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In the limit of small activator diffusivity, the stability of a one-spike solution to the shadow Gierer-Meinhardt
activator-inhibitor system is studied for various ranges of the reaction-time constant 7 associated with the
inhibitor field dynamics. By analyzing the spectrum of the eigenvalue problem associated with the linearization
around a one-spike solution, it is proved, for a certain parameter regime, that a complex conjugate pair of
eigenvalues crosses into the unstable right half-plane Re(\) > 0 as 7 increases past a critical value 79. For this
parameter regime, it is proved that there are exactly two eigenvalues in the right half-plane when 7 > 79 and
none when 0 < 7 < 79. It is shown numerically that this critical value of T represents the onset of an oscillatory
instability in the height of the spike. For other parameter regimes, a similar Hopf bifurcation is confirmed
numerically. Full numerical solutions to the shadow problem are computed for a spike that is initially centred
at the origin of a radially symmetric domain. Different types of large-scale oscillatory motions for the height of
a spike are observed numerically for values of 7 well beyond 9.

1 Introduction

The Gierer-Meinhardt (GM) model, introduced in [8], is a reaction-diffusion system of activator-inhibitor
type. It has been widely used to model localization processes in nature, such as cell differentiation and
morphogenesis (cf. [10]), biological pattern formation (cf. [15]), and the formation of sea-shell patterns

(cf. [16]). In dimensionless form, the GM model is given by

P

at:52Aa—a+%, reQ, t>0, (1.1a)
Tht:DAh—uh—&—(Z—s, zeQ, t>0, (1.1b)
Opa=0,h =0, x € 00N. (I.le¢)

Herea, h, D > 0,0 <e <1, u>0and 7 > 0 represent the activator concentration, inhibitor concentration,
inhibitor diffusivity, activator diffusivity, inhibitor decay rate, and reaction-time constant, respectively. The
parameters D, ¢, ;1 and 7 are assumed to be constant, and the domain € R¥ is bounded. The usual

assumption on the exponents (p, g, m, s) (cf. [8]) are that they satisfy

1<p<pe, qg>0, m>1, s>0, with (= —(s+1)>0. (1.2)

Here p, is the critical Sobolev exponent for RY, with p. = 5 for R3.
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The GM model exhibits surprisingly rich dynamics for various parameter ranges. For ¢ < 1, the GM model
exhibits a Turing instability (cf. [21]), whereby small amplitude spatially varying states undergo an instability
to larger amplitude spatially inhomogeneous stationary states (cf. [8], [15]). Spatially inhomogeneous states
where the activator concentration a is localized at discrete points in RY are referred to either as spot or
spike-type patterns. Stripe patterns occur when a is localized along some RV 1 dimensional manifold in R¥.
Both types of patterns have been observed, and have been studied numerically since the early 1970’s (see
[8], [10], [15], [16] and the references therein). However, from a mathematical viewpoint, there are many
open problems that remain concerning the stability and dynamics of large amplitude solutions for (1.1).

The goal of this paper is to study oscillatory-type instabilities that occur for spike-type solutions of the
limiting form of the GM model obtained by letting D — oo in (1.1b). The resulting well-known system
(cf. [24], [11], [3]), called the shadow GM model, is given by

a; = e2ANa — a+ a? /h?, xeN, t>0, (1.3 a)

Ona =0, x €00, (1.3b)
e N a™

Thy = —ph+ — [ —dx. 1.3¢

! Q[ Jo h ( )

In (1.3 ¢), || denotes the volume of Q.

In the limit & — 0, the existence of equilibrium spike-type solutions for (1.3) is now very well-understood.
There can be boundary spikes whose support are on 99 (cf. [19]), and interior spikes located strictly inside
Q. The determination of the equilibrium spike locations for interior spike solutions to (1.3) has been found
to be related to certain geometric ball-packing problems (see [2], [9], [13], [22], [25], and the references
therein). For the case 7 = 0, the dynamics and stability of interior spikes is also well-understood. For 7 = 0,
and for certain ranges of the exponents m and p, and the dimension N, an interior one-spike equilibrium
solution to (1.3) is unstable, but has an exponentially small growth rate as ¢ — 0. This weak instability,
known as metastability, results in an asymptotically exponentially slow drift of the spike towards the closest
point on the boundary of Q (cf. [11], [11], [24]). When 7 = 0, the motion of a one-spike solution to (1.3)
along the boundary of ) has also been characterized (cf. [12]). When 7 = 0, equilibrium solutions for (1.3)
with two or more interior spikes are always unstable with an O(1) growth rate as ¢ — 0.

In contrast, the instabilities that occur when 7 > 0 are not well-understood. To illustrate the instability, we
consider the unit ball in R? with a spike located at the origin. The resulting radially symmetric equilibrium
solution a = a. and h = h., computed numerically, is shown in Fig. 1(a). We then perturb this equilibrium
solution for a slightly, with the form of the local perturbation described precisely in (5.2) of §5 below Using
this perturbation as the initial condition for a, and taking the unperturbed value h(0) = h., we then solve
(1.3) dynamically for two values of 7. In Fig. 1(b) we plot the resulting amplitude a,, of the spike as a
function of time. The amplitude a,, is defined to be the value of a at the centre of the unit ball. From this
figure, we see that for 7 = 0.53 the initial perturbation dies out as t increases, whereas for 7 = 0.58 an

oscillatory instability is triggered. This suggests that there could be a Hopf bifurcation at some critical value
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FIGURE 1. In the leftmost figure we plot the equilibrium a (solid curve) and h (dashed curve). In the rightmost
figure we plot a at r = 0 versus t for 7 = 0.53 (solid curve) and 7 = 0.58 (heavy solid curve). The exponent set is
(p,q,m,s) =(2,1,2,0), with N =2, ¢ =0.05, and pu = 1.

