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Abstract

An asymptotic reduction of the Gierer Meinhardt activator-inhibitor
system in the limit of large inhibitor diffusivity leads to a singularly per-
turbed non-local reaction diffusion equation for the activator concentra-
tion. In the limit of small activator diffusivity, a one-spike solution to this
non-local model is constructed. The spectrum of the eigenvalue problem
associated with the linearization of the non-local model around such an
isolated spike solution is studied in both a one-dimensional and a multi-
dimensional context. It is shown that the principal eigenvalues in the spec-
trum are exponentially small in the limit of small activator diffusivity. The
non-local term in the eigenvalue problem is essential for ensuring the exis-
tence of such exponentially small principal eigenvalues. These eigenvalues
are responsible for the occurrence of an exponentially slow, or metastable,
spike-layer motion for the time-dependent problem. Explicit metastable
spike dynamics are derived by using a projection method, which enforces
a limiting solvability condition on the solution to the linearized problem.

1 Introduction

In 1957 Turing proposed a mathematical model for morphogenesis, that de-
scribes the development of complex organisms from a single cell. He speculated
that localized peaks in concentration of a chemical substance, know as an in-
ducer or morphogen, could be responsible for a group of cells developing differ-
ently from the surrounding cells. He then demonstrated, with linear analysis,
how a nonlinear reaction diffusion system could possibly generate such isolated
peaks [14]. Later, Gierer and Meinhardt [4] demonstrated the existence of such
solutions numerically for the following dimensionless reaction diffusion system

AP
A =€AA-A+—, x€Q, t>0 (1a)

Ha
THt:DhAH—NH‘F% xeQ, t>0 (1b)
O0A=0, 0, H=0, xe€dfN. (1c)

IThis work was supported by NSERC grant 5-81541



Here € is a closed bounded domain in RY and the exponents (p,q,m, s) satisfy

(2)

—1
p>1, ¢>0, m>0, s>0, 0<P - ™

This system was then used in [4] to model head formation in the hydra.

The numerical studies of [4] and more recently those of [6] have revealed
that in the limit e — 0, the activator concentration A for (1) can have localized
regions of spatial extent O(e) where its concentration is elevated from a constant
background concentration. Such solutions are called spike-type solutions. Some
properties of spike-type equilibrium solutions have been obtained in [7], [10] and
[13]. In this paper we will examine the dynamic motion of a one-spike solution
to (1) in the limit Dy — oo and € — 0. In this limit, (1) reduces to a non-local
reaction diffusion model. Before we give an explicit outline of the paper we
introduce an appropriate scaling of (1) for spike-type solutions and we derive
the non-local reaction diffusion model corresponding to the limit D; — oc.

The amplitude of a spike solution to (1) will tend to infinity as e — 0.
Therefore, we introduce new variables for which the spike solution has an O(1)
amplitude as € = 0. To this end, we introduce a and h by

A=¢e¢"a, H =¢e""h, (3)
where v, and v, are to be found. To balance the terms in (1a), we require,
—Va = —Va + qUh. (4)

We will construct a solution in which the spike has its support in an O(e) region
near some point in Q. Therefore, to obtain an additional equation relating v,
and vy, we consider an average balancing of (1b). Specifically, we integrate (1b)
over the domain to get,

A’ITL
T/thx:—u/de+/ —dx. (5)
Q Q ol

Since A will be localized to an O(e) region about the spike center xq, we scale
x in the last term by y = ¢ !(x — x¢). Balancing the terms in this equation we
get

—vp = —vom+vps+ N. (6)
The solution of (4) and (6) yields,
Ng vy = N(p-1)
(1-p)A+s)+mq’ (1-p)(1+s)+mqg’

In terms of these new variables (1) becomes

Vg =

P
at:62Aa—a+%, in Q t>0 (8a)
Tht:DhAh—uh+e_NC;—s, in Q, t>0 (8b)
an,=0, h,=0 on 090. (8¢)



Next we examine (8) in the limit Dy — oo. In this limit h will be a spatially
constant to leading order, and hence the leading order equations for A and a
will decouple, resulting in a non-local equation for a.

We begin by writing h as a power series in D,:l,

h=ho+ D, 'hy+---. (9)

Substituting (9) into (8), and collection powers of D; ' results in,

Ahg =0, in Q (10a)

Ahy = Thoy + pho — e—N%, in Q, (10b)
0

Onho =0, on 0N (10c)

Onh1 =0, on 0. (10d)

Equations (10a) and (10c) imply that hg is spatially homogeneous and thus
ho = ho(t). Applying a solvability equation to (10b) using (10d) results in the
following ordinary differential equation for ho(t),

N1 a™

ho & uhg —eN L [ 9"
Tho e =€ ol J B

dx = 0. (11)

Here ho = dho/dt and |9 is the volume of Q. Typically 7 is small and thus the
dynamics of h are much faster than that of a. So we set hg = 0 in (11) to obtain

h (C_N/ d >% (12)
=|(— [ a™dx .
0 w2 Jo

In the analysis below, we will only be considering the leading order term of
h. Thus, we label hg by h. Substituting the value of h into (8) results in the
following scalar non-local reaction diffusion equation;

P
at=62Aa—a+%, in Q, t>0, (13a)
h (6_N d)ﬁ (13b)
=|— [ a™dx , 13
1 Jo
Oha=0 on 090. (13c)

This system, referred to as the Shadow System [11], is studied below. It will also
be studied in a one-dimensional domain z € [—1,1]. In this case, (13) reduces
to

aP

at:ezam—a+ﬁ, -l<z<1l, t>0, (14a)
671 1 s-}—l
h = (—/ a™ dx) , (14b)
2p J
az(£1,t) =0. (14c¢)



The outline of the paper is as follows. In §2 we consider the one-dimensional
problem (14). In this case, we construct a one-spike quasi-equilibrium solu-
tion. We examine the stability and dynamics of this solution by analyzing the
spectrum of the linear operator resulting from a linearization of (14) about this
non-constant solution. This eigenvalue problem is a non-local Sturm-Liouville
problem of the type considered in [3]. A combination of analytical and numerical
techniques will be used to demonstrate that the principle eigenvalue of this op-
erator is exponentially small. The non-local term is essential for this conclusion.
The exponentially small eigenvalue will be estimated asymptotically. A differen-
tial equation characterizing the motion of the center of the spike will be derived
in the limit € — 0 by using a limiting solvability condition, which requires that
the solution to the quasi-steady linearized problem has no component in the
eigenspace associated with the exponentially small eigenvalue. This procedure
is known as the projection method and has been used in other contexts (see [15],
[16], [17]). The resulting ODE for the motion of the center of the spike, shows
that the spike drifts exponentially slowly towards the point on the boundary
closest to the initial location of the spike. This metastable behavior is verified
by calculating full numerical solutions to (14). In §3 we give a similar analysis
of metastable spike-layer motion for the multi-dimensional problem (13).

