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Abstract

Certain singularly perturbed partial differential equations exhibit a phe-
nomenon known as dynamic metastability, whereby the solution evolves on
an asymptotically exponentially long time interval as the singular pertur-
bation parameter ¢ tends to zero. This article illustrates a technique to
analyze metastable behavior for a range of problems in multi-dimensional
domains. The problems considered include the exit problem for diffusion
in a potential well, models of interface propagation in materials science,
an activator-inhibitor model in mathematical biology, and a flame-front
problem. Many of these problems can be formulated in terms of non-local
partial differential equations. This non-local feature is shown to be essential
to the existence of metastable behavior.

1 Introduction

Certain time-dependent singularly perturbed partial differential equations exhibit
a phenomenon known as dynamic metastability, whereby the solution evolves on
an asymptotically exponentially long time interval as the singular perturbation
parameter € tends to zero. Metastable dynamics has been observed and analyzed
over the past decade for certain classes of problems in a one-spatial dimensional
setting (eg. [1], [8], [10], [12], [22], [31], [32], [40]). In this article we give ex-
amples of various problems that exhibit metastable dynamics in multi-spatial
dimensional domains and we outline an asymptotic technique, known as the pro-
jection method, to analyze the metastable dynamics. The problems considered
include the exit problem for diffusion in a potential well, models of interface
propagation in materials science, an activator-inhibitor model in mathematical
biology, and a flame-front problem.

There are several common features to many of these problems. The first
common feature is that in the limit ¢ — 0, each problem admits an asymp-
totic quasi-equilibrium solution u4(x, €; @), in terms of some unknown parameter
vector a € S, where S is some parameter set. This quasi-equilibrium solution
satisfies the equilibrium problem up to exponentially small terms as € — 0. The
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associated linearization of the nonlinear problem around u, is exponentially ill-
conditioned as € = 0 for & € S. For some of the nonlinear problems considered
below, this ill-conditioning is a consequence of an exponential localization of a ra-
dially symmetric canonical solution combined with a near translation invariance.
In this situation and in an N-dimensional domain D, « is an N-vector giving the
coordinates of the center xg of the localized structure in D. As a result of the
exponential ill-conditioning, exponential asymptotics is required to calculate the
correct value of a corresponding to a true asymptotic equilibrium solution. In
addition, metastable dynamics of the canonical solution for the time-dependent
problem will occur when the exponentially small eigenvalues are the principal
eigenvalues associated with the linearization. This metastable dynamics is then
given by u ~ uq (%, €;a(t; €)), where a(t; €) satisfies a finite dimensional dynam-
ical system. This dynamical system evolves on an exponentially slow time scale
as e = 0.

A critical common feature in many of the problems considered here, which
allows for the existence of metastable dynamics in a multi-spatial dimensional
setting, is a non-local or global condition, such as mass conservation. This non-
local condition, which arises in a natural way for the problems considered below,
is essential for ensuring that the exponentially small eigenvalues are the principal
eigenvalues associated with the linearization. This allows us to seek a quasi-
steady solution to the nonlinear problem in the form u ~ u4(x, €; a(t;€)). Since
the principal eigenvalues associated with the linearized problem are exponen-
tially small, the solution to this quasi-steady linearization must satisfy limiting
solvability conditions as € — 0 that ensures that the ‘residual” is orthogonal
to the eigenspace associated with the exponentially small eigenvalues. From
this projection step and from certain key asymptotic exponential estimates for
eigenfunctions on the boundary of the domain, an explicit asymptotic differential
equation for a(t;€), characterizing the metastable dynamics, is derived. For all
the problems considered below, the dynamics of «(¢;€) is reduced to a surface
integral over the boundary of the domain D. An asymptotic evaluation of this
integral shows that only certain special points on the boundary of D influence
the metastable dynamics.

The outline of this paper is as follows. In §2, we consider the linear exit
time problem for diffusion in a potential well modeled by a well-known singu-
larly perturbed convection-diffusion equation (i. e. [27]). When the potential
is radially symmetric, it is shown that the metastable dynamics are influenced
very strongly by the points on the boundary of the domain that are closest to
the minimum of the potential. In §3, we analyze the motion of a straight-line
interface for the Allen-Cahn equation in the neck, or channel, region of a two-
dimensional dumbbell-shaped domain as shown in Fig. 1 below. The motion of
such an interface is metastable and depends very strongly on the local behavior
of the boundary of the domain near the connection points between the channel
and the two lobes of the dumbbell (see [6], [19], [35]). In §4 we illustrate the
metastable dynamics of bubble solutions for the constrained Allen-Cahn equa-



tion, which conserves mass and has applications to material science. In §5 we
analyze metastable spike dynamics for an activator-inhibitor model in the limit
of large inhibitor diffusivity, which yields the shadow problem (see [29]). The
problems in §4 and §5 are both non-local and involve radially symmetric canon-
ical solutions u, whose center o = xq(t) drifts exponentially slowly towards the
nearest point on the boundary of the domain. Finally, in §6 we briefly describe
a flame-front model exhibiting metastable dynamics.

2 Metastable Dynamics for the Exit Problem

The following linear convection-diffusion equation arises in determining the exit
time distribution for a Brownian particle confined by a potential well ¥(x) ([24],
[25], [27)):

Ug eANu—VV¥-YVu, xeD, t>0, (1a)
u = wu(x), x€9D; u(x,0) = up(x), (1b)

where x = (21, 22), u = u(x,t), € » 0, D is a bounded two-dimensional domain,
and up(x) and ug(x) are smooth. Let D = D UdD. Tt is assumed that the
potential ¥(x) has a unique global minimum on D at some interior point xo € D,
where

T(xp) =0, V¥ (x9) =0, H[¥(x0)] >0. (2)

Here H(¥) = U,,,,¥,,,,— U2 _ is the Hessian. We also assume that V¥(x) # 0
for x # x¢ and that V¥ -7 > 0 on 8D, where 7 is the unit outward normal to
OD. As shown in [38], this problem provides the simplest example of metastable
behavior in a multi-dimensional setting. Below we sketch the outline of the
metastability analysis given in [38].