7o between 7 = 0.53 and 7 = 0.58. A numerical computation, that relies on our theoretical framework, gives
7o = 0.561. The possibility of this type of instability was first observed in [18], where similar plots were
shown for the exponent set (p, ¢, m,s) = (2,1,2,0) with N = 1.

The main goal of this paper is study the instability of a one-spike solution to (1.3) as a function of the
reaction-time constant 7. In the limit ¢ — 0, we linearize (1.3) around an interior one-spike solution to obtain
a nonlocal eigenvalue problem, labeled by NLEP, that is independent of ¢, of the location of the spike within
), and of the shape of €. The spectrum of this eigenvalue problem, which governs localized instabilities, is
studied using a combination of analytical, asymptotic, and numerical techniques. The level of precision of
our results depends on the exponent set (p, g, m, s) and the dimension N. We refer to data as being of Type
1if (p,q,m,s) satisfty m =2 and 1 < p <1+ 4/N, in addition to the usual assumption (1.2). Type 2 data
refers to exponent sets satisfying (1.2) and either m # 2 or p > 1+ 4/N.

For Type 1 data, in §2 we prove in Theorem 2.3 that that there is a unique value 7 = 79 > 0 for which the
eigenvalue problem NLEP has a complex conjugate pair of eigenvalues A = iA? £ 0 on the imaginary axis.
A rigorous and accurate lower bound for A} is obtained in Lemma 2.5 of §2. The critical values 7o and \) for
various exponent sets (p, g, m, s) and dimensions N are computed numerically in §3. In particular, for the
exponent set of Fig. 1(b) we compute that 79 = 0.561. In Lemma 3.1 of §3 we prove that as T increases past
To, these two eigenvalues of NLEP have a strict transversality into the unstable right half-plane Re(A) > 0. In
Lemma 3.1, we use a winding number argument to prove that when 7 > 7y, there are exactly two eigenvalues
of NLEP in the right half-plane. Alternatively, when 0 < 7 < 79, there are no eigenvalues of NLEP in the
right half-plane. Thus, we have a Hopf bifurcation. In §3 we show that there is another critical value 7 = 7

at which the two complex conjugate eigenvalues merge onto the positive real axis at A = A\%. Values for the
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critical parameters 7, and )\% are computed numerically. For 7 > 7., the eigenvalues are shown to remain

along the positive real axis, and their movement along the real axis as a function of 7 is tracked.

For Type 2 data, our analytical results are weaker. Under a certain monotonicity condition, which must
be verified numerically for each exponent set (p,q,m,s) and dimension N, in §4 we show that the results
obtained for Type 1 data also largely apply for Type 2 data. Under this monotonicity condition, there is
a unique value 7y at which a pair of complex conjugate pair of eigenvalues cross the imaginary axis at
A= £i\) £ 0. For 7 > 79, there are two eigenvalues in the right half-plane, and they merge onto the positive
real axis at A = )\% > 0 at some 7 = 7. > 7. They remain on the real axis for any 7 > 7.. The key difference
here is that it is possible that 79 < 0 and 7. < 0. This implies that there can be an instability already present
when 7 = 0. For the typical exponent sets used previously for the GM model ([8], [10], [15], and [16]), we
have verified numerically that our monotonicity assumption is satisfied. For these exponent sets, in §4 we
compute numerical values for g, 7, )\(IJ and )\%. We were unable to construct an exponent set (p, g, m, s)
and dimension N where our monotonicity condition is violated. Whether this condition is always satisfied is

an open problem.

There have been only a few previous works to characterize the spectrum of the linearization of (1.3)
around a one-spike solution. In [20], under the key assumption that the exponent set (p, g, m, s) is such that
¢ — 0% in (1.2), many stability and instability results were obtained for the one-dimensional case N = 1.
Our results, however, apply for any ¢ > 0 and dimension N satisfying (1.2). Thus, we can obtain stability
and instability results for the exponent sets used in the numerical simulations of the GM model in [8], [10],
[15], and [16]. Using a simple perturbation analysis for ( — 0, we formally recover a result of [20] in §4. In
[4] it is proved that there are two eigenvalues of the eigenvalue problem NLEP along the positive real axis

when 7 is sufficiently large, and a Hopf bifurcation as 7 increases past some critical parameter is suggested.

Our approach to analyze the stability of a spike solution to (1.3) is related to the studies in [5], [6], and
[7], of the stability of a one-spike solution to the Gray-Scott model. The behaviour of the spectrum of the
linearization of the Gray-Scott model obtained in [6] is qualitatively very similar to what we have found for
the spectrum of the linearization of (1.3). However, since these previous results for the Gray-Scott model rely
on dynamical systems techniques, they are obtained only for the case of one spatial dimension. The analysis
presented here is based on a PDE-type approach and, consequently, we are able to consider the effect of the

dimension N on the stability of one-spike solutions to the shadow GM model.

In §5 we consider the full dynamics under (1.3) for a one-spike solution initially located at the centre
of the unit ball in RY. We take ¢ < 1, and consider an initial condition for a that represents a small
radially symmetric perturbation away from the equilibrium solution. For various exponent sets, we first
verify that an oscillatory instability is triggered for 7 slightly beyond 7y. Then, for the common exponent
set (p,q,m,s) = (2,1,2,0), with N =1 and N = 2, we investigate numerically the dynamical behaviour of
(1.3) well after the initial instability has been triggered. Numerical results are shown for various values of

T > 79. A very complicated oscillatory motion for the amplitude of the spike as a function of time is obtained
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when 79 < 7 < 7.. This type of behaviour has not been noted previously. An attempt is made to explain this

motion qualitatively.