2 A Spike in a One-Dimensional Domain
We first construct a one-spike quasi-equilibrium solution ag for (14) in the form
a=ap(z;20) = hucle (@ —m)],  v=q/(p-1). (15)

Here z, with |zo| < 1, is the center of the spike. The function u.(y), called the
canonical spike solution, satisfies

"

u, —uc+ul =0, 0<y<oo, (16a)

c
7

u.(0) =0; uc(y) ~ ae ¥, as Yy — 0. (16b)

It is easily seen from phase plane considerations that such a solution exists. In
terms of this solution, h = hg, where

1 /! T
Since u. is localized near xo, we estimate
p—1
/6 G+ (p-1)—qm o0 m
e~ (2) s e . (18)

To determine numerical values for certain asymptotic quantities below we
must compute u.(y), B, and a numerically. The constant a is obtained by



integrating (16)

p+1)p—i1

o (1) (8 _
ogta) = £ 4 [ !

1

/2 2
7" — mnl"i‘l 77
To compute u. numerically, we use the asymptotic boundary condition ulc+uC =
0 at y = yr, where yr, is a large positive constant. To compute solutions for

various values of p, we use a continuation procedure starting from the special
analytical solution,

dn. (19)

Ue(y) = gsech2 (&), (20)

which holds when p = 2. The boundary value solver COLNEW (see [1]) is
then used to solve the resulting boundary value problem. In Fig. 1, we plot the
numerically computed u.(y) when p = 2,3, 4.

Uc

8 10 12 14 16 18

Figure 1: Numerical solution for u.(y) when p = 2,3, 4.

We note that, for any o with |zo| < 1, the solution ag(z; zq) will satisfy the
steady-state problem corresponding to (14a), but will fail to satisfy the boundary
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conditions in (14¢) by only exponentially small terms as € — 0. Thus, we expect
that the spectrum of the eigenvalue problem associated with the linearization
about ag will contain an exponentially small eigenvalue.

2.1 The Nonlocal Eigenvalue Problem

Let o € (—1,1) be fixed and linearize (14) around ag, hg. We obtain the
eigenvalue problem for the linearization by introducing ¢ and 7 by

a(z,t) = ap(z; 20) + €M (21a)
h(t) = hg + ey, (21b)
(21c)

where ¢ < 1 and n < 1. Substituting (21) into (14) we obtain the following
non-local eigenvalue problem of Sturm-Liouville type on [—1,1]:

1

— 1
Led = Pdon + (—1 4+ pu2)p— % / arTgdr=2g, (2)
¢ (£1) =0. (22b)

The non-local integral term in (22) will drastically change the nature of the
eigenvalue problem.

In (22), uc = uc [e7!(z — 20)]. Therefore, we will only seek eigenfunctions
that are localized near z = x. These eigenfunctions are of the form

(y) = d(xo +ey), y=¢€"(z —x0). (23)

Therefore, we can replace the finite interval by an infinite interval in the integral
in (22) and impose a decay condition for ¢(y) as y — oo. This gives us the
non-local eigenvalue problem for the infinite domain —oco < y < oo:

T p—1NT mqulg o me17 3
Ed= b+ (1 +p D3 - gl [ wrigay=2d, (20a)
$—0 as y— +oo. (24b)

To treat the non-local eigenvalue problem, we split the operator L. into two
parts,

— 2 _ p—1 — mge”'uf /1 m—1
AP =@guat ((LHp g, Bo=gges |l ed (25)
We define a new operator Ls by Ls¢ = A¢p—dB¢. where §, with 0 < § < 1,is a
continuation parameter. When § = 0 we have a simple Sturm-Liouville problem.
At 6 = 1 we have our full non-local eigenvalue problem (22). We define Ls, A
and B in a similar fashion, but on the extended domain —co < y < oo with the
appropriate boundary conditions at +oo.



The operator L. has a zero eigenvalue with eigenfunction u’c, which decays
exponentially as |y| — co. To see this, we differentiate (16a) with respect to
y, to show that Au’c = (. This is translation invariance. In addition, due to
the symmetry of u.(y), we also have Bu/, = 0. For the finite domain problem
(22), the function u, [ (z — zo)] fails to satisfy the equation and boundary
conditions in (22) by only exponentially small terms as € — 0. Therefore, as
estimated carefully below, the presence of the finite domain will perturb the
zero eigenvalue and corresponding eigenfunction of the extended problem (24)
by only an exponentially small amount. Thus, L. has an exponentially small
eigenvalue.

The function u.(y) has a unique maximum at y = 0 and thus the eigenfunc-
tion u_(y) has exactly one zero at y = 0. This implies that u,(y) corresponds to
the second eigenfunction of A. The principal eigenvalue of A is simple, positive
and independent of €. The principal eigenvalue of A is exponentially close to
the principal eigenvalue of A. Hence, in the absence of the non-local term, the
operator L, has an O(1) positive eigenvalue and no metastable spike motion can
occur.

Since Ls has a positive eigenvalue when § = 0, we must consider what
happens to this eigenvalue as § ranges from 0 to 1. If this eigenvalue remains
positive then, since the eigenvalues of Ls and L; will differ by only exponentially
small amounts as € — 0, we can conclude that the one-spike quasi-equilibrium
solution is unstable. Alternatively, if this eigenvalue crosses through zero at
some finite value of § < 1, then the principal eigenvalue of Ls when § = 1
(which corresponds to our eigenvalue problem (22)) will be exponentially small.
Hence, if this occurs, the one-spike solution is anticipated to be metastable.

