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Abstract

The stability and dynamics of hot-spot solutions to two different classes of scalar, nonlocal,
singularly perturbed reaction-diffusion equations is analyzed. These problems arise in the mod-
eling of the microwave heating of a ceramic material placed in a single-mode resonant cavity. For
the first model, where the coeflicients in the differential operator are spatially homogeneous, an
explicit characterization of metastable hot-spot behavior is given in the limit of small thermal
diffusivity €. For the second model, where the differential operator has a spatially inhomoge-
neous term resulting from the variation in the electric field along the ceramic sample, a hot-spot
solution is shown to propagate on an algebraically long time-scale of order O(e~2) towards the
point of maximum field strength. The electrical conductivity of the sample is taken to have
either an exponential or a polynomial dependence on the temperature. For the polynomial
form, the stability of a hot-spot profile is determined from the eigenvalues of a non-self-adjoint
eigenvalue problem. It is proved that a general class of eigenvalue problems of this type may
have complex conjugate eigenvalues in the limit ¢ — 0. A careful proof of the stability of the
hot-spot profile is given for this delicate case.

1 Introduction

In this paper we extend the analysis in [4], [5], [6], [17], and [18], on the stability and dynamics of
hot-spot solutions that occur for certain singularly perturbed nonlocal reaction-diffusion models.
These models arise in the modeling of the microwave heating of ceramics. Nonlocal reaction-
diffusion equations also occur in a variety of other areas, such as the Ohmic heating of thermistors
(cf. [19]), the propagation of pulses in the singularly perturbed Gray-Scott model (cf. [9], [10]), and
the dynamics of spikes in the singularly perturbed Gierer-Meinhardt activator-inhibitor model of

morphogenesis (cf. [14], [15]).
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As shown in [17] and [18], when a thin cylindrical ceramic sample is placed in a resonant single-
mode microwave cavity, the temperature of the sample can become very nonuniform. For certain
ranges of the parameters, a localized region where the temperature is very large can occur along the
axis of the sample (cf. [17], [18]). This localized region of elevated temperature is called a hot-spot.
The physical mechanism for the formation of these hot-spots has been modeled for two different
physical experiments in [17] and [18].

The analysis in [17] is concerned with placing a thin cylindrical ceramic sample into a cavity
resonator in such a way that the intensity of the electric field is constant along the axis of the
cylinder. In this case, it was shown in [17] that the mechanism for the formation of a stable
hot-spot is the detuning of the cavity that occurs as a result of a large increase in the electrical
conductivity of the sample for high temperatures. Depending on the parameters, this detuning
shifts the resonant point of the cavity, which reduces the strength of the electric field, and thereby
stabilizes the temperature profile. In the small Biot number limit, and for a thin sample, the
modeling of this detuning effect leads to a nonlocal reaction-diffusion equation for the dimensionless

temperature u(z,t) along the axis of the sample of the form (cf. [17])

pef (u)
1+ x2 [ﬁl £(u) d:v]

lz] < 1; ug(£1,t) =0. (1.1)

U = gy — 2 (u + b[(u+ 1)* — 1)) + 55

Here €2 is the constant thermal diffusivity, x > 0 is a parameter based on the geometry of the
cylinder and the Q-factor of the cavity (see [17]), b < 1 is the ratio of radiative to convective heat
loss along the axis of the sample at the ambient temperature, and p. > 0 is the nondimensional
power of the resonant cavity mode. The function f(u) is the dimensionless electrical conductivity
of the sample.

The analysis in [18] is based on rotating the thin ceramic sample in the cavity resonator so
that the electric field has a spatial variation along the axis of the cylinder. This physical set-up
is advantageous for controlling the location of the maximum of the temperature field so that two
different cylindrical ceramic materials can be joined together reliably. The analysis in [18], which
again incorporates the temperature saturation effect as a result of cavity detuning, has shown that

the dimensionless temperature u(z,t) along the axis of the sample satisfies

peg () f(u)
1+ x [1, 9(@)f(u) dz)?

up = gy — 2 (u+b[(u+1)* = 1]) + ;o lr| <15 wg(£1,8) =0.

(1.2a)



Here g(z) is proportional to the square of the dimensionless electric field, and is given by

g(x) = cos? (gx) . (1.2b)

In the earlier model of [3] of microwave heating induced hot-spots, the electric field was assumed
to be known along the axis of the cylinder, and cavity detuning effects were neglected (x = 0 in
(1.1) and (1.2)). For this reduced model, the existence of a stable hot-spot was due exclusively
to an Arrhenius-type model for the electrical conductivity f(w). This model ensured that f(u) is
bounded as u — co. As discussed in [17] and [18], for ceramic materials below their melting point,
the appropriate choice of f(u) based on physical experiments is not an Arrhenius function but,
instead, is the exponential form f(u) = e“* for some constant ¢; > 0. In [4] and [5], the simpler
form f(u) = (1 + u?) was used in place of the exponential in (1.1) and (1.2). For an f(u) of this
polynomial form, we refer to (1.1) and (1.2) as the model microwave heating problems. Although
the qualitative features of the dynamics of the hot-spot solutions are similar for both forms of f(u),
a distinct technical advantage of using the polynomial form is that, when ¢ < 1, it is much easier
to construct asymptotically the homoclinic orbit representing the hot-spot profile. We will consider
both forms of f(u)

f(u) =e“™  (experimental); f(u) =1+u? (model). (1.3)

As a remark, any polynomial of the form f(u) = 1+ cjuP, for some ¢; > 0 and p > 1, could also
be readily used in the analysis.

For the first model (1.1), it was proved in [4] that, for ¢ < 1 and f(u) = e“'%, the principal
eigenvalue associated with the linearization of (1.1) around an equilibrium hot-spot solution has
the asymptotic estimate Ay = O(e_c/ ¢) for some ¢ > 0. However, a precise estimate for Ay was
not obtained. A numerical illustration of metastable hot-spot behavior was also given in [4]. For
the form f(u) = (1 + u?), a related proof of metastability for (1.1) for ¢ < 1 was given in [6].
We critique this particular analysis below. The model (1.1) is qualitatively similar to the shadow
Gierer-Meinhardt activator-inhibitor model analyzed in [14]. As an extension of the analysis of [4]
and [6], we give an explicit characterization of the metastable behavior that occurs for (1.1) for
the two choices of f(u) in (1.3). Using a similar formal asymptotic approach as in [14], we give an
accurate asymptotic approximation of the exponentially small eigenvalue, and we provide an explicit
differential equation governing the motion of the center of the hot-spot. When f(u) = (1+u2) and
€ € 1, we show that both the estimate for the exponentially small eigenvalue, and the metastable

dynamics are, asymptotically, independent of x and p.. For this form of f(u), the analytical results



are compared with numerical results, and close agreement is obtained. Metastable phenomena
occurs in many other problems. For a survey see [25].

For the second model (1.2), numerical computations of hot-spot solutions for the case f(u) =
€™ were given in [18] together with a numerically-based stability analysis of an equilibrium hot-spot
solution. For the case f(u) = (1 +u?), the existence and stability of equilibrium hot-spot solutions
for (1.2) was analyzed in [5]. As an extension to these works, we use asymptotic analysis to derive
a differential equation for the motion of a hot-spot for (1.2) for both forms of f(u) in (1.3). In our
analysis, we will allow for an arbitrary function g(z) in (1.2). The analysis shows that the dynamics
of the hot-spot will get pinned to the maximum of g(z) on the domain as t — oo. Thus, for the
g(z) as in (1.2b), the presence of the spatially varying electric field leads to a stable, equilibrium,
hot-spot at the center of the domain. For this form of g(z), and for both conductivity models, we
show a very favorable comparison between the asymptotic and full numerical results for the hot-
spot motion. Pinning effects, whereby the dynamics of a localized structure have new equilibria
at certain points in the domain that are a consequence of spatial variations in the coefficients of a
singularly perturbed differential operator, occur in many different settings. Applications of pinning
include the motion of vortices in superconductivity (cf. [7], [20]), and the role of precursor gradients
for spike solutions in the Gierer-Meinhardt model (cf. [16], [26]).

We now summarize the approach used in [4], [5], and [6] for proving the stability of equilibrium
hot-spot solutions. The linearization of (1.1) and (1.2) around an equilibrium hot-spot solution leads
to a nonlocal eigenvalue problem. Therefore, to examine the stability properties, many spectral
results were obtained in [4], [5], and [6], extending earlier fundamental work of [12], for the following

class of nonlocal eigenvalue problems:

1
2hs + (A(z) — \) ¢ = B(g) /1 Cla)pds, —l<z<l, (1.4a)
¢z(_1) = d’w(l) =0. (1.4b)

This eigenvalue problem is not self-adjoint unless B(xz) = kC(z) for some constant k. For f(u) =
e, the corresponding eigenvalue problem for the linearization around an equilibrium hot-spot
solution is self-adjoint. Hence, the eigenvalues are real, and stability follows if one can show that
A < 0. For this exponential form of f(u), such an approach was used in [4] and [18] to show
that equilibrium hot-spot solutions for (1.1) and (1.2) are stable for most parameter regimes.
Alternatively, for the polynomial form, f(u) = (1 + u?), the corresponding eigenvalue problem
(1.4) is not self-adjoint and one might initially expect complex eigenvalues. However, even in this

non-self-adjoint case, it was claimed in [6] that when A(z), B(z), and C(z) are even functions, the
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spectrum of (1.4) is always real, and there are no complex eigenvalues. This claim suggests that
any unstable eigenvalues of the linearization around an equilibrium hot-spot solution must lie on
the positive real axis in the complex plane. For (1.1) and (1.2) with f(u) = (1 +u?), it was proved
in [6] that there are no such real positive eigenvalues and hence stability of a hot-spot solution
followed.

By a counter-example we show that Lemma 4.2 of [6] is, in general, false. Specifically, we
construct a simple example of an eigenvalue problem of the form (1.4) with even coefficients A(z),
B(z), and C(z), that has complex eigenvalues when ¢ = 1. Hence, the evenness of the coefficients
A(z), B(z), and C(z), is not sufficient to rule out complex eigenvalues for (1.4).

We claim that to determine the stability of an equilibrium hot-spot solution in the limit ¢ — 0,
we must analyze a slightly different class of eigenvalue problems than (1.4). Instead, we must
analyze (1.4) when the even coefficients A(z), B(x), and C(z) in (1.4) are replaced by the even
e-dependent coefficients A(z/¢c), B(z/¢c), and C(z/e). We refer to the resulting eigenvalue problem
as the modified eigenvalue problem. This is clear since, for € < 1, the equilibrium hot-spot solution
is localized near z = 0 and has the form v = U,(z/¢). The linearization of (1.1) and (1.2) around
Ue(z/¢) leads directly to a specific example of this type of (modified) eigenvalue problem. In the
limit € — 0, and in the non-self-adjoint case, we show that this class of modified eigenvalue problem
can have complex conjugate eigenvalues in the unstable right half-plane even when the coefficients
A(z/e), B(z/e), and C(z/c) are even functions. We give a rigorous demonstration of this claim for
a particular example related to the shadow Gierer-Meinhardt model. For the microwave heating
model with a polynomial conductivity model (1.3), we show numerically that complex conjugate
eigenvalues can occur, but that they are in the stable left-half plane.

Therefore, for ¢ < 1, the hot-spot stability analysis of [6] and [5] requires modification for the
non-self-adjoint case where f(u) = (1+u?). Although the conclusion of [6] that the hot-spot solution
is stable is correct, we must provide a different analysis to prove stability for this polynomial form
of f(u). Our spectral approach can be used to analyze the stability of hot-spot solutions for any
polynomial conductivity model of the form f(u) = 1+ cjuP, where ¢; > 0 and p > 1, since the
stability of such solutions requires the analysis of non-self-adjoint eigenvalue problems. For the
exponential form f(u) = e“'%, the stability analyses of [4] and [18], which are based on self-adjoint
nonlocal eigenvalue problems, are valid for any € > 0.

The outline of this paper is as follows. In §2 we give a counter-example to show that (1.4) can
have a complex conjugate pair of eigenvalues in the unstable right half-plane when € = 1 and when
the even functions A(z), B(z) and C(z) in (1.4) are suitably chosen. We then analyze a class of

nonlocal eigenvalue problems of the form (1.4) where the coefficients A(z), B(z), C(z), are replaced



by certain e-dependent coefficients A (z/¢), B (z/€), and C (z/¢). In §3, we extend the analysis of [4]
to give an explicit characterization of a metastable hot-spot solution for (1.1) when f(u) = (1 +u?)
and ¢ < 1. The stability of the hot-spot profile is proved by a different method than in [6]. In
§4, we analyze the dynamics of a hot-spot solution for (1.2) when f(u) = (1 +u?) and ¢ < 1, and
we prove that the hot-spot profile is stable. In §5, we give an explicit characterization of hot-spot
dynamics for (1.1) and (1.2) for the exponential form f(u) = e“**. Finally, in §6 we mention a few

interesting possible extensions of the analysis of hot-spot solutions to the multi-dimensional case.

2 Complex Eigenvalues of a Nonlocal Eigenvalue Problem

In this section we study a certain eigenvalue problem of the form (1.4). In addition, we analyze a
specific generalized form of (1.4) whereby the coefficients A(z), B(z), and C(z), in the differential
operator in (1.4) are replaced with e-dependent coefficients A(z/¢), B(z/¢), and C(xz/e).

