ayy —a+a’/h? =0, 0<y<oo, (5.2a)
Dohyy —h+a™/h° =0, 0<y< oo, (5.2b)

with the symmetry condition &' (0) = a'(0) = 0. We look for solutions to this problem for which
a — 0 as y — oo and h is bounded as y — oco. To do so, we compute solutions to (5.2) numerically
on a large but finite domain 0 < y < y,. We start from a large value of Dy, where we have an
initial point on the solution branch given by the shadow solution a = H w(y) with v = ¢/(p — 1)
and HS =y, [[{" w™ dy] ~!. Here w satisfies (3.1d). We then compute the solution branch to (5.2)
using the boundary value solver COLSYS [1] as Dy is decreased. In each case, we found that the
numerical procedure fails to converge at some critical value Dy = D., where the homoclinic solution
for a and h disappears . In Fig. 13 we plot the numerically computed value of a(0) versus Dy. For
different exponent sets (p, g, m, s), the critical value D, is found to be

D,=17171, (2,1,2,0);  D.=3.905, (3,2,2,0), (5.3a)
D, =4.410, (3,2,3,1); D.=0.886, (4,2,2,0). (5.3b)
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The results below were verified to be independent of y,, when vy, > 15. An estimate for D, for the
exponent set (2,1,2,0) was obtained by another approach in [8]. They found D, = 1/1.4 ~ 7.143.
In terms of the original variables, the critical value of D is D = £2D,. The results for D, for the
other exponent sets have not been reported previously.

Qualitatively, the reason why the homoclinic orbit for a disappears as Dy is decreased below
some critical value, is because when Dy is small, h decreases very fast, and h may decrease faster
than a for y > 1. Thus, the term a”/h? in (5.2a) may grow as y — oo. When this condition occurs,
it certainly precludes the existence of a homoclinic orbit. A simple-minded approach to get a bound
on D, is to analyze the tail behavior for ¢ and h as y — oo. In this tail region we assume that
a < 1 and h < 1. We then introduce a small parameter § by a = §7a and h = §h. The equation
(5.2b) for h transforms to Dohy, — h + 8™ /h* = 0. Since ¢ > 0, we get that h ~ cze¥/VDo for
some cp, > 0 when § < 1. The equation for a becomes

dyy — 4 ¢, YaPet/VPo — . (5.4)

For y > 1, we let G = c,e™?Y. Substituting this into (5.4), and ensuring that we have exponential
decay as y — 0o, we require that

q

VDy

The minimum conditions for decay is when we have equality in (5.5). Setting o = 1, we get the
prediction that there is no homoclinic orbit if Dy < [¢/(p —1)]°>. This simple-minded approach
gives a bound on the critical value D, but, as seen from (5.3), this bound is not that close to
the actual computed value. However, this calculation in the tail region does give a qualitative
explanation why the homoclinic orbit ceases to exist as Dy is decreased. Furthermore, it suggests
that D, should decrease as p increases. This is seen from the results in (5.3).

Experiment: As an example, we choose ¢ = 0.03 and the exponent set (p,q, m,s) = (2,1,2,0).
For these parameter values, we predict from (5.3) that pulse-splitting will occur when D < 0.00645.
To test this prediction, we take D = 0.006, and 7 = 0.05. The initial condition, with a spike at the
origin, is taken to be a small perturbation from the quasi-equilibrium solution a. and h., given in
proposition 3.1, evaluated at zo = 0, D = 0.006, ¢ = 0.03, and with (p,q,m,s) = (2,1,2,0). The
initial condition has the precise form

o?—1>0, o(l—p)+ >0. (5.5)

a(z,0) = a. [1 + 0.02 cos (Z—x) e*‘”2/(2€)] , h(z,0) = he. (5.6)
We plot the initial condition in Fig. 14(a). We then solve (1.1) numerically using the moving-mesh
method of §2. Since very similar results are obtained from the NAG library routine DO3PCF, we
only display the moving-mesh results.