The calculation of the eigenvalues of Ls will require some numerical analysis.
Thus, we will work with specific parameter sets. We first consider the set
(p,q,m,s) = (2,1,2,0), which are commonly used in simulations. For this
parameter set, we begin by reviewing some exact results for the spectrum of the
local eigenvalue problem

Ap=¢yy + (-1 +pul™H)d = 2o —00<y< o0, (26a)
=0 as y— Foo. (26b)

This problem has three isolated eigenvalues and a continuous spectrum. When
p = 2, these three isolated eigenpairs are (see [8]),

Ao =5/4, o = sech®(y/2), (27)
AL =0, ¢1 = tanh(y/2)sech?(y/2), (28)
A2 = —3/4, ¢y = 5sech®(y/2) — 4sech(y/2). (29)

Since these eigenfunctions, written in terms of y = e~1(z—x), will fail to satisfy
the boundary conditions in (22) by only exponentially small terms as e — 0,
we expect that the eigenvalues of A will be only slightly perturbed from those
of A. As we have previously noted, the zero eigenvalue of (26) will persist for
Ls as 6 ranges from zero to one. Hence, there is an eigenvalue of (22) that is
exponentially small as € — 0.



To numerically compute the eigenvalue branches Ao(8) and Ay (8) of Ls for
which Xo(d) — 5/4 and 2(d) — —3/4, as & — 0, we use the initial guesses
provided above for § = 0 and a continuation procedure to compute these eigen-
values as § increases. The computations are done using COLNEW. The analysis
of [3] showed that these eigenvalue branches are smooth functions of 4, which
cannot terminate suddenly at some value of §. Hence, ¢ is a natural homotopy
parameter. In Fig. 2 we plot the numerically computed A\g(d) and A2 (d) versus
0. As can be seen from this graph, Ao &~ 0 for § = 1/2. As ¢ increases past
1/2, Ao becomes negative and then complex. At this point, COLNEW is no
longer able to track the eigenvalue. As § increases from 0 to 1, A\ is decreasing
and Ay is increasing. At a value of § ~ 0.65 the two eigenvalues collide and
split into complex conjugates eigenvalues with negative real parts. To track the
eigenvalues beyond § =~ 0.65 one must employ a different numerical technique.
We accomplish this by discretizing the finite domain problem (22), which has
eigenvalues exponentially close to those of Ls. This is done using a centered
difference approximation applied to the second derivative and Simpson’s rule
applied to the integral. Thus, the operator Ls is approximated by a discrete
linear operator Ls. The eigenvalues of the continuous problem may then be
approximated by the eigenvalues of this matrix. Numerical calculations of the
eigenvalue A\g of L5 are shown in Table 1. Since the real part of \¢g remains
negative as 6 — 1, we conclude that the one-spike quasi-equilibrium solution is
stable for this parameter set. Similar computations, with similar conclusions,
can be performed for other values of p, ¢, m and s. In particular, Ao and Ay are
shown in Fig. 3 for the parameter set (p,q,m,s) = (3,2,2,0).

) Ao

0.0 1.2518

0.1 1.0073

0.2 0.76149

0.3 0.51345

0.4 0.26158

0.5 0.0052548

0.6 -0.28247

0.7 | —.59237 + 0.153151¢
0.8 | —.71522 4 0.230351¢
0.9 | —.84093 + 0.23008:
1.0 | —.98551 + 0.14507¢

Table 1: § and A\ for the case (p,q,m,s) = (2,1,2,0).

2.2 An Exponentially Small Eigenvalue

In the previous section, we showed that the principal eigenvalue of L. is ex-
ponentially small. The non-local term in (22) was found to be essential to



Figure 2: Ag and A, versus ¢ for the parameter set (p, g, m,s) = (2,1,2,0).

this conclusion. We denote the eigenpair corresponding to the exponentially
small eigenvalue by A1, ¢1. To predict the dynamics of the quasi-equilibrium
solution, we must obtain a very accurate estimate of A;. We expect that
¢1 ~ Chu, (e7'(z — z)) in the outer region away from O(e) boundary lay-
ers near £ = +1. The behavior of ¢; in these regions will be analyzed using a
boundary layer analysis.

The eigenfunction ¢; has the boundary layer form

p1(z) =C1 (ul[e M@ —m)] + i [e Mz +1)]+ o [e P 1 —2)]) . (30)

Here ¢;(n) and ¢.(n) are boundary layer correction terms and C; is a normal-
ization constant given by

cr=(B)" where G- [ ) a. (31)

In the boundary layer region near z = —1, u'c [e_l(:c - xo)] is exponentially
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Figure 3: Ag and Ay versus ¢ for the parameter set (p, g, m,s) = (3,2,2,0).

small as € = 0. Thus, as € = 0, ¢;(n) satisfies
$ —¢ =0, 0<n<oo, (32a)
¢1(0) ~ —aec (1+z0) (32b)

Similarly, the boundary layer equation for ¢,(n) is

"

¢, —¢r=0, 0<7<oo, (33a)
$,.(0) ~ ae—¢ (1-20) (33b)

Here a is defined in (19). Solving the boundary layer equations we get

u(n) = ae™< Hele, (34a
or(n) = —ae¢ [(1-z0) g (34b)

~—

To estimate A; we first derive Lagrange’s identity for (u, L.v), where (u,v) =

10



fil uv dz. Using integration by parts we derive

(v, Leu) = € (uzv — vpu) |2 | + (u, Lv), (35)
where
*,, — 2 —1 mqe_luzn_l !
Liv = €*vge + (=1 + pul )U—m/_lu’c’vdax (36)
We now apply this identity to the functions u'[e~!(z — x¢)] and ¢; () to get
Mi(ug, d1) = —edrud|Ly + (61, Liuy). (37)