2.1 A Counter-Example

We first construct a counter-example to Lemma 4.2 of [6] that asserts that the eigenvalues of (1.4)
are real whenever the coefficients A(z), B(x), and C(z) in (1.4a) are even functions. We introduce
a continuation parameter ¢, with 6 > 0, in (1.4). The resulting problem is written in the form

e2¢ee + (A(z) — X) ¢ = 0B(x) /_11 C(z)¢pdx, -l<z<1, (2.1a)
¢z(=1) = ¢(1) =0 (2.1b)

To construct our counter-example, we take ¢ = 1 and choose the even functions A(z) =0, and

B(z) = by + by cos (7z) + by cos (27x) (2.2a)
C(z) = cg + ¢y cos (mz) + co cos (27x) (2.2b)

where the coefficients b; and ¢;, for ¢ = 0, 1,2, are to be chosen.
A simple calculation shows that the eigenfunctions 1 (x) and the eigenvalues oy of the local
operator in (2.1), obtained by setting 6 = 0, are

k 1
Wi (z) = cos (%) . op= K24, k=0,1,2,3,.... (2.3)



These eigenfunctions can be decomposed in terms of even and odd functions as

(2m + )7z

Pam(z) = cos (mmzx) , ¢2m+1($) = sin ( 5

) ., m=0,1,2,... (2.4)

The idea of expanding B(z) and C(z) in a subset of the eigenfunctions of the local operator is
motivated by [13].

With this choice of C(z), and from (2.1), it is clear from orthogonality that A = o and
¢ = Pi(x) is an eigenpair for (2.1) for any 6 > 0 and integer k = 1,3,5,6,7,.... These eigenvalues,
which are independent of § and are not perturbed by the nonlocal term, are called the fixed
eigenvalues (cf. [12]). The moveable eigenvalues, corresponding to k = 0, 2,4, are perturbed by the
nonlocal term and they depend on the continuation parameter §.

Therefore, the moveable eigenvalues are contained in a three-dimensional subspace of the spec-

trum of (2.1). In this subspace, we look for an eigenfunction of the form
¢ = so + s1cos (nz) + sg cos (2nz) . (2.5)

Substituting (2.2) and (2.5) into (2.1), we obtain the 3 x 3 matrix eigenvalue problem

(A-6D)s = As, (2.6)
where
0 0 0 2C()b0 Clbo CQb() S0
A=|0 -2 0 , D= 2cb; c1by czby |, s=1| s |- (2.7)
0 0 —47‘(’2 2C()b2 Clbg 62b2 S9

The eigenvalues of (2.6) are the moveable eigenvalues of (2.1)

For the special case where ¢; = kb; for = 0,1, 2, where « is some constant, the nonlocal Sturm-
Liouville eigenvalue problem (2.1) and the matrix eigenvalue problem (2.6) are both self-adjoint.
Hence, for this special case, A is real. However, for arbitrary b; and ¢;, D is a matrix of rank one
and A — 0D is not a symmetric matrix. Hence, we expect that (2.6) can have complex eigenvalues.

To show this, we choose the coefficients
b() = 25, b1 = 10, b2 = 10, Cy = 11, Cc1 = —0.5, Cy = 0.5. (28)

With this choice, B(z) and C(z) are positive even functions on —1 < z < 1. We then solve
the matrix eigenvalue problem (2.6) numerically as a function of . The numerical results are
shown in Fig. 1(a) and Fig. 1(b). The eigenvalues are found to be real for 0 < § < 1.076 and for
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(a) Eigenvalues of (2.6) versus § (b) Eigenvalues of (2.6) in the complex plane

Figure 1: Left figure: The real parts of the eigenvalues of (2.6) versus ¢ for the data (2.8). Two
eigenvalues are complex when 1.076 < § < 3.970. The two fixed eigenvalues A = —7%/4 and
A = —972/4 are the dotted lines. Right figure: The first two eigenvalues of (2.6) and (2.8) in the
complex plane. Points A,B,C, and D, correspond to § = 0.0, § = 1.076, 6 = 3.97, and ¢ = 5.0.

3.970 < § < 5.0. As ¢ is increased to § = 1.076 the first and second eigenvalues merge and enter
the complex plane. Then, as § is increased further to 6 = 3.970, this complex conjugate pair of
eigenvalues merges onto the real axis.

This counter-example clearly shows that the evenness of the coefficients A(z), B(z), and C(x)
is not sufficient to ensure that (1.4) will only have real eigenvalues, as was claimed in [6]. The
mechanism for the creation of complex eigenvalues as § increases is that a pair of moveable real
eigenvalues collide when traveling in opposite directions (see Fig. 1(b)) and then enter the complex
plane. This can occur when a moveable eigenvalue crosses past a fixed eigenvalue as § increases.
In particular, in the example above there are consecutive fixed eigenvalues at A\ = —972/4 and
A = —n%/4. These eigenvalues correspond to the horizontal dotted lines in Fig. 1(a). From
this figure we notice that there can be a pair of moveable eigenvalues between consecutive fixed
eigenvalues for some range of §. This mechanism for the creation of complex eigenvalues from the
collision of two moveable eigenvalues also occurs for other nonlocal eigenvalue problems, including

the more complicated eigenvalue problems of §2.2.



2.2 A Nonlocal Eigenvalue Problem: Stability of a Localized Solution

We now consider a specific class of eigenvalue problem that is related to the linearization of a

nonlocal PDE around a localized pulse. This problem can be written in the form

1
s + A (2/2) §— B (a/e) / CWlsds =X, <l d(D=0, (@9

where A(z/¢), B(xz/¢e), and C(x/¢€), are even functions.

To construct our example, we consider the following eigenvalue problem for ®¢(y):

1 m— g
f—{jg wé‘ ! @ dy
1/e

LD = L.D° — aw?
f—l/s wl‘n dy

= \°9°, ly| <1/e;  B(£e ') =0. (2.10)

Here a > 0 is a continuation parameter, and we assume that the exponents p and m are real and
satisfy p > 1, m > 1, and p # m — 1. The operator L., referred to as the local operator, is defined
by

L.9° = &, — O + pu? '9°. (2.11)

Here w,(y) is the unique one-pulse solution of the boundary value problem

w, —we +wP =0, |yl <et;  w(0)>0, w,(0)=0; w.(xl/e)=0. (2.12)
Such a solution is even w, (y) = w.(—y), it has a single maximum at y = 0, and satisfies w, < 0 for
0<y<l1/e.

By writing y = z/¢ in (2.9), it is clear that, for each € > 0 fixed, (2.10) is a specific example of
(2.9). Since p # m —1, (2.9) is not self-adjoint. This class of eigenvalue problem arises in the study
of the stability of spike solutions to the Gierer-Meinhardt model of morphogenesis (see [23] and
Appendix C below). As shown below in §3.4, the particular case p = m is the relevant eigenvalue
problem for studying the stability of a hot-spot profile for (1.1) for the generalized polynomial
conductivity model f(u) =1+ cuP.

We first study the limiting eigenvalue problem, corresponding to letting ¢ — 0 in (2.10) and
(2.12) and imposing an exponential decay condition on ®¢ and w, as y — Zoo. This limiting
eigenvalue problem, which has both a discrete and a continuous spectrum, is referred to below as
the infinite-line problem. Using a combination of numerical and rigorous analytical techniques, we
show that this infinite-line problem can have complex discrete eigenvalues for some ranges of «,
p, and m. This was previously shown numerically for the case (p,m) = (2,2) in [14] and later in

[8]. In §2.3, we give a rigorous proof that the infinite-line problem will have complex conjugate



eigenvalues in the unstable right half-plane for some range of a when p = 6 and m = 2. Other
cases of p and m leading to complex discrete eigenvalues for the infinite-line problem are shown
numerically.

The corresponding discrete eigenfunctions in the right half-plane are found to decay exponen-
tially as |y| — oo. This suggests that, for a small but fixed value of ¢, the effect of a large but
finite domain in (2.10) and (2.12) will be to perturb these eigenpairs by exponentially small terms
as € = 0. We illustrate this weak dependence on the length of the domain numerically. Therefore,
our main conclusion is that complex eigenvalues are possible for eigenvalue problems of the form
(2.9) in the singularly perturbed limit ¢ — 0, and that these eigenvalues persist when ¢ is small
but nonzero.

We begin by considering the infinite-line problem. We define the local operator Ly for this
problem by

Lo’ = 8), — 3° + puf 100, (2.13)

where wq is the unique, even, one-pulse positive solution to (2.12) on —co < y < oo. A simple

woly) = (1%1) v (cosh [@DWD . (2.14)

calculation shows that

The homoclinic orbit wg(y) has the following asymptotic behavior
wo(y) ~ ce” ¥, ly| = o0, c=(2p+2)Y/ 0 (2.15)

Therefore, the nonlocal eigenvalue problem on the infinite line is given by

P (ffooo wgl—lq)o dy

Lo®° = Lyd° — = \0°, —00 <y < 00; o’ -0, — 0.
0 0@ — e | oo ) 00 <y <00 ly| = o0
(2.16)
We first summarize a few known result for the spectrum of Lg and of L.
Proposition 2.1 (From [21]): Consider the local eigenvalue problem Log; = vy for ¢ € HI(R).

This problem admits the eigenvalues vo > 0, v1 = 0, and v; < 0 for j > 1. The eigenvalue vy is

simple, and the corresponding eigenfunction ¢yo has one sign.
Thus, there is exactly one unstable eigenvalue 1y > 0 for the infinite-line local eigenvalue
problem. By solving this problem in terms of certain hypergeometric functions, a more explicit

result for the spectrum of Ly was obtained in [9].
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Proposition 2.2 (From [9]): Let J = J(p) be a positive integer such that J < (p+1)/(p —1) <
J+1. Then, for ¢; € H'(R), the infinite-line local eigenvalue problem Lo¢; = v, has J+1 discrete

eigenvalues given by

y,-:i[(p+1)—j(p—1)]2—1, j=0,.,J. (2.17)

The continuous spectrum of Ly lies in the range —oo < v < —1.
This result is Proposition 5.6 of [9]. Notice that vy > 0, v1 =0, and v; € (-1,0) for 2 < j < J.
However, when p > 3, then J = 1, and there are no discrete eigenvalues in the interval (—1,0).
The following result for the spectrum of £y was obtained in [27] and [15]:
Proposition 2.3 (From [27]): Let ®° € H'(R), and consider the eigenvalue problem (2.16) with
m = 2. Consider only the eigenpairs of this problem for which X\ # 0. Let \J # 0 be the eigenvalue
of (2.16) with the largest real part. Then, if 0 < o < p — 1, we have Re(\}) > 0. Alternatively, if
a > p—1 and if either of the following two conditions hold

(i) m=2, 1<p<5h, or (i) m=p+1, p>1,

then Re(\y) < 0.

The proof of the result for 0 < o < p—1 is given in Appendix E of [15]. The proof of the result
for & > p—1is given in Lemma A and Theorem 1.4 of [27]. This result shows that any eigenvalues
of (2.16) must lie in the stable left half-plane if « is large enough and if 1 < p <5.

Next, we numerically compute the spectrum of (2.10) as a function of « for different ranges of p
and m. This is done by using a finite difference scheme on (2.10). First we take a value of ¢ small,
which determines the domain length. We then compute a numerical approximation for the solution
we to (2.12) using COLSYS [2]. We introduce a uniform mesh with N points, and approximate the
second derivative ¢, using a central difference quotient. The integral in (2.10) is approximated by
the trapezoidal rule. The eigenvalues of the resulting matrix eigenvalue problem are then computed
numerically using an eigenvalue solver routine from LAPACK [1]. In all of the computations below
we have taken N = 400 points. For four pairs (p,m) of exponents, and with o = 0, in Table 1 we
give the theoretical predictions for the discrete eigenvalues for the infinite-line problem obtained
from Proposition 2.2, together with the corresponding numerically computed values from (2.10)
with € = 0.05 and € = 0.20. The eigenvalues for (2.10) with ¢ = 0.05 are seen to be close to those
for the infinite-line problem.

We remark that the infinite line problem has a double-zero eigenvalue when o = o, = p — 1.
This follows from the identity that

Lowy = (p — 1)wh. (2.19)
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(p,m) | Ao (infinite-line) | A (¢ = 0.05) A (e =0.20)
(2,2) 1.25000 1.25029 1.24580
0.00000 0.83032x10~2 | 0.51828x10~*
-0.75000 -0.74916 -0.82947
(6,2) 11.2500 11.2835 11.2487
0.0000 0.31476x10~% | 0.19214x10~2
(3,3) 3.0000 3.00190 2.99793
0.0000 0.368875x1072 | 0.22996x1073
(1.39,1.2) 0.428025 0.428056 0.291304
0.000000 0.119973x1073 | -0.477610x10~2
-0.351975 -0.351747 -0.498224
-0.627900 -0.627609 -1.18901
-0.827775 -0.827522 -2.07709
-0.951600 -0.953261 -3.16240
-0.999375 -1.02567 -4.44489

Table 1: The discrete eigenvalues for the infinite-line problem (2.16) obtained from Proposition
2.2, and the corresponding numerically computed discrete eigenvalues obtained from (2.10) with
e = 0.05 and € = 0.20.

When « = a, both ®° = wy and ®° = w, are eigenfunctions of (2.16) corresponding to XA = 0. At
this critical value @ = a¢, and for € = 0.05 and € = 0.20, in Table 2 we give numerical results for the
eigenvalue of (2.10) that approximates the even eigenfunction ®° = wyq of the infinite-line problem
(2.16). From this table we observe that this eigenvalue is small for both ¢ = 0.05 and ¢ = 0.20.
Therefore, the finite-line problem (2.10) with ¢ = 0.05 and ¢ = 0.20 has two small eigenvalues at

the critical value o = «, for which the infinite-line problem has a double-zero eigenvalue.

(p,m) | XA(e=0.05) | X (e=0.20)
(2,2) 0.1747x10°3 | 0.4367x10 2
(6,2) -0.2799x107! | -0.2138x 1071
(3,3) 0.8336x1073 | 0.7808x10~*
(1.39,1.2) | 0.6393x10~* | -0.1586x10~2

Table 2: The eigenvalue of (2.10) for ¢ = 0.05 and € = 0.20, corresponding to an even eigenfunction
when @ = @, = p — 1. At this value of «, the infinite-line problem (2.16) has a double-zero
eigenvalue.