2 Analytical Results for the Eigenvalue Problem

In this section we obtain some analytical results concerning the stability of a a one-spike solution to (1.3).

As shown in [11] and [24], a one-spike equilibrium solution a., h. for (1.3) in the limit ¢ — 0 is given by

ac(x) ~hlw e e —aol] ., v=4q/(p-1), (2.1a)
N 1/[1+s—vym] 1 1/[14s—ym]
he ~ (— w™ dx) ~ (— [w (ly]™ dy) , (2.10)
I Jo U Jrw
for some xo € Q. Here |Q| is the volume of Q, y = e~ (x — z), and w(p) satisfies the radially symmetric
problem
" N - 1 ’
w—l—( )w —w+wl =0, p>0, (2.2a)
w(0) >0, w (0)=0, weep” VY267 as p— oo, (2.2b)

where ¢ is a positive constant. There exists a unique solution to (2.2) when N = 1 and N = 2, while for
N = 3 we require that p < p..

To determine the stability of this solution, we substitute a = a. + e ¢ [s_l(x — wo)] and h = he + ey
into (1.3), where ¢ < 1 and < 1. Replacing the finite domain by the asymptotically infinite domain ¢ =1,

we obtain a nonlocal eigenvalue problem for ¢(y),

m—1
qm Jarv w ¢dy>
Loop — w? = Ao, —o00 <y <00, 2.3a
0 s+1+% ( Sy w™ dy ¢ / ( )
¢ — 0, as |y| — oo, (2.3b)
where
Lop = Np— ¢+ puP~1o. (2.3¢)

The operator Ly is referred to as the local operator. Notice that (2.3) is independent of the shape of Q, of e,
and of the spike-layer location xg. There are two key formulae related to Lo that are needed below. A direct
calculation shows that
Lytuw? = ——; Lalwzz%l—l-%y-Vw:p%l %pw/. (2.4)
The eigenvalue problem (2.3) is nonstandard for two reasons. It is nonlocal and the multiplier of the
nonlocal term also depends on the eigenvalue A. For the case N = 1, a similar eigenvalue problem was
studied in [5], [6], and [7], in regards to the stability of a one-spike solution to the Gray-Scott model.
We now briefly review some known results on the spectrum of (2.3). The first result concerns the spectrum

of the local operator Lg in (2.3 ¢).
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Theorem 2.1 (From [14]): Consider the local eigenvalue problem Log; = vy for ¢y € H*(RYN). This problem

admits the eigenvalues vg > 0, v1 = -+ = vy = 0, and vyt < 0 for k > 1. The eigenvalue vy is simple,
and the corresponding eigenfunction is radially symmetric with constant sign.

This result was proved in Theorem 2.12 of [14] (see also Lemma 4.2 of [19] and Lemma 1.2 of [24]). When
7 =0, the following result on the spectrum of (2.3) was proved in [24]:

Theorem 2.2 (From [24]): Let 7 = 0 in (2.3). Assume that eitherm =2 and 1 <p <14+4/N, orm =p+1
and 1 < p < p¢, where p. is the critical Sobolev exponent in dimension N. Let X # 0 be an eigenvalue of
(2.8). Then, Re()\) < 0.

Thus, under the conditions of Theorem 2.2, there are no eigenvalues of (2.3) with positive real parts.
However, for any finite value of 7, there are always N zero eigenvalues of (2.3) with corresponding eigenfunc-
tions ¢; = 0y, w(|y|), for j = 1,.., N. These are the translation modes. With respect to these eigenfunctions,
the nonlocal term in (2.3) vanishes identically. Thus, the translation modes of the local and nonlocal eigen-
value problems coincide. When 7 = 0, a more refined eigenvalue analysis (cf. [11], [24]) has shown that
the presence of the finite domain leads to a slightly different eigenvalue problem than (2.3). This modified
eigenvalue problem has the result of perturbing the N zero eigenvalues of (2.3) so that they become positive,
but exponentially small as ¢ — 0. Consequently, under the conditions on m and p in Theorem 2.2, a one-
spike equilibrium solution to (1.3) is unstable, but has an exponentially small growth rate as e — 0. This
phenomena is called metastability.

In the analysis below, we are not interested in exponentially weak instabilities as € — 0. We restrict the
analysis to determining any O(1) instabilities that result from any eigenvalues of (2.3) that cross into the
right half-plane Re(\) > 0 as 7 is increased. Since w is radially symmetric, and because the nonlocal term
in (2.3) vanishes identically for the nonradially symmetric eigenfunctions of the local operator Lg, we need
only determine the radially symmetric eigenpairs of (2.3) for which the nonlocal term does not vanish.

We now prove the following theorem regarding the spectrum of (2.3) for a special case of the parameters.
Theorem 2.3: Assume that m =2 and 1 <p <1+ 4/N in (2.3). Then, there exists a unique T = 19 > 0
such that the eigenvalue problem (2.3) has an eigenvalue X = i\%, with A} > 0.

This result suggests that there could be a Hopf bifurcation at 7 = 7. Lemma 3.1 below, and the numerical
computations in §5, establish a clear transversality condition at this bifurcation point. Thus, under the
conditions of Theorem 2.3, there is a Hopf bifurcation at 7 = 75. Numerical values for \Y and 7, are given
in §3 for various exponent sets (p, ¢, m, s) and dimensions N.