We examine each of the terms in (37). We begin with (u, ¢1). The dominant
contribution to this integral arises from the region near z = z¢ where ¢; ~
Cru'[e71(x — mo)]. Therefore, the inner product can be estimated as

(ulca ¢1) = Cl (ulcau,c) ~ CIGB . (38)

Next, to estimate —e¢1ug|1_1, we use our asymptotic estimates of u. and ¢;.
Since u,(z) ~ ae™*l as 2 = oo we have that u,, [~} (£1 — 29)] ~ ae=¢ (1F=0),

In addition, using the previous boundary layer results for ¢; we get the following
estimate for ¢ (+1):

b1 (£1) ~ F2C1ae~  (Fw0) (39)
Using these results, we get
—epull |t | ~ 2¢Ca? (6726_1(1+ZO) + 6726_1(17%)) . (40)

The only term left to examine is (¢1, L*u.). Since u!, is a solution to the local
operator, we have

—1,m-1 pl
Liul, = —% [1 uPul, dz,
~ _% (ef;“ - e’i“) : (41)
where
el = epe (1w0) (42)

!
c

AN :
% mge ~@ 1 +1 +1 —1 1
L)y~ ——— (ep —e )/ u™ ! dx,
(91, L) 28(s+D(p+1) \F 1 ¢

—1 p+m+lc
- mge "« 1 p+1 _  p+l m _ _—m
28(s +1)(p+ 1)m (e+ e ) (e —e2™) . (43)

In a similar way, the term (¢, L*ul) is approximated by

11



Since p > 1 and m > 0, upon comparing the terms in (43) and (40), it is
clear that the second term on the right side of (37) is asymptotically negligible
compared to the first term. Finally, substituting (38) and (40) into (37), we get
the following asymptotic estimate for the exponentially small eigenvalue A; as
e—0:

A1~ 242371 (6_25_1(1”0) + 6_25_1(1_“)) . (44)

In (44), a and 3 are defined in (19) and (31), respectively. The estimate (44)
holds for p, ¢, m and s satisfying (2). Since A\; > 0 but is exponentially small,
we conclude that, although the spike solution is unstable, it may persist for
extremely long times.

To verify the estimate for A;, we also numerically estimate A; by solving (22)
using COLNEW. In Fig. 4, we compare the numerically computed values of A;
(the dots) with the asymptotic estimate (44) (dashed curve) for various values
of € for the parameter set (p,q,m,s) = (2,1,2,0). Similar favorable comparisons
can be made for other parameter sets.

0.009 : ; ; . . . . . .
0.008 |- o
0.007 -
0.006 |-
0.005 - <>
0.004 -
0.003 |- K>
0.002 |
0.001 - @

/6/

0 4 4 4 4 N e P 1 1 1

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22
€

Figure 4: A1 versus € for the parameter set (p,q,m,s) = (2,1,2,0).
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We end this section with a few remarks. Firstly, we recall that A; and
¢1 ~ Cyu, (€ Y(x — mo)) are an eigenpair of Ls when § = 0. To within negligible
exponentially small terms this eigenpair remains an eigenpair of Ls as § ranges
from 0 to 1. To see this, we note that the only difference between the calculations
of the eigenvalue for the local problem and for the non-local problem, is that
the term (L*u,, ;) in (37) would be replaced by (A, d1) = 0, since A is self-
adjoint. In the final calculation of A; the term (L*u.,, ¢;) was ignored since it
is asymptotically exponentially smaller than the other terms in (37). Secondly,
we note that A1, ¢ is exponentially close to an eigenpair Af, ¢} of the adjoint
operator, L¥. For the same reasoning as above, ¢7 would have the same interior
behavior near z = xg as ¢; and the same boundary layer correction terms near
x = £1. Repeating the calculation to find A}, we would arrive at the same
estimate as in (44).

2.3 The Slow Motion of the Spike

The quasi-equilibrium solution fails to satisfy the steady-state problem cor-
responding to (14) by only exponentially small terms for any value of xo in
|zo| < 1. Moreover, the linearization about this solution admits a principal
eigenvalue that is exponentially small. Therefore, we expect that the one-
spike quasi-equilibrium solution evolves on an exponentially slow time-scale.
We will now derive an equation of motion for the center of the spike corre-
sponding to the quasi-equilibrium solution. To do so we first linearize (14)
about a(z,t) = hu. [e!(z — mo(t))], where the spike location zo = (%) is to
be determined. For a fixed o we have shown that the linearization around this
solution has an exponentially small principal eigenvalue as ¢ — 0. By elimi-
nating the projection of the solution on the eigenfunction corresponding to this
eigenvalue, we will derive an equation of motion for zq(t).
We begin by linearizing around a moving spike solution by writing,

a(z,t) = ap(z; 7o (t)) + w(x,t) (45)

where ag is defined in (15) and zo(t) is the trajectory of the spike. Since (22)
does not have an O(1) positive eigenvalue, we may assume that w < ag and
wy K Orag. Substituting (45) into (14), we get

Low = dap, —-1<z<1, t>0 (46a)
wg(£1,t) = —0zap(£1; o) . (46b)

Next, we expand w in terms of the eigenfunctions ¢; of L. as
w=> Di(t);. (47)
i=1

The solvability condition for w is that w is orthogonal to the eigenspace of L}

th

associated with the exponentially small eigenvalue. Let ¢; be the i** eigenfunc-

13
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Figure 5: zq versus t for e = .05

tion of L7. Then, since (¢, ¢j) = d;;, we integrate by parts to show that
* 1 * *
D;i(t) = (w,¢;) = W [(Lew7¢i) - 62“’z¢i |1—1:| ) (48)
where L*¢F = A ¢f. Using (46), we have

Dift) = 5 [(@uaz, 89) + €7 0.az]",] (49)

As discussed previously, when € < 1, the nonlocal term in the eigenvalue prob-
lem (22) is insignificant in asymptotic estimation of the eigenspace associated
with the exponentially small eigenvalue of L.. Therefore, we can replace ¢} and
A} by ¢1 and A in (49), where ¢; and A; are given in (30) and (44), respectively.