For this parameter set, pulse-splitting does indeed occur. In Fig. 14(b) we plot the trajectories
of the center of the spike as a function of time. The spike at the origin splits into two spikes at
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Figure 14: In the leftmost figure we plot the initial condition for a (solid curve) and for h (dashed
curve). In the rightmost figure we plot the resulting spike locations versus time. The parameter
values are (p,q,m,s) = (2,1,2,0), 7 = 0.05, ¢ = 0.03, and D = 0.006.

around ¢ = 49.5, and a further splitting occurs at approximately ¢ = 191.5. In Fig. 15(a) we plot
the solution at ¢ = 60.5 just after the first splitting event. In Fig. 15(b) we plot the solution at
t = 100.5. In Fig. 16(a) we plot the solution at ¢ = 200.5 just after the second splitting event. The
solution at ¢ = 350.5 is shown in Fig. 16(b). In Fig. 17, where ¢ = 1000, the solution has essentially
reached an equilibrium. This equilibrium solution more closely resembles a sinusoidal pattern for
a and h rather than a sequence of spikes. The existence and stability of these large amplitude
sinusoidal waves is an open problem.

The question of predicting how many splitting events will occur is presumably very difficult
and depends on the parameter values. Heuristically, if € is very small, spikes may become very
well-separated after a splitting event provided that they have not reached the end of the domain.
Spikes that are isolated at any time will have a tendency to split if D is below the critical value
€2D,. The details of this mechanism, which we will not explore here, may be similar to that in the
Gray-Scott model.

We have performed similar pulse-splitting experiments with other parameter values and expo-
nent sets to test the predictions of (5.3). Pulse-splitting does indeed seem to occur when D < 2D,.
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Figure 15: Plots of a (solid curve) and h (dashed curve)
values are (p,q,m,s) = (2,1,2,0), 7 = 0.05, ¢ = 0.03, and

0.05 0.05
0.04 = 0.04
0.03 B 0.03
a, h a, h

0.02 B 0.02
0.01 | bl 0.01
0.00 0.00

-1.0 1.0 -

(a) a and h at t = 200.5

Figure 16: Plots of a (solid curve) and h (dashed curve)
values are (p,q,m,s) = (2,1,2,0), 7 = 0.05, ¢ = 0.03, and
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Figure 17: Plot of a (solid curve) and h (dashed curve) at ¢ = 1000. This is very close to the resulting
equilibrium solution. The parameter values are (p,q,m,s) = (2,1,2,0), 7 = 0.05, ¢ = 0.03, and
D = 0.006.

6 A Generalized Gierer-Meinhardt Model

There are many activator-inhibitor models that involve coupling the basic GM model (1.1) to other
differential equations that represent auxiliary chemical concentrations. In this section we consider
one such extension of (1.1) that has been used in [16] to model sea-shell patterns. The generalized
GM model considered in §6.2 of [16] is the following system for a = a(z,t), h = h(z,t), and ¢ = ¢(?):

D
at:52am—a+%, -l<z<1, t>0, (6.1a)
am

Tht:Dhm—,uh+e_1F, -l<z<l1l, t>0, (6.1b)

1
ct = ke [/ a(z,t)dz — c] , (6.1c)

-1
az(£1,t) = hy(£1,t) =0, (6.1d)
a(z,0) = ap(z), h(z,0) = ho(z), c(0) = ¢p . (6.1e)

Here ¢ < 1, k. > 0, and D > 0 are constants. The exponents (p,gq,m,s) are again assumed
to satisfy (1.2). Here c represents the concentration of a hormone-like substance (see [16]). The
coupling between h and c arises from the dependence of i on ¢. From p. 94 of [16] it has the form

iw=nfe, (6.2)
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where 7 > 0 is a constant.

Since the solution to this problem will again have spikes that move across the domain, we employ
a moving-mesh numerical method similar to that described in §2. The semi-discrete equation for
the approximation of a and h is the same as in (2.3). Using the trapezoidal rule, the approximate

solution C(t) for (6.1c) is required to satisfy the following semi-discrete equation, for i =0,..., N,
t>0:
=A@ +A®)]
Clt)y=he Y as 5 Y (21 —x;) — kC(t),  with C(0) =cp- (6.3)
=0

The numerical procedure is as follows. Using the same monitor function as in §2, we first
generate the initial mesh at ¢ = 0. Then, once the approximate solution {A;, H;} on the adaptive
moving-mesh is known at ¢ = ¢, > 0, the activator concentration is computed at ¢ = ¢, by means
of an explicit fourth-order Runge Kutta method on the mesh {z(t,);})Y. We then generate the
adaptive moving-mesh at the next time step by solving the linearized system (2.7) with M; /o
and M;_;/, computed by the value of A(t,). We then map the activator concentration A(t,1),
H (t,) on the previous mesh to the current mesh by a first order linear interpolation. Next, we
calculate the hormone and inhibitor concentration C(t,+1), H(tn+1) on the current mesh in terms
of the known A(tp+1). The computational results shown below are done using this method. These
numerical results have been verified by comparing them with corresponding results computed using
the routine DO3PCF of the NAG library [18].