Example 1: Let p = m = 2, with ¢ = 0.05 or ¢ = 0.20. This was the exponent set first studied
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numerically in [14]. When a = 0, there are two discrete eigenvalues on the real axis as seen from
Proposition 2.2. As seen from Table 1, the numerical values for the eigenvalues of the infinite-line
problem and the finite domain problem (2.10) with ¢ = 0.05 and ¢ = 0.20 are both very close.
As shown in Fig. 2, when € = 0.05 these two discrete eigenvalues travel in opposite directions as
« is increased, and are found to merge at the value A & —.541 on the negative real axis when
a = 1.31. Similar behavior occurs when € = 0.20. In this case, the two discrete eigenvalues collide
at Agp = —0.598 when « ~ 1.3515. The results for e = 0.05 are consistent with the original results in
[14] and the later study in [8]. As « is increased further, the complex eigenvalues then tend towards
the negative real axis on Ag = Re()\) < —1. The behavior in the left half-plane when ¢ = 0.05
and ¢ = 0.20 is found to be rather different, especially when the path approaches the “continuous”
spectrum region Ap < —1. In particular, the complex conjugate eigenvalues with ¢ = 0.20 touch
down onto the real axis at A\g =& —1.12 when « =~ 2.23. The path with ¢ = 0.05 is more intricate.
|

0.2
0.1

Im(A) 0.0

—0.1

—0.2

1
—-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 15

Re())

Figure 2: Complex eigenvalues for (2.10) when (p, m) = (2,2) with ¢ = 0.05 (heavy solid line) and
e = 0.20 (dotted line). Points A, B, and C, correspond to @ = 0.0, a = 1.31, and a = 2.5, when
€ = 0.05. Point D corresponds to @ = 2.23 when £ = 0.20. The “continuous” spectrum region
(horizontal dotted line) is the portion Ag < —1 of the horizontal axis.

Example 2: Let p = 6, m = 2, and € = 0.05, or ¢ = 0.20. When « = 0, Proposition 2.2 shows that
there is exactly one discrete eigenvalue on the real axis for the infinite-line problem (2.16). From
Table 1 it is closely approximated by the eigenvalue problem (2.10) with ¢ = 0.05 and ¢ = 0.20.
As « is increased, this eigenvalue moves along the real axis towards the left. As shown in Fig. 3(a)

a new discrete eigenvalue emerges out of the ”continuous” spectrum region Ap = Re(A) < —1 as
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-10.0 7.5 —-50 -25 0.0 2.5 5.0 7.5 10.0 -1.5

0.0 6.0

Re(X)

(a) Complex eigenvalues for (2.10) with (p,m) = (b) The discrete and edge bifurcation eigenvalues
(6,2)

Figure 3: Left figure: Complex spectra for (2.10) when (p,m) = (6,2) with ¢ = 0.05 (heavy solid)
and ¢ = 0.20 (dotted). Points A, B, and C, correspond to a = 0.0, @« = 1.31, and o = 2.5, for
€ = 0.05. The “continuous” spectrum is the horizontal dotted line. Right figure: Discrete and edge
bifurcation eigenvalues of (2.10) before they merge: ¢ = 0.05 (heavy solid) € = 0.20 (dotted).

« increases. When ¢ = 0.05, the two eigenvalues collide on the positive real axis at Ap =~ 0.477
when a =~ 5.05. When e = 0.20, the corresponding values are Ap = 0.465 and a = 5.06. As shown
in Fig. 3(a), after the collision this pair enters the left half-plane as « is increased and eventually
the eigenvalue path tends towards the negative real axis. The eigenvalue paths for ¢ = 0.05 and
e = 0.20 are virtually indistinguishable in Fig. 3(a) on the range 0 < o < 2.5. For ¢ = 0.05
and ¢ = 0.20, in Fig. 3(b) we plot the edge bifurcation eigenvalue as a function of « up until it
collides with the path of the discrete eigenvalue that originated in the right half-plane when a = 0.
Notice that the path of the edge bifurcation eigenvalue does depend significantly on €. A rigorous

treatment of this problem for eigenvalues in the right half-plane is given in §2.3. |

Example 3: Let p = 3, m = 3, with ¢ = 0.05 or ¢ = 0.20. As shown in §3.4 below, this
eigenvalue problem arises in the study of the stability of a hot-spot profile for the polynomial
conductivity model f(u) = 1+ c;u®. When a = 0, Proposition 2.2 shows that there is exactly one
discrete eigenvalue on the real axis for the infinite-line problem. From Table 1 it is again closely
approximated by the eigenvalue problem with € = 0.05. As shown in Fig. 4, as « is increased this

eigenvalue moves along the real axis towards the left. However, in contrast to Example 2, there
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appears to be no eigenvalue that emerges from the continuous spectrum that will collide with this
discrete eigenvalue at some value of . As « is increased, the path of the discrete eigenvalue is
found to lie on the real axis until it merges with the “continuous” spectrum region. In Fig. 4 we
plot this eigenvalue as a function of « for both ¢ = 0.05 and € = 0.20. The eigenvalue paths for

these two values of € are virtually indistinguishable on this graph. |

3.0 ]

2.0 q

0.0 - 4

10 - A

0.0 0.5 1.0 1.5 2.0 2.5

Figure 4: The path of the discrete eigenvalue for (2.10) when (p, m) = (3, 3) as a function of a.. This
eigenvalue remains real until it merges with the “continuous” spectrum region A = Re(\) < —1.
The heavy solid curve is for ¢ = 0.05 and the dotted curve is for € = 0.20. These curves are
indistinguishable here.

Example 4: Next we let p = 1.39, m = 2, with ¢ = 0.05 or ¢ = 0.20. From Proposition 2.2,
there are seven discrete eigenvalues for the infinite-line problem (2.16) when o = 0. The discrete
spectrum is composed of three fixed eigenvalues, which are independent of a, and four moveable
eigenvalues, which depend on a. As seen from Table 1, when € = 0.05 and a = 0 all of these
eigenvalues, except for the last moveable eigenvalue, are closely approximated by eigenvalues of
the finite domain problem (2.10). However, the eigenvalues for (2.16) and (2.10) are considerably
different when ¢ = 0.20 and a = 0.

In Fig. 5 we plot the eigenvalues in the complex plane for ¢ = 0.05 on the range 0 < a < 1.5.
From this figure, we observe that there are two separate collisions of moveable eigenvalues on this
interval. There is a collision at A &~ —0.233 when a =~ 0.532 and another at A =~ —0.99 when
a =~ 1.36. In Fig. 6(a) we plot the real parts of these eigenvalues as a function of « (solid curves)
together with the first three fixed eigenvalues (dotted curves). Notice that this plot is qualitatively
similar to Fig. 1(a) for the counter-example of §2.1. For the larger value ¢ = 0.20, in Fig. 6(b)

we plot the real parts of the first four moveable eigenvalues together with the first three fixed
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Figure 5: Complex eigenvalues for (2.10) when (p,m) = (1.39,1.2) with ¢ = 0.05 (heavy solid
curves) on the range 0 < a < 1.5. There are two collisions of moveable eigenvalues producing
complex spectra. Points A, B, C, D, E, and F, correspond to a = 0.0, @ = 0.532, = 1.11, a = 0,
a = 1.36, and o = 1.50.

eigenvalues. For this case, no collisions of moveable eigenvalues occur for 0 < a < 1.5. |

Finally, we comment on the dependence of the eigenvalues on the domain length 2/e. In Table 1
we showed numerically that, when a = 0, the discrete eigenvalues of the infinite-line problem (2.16)
are closely approximated by those of the finite line problem (2.10) when & = 0.05. When ¢ = 0.20,
the agreeement is again close except for the exponent set (p,m) = (1.39,1.2). For the exponent sets
(p,m) = (6,2) (Example 2) and (p, m) = (3,3) (Example 3), the paths of the discrete eigenvalues
as a function of « were virtually identical for both € = 0.20 and € = 0.05. For these two values of ¢,
qualitatively similar behavior was obtained for the case (p, m) = (2, 2), except near the “continuous”
spectrum region. For the exponent set (p, m) = (1.39,1.2), the spectral behavior with ¢ = 0.05 and
€ = 0.20 was significantly different.

To qualitatively explain these differences, in Fig. 7(a) and Fig. 7(b) we plot the numerical
solution w, to (2.12) for ¢ = 0.05 and ¢ = 0.20, respectively. The plots are shown for Examples
1-4, where p =6, p =3, p = 2, and p = 1.39. Notice that w, is more localized for higher values of
p. Therefore, at a fixed value of ¢, the effect of the finite domain is more significant for lower values
of p. For the infinite-line problem, the corresponding solution wy decays exponentially. However,
Fig. 7(a) and Fig. 7(b) suggest that w. does not closely approximate wy for small values of p unless
€ is very small.

We conjecture that the discrete eigevalues of the infinite-line problem (2.16) and the finite-line

problem (2.10) should be close as ¢ — 0 whenever both w. and the eigenfunction of the infinite-line
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(a) Real parts of the eigenvalues: & = 0.05 (b) Real parts of the eigenvalues: ¢ = 0.20

Figure 6: Left figure: Real parts of the eigenvalues of (2.10) when (p, m) = (1.39,1.2) with ¢ = 0.05.
The first four moveable eigenvalues are the heavy solid curves and the dotted curves are the first
three fixed eigenvalues. Right figure: Same plot as in the left figure except that e = 0.20.

We 1.00 P ] we

0.00 - .
0.0 5.0 10.0 15.0 20.0

(a) we for £ = 0.05 (b) we for e =0.20

Figure 7: Left figure: Numerical solution to (2.12) for p = 6, p = 3, p = 2, and p = 1.39 when
¢ = 0.05. Higher to lower values of p correspond to lower to higher values of w.(0). Right figure:
Same plot except for £ = 0.20.
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problem are exponentially small at the endpoints y = +e~! for the finite domain problem. Ase — 0,
w, is always exponentially small at y = &1, but the behavior is nonuniform in p. The infinite-line
eigenfunction will only decay exponentially as |y| — oo provided that the corresponding eigenvalues
are bounded away from the continuous spectrum region. Therefore, for ¢ — 0, the behavior near
the continuous spectrum region should depend sensitively on . However, the spectra of (2.10) and
(2.16) in the right half-plane should be close when ¢ is sufficiently small, since both the eigenfunction
of the infinite-line problem and w, are exponentially small at the endpoints y = +e~!. For a fixed
€ small, the finite domain problem will provide a poorer approximation to the spectrum of the
infinite-line problem as p decreases, since then w. becomes less localized.

A rigorous treatment of the effect of ¢ is difficult. A first step in this direction was made in [8],
where the effect of the finite domain was analyzed rigorously for the local eigenvalue problem (2.10)

obtained by setting o = 0. In [8], it was proved that the first three eigenvalues of this problem

satisfy
1
Y= (- Dp+3)+0 () , (2:200)
A =0 (6—2/5) , (2.20b)
Y= - 1)p-5+0 (¢, when p<3. (2:200)

It would be interesting to try to extend these error estimates to the nonlocal eigenvalue problem

where a > 0.

2.3 Unstable Complex Eigenvalues: Nonlocal Problem on Infinite Line

The behavior of the spectrum when p > 5, and for certain ranges of m, is not covered by Proposition
2.3. In this section we will consider the case m = 2 and p > 5. The numerical computations of
§2.2 suggest that for this choice of exponents, (2.16) will have complex conjugate eigenvalues in
the unstable right half-plane for a certain range of a. To prove this, we will examine the spectrum
of (2.16) with m = 2 on both the real and the imaginary axis. We then use a winding number
approach to count the number of eigenvalues of (2.16) in the unstable right half-plane.

It is convenient to reformulate (2.16) when m = 2 into a form more amenable to analysis. Let
1 (y) be the solution to

Loy = ¢" — +pwg_11/) =M + wh ; P —0 as |yl — . (2.21)
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Therefore, when m = 2, the eigenfunctions of (2.16) can be written as

L% we®0 dy
= — " |9y. 2.22
( S0 wo dy (222

We then multiply both sides of (2.22) by wo and integrate over the domain. We assume that
ffooo wo®dy # 0. Thus, in the reformulated problem, the zero eigenvalue with corresponding
eigenfunction wg(y) is conveniently eliminated. We then obtain a transcendental relation for the
eigenvalues of (2.16) given by the roots of g(A\) = 0, where

I wop dy

- fN, f()\)Ema (Lo—)\)zﬁ:wg. (2.23)

We begin by separating (2.23) into real and imaginary parts by writing

g =gr +1igr, f=fr+ifr, A= AR +iAf, P = pp +ir . (2.24)

Substituting (2.24) into (2.23), we obtain

1 [ wordy
gR(/\) = o Tr(A), frR(N) = ma (2.25a)
w d
wN) = —H0y, =2 & i%”;yy (2.25b)

In (2.25), the functions 9 g and 17, obtained from separating real and imaginary parts in (2.23),
satisfy the coupled system

Loyr = Ag¥r — A\rpr + wh ; Loyr = Ar1 + AR, (2.26)

with ¥ — 0 and ¢¥; — 0 as |y| — oc.

We first look for a pure imaginary eigenvalue of the form A = iA;. Without loss of generality
we may assume that A; > 0. From (2.25) and (2.26), the eigenvalues of (2.16) along the positive
imaginary axis A; > 0 are the roots of the coupled system gr = gr = 0, given by

N 1 . i 3
gr(Ar) = o IR (A1),  g()=—fr(An), (2.27a)
where
. I woLo [L3+ 2] whdy . Ar [ wo [L2+ A2) b dy
fr(\r) = i — d; =, fila) = = . d; 0 (2.27b)
— 00 0 —0 0



In the analysis below, we need a few properties of the functions f r and f[. These properties
are summarized as follows:

Proposition 2.4: The functions fR and f_[ in (2.27b) have the asymptotic behavior

fr(Ar) ~ % — kA0, as A —0; frROD) =0(\f%), as A — oo, (2.28)

p—
frp) ~ Ar_ (11 +0(\Y), as A\ —0; f()\):c—o—l-O(/\*?’) as A — o0
I\NT = 1 p— 1 4 1) I ) I\AI A] I ) I )

(2.28b)
where ) "
00 —1 00
Ke = 1w [LO wO] 4 >0 c = 7f7°° w_dy >0 (2.28c¢)
-1 [ uwidy T R wddy T '
For p > 1, the following global result holds for f;z
frAr) <0, for Xr>0. (2.28d)
For 1 < p <5, the following global result hold for fr
f](A[) >0, for A\;>0. (2.286)

The proof of these results are given in Propositions 3.1 and 3.2 of [23]. For the convenience of the
reader, we outline the key steps in Appendix A.