Since A\; — 0 exponentially as € — 0, we must impose the limiting solvabil-
ity condition that D; = 0. This projection step yields the following implicit
differential equation for zq(t):

(Biap, ¢1) = —€$10,am|-, . (50)

14
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Figure 6: zq versus t for e = .06

The dominant contribution to the left side of (50) arises from the region near
zg. For € — 0, we calculate

(Brap, ¢1) ~ —CihLiofBet, (51)

where &¢ = dzg/dt. Finally, we can evaluate the right side of (50) using our
estimates for ¢;(£1) in (39) and for u.(z) as z — oo. This yields our main
result of this section.

Proposition: (Metastability) A metastable spike solution for (14), is repre-
sented by a(x,t) = ap(z;x0(t)), where ag is defined in (15) and zo(t) satisfies,

2 2
do(t) ~ % [6—2(1—30)/6 _ e—2(40)/e] (52)

Here a and f are defined in (19) and (31), respectively.

For a given initial condition zq(0) € (—1,1), this ODE shows that the spike
drifts towards the endpoint that is closest to the initial location z(0). As
a consistency check on our solvability condition D; = 0, we note from (31),

15
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(44), (51) and 52), that if the solvability condition were not imposed, then
Dy¢y = O(e~1/?), which would violate our linearization assumption.

To verify the asymptotic result (52) we computed numerical solutions to (14)
for various values of € for the parameter set (p,q,m,s) = (2,1,2,0). The com-
putations were done by using a variable coefficient variable time step backward-
differentiation (BDF) scheme to integrate in time (see [12] where a similar
scheme is used). COLNEW was then used to solve the boundary value problem
at each time step. At each time step the solution is calculated using a third and
fourth order BDF scheme to estimate the error and determine the next maxi-
mum allowable time step. Comparisons of these results (solid curve) with a nu-
merical integration of the asymptotic ODE (52) (dots) may be found in Fig. 5-7.
In computing numerical solutions to (14) the initial condition ag(z;z¢(0)) was
used for certain values of z¢(0) as can be seen from these figures.
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3 A Spike in a Multi-Dimensional Domain

We now construct a quasi-equilibrium solution ag for (13). This is done in a
similar manner as in the one-dimensional case, except that the quasi-equilibrium
solution will be radially symmetric about the center of the spike. Thus, we look
for a steady-state solution to (13) in all of RV of the form

a=ap(x;%0) = huc(e ' x—x0l), 7=4q/(p-1), (53)

where x¢ is contained inside Q (i.e. dist(zo,dQ) > O(e)). The function u.(p),
called the canonical spike solution, is a non-negative radially symmetric func-
tion, which decays exponentially as p — oo. It satisfies

N-1
u'C'+Tu'C—uc+u‘c”=O, p>0, (54a)
uL(0) = 0; uc(p) ~ apt =M 2e7" as p— o0, (54b)

where a > 0 is some constant. In dimension N > 2, we require that p < p.,
where p. is the critical Sobolev exponent for dimension N. In terms of this
solution, h = hg, where

" (G_N/ i )(s+1)(2_—11)—qm ( )
E=|—= [ urdx . 55
1€ Ja
Here |Q| is the volume of €. Since u. is localized near xo, for € — 0 we get
. ( On /°° Sy ><+1)<’;_—11>—qm %)
E~ 00 Ue p P )
1€ Jo

where y is the surface area of the unit N-dimensional sphere.

Recall that in the one-dimensional case and with p = 2 we have the exact
solution u.(p) = %sech2(§), and hence a = 6. To find numerical solutions for
uc(p) and for a in other dimensions, we will treat N as a real parameter, and
use N (and p for p # 2) as continuation parameters. We can use the far field
asymptotic behavior (54b) to obtain the boundary condition u! = (I;V) Ue,
which we impose at some large value p = pr in our numerical computations
of (54). The computations are done using COLNEW. In Fig. 8 we plot the
numerically computed solutions u.(p) for N =1,2,3 when p = 2.

Since dist(zo, Q) > O(e), we again note that ar will satisfy the steady-
state problem for (13a), but will fail to satisfy the no flux boundary condition
(13c) by only exponentially small terms for any value of x¢ in the interior of Q.
Thus, we expect that the spectrum of the eigenvalue problem associated with
the linearization about ag contains exponentially small eigenvalues.
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Uc

Figure 8: Numerical solution for u.(p) when N =1,2,3 and p = 2.

3.1 The Nonlocal Eigenvalue Problem

Let xo € 2 be fixed, and linearize (13) about ag, hg. We obtain the eigenvalue
problem for this linearization by introducing ¢ and 7 defined by

a(x,t) = ap(x;%0) + €\ ¢(x), (57a)
h(t) = hg + e, (57b)

where ¢ < ag and < h. Substituting (57) into (13) we obtain, after a lengthy
calculation, the following non-local eigenvalue problem;

—-N,p
Lp = A¢+ (—1 +pug—1)¢—ﬂj\:'g;7(sz‘rcl)/ﬂuf—l¢dx:,\¢, in 0,

(58a)

$n=0 on 90. (58b)
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Here u. = u. [e’1|x — x0|], and Sy is defined by

B = / W N dp. (59)
0

Since u. is localized near x¢, we will only seek eigenfunctions that are localized
near x = Xg. These eigenfunctions are of the form

$(y) =d(xo+ey), y=¢ '(x—xo). (60)

Therefore, we can replace 2 by R* in (58a) and impose a decay condition for
¢ as |y| — oo. This gives us the non-local eigenvalue problem for the infinite
domain

P
mqur

Lep= Ay& +(=1+put g - BnOn(s +1)

/ W gdy = 3§, in RY,
RN
(61a)

-0 as |y| = oo. (61b)

¢
In this problem u. = u.(|y|). If, in addition, we consider an eigenfunction that
is radially symmetric (i. e. ¢ = @(p), where p = |y|), then (61) reduces to

¥4 oo
Ld=0,6+(-1 P*l"—ﬂ/ m13pN "1 dp = A 0
¢ P¢+( +puc )¢ /BN(8+1) o uc ¢p p ¢5 P> Y
(62a)
p—>0 as p— oo, (62b)

where A,d=¢ + (N -1)p 14

We now analyze the spectrum of these eigenvalue problems. We first note
that, for each i = 1,.., N, the function ¢; = Oy, uc(|y|) satisfies (61). Here y; is
the ith coordinate of y. This follows from the combined effects of translation
invariance and the vanishing of the integral in (61) by symmetry considerations.
Thus, (61) has a zero eigenvalue of multiplicity N with corresponding eigenfunc-
tions ¢; = 8y,u.(|y|) for i = 1,.., N. Each of these eigenfunctions has one nodal
line. These eigenpairs will be perturbed by only exponentially small terms as
a result of the finite domain. Hence, there are N eigenvalues of (58) that are
exponentially small, and they are estimated below. The goal is to determine
whether these are the principal eigenvalues of (58).