The following eigenvalue problem associated with (1a)-(1b) is central to the
analysis:

Lep=eNp—VIU -Vop=-XNp, x€D; ¢=0, x€0D, (3a)
(¢,¢)w5/ Pwdr =1, w=e Y€, (3b)
D

The eigenvalues \; for j > 0 are real with A\; > 0 and (¢;,¢r), = 6 for
4,k =0,1,... Suppose that the minimum value of ¥ on 9D is taken at N distinct
points y; € D for j =1, .., N, and that these minima are non-degenerate. Then,
as is shown in [27], the principal eigenvalue A\ of (3a) is exponentially small as
€ — 0 and has the asymptotic estimate

N
Xo ~ (2me) V2 (H [T (x0)]) /2 e /€Y V() /2 )

j=1



Here ¥* = ¥(y;) for j = 1,..,N, and

rj = |VII;|_2 [\1’212111122 - 2‘IJI122\I’21\IJ$2 + mwzmzwil + Hjlle;P]

, (9)
X=Yyj
where k; < 0 is the curvature of D at yj.

The reciprocal of )\ determines the expected time for a particle initially
located at x = xg to leave D. The most likely points of exit of the particle are
those that minimize ¥ on D. Therefore, if ¥ is radially symmetric about xg, the
asymptotic estimate for )¢ depends critically on certain local information near
the points on the boundary that are closest to dD. This feature will also occur
for all of the problems considered in the sections below.

In terms of a normalization constant My, the corresponding eigenfunction ¢q
has the boundary layer form

o ~ Mo (1—67’7/6) , for y=7(s) =V -7 op” 0. (6)
Here s denotes arclength along 0D and —n is the distance from x € D to 0D.
Since v > 0, ¢9 = My as /e - —oo.
For € — 0, the equilibrium solution U(x;e€) to (1) is a constant away from 0D
and has a boundary layer form near dD. It is given to leading order by

U(x;€) ~ @€ [x; Age] = Age + (us(s) — Age) €€, (7)

for some undetermined constant Ag.. Here u is written in terms of the ar-
clength s. The determination of Ag. requires exponential precision as a result
of the exponential ill-conditioning of the operator as is evident from (4). For
the time-dependent problem when ¢ > 1, we look for a solution of the form
u(x,t) ~ a€[x; Ag(t)], where Ag(t) is a function to be determined. As a result
of the exponentially small principal eigenvalue Ag, the function Ag(t) approaches
its equilibrium value Ag. only over an asymptotically exponentially long time
interval as e — 0. This exponentially slow relaxation to the equilibrium value is
known as metastable dynamics.

A projection method, which is based on a limiting solvability condition, can
be used to calculate an explicit ODE for Ay(t) characterizing the metastable
behavior (see [38]). To do so, we introduce a correction v(x,t) by u(x,t) =
@€ [x; Ao(t)] + v(x,t). Substituting in (1), we obtain that v(x,t) satisfies

vy = Lev — i + Lei®, x€D, t>0, (8a)
v=uy—a¢, x€ID, (8b)
v(x,0) = ug(x) — @€ [x; 49(0)] , x € D. (8c)

We then expand v in terms of the eigenfunctions ¢; of (3) as

v(x,t) =Y ¢i(t)i(x), 9)
7=0



where the coeflicient ¢;(t) satisfies

Clj + )\jCj = ((;Sj,Leﬂe)w - / EWv 8n¢J ds — (¢j,ﬂs)w s (10)

oD

together with the initial value
50 = [ (w00 ~ 5 bxs 40(0)]) Sy . (1)
D

Here w = e~Y/€, and, in (10), 0, denotes the outward normal derivative to 0D.

We now impose the limiting solvability condition. To ensure that v < @€ over
exponentially long time intervals it is necessary that co(t) = 0. Hence, (10) gives
an ODE for A (t) and (11) yields the initial value Ay (0). Since w is exponentially
localized and ¢q is known asymptotically, the various terms in (10) and (11) can
be estimated asymptotically as in [38] to obtain the following explicit ordinary
differential equation for Agq(¢):

N
Ay ~ —XoAo + e ¥EN uy(yi) V(i) 2, Ao(0) ~ wo(x0).  (12)

j=1

Here, )\ is given in (4), r; is defined in (5), X¢ is the global minimum of ¥ in D,
and 8 = (H[IIJ(XO)]/(QWE))I/Q, where H is the Hessian. Moreover, y; € 0D, for
j=1,..,N, are those points where ¥ is minimized on D (with a non-degenerate
minimum) with minimum value ¥* = ¥(y;) for j =1,..,N.

In summary, the metastable dynamics for (1) for ¢ > 1, is given by u(x,t) ~
@€ [x; Ao(t)], where @€ is defined in (7) and Ag(t) satisfies (12). As t — oo,
Ao (t) = Age, where Ag, is the weighted average over the minimum points y; of
¥ on 0D

-1

N
|V\I' ;) VE(y;)
Aoe =D ur(y;) 1/2J Z 1/2J (13)
—

.7

This result for A, is given in [27].

2.1 An Explicit Example

To illustrate this result, we consider a simple specific example. Let D denote the
interior of the ellipse z3 + x2/4 < 1 and take uy = —z5 + 735 /2 as the boundary
data on D. Let ¥ = x? + x3. Then, it is clear that xo = (0,0), N = 2,
and y; = (0,1), y2 = (0,—1). A simple calculation shows that H [¢)(x¢)] = 4,
U* =1, and r; = 8/(14n)'/2 for j = 1,2. Thus, we obtain from (12) that

g \1/2
- —1/€ () _
A ( - 4776) e"1/€ (1 - 24,) . (14)



Thus, away from the boundary layer near 0D and for ¢ sufficiently large, we have
that the outer limit of u(x,t) satisfies

1

ulx,t) ~ Ao(t) = 5 + (AO(O) - 5) e, y=2 (148m)1/2 Ve, (15)

3 A Bistable Nonlinearity in a Dumbbell-Shaped
Domain

The simplest model for the phase separation of a binary mixture is the Allen-
Cahn equation

ur = €€Au+ Q(u), x € D C R?, (16a)
Onu=0, x € dD. (16b)

Here € <« 1 and Q(u) is a bistable nonlinearity having three zeroes located at
u=5_<0,u=0,and u =s; > 0, with

Q) <0, QO >0, V() =0, Vw=-[ Qwdr. a7

Thus, V(u) is a double-well potential with wells of equal depth at s and s_.
The two-dimensional dumbbell-shaped domain D is taken to be of the form
D = RUD_U D, where R is the rectangle [0,1] x [0,b], and D_ and D, are
the two attachments on its sides (see Fig. 1)

Starting from initial data, the solution to (16) quickly develops internal layers
of width O(e) that separate the two minima s; and s_ of the potential V (u).
The normal velocity v of such an interface is well-known to be v ~ €2k, where &
is the curvature of the interface (see [34]). In addition, if the interface intersects
the boundary 0D, it must do so orthogonally.