To prove this theorem we begin by defining the multiplier x(7\) by

p—

M= —2 (2.5)
s+1+ "

Let 9(y) be the solution to

Loy = My + wP Y —0 as |yl — oco. (2.6)
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Then, the eigenfunctions of (2.3) can be written as

wo dy
f]RN w? dy
As discussed above, we can assume that fRN we dy # 0. Thus, from (2.7), we get
L _ Jevwddy _s+1+70p 28)

X(TA)  Jow w?dy 2q

We now look for a pure imaginary eigenvalue of the form A = ¢A;. Without loss of generality we may assume
that Ay > 0.

We first show that A; is unique. We write ¥ as 1) = ¢ + i1p;. Then, decomposing (2.8) in terms of real

and imaginary parts, we get

I]RN wﬁ’R dy o (S + 1)

- ) 29a
fRN w? dy 2q ( )
d A
Jan ““/;I y_ 1A (2.9b)
Jpn w?dy  2qp
Notice that (2.9 a) does not involve 7.
Next, we calculate fRN wipr dy. Decomposing (2.6) into real and imaginary parts, we obtain
Loyr = =Arr+w”; Lo = A1y (2.10)
Combining the two equations in (2.10), we get (Lg + A%) ¥y = ArwP. Hence,
1 —1
Yr=Ar[L§+ A7) wP;  Yr=Lo [Li+ ]| " wP. (2.11)
Define the function fr (A;) by
-1
Jen wLo [L3 + A3] wP dy
NEEL . 2.12
fr (A1) ox w2 dy (2.12)
Substituting (2.11) into (2.9), we obtain the two equations
(s+1)
A1) = 2.13
fr(Ar) T (213 a)
-1
T Jenw[L§+ Aj] wrdy (2.13 )
2qu Jen w2 dy

We now show that there is a unique root to (2.13 a) on the interval 0 < A\; < oco. Since Ly is self-adjoint,

we can integrate by parts in (2.12), and use (2.4) for Low, to get

_ S Low) I+ ) wrdy ) o (L34 0] wrdy

Tr(Ar) Jn w2 dy Jon w2 dy

(2.14)
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Setting A\; = 0 in (2.14), and integrating by parts using (2.4) for Lglwp, we calculate fr(0) as

Jon wP Ly 2P dy Jen [Lotw?]” dy 1
fr0) = (p=1) F— s — = (= 1) o o } B ESR (215)
f]RN w=ay f]RN w? dy (p—1)
Differentiating (2.14) with respect to Ar, and integrating the resulting expression by parts, we get
2
-2 2 217 ,p d
/ wa [LQ—I—)\Q} wP dy fRN ([L0+)‘I] w ) Y
Ar)=—2(p— B =-2(p—1)A <0. (216
fr (A1) (p fRN w2 dy (p AT fRN w2 dy ( )

From (2.14), fr(co) = 0. Thus, fr (A7) is a monotone decreasing function on the interval 0 < A; < oo, with
fr(0) =1/(p—1), and fr(co) = 0. To establish that there is a unique root to (2.13 a), we must show that
fr(0) > (s + 1)/2q. This follows from the inequality (1.2) on the exponents, since when m = 2, (1.2) implies
(p—1)"1 > (s +1)/(2q). Hence, there is a unique root A\; = A\? to (2.13 a). From (2.13 b), the corresponding

unique value of 7, labeled by g, is

-1
Joww [L8 4+ (A9)?] wr dy

Jon w?dy

0 = 21 (2.17)

Notice that the proof of this result that A} is unique required only that m = 2, with no restrictions on p and
N other than (1.2).

It remains to prove the more difficult inequality that 79 > 0. Let ¢ denote the eigenfunction of (2.3) with
Ao =AY and m = 2. Then, from (2.3) and (2.5), we have

N d
Lodo — x(10M0)w” (%) = Xo¢o, (2.18 a)
- ~ woo d
Logo — x(oro)w” (%) = Ao¢o - (2.18b)

Multiplying (2.18 a) by ¢, and integrating by parts over RV, we get

(fRN weo dy) (fRN wPdo dy)
fRN w? dy

~x(m0) o [ leoldy= [ (Voul +160f — pur o) dy. (219
RN RN
Here |v|? = vD. Next, we multiply (2.18 a) by w, and integrate by parts over RY. Then, using Low = (p—1)w?

we get

N d N p+1 g
(p—1) /RN wP o dy — x(T0No) (IR w%fRi)thdyw y) =X /]RN wog dy . (2.20)

We solve for fR ~ WP dy in (2.20) and take the conjugate of the resulting expression. Then, using the relation

X(T0A0) = X (T0A0), We obtain

R T R A A
/RN wp¢0 dy = 1?1 |:)\0 + X (7’0)\0) (m)} /I%N wgbo dy (221)
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Substituting (2.21) into (2.19), we get
ToMo) [— — w?t dy weo dy|?
_X(O 0) |:)\O+X(TO)\O) (f]RN >:||IRN 0 | _)\O/N |¢O|2dy
R

p—1 Jon w2 dy Jon w2 dy (2.92)
= [ (900 + lonP? = pur~ o) dy
R
The real part of (2.22) is
[ (0l + 160l = pur ) dy
® (2.23)

e (X0 [ o (B L vl

p—1 S~ w2 dy Jn w2 dy
The next step in the proof that 79 > 0 uses the following key lemma proved in [24]:
Lemma 2.4 (From [24]): Assume that 1 < p < 1+4/N. Let v be any real function with v € H*(RN). Then,

U o) (o wo )
Jan w2 dy

(e

This is Lemma 5.1 of [24]. For completeness, we give the proof below in Appendix A.