We claim that these are not the principal eigenvalues for (58) when the
non-local term in (58) is absent. To see this, suppose that the non-local term
in (58), (61) and (62) is absent. The corresponding eigenvalue problems are
then local and self-adjoint, and several key properties follow. In particular,
since ¢; = Oy,uc(|y|) is an eigenfunction of (61) with a zero eigenvalue and
has one-nodal line, the local eigenvalue problem must have a simple, positive
eigenvalue, which is independent of e. The corresponding positive, radially
symmetric, eigenfunction satisfies the local version of (62). The effect of the
finite domain in (58) is to perturb this eigenvalue by only exponentially small

19



terms. Thus, when the non-local term is absent no metastable behavior can
occur.

The effect of the non-local term will be to ensure that the exponentially small
eigenvalues are the principal eigenvalues for the non-local eigenvalue problem
(58). Thus, the quasi-equilibrium solution will be metastable if we can show
that the principal eigenvalue of (62) has a negative real part. To do so, we
compute the eigenvalues and eigenfunctions of the radially symmetric problem
(62), where a continuation parameter §, with 0 < ¢ < 1, multiplies the nonlocal
term

p oo
Lsd = A, + (—1 P*“—&M/ m—1GoN =1 dp = A 0
5¢ P¢+( +puc )¢ /6N(3+1) o U ¢p 14 ¢a p>0,
(63a)
=0 as p— oo. (63b)

We compute the eigenvalues of this problem as a function of §, and in particular
track the first eigenvalue Ag(d). We will show that the positive principal eigen-
value \g(0), which occurs when the non-local term is absent, will cross through
zero into the left half plane as § increases. Thus, we must show that the first
eigenvalue Ag(d) has a negative real part when § = 1.

For the parameter set (p = 2,¢ = 1,m = 2,s = 0), in Fig. 9 and Fig. 10
we plot the first two eigenvalues A\g(d) and Any1(8) of (63) as a function of §
for N = 2 and N = 3, respectively. Here Any1 is the first eigenvalue in the
sequence for (61) following the zero A;, i = 1,.., N. These computations were
done using COLNEW. These plots clearly indicate that A\g(d) crosses through
0 before 6 = 1. At some value of §, A\g and Any41 collide and become complex.
To track the eigenvalues past the point where they become complex, we use
the same technique as in the one-dimensional case. The differential operator is
approximated by a matrix and the eigenvalues of the matrix are then approx-
imations of the eigenvalues of the differential operator. Using this numerical
procedure, we give numerical values for the real and imaginary part of A\g(d) in
Table 2. This table shows that the real part of Ag is negative when § = 1. Sim-
ilar computations, with similar conclusions, can be performed for other values
of p, g, m and s.

3.2 An Exponentially Small Eigenvalue

We will now use a boundary layer analysis to construct a composite approxima-
tion to the eigenfunctions corresponding to the exponentially small eigenvalues
of (58). The corresponding eigenfunctions are well approximated by 0,,u., for
i =1,.., N in the interior of the domain and each of these eigenfunctions has a
boundary layer correction term near 02 in order to satisfy the no-flux boundary
condition on 9. In order to resolve the boundary layer we must define a local
coordinate system. Let 7j represent the distance from a point in Q to 92, where
7 < 0 corresponds to the interior of (2. Let ( correspond to the other N — 1
orthogonal coordinates. To localize the region near 99, we let n = ¢~'7). The
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Figure 9: Xo(d) and An1(8) versus § in R? for the parameter set (p = 2,q =
1,m=2,s=0).

eigenfunction on the finite domain can then be approximated by,
¢; = C; (6m1.uc (e_1|x - x0|) + qu) ) (64)
where C; is a normalization constant and qu is a boundary layer correction

term. Using the fact that u. is exponentially small near 02 we get the following
boundary layer problem

6Tm¢Ai - ¢Az = 0, n<0, (65)
Onpi = —€03(0zuc)l,=g, on n=0, (66)
—_———

a function of ¢

i =0 as n— —00. (67)
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Figure 10: X\o(d) and Any1(d) versus d in R® for the parameter set (p = 2,q =
1,m=2,s=0).

We require that é, — 0 as n = —oo to match to the outer solution. Then, the
solution for ¢; is

(ﬁi = 69,’(()6", where gz(C) = _8ﬁ(aziuc)|nzo (68)
Thus, the composite asymptotic solution for the eigenfunction is
bi = i [Ouiue + egi(Qe”], i=1...,N. (69)

Below we need an estimate for ¢; on 0€2. To do so we need to calculate g;. Let
To; represent the ith coordinate of Xg. S0, setting r = |x — Xg|, we apply the
chain rule, which gives