In this section, we will investigate the dynamics of (16) when the interface is
initially the straight line segment z = xo, with 0 < zy < 1, that connects the
two sides of R as shown in Fig. 1. In this case, kK = 0 and the velocity curvature
law v ~ €2k gives no information about the motion of the interface.

In this situation, the dynamics of the interface depends critically on the nature
of the boundary of the domain at the corner points of R given by (0,0), (0,b),
(1,0), and (1,b). It is assumed that the domain boundary is smooth and that
near these corners points, D has the local behavior 9D = {(z,y) |y = ¥:i(z)}
where

near (0,0); v = v1(=), Pi(z) ~ —Ki(—x)*t, asxz — 0", (18a)
near (0,b); y=1a(z)+Db, Ph(z) ~ Ko(—z)*2, asz — 0,  (18b)
near (1,0); y=1v3(z), i)~ Kz(x—1)*, asz— 17, (18¢)
near (1,0); y=1va(z)+b, Yi(z)~—-Ks(zx—1)*, asz — 1F. (18d)



(1,b)
Kys>0

U~ sy

K3 <0 D+
Zo (150)

Figure 1: A dumbbell-shaped domain D and an interface centered at z.

Here a; > 0, for each i, and the constant K; is proportional to the curvature of
the 4t corner when a; = 1.

Since the straight-line internal layer solution decays exponentially for |z —
x| > O(€), exponential precision is required to determine the motion of the in-
terface. The projection method was used in [35] to incorporate such exponentially
small effects and to calculate metastable dynamics. The key steps of the method
are as follows: First an equilibrium solution to (16) in R is constructed. Next,
the spectral properties of the linearization of (16) around the equilibrium solu-
tion are analyzed asymptotically to show the existence of an exponentially small
principal eigenvalue, which is responsible for the metastable behavior. Finally, a
limiting solvability condition of Fredholm type is used to derive an explicit ODE
for the interface location in the straight channel R. Below we summarize the
results of the analysis of [36].

We first construct an equilibrium solution. In the limit € — 0, the straight-
line equilibrium internal layer solution for (16) depends only on z and is given by
u(z;€) = ug [e7(z — )], where zg is the center of the layer with 0 < zg < 1,
and ug(z) satisfies

ug + Q(ug) =0, —00 < z < o0, (19a)
ug(0) = 0; wo(z) ~ s+, asz — foo. (19b)

The far-field behavior of ug(z) is given by

L) ose- are "t*, 2z —= 400, 9
uo(2) { s_+a_e’"* z— —00. (20)

Here the positive constants v and a4 are defined by

ve =[-Q'(s2)]"?, (21)



o+ :l:l/:t 1
loga4+ = log(+s +/ ( + ) dn. 22
ga+ = log(+sy) . \evorE T ) (22)

The eigenvalue problem associated with linearizing (16) about uo[e ™ (x — z0)]
is

Ldp=E@A¢+Quo)d=Ap, x€D, (23)

0.6=0, x€aD, (23b)

(6,8) = / Fdx=1. (23¢)
D

Here (u,v) = [,uvdx. The eigenpairs are labeled by \;, ¢; respectively for
j=0,1,..., with \; = —o0 as j —= oc.

We assume that the distance from the interface to the corners of R is O(1). To
estimate the principal eigenpair, we notice that Leuj[e ' (z—zo)] = 0, that u, has
no nodal lines, and that u, fails to satisfy the boundary condition (23b) by only
exponentially small terms. Thus, as shown in [35], the principal eigenfunction ¢g
has the form ¢o ~ Ng [uf + ¢r,], where Ny is a normalization constant and ¢r,
is a boundary layer function localized near the curved parts of D that is used
to satisfy the boundary condition (23b). Then, Green’s identity can be applied
to (23a) and ug to yield

)\0 (u{], d)o) = —62 ¢08nu6 ds. (24)
8D

After calculating ¢¢ on 8D, this equation is used to calculate the exponentially
small eigenvalue Ag. An important observation is that d,uf = 0 except along the
two attachments D, and D_. Hence, the surface integral on the right side of (24)
vanishes identically over R. In addition, since u;) and ¢¢ are both exponentially
decaying away from the internal layer region it is clear that this surface integral
is dominated asymptotically by the contribution arising from the corner regions

of the attachments D, and D_.
The boundary layer correction ¢r,, is calculated in [35] using a local coordinate

system defined near 0D. This allows us to obtain the following expression for ¢q
on 0D as needed in (24):

I/_E_l(:t—:to) _
¢0 N { Noa_l/_e (]- V—nz) Tz <Zo, (25)

Noajvie ™+ (@=20) (14 y,n,) z>x.
Here it = (ng,ny) is the outward unit normal vector to dD. The dominant

contribution to the inner product on the left side of (24) arises from the region
near £ = xo and is given asymptotically by

(o) ~ N, where 5= | " ()] d. (26)



Substituting (26), (25) and (20) into (24) we get the following expression for Ag

1 _
o ~ —— / a’ V3 e?v-¢ 1(z—z0)(1 — V_ng)ng ds
b8 | Jop_

- / ail/ie_Q"“_l(””_””O)(l +ving)ngds p . (27)
8Dy

The dominant contribution to the two surface integrals above arises from the
corner regions. In these regions, we can use (18) to calculate n, in terms of K;
and «; and then we apply Laplace’s method. In this way, we obtain in [35] the
following explicit asymptotic formula for the principal eigenvalue Ay as € — 0:

1 - _
Xo ~ — {azl/iA_e_Q"—e feo 4 ajvd Ape?v+e 1(1_””0)} . (28)

b3
Here A4 are defined by

ai;+1 az+1
A. = K (i) T(ay +1) + K> (i) T(as +1), (29)
€ az+1 € ag+1

and I'(z) denotes the Gamma function.