There is no quantitative analysis of (6.1) in [16]. However, it is indicated on p. 94 of [16] that
the stability of the system should depend upon c¢ through the inhibitor decay rate u, and that
pulse-splitting behavior should be possible. Our goal here is to illustrate a few of the different
possibilities, and to give some quantitative estimates on the parameter ranges where different
behaviors are observed.

The key parameters in the experiments below are n and k.. In each of our experiments, we
have taken D = 1.0, ¢ = 0.03, 7 = 0.5, and the exponent set (p,q,m,s) = (2,1,2,0). In each case,
the initial condition for ¢ has three peaks and is given by

ag(z) = 0.19sech? [¢7!(z — 0.6)] + 0.19sech® [¢ ! (z + 0.6)] + 0.17sech? [¢ ™ z] . (6.4)
The initial condition for ¢ is ¢y = 0.01, while the initial condition hy(x) is the solution to (6.1b)
with 7 =0, a = a¢(z), and ¢ = ¢p. The initial condition for a is plotted in Fig. 18.

We first calculate an equilibrium k-spike solution a¢(x), he(z), and ce, to (6.1) for ¢ < 1. From
proposition 1 of [12], we have

k -1
1 o
ac~HY wle  (@—x;)],  H~2y/puDtanh (E %) (/ [w(y)]? dy) . (6.5)
i=1 o0
where w(y) = 3sech?(y/2) and z; = =1+ (2§ — 1)/k for j = 1,..,k. In terms of H, we have
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Figure 18: The initial condition a(z,0).

he(xzj) = H. In (6.5), u = n/ce, where c, satisfies
1 00
Ce = / ae(z,t)dr ~ 6kH/ w(y) dy . (6.6)
-1 —o0
Substituting H from (6.5) into (6.6), and evaluating the two integrals, we obtain a transcendental

equation for ¢, given by
D 1
Co = 2ek1/nc—etanh (% CE”D) . (6.7)

It is easy to see that this equation has exactly one root for c.. It is convenient to introduce a new
variable 8 by 8 = /u/k, where ¢, = n/p. In terms of 3, when D = 1, then (6.7) becomes

Frranhf= T, u= PN (6.8)

where ¢ = 0.03.

We now recall some previous stability results for (6.1) when p is constant and 7 = 0. From
proposition 11 of [12] we conclude that, when 7 = 0 and p is constant, a k-spike equilibrium solution

with k > 2 is stable if and only if D/p < k=2 [log(1 + v2)] ~?. Since D = 1, we can use (6.8) to
predict that a k-spike equilibrium solution to (6.1) with & > 2 will be stable for 7 = 0, when

B> log [1+ V2| = 0.881. (6.9)

In addition, if a k-spike equilibrium solution with k£ > 2 is unstable for 7 = 0 it will be unstable for
7 > 0 (cf. [31]). However, if a k-spike equilibrium solution is stable for 7 = 0 it does not mean that
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we will have stability when 7 > 0. For multi-spike solutions, the critical bounds on D for 7 > 0
are as yet unknown. A one-spike equilibrium solution is stable for 7 = 0 for any D > 0. In §4 we
determined the stability of a one-spike solution for (1.1) when 7 > 0. When p is constant, we can
introduce D = D/p and 7 = 7/p, and make a change of variables for a and h, as in Appendix A,
to map (6.1a), (6.1b) to (1.1a) and (1.1b). This allows us to apply the stability conclusions of §4.
We predict that a one-spike solution for (6.1) will be stable when

T < U1 . (6.10)

Here 7 is the value on the vertical axis in Fig. 4(a) of §4 at the value 1/u along the horizontal
axis. If (6.10) is satisfied, then there will be no oscillatory instability for a one-spike equilibrium
solution.