/N (Vv Vo + 12 —pwpflvz) dy > —2(p
R
(2.24)

This lemma is used to get a lower bound on the left-hand side of (2.23). Decompose ¢g as ¢pg = ¢or + ido;-
By substituting v = ¢or and v = ¢o; into (2.24), we can then simply add the resulting two inequalities to

[ (o0l bl = =) dy = 2O tme ([ wooay) ([ wFmay)|

get

25
+(@-1) (Jrw w"* dy) | [on weo dy|® )
(Jon w? dy)2
Substituting (2.21) into (2.25), we get
/ (IVol® + |do> — pw? " |¢o|*) dy > (p — (fRN |/ weo dy|?
RN fRNw dy (2.26)
_ — wPTt dy
Ty o oo (S| ot
RN RN
Combining (2.23) and (2.26), we obtain
7o) [— _ wPt dy _ _ wPt dy
e (2 [ (B )]) e[ o (Bt
R R
f]RN wPtt dy (@27)
+({-1) (7f 7y > <0.
RN
This expression can be simplified to
_ — wPt dy
Re [Mox(1020)] + (Ix(70M0)[* = 2(p — 1)Re [x(m0X0)] + (p — 1)?) (%) <0. (2.28)
RN
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Since x (ToXo) = x(70A0), (2.28) can be written as

(o)~ (p= DI < —Re [larma)] () (229)
RN

Next, using the definition of y in (2.5) and Ao = iA}, we calculate Re [)\_Ox(ro/\o)} explicitly. Then, as shown

in Appendix B, we can calculate the integral ratio in (2.29) as

S~ w? dy IS PN w2 dp N+(p+1)(1-N/2)
=0 =Cy, . (2.30)
Jov w07 dy Ty oV dp b
Finally, substituting these expressions into (2.29), we obtain our key inequality
2| Mo|*70/ 1 )
M) —(p—1)* < Cnyp- 2.31
|X(TO 0) (p )‘ = ((S ¥ 1)2 ¥ |>\0|27'02/,U2 N,p ( )

Since x(0) > (p— 1) and Ao = i\, the left-hand side of (2.31) is clearly positive. Therefore, we have 15 > 0.
This completes the proof of Theorem 2.3.

As a remark, the proof that 7o > 0 did not rely on any explicit formula for the value of \%. Since
0 < fr(A\r) <1/(p—1) > 0, we can obtain any value for A\? in (0,00), by choosing different values of the
ratio (s +1)/(2¢q) in (2.9 a). Thus, when m = 2, we have an indirect proof that

1
Jow wir dy w¢f dy _ — A\ Jov w [L§ + (Ar)*] wPdy
fRN Jan w?dy
The inequality (2.31) gives a bound on 79 and Ag. From this inequality we now obtain an explicit lower

bound on \?. Substituting (2.5) for x into (2.31), we calculate that

>0, for any Ar>0. (2.32)

2
7o (,0)2 2q7o 0\2 2 _2q
— (A]) ———= () C <0 = —— — 1)>0. 2.33
/L2(I) ,u(p—l)Q(I) Npt+C <0, ¢ p—1 (s+1)> ( )

Let h(7o) denote the left-hand side of (2.33). Clearly, h(0) > 0, and h(79) — +00 as 19 — oco. Thus, we require
that A9 be sufficiently large to ensure that h(rp) has two positive roots 74, with h(m9) < 0in 7— < 70/p < T4.
Solving the quadratic inequality in (2.33), we obtain the following more explicit bound:

Lemma 2.5: Assume that m =2 and 1 <p <1+ 4/N. Let ( and Cnp be as defined in (2.88) and (2.30),

respectively. Then, the critical values 7o and X9 > 0 satisfy,

Clp — 1)2 70
N> 2 T < =<7y, 2.34 a
12N L ST ( )

where
2
_ qCN,p < qCN,p ) C2

Ty = + - —. 2.34b
(p—1) (p—1) (A9)? (2340)

Another bound on these critical values is readily obtained from (2.18). Multiplying (2.18 a) by ¢o and
(2.18 b) by ¢, we subtract the resulting two equations to get

)\? /RN |¢o|2dy — Im [X( (IRN weo dy) (f]RN wp¢0dy)‘| Ix(70A0)] |/ w(bodyH/ wPdodyl. (2.35)

Jpn w2dy Jon widy
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Using the Cauchy-Schwartz inequality, and a simple bound on |y|, we get

f]RN w2p dy>1/2 - 2(] (fRN w2p dy>1/2
Jpn w2 dy (s+1) \ fpn w?dy '

The bounds in (2.34) and (2.36) will be evaluated in the next section after we compute the values 79 and

X! < [x(roho)| ( (2.36)

AY numerically.

3 Numerical Computations of the Spectrum

In this section we give some numerical results for the spectrum of (2.3) as 7 is varied. Since the stability
results depend only the ratio 7/u, we will set g =1 in the remainder of the paper.

We first formulate the problem for the eigenvalues of (2.3) and introduce some notation. Let g(\) be
defined by

_shltTA _ Jav o dy
g =TI , T =

where 1 satisfies (2.6). By repeating the analysis of (2.6)—(2.8), this time for any m > 1, it follows that

: (3.1)

the nonzero eigenvalues of (2.3) and the roots of g(A\) = 0 coincide exactly. We separate (3.1) into real and

imaginary parts by writing

g9 =gr +igr, I =rr+ifr, A= Ar+iAr, Y =v¢r+ir. (3.2)
This gives
s+ 1+7Ap fRN wm_ledy
A)=—— — A AN="F"——""+ 3.3
an() = T fnO), ) = S (3:30)
oy Jen w™ M dy
A)=——fr(A AN=—rp— ——— 3.3b
O L e (330)
From (2.6), the functions g and v¥; are radially symmetric solutions to
Lotyr = Artor — Ar¢pr +w?; Lotr = Artpr + A1¢r, (3.4)

with ¢ — 0 and ¢¥; — 0 as |y| — oco.