Next the projection method is used to determine an ODE for the interface
location zg = zo(t) for (16) in the rectangle R. It is assumed that the initial data
has the special form ug[e ™! (z — xJ)], so that zo(0) = zJ. Introduce the correction
w by

u(x,t) = uole ™! (z — zo(1))] + w(x, 1), (30)

where x = (z,y) and where we assume that w < u¢ and w; < Oyup uniformly in
time. This yields the quasi-steady linearization of (16) about ug

Low = €2 Aw + Q' (up)w = dyug , x €D, (31a)
Onpw = —8,ug, x€oD. (31b)

The solution to (31) is then expanded in terms of the eigenfunctions of (23)
as w = ) 2 cj¢;/);, where the c; are given by

¢; = (¢,00u0) + €2 /aD ¢;Onuods. (32)

Since Ao, as estimated in (28), is exponentially small as e — 0, we require that
co — 0 as € = 0 in order to ensure that w < ug over exponentially long time
intervals. This limiting solvability yields the ODE for zq(t)

(¢o, Oruo) = —¢€* - GoOnug ds . (33)



Finally, the terms in (33) are evaluated asymptotically as € — 0 as in [35] to give
the following explicit ordinary differential equation for zo(¢):

xg(t) ~ {aiViAJre_b”_l(l_”) - az_l/zA_e_Q”—e_lzo} . (34)

€

b3
Here, b is the width of R, vy and a4 are defined in (21) and (22), 3 is defined in
(26), and A is defined in (29).

Thus, the motion of the interface is determined by the local behavior at the
corners of R and by the distance from the interface to these corners. The interface
will move according to (34) until a steady state is attained or until the interface
has moved to one of the sides of R. In the latter case, the subsequent evolution of
the interface after it enters one of the attachements is given by the usual velocity-
curvature law. The result (34) agrees with that obtained in [6] and [19] using a
different method.

3.1 Some Explicit Examples

When Ay A~ > 0, we see from (34) that there is a unique equilibrium interface
location given by

2,2
Vi € a‘v:A_

o~ 1 .
o vy +v_ + 2wy +vo) °8 (a%rl/iAJr) (35)

A sufficient condition for this equilibrium solution to be stable is that K; < 0
for i = 1,..,4, which corresponds to a domain that is non-convex near each of
the corners. This yields an example of a stable non-constant equilibrium solution
in a non-convex domain. Such an equilibrium solution is impossible when the
domain is convex (see [26]). A sufficient condition for the equilibrium solution to
be unstable is that K; > 0 for ¢ = 1,...,4. This corresponds to a domain that is
convex near each corner. When A, A < 0 there is no equilibrium solution.

We conclude by giving an example of the slow dynamics. Let Q(u) = 2(u—u?),
for which we get from (19) that ug(z) = tanhz. Then, we calculate ax = 2,
vy =2, sy = =+1 and g = 4/3. Suppose that a; = a > 0 for each i. Then, the
ODE (34), becomes

- 126227 (a + 1)

Ty baatl [(K3 + Ky)e™ 070 — (K + Ka)e™ ™ ™| | (36)

which has the steady-state location

K; + K2> _ (37)

. 1 €
%Ni*g(’g(m

If K; <0fori=1,...,4, then this steady state is stable. Alternatively, if K; > 0
for i =1,...,4, then the steady state is unstable.

10



Figure 2: Since K3, Ky < 0 and K3, K4 > 0 for this domain, the interface moves
to the right.

Notice that when K;, K> < 0 and K3, K4 > 0, then from (36), z{, > 0
for all time. In this case, the interface location, xy will move monotonically but
exponentially slowly towards x = 1 (see Fig. 2). Once the interface reaches z = 1,
it will move in the attachment D by the velocity curvature law until it collapses
against the boundary of D, . Similarly, when K;, Ky > 0 and K3, K4 < 0, we
have z{, < 0 and the interface location will monotonically z = 0.

4 The Constrained Allen-Cahn Equation

A simple model for the phase separation of a binary mixture is the Allen-Cahn
equation with a mass constraint as introduced in [33],

u = EAu+Qu) — o, x € D C R?, (38a)

Onu=0, x€dD, (38b)

/ u(x,t)dx =M. (38¢)
D

Here v = u(x, t) is the concentration of one of the two species, x = (x,y), € < 1,
D is a bounded two-dimensional domain, and the mass M is constant. We
assume that Q(u) = —V'(u), where V(u) is a double-well potential with minima
at v = sy where V(sx) = 0. The function Q(u) satisfies (17). The problem
(38) is a non-local reaction-diffusion equation since, in order to satisfy the mass
constraint (38c), we require

-= ﬁ/})@(u) dx. (39)

11



Here |D| is the total area of D.

We now describe the different stages of the dynamics for (38) that have been
studied in detail in [2], [3], [4], [5], [33], [36] and [41]. The various stages of the
dynamics of a single closed interface for (38) are shown qualitatively in Fig. 3.

The first stage is a transient phase. Starting from arbitrary initial data,
in an O(1) time interval the solution to (38) develops internal layers of width
O(e) separating the two minina of the potential well. Then, as shown by the
asymptotic analysis of [33], for € — 0 the normal velocity v of a single closed
interface I' satisfies the constrained velocity-curvature law

1
UN€2<K]—— /-:ds). 40
I Jr (“0)

Here & is the curvature of I'. This expression holds for interfaces in the interior
of D and for interfaces that are connected to D orthogonally. As shown in [13],
a single closed convex interface evolving according to (40) will tend to a circle
that encloses the same area.

The law of motion (40) gives no indication of the nature of the motion of
a single circular interface contained in D. Such an interface is also referred to
as a bubble. As shown in [2], [4], [5], and [41], the motion of such a bubble
is metastable. The key feature that leads to this metastable behavior is the
conservation of mass condition. As shown in [41], a bubble solution to (38) drifts
exponentially slowly, without change of shape, towards the closest point on 8D.
This slow drift is due to an exponentially weak interaction between the tail of the
bubble solution and the boundary dD. It was derived in [41] that the distance
rm (t) between the center of the bubble and the closest point on the boundary of
D, satisfies the asymptotic ODE

63/2CT;11/2 —20¢ e Hrm—r
G0y o (41)

Here k., is the curvature of D at the point closest to the bubble center. Here
Km > 0 when D is convex at the closest point. In addition, 73 is the bubble radius,
and v§ and ¢ are defined below in (46b) and (52), respectively. This result, which
is asymptotically valid only when r,,(t) > rp, shows that the bubble will collapse
against 0D on an exponentially long time scale. In §4.1, we outline the key steps
in the derivation of this result using the projection method.