P (70)
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1) )\0 in ]R2 /\0 in RB
0.00000 1.6388 2.3703
0.05000 1.4814 2.1588
0.10000 1.3231 1.9456
0.15000 1.1638 1.7304
0.20000 1.0030 1.5125
0.25000 0.84032 1.2910
0.30000 0.67516 1.0646
0.35000 0.50641 0.83098
0.40000 0.33218 0.58554
0.45000 0.14857 0.31741
0.50000 -.055026 -.019898
0.55000 -.37526 —.33843 + 0.297444
0.60000 | —.48239 + 0.24569; | —.44368 + 0.45028¢
0.65000 | —.56115+ 0.33165¢ | —.54978 4 0.54508¢
0.70000 | —.64059 + 0.38475¢ | —.65696 + 0.60964:
0.75000 | —.72097 + 0.41770¢ | —.76550 + 0.65310¢
0.80000 | —.80268 + 0.43510¢ | —.87584 + 0.67970¢
0.85000 | —.88640 + 0.43886¢ | —.98857 + 0.69170¢
0.90000 | —.97333 + 0.42959; | —1.1045 4+ 0.69037¢
0.95000 | —.10657 + 0.40726¢ | —1.2249 4 0.67652¢
0.10000 | —.11678 + 0.37248: | —1.3513 4 0.65089¢

Table 2: § and )\ in R? and R? for the case of (p =2,¢q=1,m = 2,5 =0).

where n is the outward unit normal to Q. Since u.(p) ~ ap™N/2e~f as p —+ 0
we get that,
gi ~ _ae(N_E))/z(:L-Z — in)/r-_(1+N)/26_r/€r . n’

on 0. (71)

Combining (69) with (71), we get an asymptotic approximation for ¢; on 9,

¢; ~ —CiaeN =3 2q(x; — 2o )r~ N/ 2e=m/<(1 4 r.n), on 0. (72)
In order to complete our asymptotic estimate of the exponentially small
eigenvalues, we apply Green’s identity to ¢; and O;,u. to get the following

relationship:

)\i(6$iu07¢i) = _62/ ¢i6n(awiu0)ds + (L: [6wiu0] :¢z) . (73)
a0
Here L} is the adjoint of L.,
—-N, m—1
L'v=eEAv—v+ub™ v — mge  Ue / uPvdx. 74
Bnn(s +1) Jo (™)
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We will now estimate each term in (73). Since 9,,u. is an exact solution to the
local problem, we have that,

—-N

* __ mge ug”
L! (0p,uc) = — 76NQN(5+ )/ucamiucdx. (75)

Next, since u. is radially symmetric and localized to a small region in the interior
of , it is clear that [, uPd,,ucdx ~ [, uPd, ,u.dx, as e - 0Vi,j =1...N.
Thus, we may write the expression above as,

L* (O,u) ~ — NﬁNQN s+1 /Zu O 1o dxc (76)

An application of the Divergence Theorem results in,

—N, m—1 p+1
* _ /rn/q6 uc uC
L2 (0uu0) ~ —jpig s /8 ) (p+ 1) ds. (77)

On the boundary of Q, u, [ [x — Xo|] ~ ael™~D/2p(1=N)/2g—c x—xo| There-
fore, the integral in (77) will be exponentially small. We then estimate the
integral in (77) to get the following bound:

|L: (8ayue) | < DeN|0Qum 1N -D(p4D/2jA=NI D2 =X ptpo (78

where

man-H
NﬂNQN(S + 1)(p + 1) )

Here pg = dist(xg, ). Therefore, with ¢; ~ C;0,,u., we have

D= (79)

(L% (8s,uc)  ¢3)| < DCie N |9QeN D FHD/2

P((]I_N)(Hl)/ze*e_l(”+1)p°/u;"flﬁz,-ucdx. (80)
Q

A similar procedure shows that
a™|0Q|?DCie=N

mN
% 6(N—l)(p-i-m—i—l)/2p0—(N—l)(17-Hn+1)/2e—e_1.oo(P+m+1) . (81)

(L2 e e, 60)] <

Therefore, we conclude that
|(L*6z,uc,¢z)| =0 ( b_—e” PO(P+m+1)) , (82)

for some b. We will show that this term is exponentially smaller than the first
term on the right side of (73), and therefore, we can ignore it.

24



Now we estimate the left hand side of (73). Since ¢; and 8,,u. are exponen-
tially small outside of a neighborhood of x = xg, this inner product is dominated
by the contribution from x = x¢. Using a Laplace-type approximation, we can
approximate the inner product to get

C; / i — To4 > CieN—2 ' _
Ouited) ~ G [ uttryal (B2 e S [ R0 0 dpt,
(53)

where 6 represents the N — 1 angular co-ordinates. Since the integrand is inde-
pendent of 6,

(&Eiuc,(ﬁi)NC,-eN_zQNBN/N, where BNE/ [u'c(p)]sz_1 dp. (84)
0

Here Q is the surface area of the N-dimensional unit sphere. Then we deter-
mine C; by using the normalization relation [, ¢? dx = 1 to obtain,

N 1/2
;= (B . ) (C-N)/2. (85)
NAILN

Finally, we get our asymptotic estimate of \; by substituting (84) and (72) into
(73), and using the estimate 8,,(0x,u.) ~ ae™—5)/2p=(N+1)/2g=r/¢ on 5O, In
this way, we get

a’N

i~ ———
BN Jon

(z; — 20:)2r~ N e=2"/¢(r .n)(1 4+ r-n) dS, (86)

where r = (x — xo)/r and r = |x — X¢|, with x € Q. As a consistency check
we observe by comparing the asymptotic orders of the two terms on the right
side of (73) that the second term is asymptotically negligible compared to the
first term, since the exponents satisfy p+m + 1 > 1.