From (2.28e) and (2.27a), we conclude that gr < 0 for A\f > 0 when 1 < p < 5. Hence, for
1 < p < 5, there are no eigenvalues of (2.16) on the imaginary axis. However, suppose that p > 5.
Then, from the local behavior (2.28b) for f; near A; = 0 we conclude that f; < 0 on some interval
including the origin. In addition, from (2.28b) we have that fr >0 for A\; > 1 with f; — 0% as
Ar — oo. Hence, there must be a root A\ to §; = 0 in (2.27a). Setting gr = 0 in (2.27a), we obtain
a critical value for a, labeled by o4, given by

on = [Fa0D)] . (2.29)

Since fg is monotone decreasing for Ay > 0 and fgr(0) = 1/(p — 1), we have that ap > p — 1.
Thus, for p > 5, there will be a pair of complex conjugate eigenvalues on the imaginary axis when
a = ap. We are unable to prove that gr = 0 has a unique root. However, this detail is immaterial

for proving the existence of this complex conjugate pair of eigenvalues.
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We now give some numerical results for p = 6. We first use COLSYS to solve (2.26) for ¢¥r
and 11 for each value of A\ > 0. We find numerically that gr = 0 has exactly one root. Newton’s
method is used to locate the value A\; = A? for which gr = 0. We then calculate «p, from (2.29). In
this way, we obtain numerically that

ap = 5.5318, A0 = 1.5296, when p=6. (2.30)

These values compare well with the numerical results obtained from the finite difference computa-
tions of §2.2. In the numerically computed figures, Fig. 8(a) and Fig. 8(b), we show the graphical
determination of the root of jgr = gr = 0. In Fig. 8(b) we plot f; versus A;. There is indeed one
root to gr = 0 at /\?. We remark that fI is monotone decreasing for \; > 13, which is beyond the
range of the plot. In Fig. 8(a), we plot f r and 1/ay. These curves intersect at /\?. In this figure,
we also plot two other values of a.

0.030

I 002

0.010

0.000

000 1 1 1 1 1 1
0.0 2.0 4.0 6.0 8.0 10.0 0.0 1.0 2.0 3.0 4.0 5.0

)\[ /\I

(a) gr = 0: plots of fr and 1/a (b) §r = 0: plots of f;

Figure 8: The roots of gr = gr = 0 shown graphically for p = 6. The heavy solid curves in the
left and right figures are fr and f7, respectively. The solid curve in the left figure is 1 /o, which
intersects fr at the root of f; = 0. The top and bottom dashed curves in the left figure are 1 Ja
for « = 5.2 and a = 6.0, respectively.

To determine the number of eigenvalues in the unstable right-half plane as a function of «,
we use a winding number approach. We calculate the winding number of g(\) in (2.23) over the
counterclockwise contour composed of the imaginary axis —¢R < ImA < ¢R and the semi-circle I'g,
given by |[A\| = R > 0, for —7/2 < arg) < 7/2. Assuming that « is chosen so that there are no
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zeros of g(A) on the imaginary axis, we let R — oo and use the argument principle to determine
the number of zeros of g(A) in the right half-plane. The function g(A) in (2.23) is analytic in the
right half-plane, except at the simple pole A = 1y > 0, where v is the unique positive eigenvalue
of the local operator Ly (see Propositions 2.1 and 2.2 above). From (2.23), it follows that there is
a constant C, with C independent of A, for which f(A) ~ C/A on I'g, when R = |A| > 1. Hence,
for R > 1, g(A\) ~ @' (1 —aC/)). From this asymptotic formula it follows that the change in
the argument of g over I'p as R — oo is 0. Hence, by using the argument principle, the number of
eigenvalues M of (2.16) in the right half-plane Re(A) > 0 when m = 2 is

1
M=1+ - [arg g]r, - (2.31)

Here [arg g]FI denotes the change in the argument of g along the semi-infinite imaginary axis
I'r =X, 0 < A < o0, traversed in the downwards direction. This leads to the next proposition.

Proposition 2.5 Let p > 5, and assume that that (p — 1) < a < ap,. Then, there are exactly two

eigenvalues in the right half-plane. When 0 < a < (p—1) and p > 5, there is exactly one eigenvalue
in the right half-plane.

The proof is simple. We need only calculate [arg g]p, in (2.31). However, since we do not have
a uniqueness proof for the root of §; = 0, we will take o, to correspond to the smallest root A\Y of
gr = 0. Hence, by the local behavior (2.28b), we have gr > 0 on the interval (0,\?). For o > 0,
we have from Proposition 2.4 that gg — 1/a > 0 and gr — 0 as \; — oo. Hence, the starting
point for the argument of ¢ on I'; is on the positive real axis in the gg, §r plane. At A\; = 0, we
have from (2.28a), and the condition on « in Proposition 2.5, that fz(0) = 1/(p —1) > 1/« and
f1(0) = 0. Thus, the ending point for the argument of g is on the negative real axis in the jg, 7
plane. Next, the monotonicity result (2.28d) proves that for each a, with a > (p — 1), the equation
gr = 0 is satisfied at only one value of A\;. The sign of g; at this unique root of gg = 0 determines
whether the winding number is 7 or —7. For (p — 1) < @ < ay, we will have gr > 0 at the unique
root of gg = 0 (see Fig. 8(a) where we illustrate this graphically). Hence, [argg]p, = 7, and from
(2.31) we get M = 2. When 0 < o < p— 1, we have gg > 0 for all A\; > 0. Thus, [argg]., =0, and
from (2.31) we get M = 1. This completes the proof of Proposition 2.5. This result also shows a
transversality condition, in that when p > 5 and for each « in the range (p — 1) < a < ay, there
will be exactly two eigenvalues in the right half-plane Re()\) > 0.

Next, we analyze the spectrum of (2.16) when m = 2 on the real axis A = Ag. On the real axis,
(2.23) is written as

> wo (Lo — Ar) ™ wh d
9(A) = gr(Ar) = é —fr(Ar),  fr(AR) = Joao v (fog wglz; D

(2.32)
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Since Lo has one positive real eigenvalue, the function fr(Ag) is analytic for Ag > 0 except at
the point Ag = 1, where 1y > 0 is the principal eigenvalue of the local operator Ly. As Ag — 1,
we have fr(Ar) — +o00. Further properties of the behavior of fr(Ar) are obtained in [23], and are
summarized as follows.

Proposition 2.6: Let p > 1 and vy be the principal eigenvalue of the local operator Lg. The

function fr in (2.32) has the asymptotic behavior

1 AR 1 1
p_1+p_1|:p_1_1:|+ﬁc)‘%2+0(A?l)%)a as AR_)O, (233&)

with fr = +00 as Ag = v . Here k. is given in (2.28c). For 1 < p <5, we have the global result,

JrR(AR) ~

frAr) >0, for 0<Ag<up. (2.33b)
Finally, on the interval Ag > vy, we have

fR()\R) <0, for Ag>up. (2.330)

For the convenience of the reader we outline the key steps in the derivation of this result in
Appendix B. When 1 < p < 5, equation (2.33b), and the fact that f(0) = 1/(p — 1) proves that
there is exactly one root A% of gr(Ar) = 0 on the interval 0 < Ag < vy for any @ with0 < a < p—1.
For 1 < p <5, /\OR—)V(; asa—>0+,and)\0R:Owhena:p—1. Thus, when 1 < p < 5 and
m = 2, (2.16) has no complex eigenvalues in the right half-plane. Moreover, when 1 < p < 5 and
0 < a <p—1, there is only one unstable eigenvalue and it is on the positive real axis.

Now suppose that p > 5. The global result (2.33c) shows that any roots of gg = 0 must be
in the interval 0 < A < vy when o > 0. Then, the local behavior (2.33a) proves that f;z(O) <0,
and so fr is locally decreasing for A > 0. However, from Proposition 2.5, where we have counted
the number of eigenvalues in the right half-plane precisely, it follows that the horizontal line 1/«
can only intersect fr exactly once when 0 < a < (p — 1). It can intersect fg at most twice for
a > (p —1). Thus, the function fr(Ag) can have only one minimum at some value Ap = A%,
and the corresponding minimum value of fr must be less that 1/(p — 1). At this minimum point,
gr = 0 has a double root. Let a,, correspond to the value of a for which gr = 0 has a double root.
Then, for 0 < A < vy, we have

ot = Min [fr(Ag)] - (2.34)
This is the critical value of a where the complex conjugate pair of eigenvalues merge onto the real

axis. When p = 6, we calculate numerically that

am = 5.0521, A% = 0.4662. (2.35)
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Thus, on the range (p — 1) < a < am,, we have two eigenvalues on the positive real axis. When
am < a < ap, there is a complex conjugate pair of eigenvalues in the unstable right half-plane.
For 0 < a < (p — 1), there is one eigenvalue on the positive real axis. Hence, one real eigenvalue
crosses into the left half-plane as « is decreased below (p — 1).

We summarize our main result of this section as follows:
Proposition 2.7: Let ® € H!(R), m = 2, and suppose that p > 5 in (2.16). Then, for any a > 0
there are at most two eigenvalues in the unstable right half-plane Re(A) > 0. For 0 < a < p — 1,

there is one eigenvalue in the right half-plane. This eigenvalue is real and is on the interval (0,1p).
For (p — 1) < a < aum, there are exactly two eigenvalues on the positive real axis in the interval
(0,9). At the value a = auy, these real eigenvalues coalesce. For a,, < a < ay, there is a pair of
complex conjugate eigenvalues in the unstable right half-plane Re(A) > 0. When a = ay, there are

a pair of complex conjugate eigenvalues on the imaginary axis.

0.23

0.22

0.21 |

1/CM, fR

0.20

0.19 I | I I I | I

0.0 1.0 2.0 3.0 0.0 0.1 0.2 03 0.4 0.5 0.6
AR AR
(a) gr = 0: plots of fr and 1/a (b) A= Ar xiAs

Figure 9: Left figure: Plots of fr (heavy solid curve) and 1/, (solid curve). The top and bottom
dashed curves is 1/a with @ = 4.5 and a = 5.02, respectively. When a = 4.5 there is one root
to gr = 0. There are two roots when « = 5.02. Right figure: Plot of the path A = A = i)\; as
a decreases below ap = 5.5318. The paths converge onto the real axis at @ = «;, = 5.0521 with
Ar = 0.4662.

Finally, we illustrate our results for the case p = 6. In Fig. 9(a) we show the graphical determi-
nation of the roots of gz = 0. In Fig. 9(b) we plot the numerically computed path for the complex
conjugate eigenvalues on the range a,, < a < a. These results were computed by using COLSYS
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to solve (2.26) and Newton’s method to compute the roots to g(A) = 0.

As a remark, suppose that p > 5, m = 2, with @ > 0 and @ < 1. Then, (2.16) has one
eigenvalue on the positive real axis. Recall that for p > 3, Proposition 2.2 proves that there are
no eigenvalues in the left half-plane on the interval —1 < Agp < 0 when o = 0. However, as «
is increased above (p — 1), an eigenvalue of (2.16) crosses through the origin along the real axis
into the unstable right half-plane as was shown numerically in §2.2. This eigenvalue presumably
arises from an edge bifurcation off of the continuous spectrum located on A < —1. Such a crossing
occurs not just for the exponents p > 5 and m = 2, but it occurs for other values of p and m. To
see this, we look for the zeros of (2.32) along the real axis, where fr(Ag) in (2.32) is replaced by

Frg) = [ wy ™ (Lo — Ar) ' wh dy
S wit dy

(2.36)

The local behavior of fr(Ag) near A\r was calculated in [23], where the following result, analogous
to (2.33a), was obtained

frR(AR) ~ ; 1 T+ pﬁzl [pi . %] 0 (A\%) - (2.37)
Thus, fr(Agr) is locally decreasing near A\ = 0 when p — 1 > 2m. In addition, we have fr — 400
as Agp — 1 . Hence, we conclude that when p —1 > 2m, then g(Ar) = 0 in (2.32) has at least
two roots on 0 < Agp < vy for « in the range p — 1 < a < ag, for some a,. Therefore, when
p —1 > 2m, there are at least two real eigenvalues along the positive real axis for some range of
«a. Since m > 1, this can only occur when p — 1 > 2m > 2, so that p > 3. Notice, however,
that when p > 3, Proposition 2.3 proves that there is only one discrete eigenvalue when o = 0,
and it is along the positive real axis. Therefore, we conjecture that when p — 1 > 2m and m > 1,
this extra eigenvalue that crosses into the right half-plane along the real axis arises from an edge
bifurcation off of the continuous spectrum associated with the infinite-line problem. The numerical
results obtained from Examples 2 and 3 in §2.2, showed that there was no edge bifurcation for the
exponent set (p,m) = (3,3), but that one occurred when (p, m) = (6,2). Similar edge bifurcations
are common occurrences in the study of dispersive waves. This mechanism of an edge bifurcation
suggests the subtlety required for the analysis of singularly perturbed eigenvalue problems.