In the computations below, we determine the number of zeroes of g(\) in the right half-plane by calculating
the winding number of g over the counterclockwise contour composed of the imaginary axis —¢R < Im\ < iR
and the semi-circle I'g, given by |[A| = R > 0, for —7/2 < arg\ < n/2. Assuming that 7 is chosen so that
there are no zeroes of g(A) on the imaginary axis, we let R — oo and use the argument principle to determine
the number of zeroes of g(A) in the right half-plane. A related approach to determine the stability of a spike
for the Gray-Scott model in one spatial dimension was used in [7]. In [7], the winding number was used in a
rather different manner, namely to count the number of eigenvalues in the neighbourhood of the origin. We
use it here to determine the number of eigenvalues in the right-half plane for 7 > 7.

The function g(A) in (3.1) is analytic in the right half-plane, except at the simple pole A = vy > 0, where
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\(p,gm,s)| N| 7 | Vi | (2.34a) (lower) | (2.36) (upper) |
(2,1,2,0) 1 0.771] 1.238| 1.200 2.484
(2,1,2,0) 2 0.561| 1.593| 1.500 3.230
(2,1,2,0) | 3 | 0.373| 2.174| 2.000 4.519
(3,2,2,0) | 1| 0.304| 2.859| 2.667 5.842
(3,2,2,0) | 2 | 0.150| 4.477| 4.000 9.849
(4,2,2,0) | 1| 0.149| 2.525| 2.143 6.628

Table 1. Numerical values for 79 and \? for different exponent sets (p, ¢, m, s) and dimension N. The last
two columns are the lower and upper bounds on A} predicted by (2.34 a) and (2.36), respectively.

Vo is the unique positive eigenvalue of the local operator Ly (see Theorem 2.1 above). For any 7 > 0, it is

clear from (3.1), that since |f(A)| = o(1) on I'g as R — oo, the change in the argument of g over I'p as

R — o0 is simply 7. Thus, using g(A) = g(A), and assuming that there are no zeroes of g(\) on the imaginary
axis, the argument principle gives the following formula for the number M of eigenvalues of (2.3) in the right
half-plane Re(A) > 0:

3 1
M= 3 + ;Ap,g, where Ar,g = [argg]p, , T>0. (3.5)

Here [arg 9]1“1 denotes the change in the argument of ¢ along the semi-infinite imaginary axis I'y = ¢y,
0 < A7 < 00, traversed in the downwards direction.

In the numerical computations below, we will only consider exponent sets (p, g, m, s) that were typically
chosen in previous modeling of the GM model (cf. [8], [10], [15], [16]). We always assume that the exponent
set satisfies (1.2). We further categorize the exponent set and dimension N as being of Type 1 if they also
satisfy the conditions of Theorem 2.3. Data is referred to as being of Type 2 if it satisfies (1.2) and either
m#2orp>1+4/N. Type 1 data is considered below, and Type 2 data is examined in §4.

3.1 TypelData: m=2,1<p<1+4/N

We first use the boundary value problem solver COLSYS [1] to compute the ground state solution w satisfying
(2.2) and the principal eigenpair ¢;o and vy of the local operator Lo, defined in (2.3 ¢).

To determine the critical values of the parameters for which (2.3) has eigenvalues on the imaginary axis,
we set Ag = 0in (3.1)—(3.4) and compute the point 7 = 79 and A = iA} > 0 for which g(\) = 0 has a root. To
do so, the system (3.4) for ¢ and 1; is solved using COLSYS and Euler continuation in the parameter Ap,
starting from the initial point A\; = 0, where an initial solution ¥ = ﬁ and ¥; = 0 is known. Theorem 2.3
guarantees that gr = 0 has a unique root A}, independent of 7. This root is first bracketed using a bisection
technique, and then solved for accurately using Newton’s method. Substituting this value of A; into gy =0
of (3.3b), we obtain the unique value 79. By Theorem 2.3, 79 > 0.

In Table 1 we give some numerical results for 7o and \?, accurate to three significant digits, for different

exponent sets (p,q,m,s) and dimension N. The lower and upper bounds on A} predicted in (2.34 a) and
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(2.36), respectively, are given in the last two columns of this table. From this table we note that the lower
bound (2.34 a) for \Y is actually quite close to the numerically computed value. For the exponent set (2, 1,2,0)

we use the value of A} in Table 1, to calculate the bounds (2.34 b) on 7y. We obtain,
0.63<7<1.04, (N=1); 044<75<0.89, (N=2); 024<7 <051, (N=3). (3.6)

These bounds are reasonably narrow, but have the deficiency that they require knowledge of A\9. For this
exponent set and for N = 1,2, 3, in Fig. 2(a) and Fig. 2(b) we plot the real and imaginary parts of ¢ at the

critical point 79 and 9.

() ¥r (b) ¥r

FIGURE 2. Plots of ¥r and 7 at A\ = A} and 7 = 79, for the exponent set (p,q,m,s) = (2,1,2,0). The solid curves
are for N = 1, the dashed curves are for N = 2, and the heavy solid curves are for N = 3.