Finally, from §5, we predict that pulse-splitting should occur when D/u < 7.171¢2, where
D = 1. In terms of 7, this condition becomes

Cc

_c 11
M2 7171 e (6.11)

Pulse-splitting can occur quickly in time for (6.1) if . is very large. When k. > 1, then c relaxes
quickly to ¢ = f_ll a(z,0)dz. Using a(z,0) in (6.4), we calculate ¢ ~ 1.1e. Using this value in
(6.11), we predict that pulse-splitting will occur quickly in time for € = 0.03 when

n > 0.1534e~! = 4.755. (6.12)

Qualitatively, this scenario suggests that as n is increased with k., = O(1), then more spikes

can become stable. However, if both k. and 7 are very large, then pulse-splitting can occur. The
system (6.1) is very complicated and certainly difficult to analyze in precise terms since, as we have
seen from §4, we can also have oscillatory instabilities that suddenly arise during the evolution of
spikes when 7 is large enough. For the experiments below, the effective value of 7 is small and so
oscillatory instabilities do not occur. Therefore, the estimates given above do provide some rough
guidelines on the range of behaviors seen.
Experiment 1: We take the parameter values k. = 0.1 and n = 1.0. From (6.8) we calculate
B = 0.698 when k = 3. Hence, from (6.9) we expect that a 3-spike equilibrium solution will
be unstable when 7 = 0, and, thus, unstable when 7 > 0. For £ = 1, we calculate from (6.8)
that 8 = 2.5645 and p = 2 ~ 6.58. Then, from Fig. 4(a) of §4 we calculate 79 ~ 2.73 when
D =1/p =~ 0.152 along the x-axis of Fig. 4(a). Thus, for 7 = 0.5, the inequality (6.10) is satisfied
and a one-spike solution is stable. For k = 2, we calculate § = 1.093 from (6.8). Thus, from (6.9),
we have that a two-spike equilibrium solution is stable when 7 = 0. However, as mentioned above,
we can make no conclusion about the stability of this solution when 7 > 0.

In Fig. 19-20 we show that an initial three-bump solution undergoes a series of transitions
eventually producing a one-spike solution. The remaining spike then moves slowly towards the
midpoint of the domain.
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(a) a and h at t = 2.0 (b) a and h at t = 15.0

Figure 19: Plots of a (solid curve) and h (dashed curve) for Experiment 1 at different times.

Figure 20: Plot of a (solid curve) and h (dashed curve) for Experiment 1 at ¢ = 2000.
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Experiment 2: In this example we show that, depending on the values of 1 and k., an initial
condition with three peaks can be stabilized to an equilibrium solution with either two or three
spikes. In Fig. 21(a) we exhibit the resulting two-spike solution when k. = 100, n = 2.0 and ¢ = 200.
In Fig. 21(b) we exhibit the resulting three-spike solution for k. = 20, n = 4.3, and ¢ = 500. In
each case, the numerics indicates that we have reached a stable equilibria.

When 7 = 2.0, we calculate from (6.8) that 8 = 1.337 when k = 2, and § = 0.843 when k = 3.
Thus, from (6.9) we conclude that a two-spike equilibrium solution is stable when 7 = 0, but that a
three-spike equilibrium solution is unstable when 7 = 0 and also 7 > 0. We can offer no conclusion
on the stability of the two-spike equilibrium solution when 7 = 0.5. For a one-spike solution, we
calculate § = 3.221 from (6.8). We can again estimate the critical value of 7 for a Hopf bifurcation,
to conclude that a one-spike solution is stable when 7 = 0.5. Finally, when 1 = 4.3, we calculate
B = 1.022. Thus, a three-spike equilibrium solution is stable when 7 = 0. The numerical results
shown in Fig. 21(b) indicate that it must be stable when 7 = 0.5.

Although k. is large in each of these examples, the predicted threshold (6.12) for pulse-splitting
is not satisfied. Pulse-splitting behavior was not found in these examples.

05 T T T T T T T T T 35

(a) a and h at t = 200.0 with k. = 100, n = (b) a and h at t = 500 with k. =20, n =4.3
2.0

Figure 21: Plots of a (solid curve) and h (dashed curve) for Experiment 2. For both plots we have,
numerically, reached an equilibrium.

Experiment 3: Finally, we show that pulse-splitting behavior can occur when &, is very large
and the criterion (6.12) is satisfied. We take k. = 10000 and n = 100. In Fig. 22, we exhibit a
pulse-splitting behavior when ¢ = 70. The splitting behavior is complete when ¢ = 100 as shown
in Fig. 23(a). Finally, in Fig. 23(b) we show that the pattern reaches an equilibrium solution,
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resembling a large amplitude sinusoidal wave with five maxima, when ¢ = 500.