In conclusion, the example in this section has given a rigorous proof that the evenness of
the functions A(z/¢e), B(z/e), and C(z/e), in the non-self-adjoint problem (2.9) is insufficient to
guarantee that (2.9) will have only real eigenvalues in the limit € — 0.
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3 Metastability for the Model Problem

In this section we analyze the stability and dynamics of a hot-spot solution for (1.1) in the limit
e — 0 when f(u) = (1 + u?). We write (1.1) as

2 4 pe(l + UQ) . _
Up = gy — 2 (w+b[(u+1)* —1]) + (erTIQ) |z <15  ug(£1,t) =0, (3.1a)
where [ is defined by
1
I E/ (1+u?)dz. (3.1b)
-1

We assume that p. > 0 and x > 0 are O(1) as € — 0.

The transient formation of a hot-spot from an initial condition u(z,0), representing a small
spatial variation of a constant initial state, is described qualitatively in [17] for the exponential
conductivity model f(u) = e“**. The discussion in [17] also applies to the polynomial form of f(u)
given above. Our analysis in this section is complementary to that given in [17], in that we describe
the long-term behavior of a hot-spot solution after it has formed from initial data.

We first determine a scaling so that u = O(1) as € — 0 at the center of a hot-spot. Since u — oo
as € — 0 in the hot-spot region (cf. [17], [6]), we introduce the new variable U(z,t) by u = ¢ *U,

for some a > 0. Then, the dominant terms in (3.1) for £ < 1 are

—aU2
Ui = U =2 (U +0e70") + 1 ff262_4ap), 2] <1;  Un(xL,5)=0,  (3.2)
13
where .
I=¢"2, IL=¢! / U?dz. (3.2b)
—1

If U is localized near some point in the domain on a length-scale of O(e), then I, = O(1) as € — 0.
To balance the terms in (3.2a) we take a = 2/3. In [4] and [5], b is taken to be small. We will
assume that b < O(e?). Then, from (3.2), we obtain the re-scaled problem

2
_ 2 pcU ) _
Ut—E UZ—Z-—2U+X2—I&?, |.’L'| S ]., Uz(:t].,t) —0, (33&)
where .
I=¢31,, I.= g—l/ U?dz. (3.3b)
-1
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Although our scaling is based on a balance of terms to ensure that U = O(1) as ¢ — 0 in
the hot-spot region, (3.3) is also a uniformly valid approximation of (3.1) across the entire domain
when b < €2. To see this, suppose that the hot-spot is located at z = z¢. Then, away from this
region, u ~ u., where u. is the spatially homogeneous outer solution. From (3.1), u, satisfies the
algebraic equation
pc(l+ Ug)
(1+x21?)
Here I is defined in (3.1b). In an O(e) region defining the core of the hot-spot we have shown
that u = O(¢~2/3), and consequently I = O(¢~'/3) as given in (3.3b). With I = O(¢~'/3) in (3.4),
we obtain that u. = O(e%/3) for ¢ < 1. Hence, we may use (3.3) for U, with U — 0 away from

the hot-spot region, as a uniformly valid leading order approximation to the solution u to (3.1).

2 (ue + b(ue + 1)* — 1]) = (3.4)

However, we do need to assume that b < €2, so that the u* term in (3.1a) is small even in the
hot-spot region.
Next, we construct the hot-spot profile using matched asymptotic expansions. To do so, we

introduce the inner variables v and y for the hot-spot region, defined by
y=¢ (z—mz), o(y,t)=Ulwo+ey,t). (3.5)

Here the hot-spot location z( is taken to be any point in —1 < zg < 1. Then, the spatial profile
of the hot-spot is obtained by substituting (3.5) into the steady-state version of (3.3). This yields

that v satisfies

pc'U2 o0 9
Vyy — 20 + 505 =0 —00 <y < o0, Iy = v°dy, (3.6)

X IO —00
with v — 0 as |y| — oo. To solve (3.6) we write v(y) = yw(Cy), for some v and ¢ to be chosen.
Here w(¢) is the unique positive solution to
w —w+w?=0, —co<&<oo; w0) >0, w(0)=0; w—0 as |[{—>o0. (3.7)
We calculate that

00 p1/3

h=v¢" [ wtd, - s (=VE (38)
oo 2 2/3 (fjow w2 d{)

This leads to the following proposition:
Proposition 3.1: For ¢ — 0, the hot-spot profile U, = U [x;x0] is given by

U ~ U[z;z0] = yw [\/55_1(,7; - xo)] , v = (3(]5);2)1/3 . (3.92)
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Here w(€) is the solution to (3.7). The solution to (3.7) is

3 [e 0]
we) = Jred® (€/2),  with [ () de=o. (3.9b)
—00
For € — 0, the nonlocal term I in (3.3b) is
) P 2/3
I~e 13 Ip=3V2 ([ = : 1
e 13, 0 &f(%%> (3.10)

A plot of a typical profile for U, is shown in Fig. 10. A similar result was obtained in [6] using a
dynamical systems approach.

Notice that the function U, satisfies the steady-state problem for (3.3a) exactly, but it fails
to satisfy the boundary conditions in (3.3a) by only exponentially small terms as ¢ — 0 for any
Ty in the interval —1 < zy < 1. This near translation invariance is the first indication that
metastable dynamics can occur in (1.1). By symmetry, under the Neumann boundary conditions,

the equilibrium hot-spot location must be at the origin zy = 0.

0.50
045 |
040 |
035 |
030 |
U: 025
0.20 |
0.15 |
0.10 |
0.05 |

0.00 : :
-1.0 -0.5 0.0 0.5 1.0

X

Figure 10: Plot of the equilibrium hot-spot solution U, to (3.3) with zp =0, e = 0.01, p. = x = 1.0.

3.1 The Eigenvalue Problem: Stability of The Profile

In this section we examine the stability of the hot-spot profile. With U, as defined in Proposition
3.1, we let
u(z,t) = U, + M. (3.11)
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Substituting (3.11) into (3.3), and linearizing, we obtain the eigenvalue problem for ¢,

1
/ Upds = A, |z|<1, (3.12a)
-1

¢z(£1) = 0. (3.12b)

2p.U, 4p U2
L5¢552¢ww+<—2+ = 5)¢— s

X212 ex2I3

Since U, is localized near zg, this eigenvalue problem has the form as given in (2.9), with
even e-dependent coefficients A(z/¢), B(z/e), and C(z/e). Therefore, since this problem can have
complex eigenvalues, as was discussed in §2, we must prove stability in a different way than in [6].

We now show that in the limit ¢ — 0, and for any x > 0 and p. > 0, (3.12) does not have any
eigenvalue with Re(Ag) > 0. To do so, we use an approach similar to that in §2. For ¢ — 0, we
look for a localized eigenfunction ¢ = ®(¢) of (3.12), where ¢ = v/2¢ (2 — z¢). Then, using the
formulae for U, and I in Proposition 3.1, (3.12) can be written in a form similar to (2.16) with

p =m = 2. After a little algebra, we obtain

[ w® dé) A

= wde ==d —00 <€ <0, (3.13a)

@§§—<I>+2w<1>—aw2< 5%

where & — 0 as || — o0, and w(&) is the solution to (3.7). The constant « in (3.13a) is

6\/§pc '73

o=
Iy

(3.13b)
where 7 is defined in (3.9a). Therefore, (3.13) has exactly the same form as (2.16) when p =m = 2
in (2.16). Therefore, Proposition 2.3, due to [27], gives a necessary and sufficient condition for the
stability of the profile U.. From Proposition 2.3, we conclude that there are no eigenvalues of (3.13)
with Re(A\) > 0, if and only if @ > 1 in (3.13b). A simple calculation using the expressions for -y
and Ij in (3.9a) and (3.10), respectively, yields that a = 4 for all x > 0 and p. > 0. Hence, we
have the next result.

Proposition 3.2: For € — 0, and for any o with —1 < g < 1, the hot-spot profile U, is stable

on an O(1) time-scale for any x > 0 and p. > 0.

3.2 The Eigenvalue Problem: An Exponentially Small Eigenvalue

In [4] and [6] it has been proved that (3.12) has an exponentially small eigenvalue )¢ of the form

Ao = O(e=%/%) as e — 0 for some ¢ > 0. This must be the principal eigenvalue of the linearization.
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We now use a similar method to that given in [14] to give a precise asymptotic estimate for \.
Using Proposition 3.1 for U, and Iy, we first write (3.12) more explicitly as

Sw? !
Lep = 2 ¢ppp — 26 + 4w — dr = Ao, <1, 3.14
6= =29 +awp— = | wpdr =g, o] < (3.14a)
bo(E1) = 0. (3.14b)
Here w = w(z) is defined by
3 e~z — mp)
= Sgech? |——_ 27| | .

w(z) 55ec [ 7 ] (3.14c¢)

For |z — zo| > O(e), w(z) has the far field behavior

w(z) ~ 6e V2 lz—aol , for |z —xo| > O(e). (3.14d)

Let (Ao, ¢o) be the principal eigenpair of (3.14). It is easy to see that L.w, is exponentially
small, and that w, fails to satisfy the boundary conditions in (3.14b) by only exponentially small
terms as € — 0. This suggests that ¢g ~ w,. We estimate Ao after constructing a boundary layer

approximation to ¢q in the form
do~wy+ ¢y [e 1 +z)] + [eTH(L—2)] . (3.15)

Substituting (3.15) into (3.14a) and (3.14b), and using the far field behavior of w(z) in (3.14d), we
obtain that the boundary layer correction terms ¢;(n) and ¢,(n) satisfy

G —200=0, 0>0;  $(0)~ 12" e"V20He0)/z (3.16a)
by — 24 =0, n>0;  $.(0) ~12e" e V20 H20)/e (3.16b)

The solutions to (3.16) that are bounded as n — oo are

$(0) 5, $:(0) 3,
¢l(77) \/i € ¢7‘(77) \/i € ( )
We now estimate the small eigenvalue \g. We define the inner product (u,v) = f_ll uv dx.

Multiplying both sides of the equation L.y = Ag¢pg by w,, we integrate by parts over the domain
to get

Ao (wz, ¢o) = _52www¢0|1—1 + (¢o, Liwg) - (3.18)
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Here L} is the adjoint of the operator L. defined by

8w .
L= 2ppy — 20 + 4w ——/ w?ddz . 3.19
(9= e 29 +dwg— =0 [ 0y (319)
We now estimate each of the terms in (3.18). Using (3.14c) and (3.15), we calculate
9 *° 36
Wy, ~— sechy tanh? y dy = . 3.20
(we, ¢o) o ]y vy =175 (3.20)

Next, we use (3.14d), (3.15), and (3.17), to calculate the boundary term in (3.18) for ¢ < 1 as

—uolly ~ V2 [ g -2vA-0] (3.21)

Finally, we calculate the last term on the right-hand side of (3.18). We obtain from (3.19) that

fw, = —8 — [w(— w(z
Lrws = =5 (W) = (D) w(a). (3.2
Therefore, using (3.15), we get
* 4 2 2
(¢0, Liwz) ~ “0e3 ([w(@)) — [w(=1)F) ([wD)]* — [w(=1)]*) . (3.23)

This term can be estimated using the far field form of w in (3.14d). For ¢ < 1, we get
(do, Lxwg) = O (s*le*ﬁ”/f) , b=Min(l + 20,1 — o). (3.24)

Therefore, for € < 1 this term is exponentially smaller than the boundary term (3.21). Hence, we
can neglect this term in (3.18). Finally, the estimate for )¢ is obtained by substituting (3.20) and
(3.21) into (3.18). This leads to the next proposition.

Proposition 3.3: For ¢ < 1, the exponentially small eigenvalue of (3.12) is given by

AO ~ 120 (6—2\/5(1—330)/6 + e—2\/§(1+$0)/6> . (325)

This estimate is independent of x and p.. A hot-spot equilibrium solution centered at the midpoint
of the domain is unstable.

By symmetry, (3.3) has an equilibrium hot-spot solution centered at the origin zy = 0. However,
since A9 > 0 in (3.25), this solution is unstable. As a partial verification of (3.25), we computed
the exponentially small eigenvalue of (3.14) numerically for different values of ¢ when zy = 0 and
compared the results with (3.25). The numerical computations were done using COLSYS [2]. In
Fig. 11 we show this comparison graphically. In Table 3 we show a very favorable comparison

between the asymptotic result (3.25) and the numerically computed values from (3.12).

31



0.020
0.018 |
0.016 |- '
0.014 |
0.012 |
0.010 |
0.008 |
0.006 |
0.004 |
0.002 |
0.000

0.16 018 020 0.22 024 026 028 0.30

€

Figure 11: Comparison of numerical and asymptotic results for the calculation of the exponentially
small eigenvalue of (3.14) when zy = 0. The full numerical results are given by the solid curve and
the asymptotic results by the dotted curve.

3.3 The Metastable Dynamics

Since Ag is exponentially small in (3.25) when ¢ < 1, we expect that the location of the hot-spot
moves exponentially slowly. We assume that at ¢ = 0, a hot-spot is located at zy(0) = x8. The
initial formation of this hot-spot, and its initial location, depends on the initial data for (3.3). This
transient formation process was described qualitatively in [17]. Our goal is to derive a differential
equation characterizing the subsequent evolution of the center of the hot-spot.

To derive a differential equation for the hot-spot location, we linearize (3.3) about the hot-
spot profile U, where the location of the hot-spot, zy = zy(t), is an unknown function of time.
Since the linearization about the hot-spot profile has an exponentially small principal eigenvalue,
we enforce the solvability condition that the full solution must be orthogonal to the projection on
the eigenspace corresponding to the exponentially small eigenvalue. This leads to a differential
equation for z((¢). A more detailed description of this projection method, and its application to
other metastability problems, is given in [25].