Once the bubble hits 8D, it quickly becomes attached to dD orthogonally
and its boundary becomes a circular arc in order to minimize its perimeter. Its
subsequent evolution is then given by (40). However, if the length scale of the
interface is sufficiently small compared to the radius of curvature of 9D, the
interface will become approximately semi-circular in shape. The motion of such
a semi-circular drop of radius § < 1 has been studied in [3]. It was shown in [3]
that the center of a such a small drop of radius 6, with 6 < 1 but 0 < € < 83,

12



satisfies the asymptotic ODE

62
O Kp(Ew). (42)

£'(t) ~

Here £ is an arclength parameter for D, § is the radius of the drop, and Kp
is the curvature of D (positive for a convex domain D). The drop will reach a
stable equilibrium, where the interface can have minimum perimeter, at a local
maximum of Kp (see [2], [3], [11]).

However, the relation (40) and the drop result (42) gives no indication of the
motion of a semi-circular interface intersecting a flat portion of 0D. This case,
in which metastable behavior occurs, has been studied in [36]. In §4.2 we outline
the metastability analysis for a semi-circular interface located on the straight-line
boundary segment joining the points (zr,,0) and (zg,0) as shown in Fig. 4. As
derived in [36], the metastable motion of the center zo(t) of the semi-circular
interface satisfies the asymptotic ODE

2eai (v5)® | Kg gt e\
' N T+ —2vie” (zr—zo—7s) [ _~ I 1
(0 e ) Tlant)
K . ar+1
_ L e—2u+e I(CEO*wL*""b) < 66 ) F(CkL + 1)} . (43)
Tog — L 2V+

Here K, ar and KR, agr are constants associated with the corner regions near
(z1,,0) and (xR, 0), respectively. In addition, 7, is the radius of the semi-circular
interface and a., v§ , and § are constants that depend on € and can be calculated
asymptotically for a given Q(u).

4.1 Metastable Dynamics of Interior Bubbles

There are three basic steps in the projection method used in [41]. The first step
is to construct a radially symmetric equilibrium bubble solution of radius 7y in
all of R2. Then, we linearize (38) around this solution and analyze the spectrum
associated with this linearization. As a result of the slight break in translation
invariance, this spectrum contains exponentially small eigenvalues. Finally, we
ensure that mass is conserved and that the solution to the quasi-steady linearized
problem is orthogonal to the eigenspace associated with the exponentially small
eigenvalues. This projection step yields an ODE for the center xo = x¢(t) of the
bubble. We now briefly outline some of the details of this analysis.

The equilibrium bubble solution u = Uy(r;€), 0 = op(€) satisfies the radially
symmetric version of (38). The solution to this problem can be constructed using
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the method of matched asymptotic expansions as in [41] with the result

Si(€) —ay(re/r) /e o) - p sy,
O(e), p=et(r—ry)=0(1),

(44)
s
(s4 —s-)rp

Here ug(p) satisfies (19), and a4, 8 are defined in (22), (26), respectively. The
constants St and v§ are given by,

op(e) =€ +0(e%). (45)

Si(e) = si—opwi®+0(€?), (46a)

vi o= e 1+;73Q"<si)+0(ez> , (46D)

where v is defined in (21).
The quasi-steady linearization of (38) is obtained by substituting

u(x,t) = U [Ix —xo(O); ] + v(x,8),  o(t) = ou(e) +p(t),  (47)

into (38), where v € Uy, vy <€ 9;Up and p < op. Here xq(t) is the unknown
trajectory of the center of the bubble. This leads to the following problem for v
and u:

Lev = € Av + Q’(Ub)v =0Up + 1, x €D, (48a)
0w = —0nUs,  x€0D; /vdxz(). (48b)
D

Let (\;,¢;) for j > 0 be the eigenpairs of the associated eigenvalue problem
Lep=—Xp, x€D; 0.6=0, x€dD; (¢,¢) z/ Pdx=1. (49)
D

The principal eigenvalue satisfies \g < 0 with \g = —€?/r? as € — 0, and the
corresponding eigenfunction ¢g has the form ¢y ~ Ny (U; + ¢L0). Here Ny is a

normalization constant and ¢ is a boundary layer function, localized near 0D,
which allows 9,,¢9 = 0 on 9D to be satisfied. In addition, as a result of the near
translation invariance and the exponential decay behavior (44), there are two
exponentially small eigenvalues A\; and A;. The corresponding eigenfunctions
are given asymptotically by ¢; ~ N; (8:,Us + ¢1;) for some boundary layer
functions ¢r;, 7 = 1,2. Here we have set z; = z and z» = y. A boundary
layer analysis determines ¢r; for j = 0,1,2 and hence we can obtain explicit
asymptotic formulas for ¢; on 8D for j = 0,1,2 (see [41]).
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Next, we expand the solution v(x,t) to (48) in terms of the eigenfunctions ¢;
of (49) as v(x,t) = Z;’io c;j¢;/Aj. The coefficients ¢; = ¢;(t) for j > 0 are given
by

6 == OUnd) (L) =€ [ 4000, (50

where (f,g9) = [, fgdx. Since Uy and ¢;, for j = 0,..,N, are known when
€ < 1, we can calculate the inner products and the boundary integral in (50)
asymptotically to determine ¢; for j = 0,1, 2.

The conditions to determine u(t) and xo(t) are as follows. First, we must
ensure that [, vdx = 0 in order to conserve mass. Since ¢g is of one sign,
this condition requires that v has no component in the direction of ¢¢. Hence,
¢o(t) = 0, which then determines u. Thus, the existence of the negative eigenvalue
Ao for (49) does not lead to an instability of the bubble solution. We remark
that if mass was not conserved, the bubble would shrink to a point under a mean
curvature flow on a time scale [\;'| = O(e~2) (see [14]). Next, since \; for
7 = 1,2 are exponentially small as € =+ 0, we must also require that the limiting
solvability conditions ¢; — 0 as € = 0 for j = 1,2 be satisfied. These conditions
yield a differential equation for xq(#) that governs the metastable bubble motion.

In this way, it was obtained in [41] that for a bubble strictly contained in D,
the center xq(¢) of the bubble satisfies the asymptotic ODE

. eatvy
Xg ~~
3 8D

Here r = |x(§) — x0(t)|, £ = (x(§) — x0(t)) /r, and ©i = () is the unit outward
normal to D, where £ parameterizes 0D. Also, 8 and v§ are defined in (26)
and (46b).