8

Figure 22: Plot of a (solid curve) and h (dashed curve) for Experiment 3 at ¢ = 70 showing the
pulse-splitting behavior.
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A Nondimensionalizing the GM and Schnakenburg Models

The dimensional Gierer-Meinhardt model is

AP
AT = DlAyy —ad + IBE , (Ala,)
Am

where a, 3, &, and o, are positive constants. The exponents (p, g, m, s) satisfy (1.2). We assume
that Dy/D; is large, and so we introduce a small parameter € by

— = 6_2K0 , (A.2)
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(a) a and h at t = 100 (b) a and h at t = 500

Figure 23: Plots of a (solid curve) and h (dashed curve) for Experiment 3 at two different times.

where Ky > 0 is O(1) as ¢ — 0. In this limit, (A.1) supports spike solutions that are localized in
A. We introduce dimensionless variables a, h, t and x, by

T = wt, z=vy/L, A=¢e"qqa, H = ¢ "rhgh, (A.3)
where ag and hg are constants. Substituting (A.3) into (A.1), we get
1 D1 vo (1—-p)+v CI,pil aP
—ap = —5 gy — aa + PTG o ) — (A.4a)
R Pl e | e
1 D _ ag® \ a™
aht — L_22h$w — ¢h+ o€ vam4vp(145) (hs_(_)}_l) T (A.4b)
0

To ensure that the amplitude of a spike is O(1) as € — 0, we must make the coefficients of a?/h?
and a™/h* be O(1) and O(s ') as € — 0, respectively. This condition yields that

vo= ¢ w=CT (A.5)

where ( was defined in (1.2). To eliminate as many parameters as possible in (A.4), we choose w
and L by w =1/ and L’ = Dle_z/a. The constants ag and hg are taken to be

T ETEOTT e
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Then, (A.4) becomes

aP
ar = 2agg — a + h (A.7a)
D _1a™
Thy = T€* (—Di> hyw —h+e l—hs . (A.7b)

Finally, substituting (A.2) for Dy/D; into (A.7b), we obtain the dimensionless system (1.1) where
7 and D in (1.1) are defined by
T=af D =1Ky. (A.8)

The dimensional Schnakenburg model is

Ur = DUy — a1U + a2U*V, (A.9a)
Vr = DoV + by — bU?V (A.9b)

where a1, ag, b1, and by are positive constants. We assume that Do /D; is large, and so we introduce
a small parameter ¢ by
Do
Dy
where Ky > 0 is O(1) as € — 0. Notice here that the scaling is different than in (A.2) for the GM
model. We introduce dimensionless variables u, v, t and z, by

=¢ %Ky, (A.10)

T =wt, z=y/L, U =¢elugu, V = ey, (A.11)

where up and vy are constants. Substituting (A.11) into (A.9), we get

1 D
Ut = L—Qluamc — aju ~+ ag (upvy) v, (A.12a)
£V eDavg 1 by /o 2
= - — — . A.12b
2by " = 25, 1270 T g gp,e (Uov0) uy (A.12b)

To eliminate as many parameters as possible in (A.12), we choose w and L by w = 1/a; and
L? = D172 /a;. We also take ugug = a1/as. With this scaling, (A.12) transforms to

U = E2Ugy — U + ulv, (A.13a)
Ea1Vg 0,1'1)0D263 1 b2 al 2 1 2
= - — — . A.13b
2by o 2b; D Yoz T 5 2b1vg \ a2 €y ( )
We then choose vy as ,
by (a1
=b="=(—=) . A4
vo 2by (a2> ( )



Finally, substituting (A.10) for Dy/D; into (A.13b), we obtain the dimensionless system

U = 2Uggy — u + vV, (A.15a)
1
etV = Dvgy + 5 e . (A.15b)
Here 79 and D are defined by
n=(2)s, D=nk, (A.16)
2by

with b given in (A.14).

Thus, when the coefficients a1, ag, b1, and be, in (A.9) are O(1) as € — 0, the natural scaling
for a spike solution to the Schnakenburg model (A.9) is such that the v component has a slow
time-dependence. This is quite different from the GM nondimensionalization leading to (1.1). To
incorporate the effect of the 7 term in (1.3b), we consider a related distinguished limit where
70 = O(e ') in (A.15b) and D = O(1) as ¢ — 0. From (A.16) and (A.10), this implies that
Ko = O(¢e) and Dy/D; = O(e72) as ¢ — 0. When 79 = O(¢™!), we obtain the system (1.3), where
7 in (1.3b) is given by 7 = e7y.
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