We look for a solution to (3.3) near U, where U, is defined in (3.9a) with zo = z¢(t). We write

u(z,t) = Ue[z; 20(t)] + R(z, 1) . (3.26)

We assume that the residual R satisfies R < U, and R; < 9,U.. Substituting (3.26) into (3.3), we
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€ | Ao (numerical) | Ag (asymptotic)
0.30 0.017515 0.0193038
0.28 0.0092211 0.00984407
0.26 0.0043407 0.00452595
0.23 0.0010745 0.00109514
0.20 | 0.00017189 0.000173125
0.18 | 0.35855%x107% | 0.359693x10~*
0.16 | 0.50395%x1075 | 0.504542x105
0.14 | 0.40364x107% | 0.403773x10
0.10 | 0.12489x10~°2 | 0.124884x10°
0.08 | 0.10952x10712 | 0.106068x10~12

Table 3: A comparison of the asymptotic and numerical values for Ag for different values of € when

:II():O.

obtain that R satisfies the quasi steady-state problem

L.R = 0,U;

We multiply both sides of L. R = 0,U. by ¢, and integrate over the domain. Then, integrating the

lz| < 1;

resulting expression by parts, we obtain

(¢0, O:U:) = epoRa|L1 + (R, Lido) -

We now calculate each of the terms in (3.28). Since &U. = —zyyw,, we can use (3.15) and (3.20)

to calculate

Rz(ilat) = -0, U, [il;'TO(t)] -

36:1;6’)'

aaUsN_ ’ T, Wy) = — .
(0, LU) ~ =42} (wer ) = =720

Here 7y is defined in (3.9a). Next, we use (3.14d), (3.17), and (3.27), to obtain

2 Ry|L, ~ 144y (e—M(Hw@/E . e—m(l—wo)/s) . (3.30)

In a similar way as shown in the estimation of A\ in (3.22)-(3.24), we can readily show that the
last term on the right-hand side of (3.28) is exponentially smaller as ¢ — 0 than the boundary
term e2¢oR;|' ;. Therefore, substituting (3.29) and (3.30) into (3.28), we obtain the following
metastability result:

Proposition 3.4: For ¢ € 1, a metastable hot-spot solution to (3.8) is given by

ez -z
Uel[z; 0] = 37’Yse(:h2 (%) ’

u(z,t) ~ Ue[z;20] (3.31a)
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where the hot-spot location xo(t) satisfies the differential equation,

% ~ F(z0) = 60ev/2 (e—Qﬁ(l—xo)/E - e—2\/5(1+$0)/5) . 0(0) = 1. (3.31b)

Thus, the metastable behavior is, asymptotically, independent of x and p..

This ODE shows that if :1:8 > 0, then ac;) > 0. Therefore, the hot-spot moves exponentially
slowly towards the right boundary at z = 1. Alternatively, when zJ < 0, the hot-spot moves
exponentially slowly towards the left boundary at = —1. Notice also, by comparing (3.25) and
(3.31b), that F'(zp) = 2Xo.

We now compare full numerical results for the evolution of a hot-spot, computed from (3.3),
with the asymptotic dynamical behavior given in (3.31). The parameters are p. = x = 1, and
e = 0.1, and the initial hot-spot location is z((0) = —0.4. The nonlocal problem (3.3) was solved
numerically using a fourth order backward-differentiation scheme for the time-stepping, coupled
with the solution to a boundary value problem at each time-step. COLSYS [2] was used to solve
this boundary value problem. The numerical method is the same as was used in [14]. The results are
shown in Fig. 12. From this figure we observe that the asymptotic result (3.31) closely approximates
the hot-spot evolution from the full system (3.3).

Finally, we remark that the existence of metastable hot-spot behavior for (1.1) implies that
the dynamical behavior for (1.1) will be sensitive to very small perturbations in the differential
operator. Hence, in a physical experiment one may observe somewhat different hot-spot dynamics.
In particular, for a slightly nonuniform sample where the diffusivity is a very slowly varying function
of z, there will be a competition between the dynamical law (3.31) and another term that is
proportional to the spatial derivative of the diffusivity. The overall effect can lead to new equilibrium
hot-spot locations. This type of very weak pinning effect has been analyzed in detail in [16] for a

spike solution to the Gierer-Meinhardt model.

3.4 A Generalized Polynomial Conductivity Model

Next, we briefly determine the effect on the hot-spot profile and the stability of this profile for a

generalized polynomial conductivity model of the form
flu) =1+ cuP. (3.32)

Here ¢; >0 and p > 1.
Repeating the calculations from (3.1)-(3.8) for this conductivity model, we obtain the following
result, analogous to Proposition 3.1, for the hot-spot profile:
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Figure 12: Comparison of numerical and asymptotic results for the hot-spot location zy(t) when
pe = x = 1 and € = 0.1. The full numerical result is the dotted curve and the asymptotic results
from (3.31) are the cross points.

Proposition 3.5: Let ¢ — 0 and suppose that the Biot number b satisfies b < 5/(+1) jp (3.1).
Then, the hot-spot profile for (3.1) has the form u ~ e=2/®*VU, where = U, [x; z0] is given by

Uclz; o] = yw [\/56_1(:5 - xo)] , (3.33a)
1/(p+1) 00
v=(gs) . s wera. (3.33b)

Here w(&) is the solution to (2.12) on the infinite line, which was given explicitly in (2.14).
To derive the eigenvalue problem that determines the stability of the hot-spot profile, we proceed
as in (3.11)-(3.12). In place of (3.13), we now obtain that

TowPTI®dE )
ot 0o [ ) Ay
D — @ +puw’ P — aw ( ffooowpdf) 2(I>, oo < ¢ <oo, (3.34a)
where ® — 0 as |{| — oo, and « is given by
a=2p. (3.34b)

Notice that the hot-spot profile depends on the parameter ¢; in the conductivity model, but
that the stability property of this profile is independent of ¢; when £ < 1. Notice also that for
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the case studied in §3.1-3.3 where p = 2, the multiplier  of the nonlocal term is o = 4, and
Proposition 3.2 follows. The case p = 3 was Example 3 in §2.2.

To show that the hot-spot profile is stable, one must show that there is no eigenvalue of (3.34)
in the right half-plane. We have used the finite difference method of §2.2 to show numerically that
stability holds for the integer values p = 3,4,5,6,7. A rigorous proof of stability for (3.34) appears
in [28] as a consequence of a stability analysis for a fractional power reaction-diffusion system.

Therefore, hot-spot profiles are stable for any conductivity model of the form f(u) =1+ cyuP.

4 Pinning for the Model Problem

In this section we construct a hot-spot solution for (1.2) for in the limit & — 0 for the conductivity
profile f(u) = 1 4+ »2. For this model, metastable hot-spot behavior does not occur. Instead, we
will show that the dynamics of a hot-spot will get pinned on a long O(e~?) time-scale to a local
maximum of the function g(z) in (1.2).

As in the study of (1.1) in §3, a hot-spot solution u for (1.2) will will tend to oo as € — 0 in an
O(e) region of the hot-spot location zy (cf. [5]). We thus re-scale u so that the maximum of the
temperature is bounded as ¢ — 0. The appropriate scaling in (1.2) is again u = £72/37. With this

scaling, and assuming as before that b < €2, we obtain from (1.2) that U satisfies

peg(z)U?

_ 2
U, = e2U, — 2U + Wit

lz| <1; Uz(£1,t) =0, (4.1a)

where

1
I, = 6_1/ g(z)U? dz. (4.1b)
-1

We first construct the hot-spot profile. Since the asymptotic construction of this profile is very
similar to that given in §3, we omit the details of this analysis. The following asymptotic result is
obtained:

Proposition 4.1: Let ¢ — 0 and assume that g(xo) > 0. Then, the hot-spot profile U is given by

U ~ U[z;zp] = yw [ﬁe_l(m - mo)] , v = (%Q(Z)W) v . (4.2a)

Here w(&) is the solution to (3.7) given in (3.9b). For € — 0, the nonlocal term I, in (4.1b) is
V2 p 2/3
I, ~ 3V2g(z 7c> + O(e) . 4.2b
-~ VigGan) (2] +0() (4.20)
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The stability of the hot-spot profile for a fixed value 2y € (—1,1) can be analyzed in exactly

the same way as in §3.1. Substituting
U=qw) +2¢)e", €=v2e (z—a), (4.3)
into (4.1), we readily obtain the nonlocal eigenvalue problem (3.13a). The constant « in (3.13a) is

_ 6v2p.[g(z0)]?y?
o = X2I3 .
I

(4.4)

From Proposition 2.3, we conclude that the profile is stable on an O(1) time-scale if and only if
a > 1. Using (4.2) for v and I, we calculate a = 4. This proves the stability of the hot-spot profile
for any zg € (—1,1). It is important to note that Proposition 2.3 pertains only to eigenvalues of
the linearization that are O(1) as € — 0. For (1.1) we had to determine by a different analysis the
sign of any eigenvalues that tend to zero as € — 0. These eigenvalues are usually called the critical
eigenvalues. For (1.1) there is such an eigenvalue that is exponentially small as ¢ — 0. For (1.2)
we show below that a critical eigenvalue is O(g?) as ¢ — 0.

Next, we derive a differential equation for the location of a hot-spot for (1.2). We assume that
at t = 0, the hot-spot is located at z0(0) = 23 € (—1,1) and that the initial condition for U has the
form of a hot-spot profile. The transient process of hot-spot formation is discussed qualitatively,
and computed numerically, in [18]. The equilibria of the resulting differential equation for z
determine the equilibrium locations for hot-spot solutions of (1.2). The critical eigenvalues for
the linearization of (4.1) around an equilibrium hot-spot solution are obtained directly from this
differential equation. In the analysis below, we allow g(x) to be an arbitrary positive function.

To determine the dynamical behavior of zy we expand the solution to (4.1) as
U=yw(§)+ew () +-, (4.5a)

where

£ =2z —zo(7)], T =¢e’t. (4.5b)

Substituting (4.5) into the nonlocal term I, given in (4.1b), and using [*_ &w? dé = 0, we obtain

I, = 3v2g(z0) v* [1 + = /00 wwy dé + O(e?) | . (4.6)
3 J

We substitute (4.5) and (4.6) into (4.1) and collect powers of . From the O(1) terms we obtain
that w(&) satisfies (3.7). From the O(e) terms, and after using the formula for v in (4.2a), we
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obtain that wq satisfies

2u? [ , ’
Awlzwmf—w1+2ww1—%/ wwldfz—% [x0w§+£w2 (g ($0)>] ) —00 < § <00,

(4.7
with wy — 0 as £ — +oo. Here w;) = dxo/dr.
In order to determine w; we must impose a solvability condition on the right-hand side of (4.7).
Since wg is in the null-space of the adjoint operator A*, the solvability condition for (4.7) is that
the right-hand side of (4.7) is orthogonal to we. This yields that z( satisfies

z /_ Z wi df = — (i] ((j(?))> /_ Z gwwe dé . (4.8)

Upon integrating the right-hand side of (4.8) by parts, and using w = %sech2 (£/2) to evaluate the

resulting integrals, we obtain the following main result:
Proposition 4.2: Let ¢ — 0 and assume that g(xg) > 0. Then, the dynamical behavior of a

hot-spot solution for (1.2) is given by

ot (CEEY) s (i) o

where the hot-spot location xo(t) satisfies the differential equation,
dro ez (9@0)) (4.9b)
dt 9(zo)

From (4.9b) we conclude that equilibrium hot-spot locations are at critical points of g(zg). Let

g (z¢) = 0. Then, from (4.9b), the local growth rate near the equilibrium point z, is

Ao = 262 (9" (xe)) . (4.10)

g(we)

This determines the critical eigenvalue. Hence, stable equilibrium hot-spot locations are at non-
degenerate local maxima of g(z). Physically this implies that there will be a stable hot-spot
equilibrium solution centered at any local maximum of the electric field. For the g(z) as given in
(1.2b), we obtain that the hot-spot location satisfies

dxg o sin(mzp)

— ~ — . 4.11
dt " cos? (%) (4-11)
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Hence, o — 0 as t — oo for any zo(0) € (—1,1).

From (4.11) we observe that the dynamics of a hot-spot solution for (4.1) is, asymptotically,
independent of p. and x when ¢ < 1. For the g(z) of (1.2b), in Fig. 13(a) we compare full numerical
results for the evolution of a hot-spot, computed from (4.1), with the asymptotic dynamical behavior
given in (4.11). In (4.1) and (4.11) we took p. = 1, x = 1, and € = 0.1. The initial condition for
(4.1) was the hot-spot profile (4.9a) with z,(0) = —0.4. The nonlocal problem (4.1) was solved
numerically using the approach outlined in §3.3. The solution U is plotted at three different times
in Fig. 13(b). The comparison shown in Fig. 13(a) illustrates that the asymptotic result (4.11)

closely approximates the hot-spot evolution from the full system (4.1) even when ¢ is not too small.

0.1 T T T T T | 0.6 T 7

1.0

(a) o versus t (b) U versus =

Figure 13: Left figure: The hot-spot location z(t) for p. = x = 1, and € = 0.1. The full numerical
result is the solid curve, and the asymptotic result (4.11) is the dashed curve. Right figure: The
solution U to (4.1) at ¢ = 0 (dashed curve), ¢ = 8.1 (solid curve), and ¢ = 40.0 (heavy solid curve).