Before computing the number of zeroes in the right half-plane using (3.5), it is convenient to display
some of our computational results graphically. For the exponent set (p,q,m,s) = (2,1,2,0) with N = 3, in
Fig. 3(a) we plot the graphical construction of the determination of a unique root to gg = 0. In this figure
we plot fr as a function of A;, and we show the constant value (s + 1)/(2¢). In the proof of Theorem 2.3,
it was shown that fr(0) =1/(p—1) > (s +1)/(2q), fr tends to zero as A\ — oo, and fr is monotonically
decreasing for A\; > 0 (see (2.16)). Thus, there is a unique intersection point at some value A\?. At this point
gr = 0. In Fig. 3(b) we plot the graphical construction of the root of g; = 0. In this figure we plot f; as a
function of A; together with the straight line 79A;/(2¢). The value 7 = 7y is chosen so that this line and the
curve fr intersect at A}. In the proof of Theorem 2.3, we concluded that f; > 0 for A\; > 0, with f;(0) =0
and fr — 0 as A\; — co. However, we do not have a proof that for any Type 1 data f; has a unique maximum
point such as that shown numerically in Fig. 3(b) for the exponent set (p, ¢, m,s) = (2,1,2,0) with N = 3.
Fortunately, we do not need a detailed knowledge of the behaviour of f; in order to calculate the number of
zeroes in the right half-plane using (3.5).

We now determine the number of eigenvalues of (2.3) in the right half-plane as 7 is varied. Let Ar,g be
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1.00 - B
1
....................................................... i 0.75 - -
0.50 - ,
- \\ '
1 0.00 © 1 1 L
7.5 10.0 0.0 /\?2 5 5.0 7.5 10.0
Ar
(a) fr (b) f1

FIGURE 3. Plots of fr and fr versus A; for the exponent set (p,q,m,s) = (2,1,2,0) with N = 3. The horizontal
dashed line in the leftmost figure is the value (s + 1)/(2q), which intersects fr at A = 2.174. At this point gr = 0.
The critical value 7 = 79 = 0.373 is chosen so that the dashed line in the rightmost figure with slope 7/(2¢) intersects
fr at A = A9. At this point, g = 0.

the change in the argument of g along the semi-infinite imaginary axis A\; > 0 traversed in the downwards
direction. It is easy to calculate Ar,g as 7 is varied, and then determine the number M of eigenvalues of
(2.3) in the right half-plane using (3.5). We obtain the following result:

Lemma 3.1: Assume thatm =2 and 1 < p < 1+44/N. Then, for all T > 7¢ there are exactly two eigenvalues
of (2.3) in the right half-plane Re(\) > 0. Alternatively, for all 7 with 0 < T < 7o there are no eigenvalues
of (2.3) in the right half-plane.

The proof of this result is easy using the formulae for g and g; with Az = 0 in (3.3). From the proof of
Theorem 2.3, gg = 0 has a unique simple root at A > 0, with gg > 0on Ay > A% and gr < 0on 0 < Ay < A,
Note that gr is bounded as A\; — oo. For any 7 > 0, g1 — 400 as A — 00. Hence, the starting point for the
argument is tan~!(gr/gr) — 7/2 as A\; — +oo. At A; = 0, we have gr < 0 and g; = 0. Thus, the ending
point for the argument is on the negative real axis in the g7, gr plane. Since gg = 0 only at A}, we must
determine the sign of g; at this point. Using (3.3 b) with Az = 0, we calculate g; = (7 — 79)A? at A\; = A0,
Hence, for any 7 with 0 < 7 < 79, the crossing of the imaginary axis occurs in g; < 0. This implies that
Ar,g = —37/2, and from (3.5) we get M = 0. Alternatively, for any 7 > 79, gr > 0 when gr = 0. Thus,
Ar,g = 7/2, and from (3.5) we get M = 2. Since there are exactly two eigenvalues with Re(\) > 0 when
T > Ty, either they are both real and positive, or else they are complex conjugates with positive real parts.
This completes the proof of Lemma 3.1.

The formula g; = (7 — 79)A? at A\ = X} where gg = 0 also shows a strict transversality condition as 7
crosses through 7y. Thus, we can conclude that there is indeed a Hopf bifurcation at 7 = 79 and A; = )\?.

Next, we track the roots of g(A) = 0 as they enter the right half-plane. To do so, we solve the system (3.4)
using COLSYS, and then determine the zeroes of g(\) in (3.1) using Newton’s method at each 7 > 7. Using
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Euler continuation, we then determine the path A\(7) = Ag(7) + iA;(7) as 7 is increased past 79. We also
followed this path into the left half-plane as 7 is decreased below 7. Eventually as 7 < 7y became sufficiently
small, our Newton iteration scheme failed to converge. We speculate that this is a result of a complicated
branching structure of the eigenvalues in the left half-plane when 7 is small originating from the continuous

spectrum along the segment Ay =0 and A\p < —1.

7 2.5
4 2.0
15
1.0
7 0.5

o oo Ar 00

oo ~05 vy |
71_0 -
h -1.5 4
8 —2.0 1
1 —25 4
Il 1 L L
15 2.0 L5 20 25
(a) N=2 (b) N=3

FIGURE 4. Plots of the path of A = Ag + i\, and its conjugate, for (p,q,m,s) = (2,1,2,0) with N =2 and N = 3.
The arrows indicate the direction of increasing 7. The complex conjugate pair merge onto the real axis at A%. One
eigenvalue then tends to the eigenvalue vo > 0 of Lo as 7 — oo.