The (unstable) equilibrium location xge for the bubble center is obtained by
setting xo = 0 in (51). For a strictly convex domain, this yields that xge is
located at an O(e) distance from the center of the largest inscribed circle for
D (see [41]). Finally, by using Laplace’s method on (51) it is clear that the
metastable bubble dynamics is determined largely in terms of local information
from the point x(&) on JD nearest to xXg. In this way, it is shown in [41] that
the bubble drifts towards the closest point on 8D and the distance r,,(t) =
|x(&) — x0(t)| between the bubble center and the closest point satisfies (41),

where ( in (41) is given by
242 12 1/2
¢ =24 ( T ) . (52)

w3 Z

€
rmlem2VH(r=m)/€ 3 [1 4 4] #hds. (51)

4.2 Metastable Dynamics of Attached Bubbles

We now characterize the metastable dynamics of a semi-circular interface of ra-
dius 7 that intersects a flat portion of 0D as shown in Fig. 4. The flat por-
tion of 8D is taken to be the straight-line segment between (zr,0) and (zg,0).
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The interface is centered around x¢ = (zg,0) where z, < z9g < zr. We let
0D = 0D.U 0D, where 0D refers to the straight-line segment of the boundary
and 0D, denotes the remaining curved part of dD. The distance between the
interface and 9D, is assumed to be a minima at either of the two corners (zr,0)
or (zg,0).

Near the corner points, 9D is assumed to have the following local behavior

near (z1,0); y =¢r(z), oi(z)~—-Kp(zp —z)*t, asz —z;, (53a)
near (zg,0); y =9r(z), YR(z)~ Kr(z—1zr)*", asz = zf, (53b)
(53c)

where ay, > 0 and ag > 0. When oy = ag =1, K, and Ky are proportional to
the curvatures of 0D, at the corners.

In [36] the projection method was used to determine the motion of the semi-
circular interface. The outline of the analysis is as follows. First, we construct
a radially symmetric equilibrium solution to (38) as in (44). This equilibrium
solution is centered at (z9,0) and it corresponds to the semi-circular interface.
We then linearize the equation around Us as in (47), where xo(t) = (z0(¢),0).
This yields the linearized problem (48). The associated eigenvalue problem has
a principal eigenvalue A\g = —e?/rZ. In addition, due to the near translation in-
variance in the horizontal direction z, there is one exponentially small eigenvalue
corresponding to the approximate eigenfunction ¢; ~ 9,U,. The conservation of
mass condition determines the correction y to the Lagrange multiplier parameter
o. In addition, a limiting solvability condition, which requires that v be orthogo-
nal to the eigenfunction associated with the exponentially small eigenvalue must
be imposed. This yields the following asymptotic differential equation for zq(t):

2ea’ (V)2 (z — z0) e -1
! t) ~ +\"+ / —2u+e (r—rp)a -fids . 54
ro(t) ~ < [l P fds (54

Here f = (x — x¢) /7, X0 = (20, 0), r = [x —X¢| and 1 is the unit outward normal
to D. Also, § and v§ are given in (26) and (46b), respectively. Since, # and i
are orthogonal on the straight-line segment 8D; of 8D, the integral in (54) is an
integral over the curved segment 0D.. For € — 0, the dominant contribution to
this integral arises from the corner regions (zr,,0) and (zg,0). Laplace’s method
and the local information (53) can then be used to obtain the explicit differential
equation (43) for zo(t).

Thus, the ODE (43) for zo(t) shows that the motion of the center of the semi-
circular interface along the straight-line boundary segment between (zp,0) and
(zR,0) is determined by the shape of the boundary at these corner points and by
the distance from the interface to these points. The interface will move, without
change of shape, until a stable steady state is reached or until the interface touches
(zr,0) or (zg,0). If the interface reaches the curved part of the boundary, it will
subsequently continue to evolve according to (40).
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4.3 An Explicit Example of an Attached Bubble

When K1, K > 0, we obtain from (43) that there is a unique steady-state solution
Toe, satisfying z; < 9. < zg. For € = 0, a two-term approximation for g, is

xr + TR € 1 lKLF(aL+1)< € )aLaR

b qog |2 er T
2 45 %% | Kpl(ag + 1) \ 205

+0(%). (55)

Zoe

This steady state is stable when Ky < 0, Kg < 0, and is unstable when K > 0,
Kpg > 0. Specifically, this shows that if D is convex near (zy,,0) and (zg,0), then
there is no stable equilibrium location on 0D;. There is no equilibrium solution
if K Kr < 0.
To illustrate the slow dynamics, let Q(u) = 2(u — u3). Then, we calculate
that
v =2l —edr) ™ +--], ar=2, sp==%1, B=4/3. (56)

Suppose that ar, = ag = a. Then, from (43) the center z((¢) of the semi-circular
interface satisfies

o~ Kgr o—2vie (@r—z0—Te) _ Ky, 6_21/3_6—1(%_“—17,)] 7 (57)
TR — Xo To —TL
where 2 )
6e* a+1
The steady state location for xg, when Ky K > 0, is
L +TR € K,
e~ ———— + =1 — .
e~ R 4 Crog (1) (59)

For the initial value, £(0) = zJ, the qualitative properties of the dynamics
associated with (57) are as follows. When Ky > 0 and Kr > 0, zo(t) moves
exponentially slowly towards zj, if 3 < ., or towards zp if 3 > zo. (see
Fig. 5). When K1, < 0 and Kg < 0, zo(t) will approach the stable steady state
at xg. for any initial condition (see Fig. 6). If K1, < 0 and Kg > 0, then zo(t)
will move towards g as shown in Fig. 7. Finally, 2o(¢) will move towards zp,
if K;, > 0 and Kg < 0. In each case, the interface moves in the direction that
will allow its perimeter to decrease. When the interface reaches the corner points
(z1,,0) or (zg,0), the subsequent evolution of the interface is determined by (40).

5 Slow Spike Motion for the Shadow Problem

Turing [39] proposed a reaction-diffusion system of activator-inhibitor type to
mathematically model morphogenesis. From a linear stability analysis he sug-
gested that such a system could have stable inhomogeneous solutions with iso-
lated peaks in the inducer concentration. Subsequent studies (e.g. [15], [17]),
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which have involved large-scale numerical computations, have shown that robust
spike-type patterns in the activator concentration are possible when the activator
diffuses much more slowly than the inhibitor.