5 Metastability and Pinning for the Microwave Heating Problem

In this section we analyze the dynamics of hot-spot solutions for the conductivity model f(u) = e
of (1.3). Although the analysis is similar to that in §3 and §4 for the case f(u) = (1 + u?), the
asymptotic construction of the homoclinic orbit is significantly more intricate here owing to the
interplay between algebraic and logarithmic terms in €. In §5.1 we analyze metastable behavior for
(1.1), while in §5.2 we study the pinning phenomena associated with (1.2).
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5.1 Metastability: The Exponential Conductivity Model

In the analysis below we assume that b < 1 in (1.1). Our asymptotic analysis used to construct
the homoclinic orbit follows closely the approach used in [17]. In terms of y = ¢! (z — zg), the

homoclinic solution for (1.1) satisfies

wy — 20+ Do f(v) =0, —00 <y <00, (5.1a)
vy(0) = 0; v—o as |yl — oo, (5.1b)
where f(v) = e“?, and
Pc ! 1
POEW’ IOE/_lf(v [e7 (z — z0)]) dz. (5.1c)
n (5.1b), o is the root of
20 =T f(0), (5.1d)

for which 2 > Tof (). Let v(0) = vy, denote the maximum of v. In [17] it was shown that (5.1)

has a solution with v,, — oo as € — 0. Consequently, from (5.1c), we have Iy — oo, and I’y — 0 as

¢ — 0. From (5.1d), this implies that ¢ — 0 as ¢ — 0. We now estimate these terms precisely.
Since vy, — oo as € — 0, we follow [17] and use Laplace’s method to estimate Iy. In the resulting

formula, we use (5.1a) to calculate vy, (0). This yields,

In ~ C1Um CIUm 5.2
0 ge A [ 7 Cl|'Uyy \/ Poeclvm _ Z’Um) ( )

Substituting (5.2) into (5.1c), we obtain an equation for I'y. This equation can be solved to get

1
Ty ~ 2Bv,e 1vm [ﬁ - ecl"”‘”log’s] ; B= 5061 (5.3)
7TX

To obtain an additional equation for I'y, we determine the first integral of (5.1a) as

r r
! v? 24 leav = 524 “lcao (5.4)
2 y C1 C1
Next, we evaluate (5.4) at y = 0, and use v(0) = v, and 0 < 1, to get

T ~ c1v2,e”10m (5.5)

Eliminating I’y between (5.3) and (5.5) we get a transcendental equation for vy, in the form

eclvm+2logs ~ ,3 (1 _ 2 ) . (5.6)

C1Um
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For ¢ < 1, it follows readily that (5.6) has a unique root given asymptotically by

1 B 1 2
o~ 108 (%) + 58 1~ e |+ 0

Finally, we use (5.7) to calculate Iy and I'y asymptotically from (5.2) and (5.3), respectively. We
get

2 .2

C1U,,€ 2 -1 B 2 2r
o~ WS |1 ] %”Eb‘bamﬁJVQW@mwnf 9

Hence I'y = O (62 [log 6]2), and Iy = O (5*1 [log 5]_1). From (5.1d), we then calculate ¢ as

o~ %exp (61;()) =0 (62 [log 6]2> . (5.9)

The hot-spot profile U,[z;z¢] is then defined by

Uclz;z0) =v [e H(z — z0)] - (5.10)

The far-field behavior of v(y) as |y| — oo is central to the metastability analysis. We write
(5.1a) as vyy + q(v) = 0, where g(v) = —2v + T'gf(v), where f(v) = e“'”. The far field behavior for
v(y) has the form

v(y) ~o+ae W, as |yl — oo, (5.11a)

where v > 0 and a > 0 are to be found, and o satisfies (5.1d). In the analysis below, we must

also calculate [ v;

result of [24] to this problem, we obtain the explicit formulae

dy. These constants were determined for a general g(v) in [24]. Applying the

v= [—q’(a)] i =[2(1 - cla)]1/2 =240 (52 [log 6]2) , (5.11b)

= -0 " v _ c

loga = log(vy, — o) +/(, ([—2Q(77)]1/2 — a> dn, (5.11¢)

| may=2 [ 2 d. (511d)

Here Q(v) = [ q(n)dn, and vy, = v(0) is the maximum of v(y). An important feature of these
formulae are that they can be calculated without having an explicit pointwise expression for the
homoclinic orbit v(y).
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€ Um, Ty a v ffooo 1)2 dy
0.40 | 5.97 | 0.698 x10~2 | 1.76 | 1.4105 42.2
0.35 | 6.15 | 0.563 x1072 | 1.82 | 1.4112 45.2
0.30 | 6.36 | 0.439 x10~2 | 1.85 | 1.4119 48.6
0.25 | 6.66 | 0.326 x10~2 | 1.88 | 1.4125 53.0
0.20 | 6.91 | 0.226 x1072 | 1.93 | 1.4130 58.5
0.15 | 7.31 | 0.140 x10~2 | 1.99 | 1.4135 65.9

0.10 | 7.86 | 0.708 x10~3 | 2.06 | 1.4138 77.1

Table 4: Numerical values for the homoclinic orbit constants at different values of € for the expo-
nential conductivity model f(u) = e“*, with p. = 0.66, x = 0.01, and ¢; = 1.5.

In summary, the homoclinic orbit satisfies (5.1), where v(0) = vy, I'g, and o, are given asymp-
totically in (5.7), (5.8), and (5.9), respectively. In terms of these values, we can then compute a,
v, and ffooo 11; dy from (5.11). In Table 4 we give numerical values for these quantities at different
values of ¢ for the realistic parameter values p. = 0.66, x = 0.01, and ¢; = 1.5, that were used in
[17] and [18].

We now study the metastable behavior. Assuming that the initial data for (1.1) has the form
of a hot-spot profile, we write u(z,t) as in (3.26). Substituting this form into (1.1), we obtain the
quasi-steady state problem (3.27), where the operator L. in (3.27) is now defined by

1
Lot = 2un — [2— ciTof (0)] 6 — af (0) /_ ) da. (5.12)

Here v = v [e7!(z — )] satisfies (5.1), and « is given by

2
a= (2X cl) T2 7,. (5.13)
p

In [4] it was proved that the eigenvalue problem L.¢ = A, with ¢5(£1) = 0, has an exponentially

small principal eigenvalue Ay as € — 0. However, no precise estimate for Ay was given.

We now estimate A\g. The corresponding eigenfunction ¢ is given asymptotically by
do~vp+ ¢ [e (1 +2)] +o [T (1—2)] . (5.14)

To determine the boundary layer functions ¢; and ¢,, we use the far-field behavior (5.11a) for v in
satisfying the boundary conditions ¢g;(+1) = 0. We then proceed as in (3.16)—(3.17) to get

do(—1) ~ 2e Lave v1F0)/e do(+1) ~ —2e Lave v (1—20)/5 (5.15)
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Then, since L. is self-adjoint, we obtain in in place of (3.18) that

Ao (U:Ea ¢0) = _52"):538‘]50'1—1 + (¢0’LEU:€) . (5'16)

As in §3 we can show that the second term on the right-hand side of (5.16) is asymptotically
negligible in comparison with the boundary term in (5.16). Finally, substituting (5.11a), (5.14),
and (5.15), into (5.16) we obtain the following result:

Proposition 5.1: For ¢ — 0, and for the conductivity model f(u) = e“1™, the exponentially small

eigenvalue Ay of the operator L. in (5.12) is given by

2,,3
S 2a%v : (e—QU(l—wo)/E+e—21/(1+$0)/5> _ (5.17)
(/22 o )P dy)

Here v satisfies (5.1), with v and a defined in (5.11b) and (5.11c), respectively.

To derive a differential equation for the hot-spot location z((t), we multiply (3.27) by ¢y to
obtain (3.28) where L? in (3.28) is replaced by L.. We use 0;U, = —6_1:1:;)1)?, to calculate the inner
product term on the left-hand side of (3.28), and (5.11a) and (5.15) to calculate the boundary term
in (3.28). In this way, we obtain

g Ry|L | ~ 2a°0° (6721/(14—:60)/6 _ 672:/(17:50)/5) ’ (b0, OU) ~ —¢ Ly /OO [y ()] dy .
> (5.18)
Substituting (5.18) into (3.28), we obtain the following metastability result:
Proposition 5.2: For ¢ < 1, and for the conductivity model f(u) = e'*, the hot-spot solution to

(1.1) is given by (5.10), where the hot-spot location xo(t) satisfies the differential equation

dxo ~ el (6721/(17:00)/6 _ e—2u(1+wo)/€) , ¢ = 2a%/" , (5.19)
(/25 oy (w)1* dy)

with initial condition x¢(0) = z§.

Since v ~ v/2 as € — 0, we observe from Propositions 3.3, 3.4, 5.1, and 5.2, that apart from a
difference in the pre-exponential multiplicative factors, the asymptotic estimates for Ay and dz/dt
are very similar for both the polynomial and the exponential conductivity models. The term ( in
(5.19) can be evaluated numerically from (5.11) or Table 4. As an example, we take the realistic
parameter set p. = 0.66, x = 0.01, and ¢; = 1.5, of [17] and [18]. For a hot-spot located initially
at 2o(0) = —0.4, and for three values of e, we compute the hot-spot trajectory from (5.19). The

results are shown in Fig. 14 in the form log;,(¢ + 1) versus zy.
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Figure 14: Plots of log;¢(t + 1) versus zy computed from (5.19) when p, = 0.66, x = 0.01, and
¢ = 1.5. The values of € are ¢ = 0.3 (heavy solid curve), ¢ = 0.2 (solid curve), and ¢ = 0.1 (dashed
curve).

5.2 Pinning: The Exponential Conductivity Model

We now analyze (1.2) for the conductivity model f(u) = e“**. As in §5.1, we assume that b < 1 in
(1.2). In (1.2), we allow g(z) to be any smooth function with g(z) > 0 on —1 < z < 1. We first
construct the homoclinic orbit when the hot-spot is at z = zo. In terms of y = e~!(z — z), the

leading order homoclinic solution for (1.2) satisfies

Vyy — 20 + Log(zo) f(v) =0, —00 <y <00, (5.20a)
vy(0) =0; v—=o as |yl — oo, (5.20b)
where f(v) = e“?, and
1
Pec -1
lgy=———, I:/gmfve T—x dx . 5.20c
o= i b= [ 90 e @) (5.200)

In (5.20b), o is the root of
20 = Tog(z0)f(0), (5.20d)

which tends to zero as I'j — 0. The outer steady-state solution ug(z) for (1.2), away from the
hot-spot region, satisfies 2ug = Tog(x)f(ug). The matching condition is that o = wug(zg). Let
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v(0) = vy, denote the maximum of v. As in §5.1, the hot-spot profile has the limiting behavior
Uy, — 00, Igp = 00, 'g = 0, and 0 — 0, as ¢ — 0.

Since the analysis to construct the hot-spot profile parallels that given in §5.1, we only give
the asymptotic estimates for v,,, Iy, ['g, and og. In place of (5.6) we obtain that v, satisfies the

transcendental equation

eC1vm+2loge p (1 _ 2 ) ’ (5.21)
g(xO) C1Um
where £ is defined in (5.3). Consequently, for e < 1 we get
8 () * ¢ (1~ epacae)
U ~ — lo 4+ —log(1- + ... 5.22
m e 8 (9(900)82 o log [8/(g(z0)e?)] (5:22)
In place of (5.8) we now obtain
c1v,e? 2 -1 B 2 2
Ty ~ 1- —) . ~Z(1- ~ .
B log [8/(g(w0)e?)] € log [8/(g(z0)e?)] ) | c1om (crvm —2)
(5.23)
Finally, we estimate
r r
o~ og(wo)exp c1log(zo) _ (5.24)
2 2
Next, we determine the dynamics of a hot-spot solution. We write (1.2), with b = 0, as
up = e2Uyy — 2u +Tg(z)f(u), |z| <1; ug(£1,1) =0, (5.25a)
where f(u) = e“™. Here T is defined by
» 1
r=——__ I= dx . 5.25b
T | s ds (5.25b)
We look for a solution to (5.25) in the form
u=v(y) +ewi(y)+..., y=¢e [z —xzo(7)], T=¢c%, (5.26)
with w; — 0 as |y| — oo. Expanding I" in powers of ¢ we obtain
2xT /1 )
r=r r .. I'h=- . 2
oteli+..., 1 T+ xlo ), 9(@)f (v)wi dz (5.27)

Here Ty and Iy are defined in (5.20c). Substituting (5.26) and (5.27) into (5.25a), and using
g(z) = g(zo) + eyg (zg) + . . ., we collect the O(e) terms to obtain

1
Awy = wiyy — 2w; 4 Tog(zo) f (v)wy — fﬂg(ﬂﬁo)f("’)/ g(z) f(v)wy dz = —zgvy — g (x0)yTof (v),

-1
(5.284a)
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where x is defined by
_ 2xToa

m= 1+ xIy )
The operator A is self-adjoint. To determine a differential equation for zo we require that the
right-hand side of (5.28a) is orthogonal to the null-space of A. Let A; be the local part of the
operator in (5.28a). Then, by translation invariance, A;v, = 0, where v satisfies (5.20). We now
estimate that Avy = O [52(log 5)2]. To show this, we first use Laplace’s method and the fact that
vy is odd to get

(5.28D)

1 00 00
[ s de e [~ [otao) + o @] 0y~ 20 [ ety =0 ().
(5.29)

Now let C' be a generic O(1) constant. From (5.22) and (5.23) we estimate |f(v)| < Ce=2 for
—00 <y < o0, and k = O (Tg/Ip) = O [e*(loge)?]. Combining these estimates we obtain the
desired result Av, = O [52(10g 6)2]. This implies that v, is, asymptotically, an element in the
null-space of A. Although, in principle, we can improve our approximation to the null-space of A
by calculating correction terms to vy, this is not necessary for our leading order calculation of the
speed .

Asymptotically, the right-hand side of (5.28a) must be orthogonal to v,. This determines dzo/dr
with 7 = €2t, and yields the following result:
Proposition 5.3: Let g(zg) > 0. Then for ¢ < 1, and for the conductivity model f(u) = e, the
hot-spot location xo(t) satisfies

d 9 ToJ 00
o &g (zo)lo 7= _/ yeu, dy . (5.30)

(1%, o)) dy) —o
Since J > 0, we observe that stable equilibrium hot-spot locations are at local maxima of g(zg).

We can cast our result in a more explicit form by using Laplace’s method to estimate J. Using
v(y) ~ v + vy (0)y?/2 for y < 1, we get

27
J o~ m———ef1Vm (5.31)
C?|Uyy(0)|

Finally, using (5.22) for v, and (5.23) for Iy, we can estimate the product [yJ in (5.30). This
leads to the following more explicit result:
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Corollary 5.4: Under the conditions of Proposition 5.3, we have

dry g (x0) U 2
wenli) e (= @) V2w

Here vy, is given asymptotically in (5.22).