The surface integral in (86) can be evaluated asymptotically by using a multi-
dimensional Laplace technique. Assume that there exists a unique point xy, €
00 where r,, = dist(xg,00) is minimized. If we parameterize the boundary
near (,, (where x({») = Xn) such that each (; corresponds to arclength along
one of the principal directions through (,, then for any smooth F(r), we have
(see [15]),

e\ (V=172
/ rlfNF(T)efzr/g ds = (_) F(’r‘m)H('f'm)672rm/€ , (87)
o

Tm
where
H(rm) = (1—rm/R1) (1 —rm/Re) 2 - (1= rm/Rn_1) Y2, (88)
Here R; > 0, for j = 1,..,N — 1 are the principal radii of curvature of 0

at Xm. This result assumes that the non-degeneracy condition R; > 7, j =
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1,...,N — 1 holds. In this way, we obtain the following explicit asymptotic
estimate for the exponentially small eigenvalue,

9 N (N=D/2 /0 o \?
N N m m

where e; is the standard unit basis vector in the ith direction and ry, =
(Tm — x0) [/ Tm.-

3.3 The Slow Motion of the Spike

Now we derive an ODE characterizing the metastable spike dynamics. We first
linearize (13) about a moving spike by writing,

a(x,t) = ap(x; %o (1)) + w(z,1), (90)

where ag(x;xo) is defined in (53). Since, (58) does not have an O(1) posi-
tive eigenvalue, we may assume that w < ag, w; < Oiag uniformly in time.
Substituting (90) into (13), we obtain

Lw=0ag, in Q, (91a)
Opw = —0,ag, on 0. (91b)

Next, we expand w in terms of the eigenfunctions ¢; of L. as

oo

w = Z D; (t)¢, . (92)

i=1

We assume that the eigenfunctions form a complete set. However, this is not
required for the construction of the solvability condition as the key requirement
is that w is orthogonal to the eigenspace of L} associated with the exponentially
small eigenvalues. Let ¢} be the ith eigenfunction of L?. Then, since (¢;, ¢})) =
d0ij, we integrate by parts to show that

1
D) = (w,6]) = 3z |Lawd) =€ [ wasias], o9
A'i o0
where L*¢F = Af¢f. Using (91), we have
D;(t) = i* [(3,:&}3,(;5:) + € Onapd; dS] . (94)
Ai a0

As seen in (73)-(82), the nonlocal term in the eigenvalue problem L.¢ = A¢
is insignificant when € < 1 in the asymptotic estimation of the eigenspace
associated with the exponentially small eigenvalues of L.. Therefore, for i =
1,..,N, we can replace ¢f and A} by ¢; and \; in (94), where ¢; and \; are
given in (69) and (89), respectively.
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Since A; — 0 exponentially as € — 0, for 4 = 1,.., N, we must impose the
limiting solvability conditions that D; = 0, for ¢ = 1,.., N. This projection step
yields the following implicit differential equation for xgq (¢):

(Bap, ¢i) = —€* . Onap¢; dsS . (95)

The dominant contribution to the left side of (95) arises from the region near
Xg, and we calculate

Cihy . A N—2
(8taE,¢,-) ~ — N Z‘o,’QNﬂNe . (96)

Finally, we can evaluate the right side of (95) using our estimates for ¢; on 9Q
in (72) and for u.(p) as p — oco. This yields the main result of this section.

Proposition: (Metastability) A metastable spike solution for (13), is repre-
sented by a(x,t) = ar(x;%0(t)), where ag is defined in (53) and xo(t) satisfies,

Na?
)'corvf a / #r1Ne 2/¢(1 +#.n)# - ndS. (97)
Bnn Joo

Here t = (x —xo)r~ 1, 7 = |x — x|, x € 9Q, and n is the unit outward normal

to Q. In addition, a and By are defined in (54b) and (84), respectively.
There are a few corollaries that follow from this result.

Corollary 1: (Equilibrium) An equilibrium solution for (13), is represented

by a(x,t) = ap(xX;Xo.), where X, is a root of I(xq), where

I(x0) = /89 #r1™Ne /(1 +# -n)i -ndS (98)

It was shown in [15] that for a strictly convex domain xg. is unique and is
centered at an O(e) distance from the center of the uniquely determined largest
inscribed sphere for 2. This equilibrium solution is unstable.

Assuming that there is a unique point x,, € 012 closest to the initial center
x0(0) of the spike, we can evaluate the surface integral in (97) using Laplace’s
method to get the following explicit result:

Corollary 2: (Explicit Motion) Let x,,, be the point on 082 closest to x(0).
Then, fort > 0, the spike moves in the direction of X, and the distance r,,(t) =
|xm — X0(t)|, satisfies the first order nonlinear differential equation

e\ (VHD/2
P = —Erm (r_) H(rpy)e 2mm/<, (99)
where
2
tE= 2NaT (n-nyf2. (100)
QOnBn
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Here Bn is defined in (84) and H(ry,) is determined in the terms of the principal
radii of curvature of OQ in (88).

This result is valid up until the spike approaches to within an O(e) distance
of x,,,. If the initial condition for (99) is r,,,(0) = rg, then the time T needed
for r,,,(T) = 0, is readily found to be

6(1—N)/2T.(()N—1)/2

2H(T0)£

621‘0/6 . (101)

Once the spike reaches the boundary, it moves in the direction of increasing mean
curvature until it reaches an equilibrium point where the mean curvature of the
boundary has a local maximum (see [2]). The existence of such equilibrium
solutions, where the spike is located at these special points on the boundary, is
demonstrated rigorously in [5], [9].

4 Conclusions

Although this analysis was carried out on the Gierer Meinhardt system, the
results may be generalized to a much wider class of non-local reaction diffusion
equations that have localized spike solutions. The key feature of the analysis
lies in determining if the exponentially small eigenvalue associated with the lin-
earization around the spike solution is in fact the principal eigenvalue of this
linearization. In a scalar reaction diffusion model, with no non-local effects,
that is capable of supporting spike-type solutions, it has been demonstrated
that there will always be one eigenvalue bounded above from zero as well as an
exponentially small eigenvalue[15], thus eliminating the possibility of metasta-
bility. For the non-local system, we have established that the non-local term
may push this positive eigenvalue into the left half plane, thus making the ex-
ponentially small eigenvalue the principle eigenvalue. In the case of the limiting
form of the Gierer Meinhardt equations analyzed above, this has been confirmed
using numerical techniques that employ a homotopy between the local and non-
local operators. This usually involves extensive computations. There are several
similar systems that are presently under investigation, which may lead to more
general results.

There remains many interesting questions for the full Gierer Meinhardt
model. Numerical studies show that the dynamics in the case of large, but
finite, Dy, is very different in character from the case of infinite Dy. As Dy, is
decreased from infinity, a single spike centered at zo = 0 will become stable.
As Dy, is decreased further the system appears to admit stable multiple spike
solutions. The spike dynamics is not metastable in this case.
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