In [18], spike-type solutions are analyzed for an activator-inhibitor system
known as the Gierer-Meinhardt model [15]. In scaled and dimensionless variables,
this model is formulated as

aP

at:ezAa—a+ﬁ, x €D CRN, (60a)
Thy = knAh—ph +eNa™, xeDcCRN, (60b)
a, =0, hn,=0, xeoD. (60c)

Here € € 1, a and h are the activator and inhibitor concentrations, respectively,
D is a bounded domain in RN, and the derivatives in (60c) are the normal
derivatives to the boundary of D. Also, 7 > 0, 4 > 0 and the exponents satisfy

1<p<1+4+mg, q>0, m>0.

There are only a few partial results for (60) in the fully nonlinear regime. A
survey of some of these results are given in [29].

In [18], the weak coupling limit k, > 1 for (60) is analyzed. This limit,
together with the assumption that the dynamics of a are much slower than those
of h, i.e. 7 < 1, leads to the following non-local problem for a, known as the
shadow problem ([28], [29]):

P

at=62Aa—a—|—% x €D CRN, (61a)
- (610)

h=—— [ a™dx, 61b
uD| Jp

an, =0, x € 0D. (61c)

Here |D| is the volume of D.
For the equilibrium problem, we let @ = h"u in (61a), where v = ¢/(p — 1),
to obtain the following problem for u:

ENu—u+uP =0, z€D; un =0, x €0D. (62)

Assume that p < p.(IN), where p.(IN) is the critical Sobolev exponent. Then
(62) admits a solution with M spikes, where the spikes are located near some
points xg; for ¢ = 1,.., M in D that are to be determined. For a solution with
a spike on the boundary of the domain, it was proved in [28] that the spike can
be located at the point on 0D where the mean curvature of 0D is the largest.
In [42], the projection method was used to construct a one-spike solution to
(62) where the spike is contained strictly within D. It was shown that, for
a convex domain, the spike is located at an O(e) distance from the center of
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the largest inscribed sphere for D. This analysis required exponential precision
since the spike-layer solution decays exponentially away from its core and hence
interacts with the boundary only by exponentially small terms. More recently,
the important papers of [7], [16] and [20] have proved that the problem for the
determination of the locations of the spikes for a multi-spike solution is intimately
connected with the geometric problem of the lattice packing of balls of equal radii
inside D.

In [18] the projection method is used to show that (61) can support a metastable
spike-layer solution. If the spike is initially localized near some point x¢(0) in
D, then this spike will move exponentially slowly towards the closest point on
the boundary dD. This result is critically dependent on the non-local nature of
(61), which precludes the existence of an unstable mode with an O(1) eigenvalue
for the corresponding linearized problem. We now briefly outline the analysis in
[18].

A one-spike equilibrium solution to (61) in RN is represented by

a=ap(x;x0) = hu(lx—xol) v=gq/(p—1). (63)

Here the radially symmetric function u.(p), called the canonical spike solution,
satisfies the radially symmetric version of (62)

N-1
u'é—f—%u;—uc—}—u’c’zo, (64a)
ul(0)=0 and wu.(o0) =0, (64b)
uc(p) ~apt N2 as p—o . (64c)

In terms of this solution, h is given by

Oy [ (C=Sverry
h= (— u pN ldp) : (65)
M|D| 0

where Q is the surface area of the unit IV dimensional sphere. Since ag satisfies
the steady-state problem for (61a), but fails to satisfy the no flux boundary condi-
tion (61c) by only exponentially small terms for any value of xo € D, we expect
that the spectrum of the eigenvalue problem associated with the linearization
about ap contains exponentially small eigenvalues. The non-local nature of (61)
will ensure that these exponentially small eigenvalues are the principal eigenval-
ues of the linearization.

The non-local eigenvalue problem for the linearization is obtained by intro-
ducing ¢ and 7 defined by

a(x,t) = ap(x;%0) + e ¢(x), (66a)
h(x,t) = h+ e n(x). (66b)
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Here ¢ < ag and n < h. From (61) this yields the non-local eigenvalue problem
in D:

Lip=eENp+ (=1 +pul™')p— % /D u™ pdx = —\e, (67a)
¢n=0 on 8D. (67b)

Here, Bn is defined by
o= [ Tup N ldp. (68)

Since u. is localized near x = xp, we only seek eigenfunctions of (67) that are
localized near x = x. These eigenfunctions have the form

dly) =d(xo+ey), y=¢ '(x—x0). (69)

They satisfy the corresponding infinite domain problem in RN,

~ o~ ~ o~ m 'u}c’ el T -~
Ed= 08+ (1 +puh - Z8E [ ur iy = =56, (00

é—0 as |y| = oo, (70b)

where u. = u.(|y|)-

We now outline the key properties of the spectrum associated with (67) and
(70). Define ¢; = 8y,u.(]y|)- Then, from translation invariance and symmetry
considerations, which shows that the integral in (70) vanishes when ¢ = ¢;, it
follows that ¢; for i = 1,.., N satisfies (70) with A = 0. Here y; is the it coordi-
nate of y. Thus, (70) has a zero eigenvalue of multiplicity N with corresponding
eigenfunctions ¢; = Oy;uc(ly|) for ¢ = 1,..,N. Since x¢ € D, and u, is exponen-
tially localized, these eigenpairs will be perturbed by only exponentially small
terms as a result of the finite domain in the eigenvalue problem (67). More pre-
cisely, it was shown in [18] that (67) has N exponentially small eigenvalues with
corresponding eigenfunctions given by ¢; ~ 9,,u. + ¢r;, where ¢r; is a boundary
layer function localized near 8D that allows the boundary condition in (67b) to
be satisfied. An analysis using Green’s identity shows that these exponentially
small eigenvalues for (67) are given for e — 0 by

ea’N

i~ ——
BN Joap

(z; — m0:)2r~ 1N e=27/¢(2.0)(1 4 £-0) dS, (71)

fori =1,..,N. Here r = |x — xq|, ¥ = (x — o) /7, z; is the it coordinate of
x, and 1 is the unit outward normal to 8D. Also, a is given in (64c) and [y is
defined by

v = [ [iw] o ap. (72)
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An asymptotic evaluation of (71) using Laplace’s method then shows that A;
is determined by local information from the point on D that is closest to the
center xg of the spike.