Notice that (5.32) is very similar in form to the corresponding result (4.9b) for the polynomial
conductivity model f(u) = 1+ u2. However, the term p > 0 in (5.32) does depend weakly on .
For g(z) as given in (1.2b), (5.32) reduces to

dzg me? usin(mwxg)

at = 2 cos?(5 o) (5:33)

Since p > 0, then zy — 0 as t — oo for any z¢(0) € (—1,1).
The constant x in (5.33) can be evaluated without requiring pointwise values for the homoclinic
orbit v(y). In analogy with (5.11d), we obtain

[ mra=2 [T o0 w, qw)= [ awan, (5.34)

—0o0 g

where g(n) = —2n + Log(xo)e®. Using our formulae for vy, Iy, and o, in (5.22), (5.23), and
(5.24), respectively, we can then use (5.34) to calculate p in (5.33). For the realistic parameter
values p, = 0.66, x = 0.01, ¢; = 1.5, and for the g(z) of (1.2b), in Fig. 15 we plot u as a function
of zy for three values of e.

Finally, we give a detailed comparison of the asymptotic result (5.33) with full numerical results
computed from (1.2) using the NAG library routine DO3PCF [22]. In each case below, the parameter
values were p, = 0.66, x = 0.01, ¢; = 1.5, with g(x) = cos? (7z/2). In addition, the initial condition
for (1.2) was taken to be

u(z,0) = vpsech? (M

) , z0(0) = —0.4. (5.35)
Here vy, is given in (5.22) with z¢(0) = —0.4. Notice that this initial condition does not have
the same profile as the homoclinic orbit for (5.20). Therefore, we expect an initial transient period
where the correct hot-spot profile forms from this initial data. For ¢ = 0.1, in Fig. 16(a) we compare
asymptotic and numerical results for the maximum height v, of the hot-spot as a function of z;.
The asymptotic and numerical results for v, agree to within 4%. In Fig. 16(b) we show a very

favorable comparison between the asymptotic and numerical results for the hot-spot trajectory.
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Figure 15: Plots of u, defined in (5.32), versus z( for ¢ = 0.3 (heavy solid curve), ¢ = 0.2 (solid
curve), and € = 0.1 (dashed curve). The parameter values are p, = 0.66, x = 0.01, and ¢; = 1.5.
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Figure 16: The asymptotic results (5.22) for vy, versus zg, and (5.33) for z( versus ¢, are compared
with full numerical results from (1.2). The dashed curves are the asymptotic results, and the solid
curves the numerical results. The parameter values are p. = 0.66, x = 0.01, ¢; = 1.5, and ¢ = 0.1.

48



By comparing this figure with Fig. 13(a) we observe that the hot-spot evolution is slower for
the exponential conductivity model, at these realistic parameter values, than for the polynomial
conductivity model. In Fig. 17(a) and Fig. 17(b) we plot the numerically computed solution to (1.2)
at different times showing both the initial transient period and the slow approach to an equilibrium
hot-spot solution centered at the maximum point of g(z). We remark that the asymptotic result
(5.33) for zo(t) compares very well with corresponding full numerical results at even larger values
of e. In Fig. 18(a) and Fig. 18(b) we compare the asymptotic and numerical hot-spot trajectories
when € = 0.2 and ¢ = 0.3, respectively. For these two values of ¢, in Fig. 19 we plot the numerical

solution to (1.2) at a value of ¢ where they are close to the equilibrium solution.

10.0 T T T ml 10.0 T T T ml
8.0 g 8.0 _ R
6.0 - /\ . 6.0 - o g
i o
u i u i
40} B 40} B
20 - R 20 - R
0.0 ! . 0.0 .
~1.0 -0.5 0.0 0.5 1.0 ~1.0 0.5 10
Zz
(a) transient period (b) slow evolution

Figure 17: The numerical solution u to (1.2) at different times. In the left figure, ¢ = 0 (heavy solid
curve) and ¢t = 2 (solid curve). In the right figure, ¢t = 20.2 (heavy solid), ¢ = 50 (solid), t = 100
(dashed), and t = 195 (dots). The parameter values are p. = 1.0, x = 0.01, ¢; = 1.5, and ¢ = 0.1.

6 Discussion

In this paper, we have extended the analysis of [6], [4], [5], [17], and [18], on the stability and
dynamics of hot-spot solutions for the microwave heating models (1.1) and (1.2). We have given
a new method for proving the stability of hot-spot solutions whenever the linearized operator is
not self-adjoint. In the limit ¢ — 0, and when the linearized operator around a localized hot-spot

solution is not self-adjoint, we have argued that complex conjugate eigenvalues in the unstable
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Figure 18: Comparison of asymptotic (dashed curves) and full numerical (solid curves) hot-spot
trajectories for two values of € when p. = 1.0, x = 0.01, and ¢; = 1.5.
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Figure 19: Plots of the numerical solution to (1.2) for € = 0.2 with ¢ = 50.0 (heavy solid curve),
and for ¢ = 0.3 with ¢ = 24.0 (solid curve). The parameter values are p. = 1.0, x = 0.01, and
c1 = 1.5. These solutions are very close to the stable equilibrium solution.
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right-half plane cannot be excluded from any symmetry considerations, as was done in [6] and [5].
When ¢ < 1, a careful search to rule out such eigenvalues is still required.

We then extended the analysis of [4] and [6] to give an explicit characterization of the dynamics of
a metastable hot-spot solution for (1.1) in the limit ¢ — 0 when b = 0. A formal asymptotic analysis
was given to derive a differential equation for the location of the hot-spot. For the polynomial
conductivity model f(u) = 1+u?, the asymptotic results for the dynamics were compared favorably
with corresponding full numerical results. When b = 0, we also extended the analysis of [6] and [5]
to derive a differential equation for the motion of a hot-spot for (1.2). The hot-spot was found to be
pinned to the location of the maximum of g(z) in (1.2b) as t — oco. For both conductivity models,
we compared the asymptotic results for the hot-spot motion with corresponding full numerical
results.

We remark that similar results can be obtained when radiative cooling effects are included.
This implies that b > 0 in (1.1) and (1.2). Our analysis of the polynomial model f(u) = 1 + u?
in §3 and §4 required that b < €2. In §5 we required that b < 1 for the exponential conductivity
model. Thus, the polynomial model is more sensitive to b. This conclusion was also observed in
[5] and [6]. The general effect of b on (1.1) is to increase the decay rate of the homoclinic solution
representing the hot-spot profile. Therefore, the metastable motion is slower when b > 0 than when
b = 0. However, with the typical value b = 0.01 (cf. [17], [18]), we expect that the effect of radiative
cooling on the hot-spot behavior associated with the exponential conductivity model to not be very
significant.

Finally, we remark that it would be interesting to analyze the existence, stability, and dynamics,
of locally radially symmetric hot-spot solutions for the extension of (1.1) and (1.2) to two space
dimensions. In [18], a hot-spot for a microwave heated slab, modeled by the multi-dimensional
extension of (1.2), was computed numerically. Similar localized solutions for the two-dimensional
Gierer-Meinhardt model, in the presence of spatially inhomogeneous terms in the differential oper-
ator, have been analyzed and computed numerically in [26]. In [18] and [5], a hot-stripe solution
for the two-dimensional version of (1.2) was shown analytically to be unstable. The resulting in-
stability was shown numerically to lead to a radially symmetric hot-spot solution located at the
center of the slab. This type of instability is very similar in form to the instability that occurs for a
stripe solution to the Gierer-Meinhardt model in a two-dimensional domain (cf. [11]). In [11] it was
shown that a stripe can be stabilized only when the two-dimensional domain is sufficiently thin. It

would be of interest to study these multi-dimensional extensions of (1.1) and (1.2) analytically.
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A The Proof of Proposition 2.4

The proof of Proposition 2.4 was given in Propositions 3.1 and 3.2 of [23]. For the convenience of
the reader, we outline the key steps here. The proof of Proposition 2.4 relies heavily on two explicit

formulae for the local operator Ly defined in (2.13). By a direct computation, we have

wo
p—1

_ _ 1
Ly wp = Ly wo = T 5Y o (A1)

p—1’
where wq is defined in (2.14). Integrating the expression for fr in (2.27b) by parts, we use (A.1)

for Lowy, to get
1
- I wh [Lg + )\%] wh dy
frRO) =(p—1)—=
) = (=)=

Differentiating (A.2) with respect to A7, and integrating the resulting expression by parts, we obtain

(A.2)

72 (123437 )" dy
J o wo dy

Fr\) = =2(p — 1)) <0. (A.3)
This proves (2.28d). The global result (2.28¢) for f; is more difficult to prove (see Proposition 3.2
of [23]). However, this result is not crucial for our analysis.

The asymptotic behavior for fz and f as A\; — oo in (2.28a) and (2.28b) is immediately clear.
It remains to prove the local behavior for fr and f as A — 0 given in (2.28a) and (2.28b). It is
clear that all the odd derivatives of fR at Ay = 0 are zero. Using (2.27b) for f R, we calculate that

- i _3
Fal0) = I, woLg wh dy v 120 _ 1% woLy 3wk dy
00 ) =

(A.4)

Using (A.1) for Ly'w}, we obtain fr(0) = 1/(p —1). Next, using (A.1) for Ly w), we readily
obtain (2.28¢) for .. Finally, to establish the local behavior (2.28b) for f; as A\; — 0, we use
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(2.27b) for fr, and (A.1), to get

X wlotuddy 1 [Zwelglwedy 1 Johowo [+ bywp) dy
[0 wi dy (p—1) [ widy (p—1) I wg dy

The last integral in (A.5) is readily evaluated upon integrating by parts to obtain (2.28b).

f1(0) = . (A5)

B The Proof of Proposition 2.6

The proof of Proposition 2.6 was given in Proposition 3.5 of [23]. We outline the key steps here.

We first derive the local behavior (2.33a) as Ag — 0. From (2.32), we calculate
[ woLy ' wh dy £.0) [, woLy*wh dy v 2% wo Ly *wh dy
R

O = y = s =
1o)== 2 w0 RO =T ey

(B.1)

Using (A.1) for Ly'w, we get fr(0) = 1/(p — 1). The integral for f(0) was calculated in (A.5).
Using (A.1) for Ly w}, we observe that f(0) = 2k, where x, was defined in (2.28c). This shows
(2.33a).

To establish the global result (2.33b), we write fr(Ag) in (2.32) as

fr(rg) = JCoowo (Lo = Ar) ™' [(Lo — Ar) wo + Apwol dy 1 +)\Rff°oo wo (Lo — Ar)two dy
A= (p—1) [% widy (-1 (p—l)ff‘;ow%dy( )'
B.2

By differentiating (B.2) we obtain

2
1 ffooo wo (Lg — /\R)f1 wy dy AR ffooo [(Lo —Ar) ! wo] dy

Ffr(AR) = + (B.3)
S PV R G b-10  [ouidy
We define the auxiliary functions h;(a) by
o 1
ha (o) = / wo (Lo — a) " wo dy . (B.A4)
—00

From (B.3), the result fr(Ag) > 0 follows if we can show that hi(a) > 0 on 0 < « < 1. Here
vyp > 0 is the principal eigenvalue of the local operator L. From differentiating h;(«) in (B.4), it
is clear that h(a) > 0. Next, we use (B.4) and (A.1) to calculate

ho—/oo L—ld—/oo Wy L) dy = (L 1/oo%l (B.5)
1(0) = _OOWO 0 Woay = o \p—1 g Yywowo | &Y = p—1 4 _Oowo Y- .




Thus, when 1 < p < 5 we have h1(0) > 0. Since k) (a) > 0, we obtain that k() > 00on0 < a < vg.
Thus, f;z > 0 on (0,v9) when 1 < p < 5. This proves (2.33b). The proof of (2.33¢) is a consequence
of Lemma 3.6 of [23] that proves that when Ar > v, the solution & to (Ly — Ag) € = v satisfies
£ <0on —oo <y < oo whenever v >0 on —oo < y < oo.

C Nonlocal Eigenvalues and the Gierer-Meinhardt Model

In a one-dimensional domain, and in the limit of an asymptotically large inhibitor diffusivity, the
Gierer-Meinhardt activator-inhibitor model reduces to a scalar nonlocal partial differential equation
of the form (see [14]):

P
at:gam—a—l—%, -l<z<1, t>0, (C.1a)
1 [t w1
h = —/ a™ dx , az(£1,t) =0. (C.1b)
2¢e -1

Here ¢ < 1, a(z,t) and h(t) are the activator and inhibitor concentrations, and the exponents
satisfy
p>1, qg>0, m >0, s>0. (C.1¢)

A one-spike equilibrium solution to (C.1), with the spike centered at the midpoint z = 0 of the

domain, has the form

1 [l ==

e WOV afe), hen (g [ )" dy . (C2)
—1/e

Here w,(y) is the one-pulse solution satisfying (2.12). To determine the stability of this solution,

we let
a(z,t) = a.(z) + 1P (z/e) | h(t) = he + X, (C.3)

Substituting (C.3) into (C.1), and linearizing in the usual way, we obtain the following nonlocal

eigenvalue problem for ®¢(y):

g - £ 1 € EMHE
@, + (—1 + pw? 1) ®° — aw? /15/5 -~ =A"9°, ly| <1/e, (C.4a)
f—l/swf dy
—1 _
(e ) =0. (C.4b)



Here « is the positive constant

(C.4c)

We note that (C.4) has precisely the same form as given in (2.10). The problem (C.4) with

a = 2p and m = p also arises in the study of the stability of hot-spot solutions for the polynomial
conductivity model f(u) = 1+ c;uP (see §3.4). For the Gierer-Meinhardt model it is usually
assumed that, in addition to (C.1c), the exponents (p, g, m, s) of the nonlinearities in (C.1) satisfy
gm/(s+1) > (p — 1), which translates to a > (p — 1). In §2.2 and §2.3 we do not impose this

restriction on «, and instead study (C.4) for any value of a > 0.
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