The other key property of the spectrum concerns the principal eigenpair for
(67). When the non-local term in (70) is absent, it is well-known that the lo-
cal problem has an O(1) negative eigenvalue Ao with a corresponding radially
symmetric eigenfunction ¢o(p). In [18] we used a path-following method to nu-
merically compute this eigenvalue in terms of a homotopy parameter §, where §
with 0 < é < 1, multiplies the non-local integral term in (70). In this way the
effect of the non-local term is gradually introduced. It was shown in [18] that
the eigenvalue branch as a function of §, which emanates from Mo, has crossed
into the right-half plane when § = 1. Hence, the effect of the non-local term is to
ensure that the principal eigenvalue of (70) is the zero eigenvalue of translation.
In this way, it was shown that the principal eigenvalue of (67) is exponentially
small as € — 0.

The final step in the analysis of metastable spike motion is to linearize (61)
around the quasi-equilibrium solution by writing

G(X, t) = aE(X3 Xo (t)) + ’U)(X, t) ’ (73)

where ag is defined in (63), and w < ag and w; < diag. The linearized problem
is

Lw = Oiag in D, (74a)
Ohw = —-0Onag, on 09D, (74b)

where Le is defined in (67a). By applying a limiting solvability condition that
requires that w is orthogonal to the eigenfunctions associated with the exponen-
tially small eigenvalues, the following ODE for the trajectory xo = xo(t) was
derived in [18]:
2
Xo ~ cNa / #rl Ve 27/€(1 + #A) #0dS. (75)
BNQN JoD
Finally, assume that there is a unique point on 0D, labelled by x,, such
that the distance from x¢ to 0D is mimimized. Then, upon using Laplace’s
method on (75), it was shown in [18] that the spike-layer moves monotonically,
but exponentially slowly, in a straight line towards the point x,,, on D and that
the distance r,,(t) = |Xm — Xo(t)| satisfies the asymptotic ODE

, ¢\ (VD2
P~ —CPm (—) H(rpy)e 2mm/€. (76)
Here ( is defined by
2
¢ = 2T (N2 (77)
QnBN
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The function H(r,,) is given in terms of the principal radii of curvature R;,
i=1,..,N — 1, of the boundary 0D at the closest point x,,, € D by,

Hrm) = (1= rm/R) " (1 =1 /Ry) ™ .. (1—rm/Ry-1)""% . (78)

The main result (76), which is very similar to the result in §4 for the motion of
bubble solutions for the constrained Allen-Cahn equation, shows that the spike
will take an asymptotically exponentially long time to reach 0D when € < 1.

6 A Combustion Problem

There are several other non-local models arising in different branches of science
where localized structures evolve on exponentially long time scales. Two such
problems are the evolution of hot spots in microwave heated ceramic materials
(see [21] for the model) and the evolution of flame-fronts in a vertical channel.

In particular, in [30] an evolution equation describing the upward propagation
of a flame-front in a vertical channel, subject to buoyancy effects, was derived.
Suppose that the vertical channel has a constant cross-section D in the (z1,%2)
plane and let the positive z axis be perpendicular to this cross-section and in the
direction of propagation of the flame. Then, in terms of dimensionless variables,
and in a particular asymptotic regime, the flame-front interface z = ® (21, z2,t)
was found in [30] to satisfy the non-local problem

1 1
&, — |V =eA®+P - — [ ®dx, xe€DeR?* (79%)
2 ID| Jp

8,8=0, x€dD. (79b)

Here e € 1,x = (x1,22), | D| is the area of the cross-section and 0, is the outward
normal derivative. Some experimental pictures of the flame-fronts are shown in
[23]. These pictures show that the flame-front assumes a roughly paraboloidal
shape and that the tip of the front moves slowly.

The simpler one-dimensional problem in a slab geometry was studied in [9]
and [37]. In this case, ® = &(z,t) and (79) reduces on the strip 0 <z < 1,¢ >0
to

1 1
<I>t—§<1>§:6<I>M+<I>—/ ddr,  8,(0,t)=®.(1,t)=0.  (80)
0

Certain special classes of solutions of (80), corresponding to concave interface
shapes were shown in [9] and [37] to be metastable. In particular, in [37] it
was shown that the tip 2o = x0(t) of a parabolic flame-front interface drifts
exponentially slowly towards the closest point on the channel wall (i.e. either
z =0 or £ = 1) according to the differential equation

2 2 2
2~/ = [((1 —x0)% + E) e=(1=0)/2€ _ (32 | %)e—wﬁ/% . (8D
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The analysis in [37] leading to (81) was based on converting the non-local problem
(80) to a local problem by applying the transformation v = —®,, which yields
the Burgers-Sivashinsky equation

UV + VVp — U = €Vgq v(0,t) = v(1,t) =0. (82)

The problem (79), and its one-dimensional counterpart (80), seem quite dif-
ferent in form from the quasi-linear problems considered in §3-5. However, this
is really not the case. In fact, the transformation

d=2elnu (83)

reduces (79) to the non-local problem

1

ut:eAu+u(lnu——/ 1nudx> , x€D, (84a)
ID| Jp

Onhu=0, x €0D. (84b)

This problem is similar to those considered earlier, but has yet to be analyzed.
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Figure 3: Evolution of a small convex interface inside a domain D. (a) The
convex interface evolves by (40) into a circle. (b) The circular interface drifts,
satisfying (41), towards the closest point on dD. (c) The interface attaches to
OD, intersecting orthogonally. (d) The interface moves along 0D satisfying (40).
(e) If the interface encounters a flat portion of 8D, it moves along this flat portion
according to (43). (f) When a curved part of 9D is reached, the interface again
evolves by (40) until a steady state is attained, which is centered near a local
maximum of the curvature of §D.
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Figure 4: Plot of a two-dimensional domain D with a flat boundary segment and
a semi-circular interface of radius r = r, centered at xzg.
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Figure 5: Plot of 8D for which the center of the interface is at an unstable
equilibrium. Here K, Kr > 0.
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Figure 6: Plot of 0D for which the center of the interface is at a stable steady
state. Here K1, K < 0.

0D

Figure 7: Plot of 9D for which the center of the interface moves toward the right.
Here K7, < 0 and K > 0.
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