For the exponent set (p,q,m,s) = (2,1,2,0), in Fig. 4(a) and Fig. 4(b) we show this path in the complex
plane for N = 2 and N = 3, respectively. The results show that the complex eigenvalue and its conjugate
merge at a point )\% on the positive real axis at some value 7.. Then, for 7 > 7, the eigenvalues remain along
the real axis with the larger eigenvalue tending to vy as 7 — oo, and the smaller eigenvalue tending to zero
as 7 — oo. In Fig. 5(a) and Fig. 5(b) we plot the real and imaginary parts of the eigenvalue with positive
imaginary part on the interval 7 < 7, for N = 2 and N = 3, respectively. This type of path in the spectrum
is very similar to what was shown for the Gray-Scott model in one spatial dimension in [6] and [7].

To determine the criteria for eigenvalues of (2.3) on the real axis, we set Ay = 0 in (3.1)—(3.4). The

eigenvalues on the real axis are the roots of gg(Ag) = 0, which gives

s+ 1+7Ar fRNw'@[JRdy
—_— = AR) = —F————. 3.7
= ) = (3.74)
Setting Ay = 0 in (3.4), we calculate
Yr = (Lo — Ag) " w”. (3.70)

Therefore, fr — +00 as Ag — 1, , where 1y > 0 is the principal eigenvalue of Lg. Thus, gr = 0 on the
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2.00 T T T 2.50 T ]
150 - 8 2.00 | ]
1.00 N 1.50 F i
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AR, Ar 050 |- — Tl . AR, A\ P
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(a) N=2 (b) N=3

FIGURE 5. Plots of Ar (solid curve) and A; > 0 (dashed curve) versus 7 on the interval 7 < 7. for the exponent set
(p,q,m,s) =(2,1,2,0) with N =2 and N = 3. Note that A\rx = 0 when 7 = 79 and as 7 — 7, we have \; — 0 and
Ar — A%,

interval 0 < Agr < 1y when
1

T=E(A\R), where  E(\g) = py 2qfr(Ar) — (s +1)] . (3.8)
We can use (2.4) and (3.7 b) to calculate that fr(0) = 1/(p — 1). Hence, from condition (1.2) on the exponents,
E — 400 as Ag — 0. Also E — +00 as Ag — v, . The function E is continuous on 0 < Ar < 1. For the
exponent set (p,q,m,s) = (2,1,2,0), in Fig. 6(a) and Fig. 6(b) we plot the numerically computed function
E(AR) on the interval 0 < Ag < vy for N =2 and N = 3, respectively. The value of 7 at which the complex
conjugate pair of eigenvalues hit the real axis is obtained from the minimization condition

T.= min E(\g). (3.9)

0<ARr<Vo

The inequality 7. > 0 follows immediately since 7. > 79 and 79 > 0 from Theorem 2.3. Hence, E(Ag) > 0
on 0 < Ar < 1. In addition, since we proved in Lemma 3.1 that there are exactly two eigenvalues in the
right half-plane for each 7 > 7y, and since £ — +o00 as Ag — 0 and as Ar — v it follows that there must
be exactly two roots to 7 = E(Ag) for each 7 > 7.. This implies that for Type 1 data, the function E(Ag)
must have exactly one minimum point at some )\%, and no other local maxima or minima. Thus, once the
complex conjugate eigenvalues have merged onto the real axis at A% when 7 = 7., they must remain on the
real axis for all 7 > 7.

We use a bisection algorithm to locate the critical values 7 = 7. and A = )\% numerically. The results,
accurate to three significant digits, are given in Table 2.

For each 7 > 7., there are two eigenvalues along the positive real axis. For 7 > 1, there is one eigenvalue
with A = O(1) and another with A = O (1/7). The eigenvalue with A = O(1) will tend to v, as 7 — oo.



Hopf Bifurcation for the Shadow Gierer-Meinhardt Model 17

12.0 T

10.0 - \ /

8.0 \
E(AR) 6.0 \

4.0 - ~___ o -
2.0 .
00 L L 1
0.0 0.4 0.8 1.2
AR
(a) N=2

1.6

E(Ar)

9.0
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FIGURE 6. Plots of E(Agr) defined in (3.8) versus Ar on the interval 0 < Ar < 1o, where 19 > 0 is the principal
eigenvalue of Lo. The exponent set is (p, g, m, s) = (2,1,2,0) and N = 2 (leftmost figure) or N = 3 (rightmost figure).
In each case, F(Ar) has a unique minimum point at some A%, with minimum value 7, = E ()\%).

‘ (p7 q,m, 8) | N ‘ Te | )‘(1)? Vo ‘
(2,1,2,0) | 1| 4.560| 0.526] 1.25
(2,1,2,0) | 2 | 3.338| 0.691| 165
(2,1,2,0) | 3 | 2.189| 0.997| 2.36
(3,2,2,0) | 1| 1.800| 1.263| 3.00
(3,2,2,0) | 2 | 0.843] 2.204| 541
(4,2,2,0) | 1| 0471 1.826| 5.25

Table 2. Numerical values for 7. and )\% for different exponent sets (p, g, m,s) and dimension N. The last
column is the principal eigenvalue v of the local operator L.

The principal eigenvalue vy > 0 of the local operator depends only on p and N. Numerical values for vy,

computed to two significant digits, are given in the last column of Table 2.

We now derive asymptotic formulae for the eigenvalues and their corresponding eigenfunctions in the limit

7 — o0. Since the validity of these formulae does not depend on m, we will for the moment consider any

m > 1.

The eigenvalue A\s tending to zero as 7 — oo, and its corresponding eigenfunction s, are expanded as

Bo , B

A=A~ 2y
T T

wR:wstSO"'

1/151

T

o (3.10)

Substituting this expansion into (3.4) with A; = 0, we collect powers of 1/7 to get

Lothgg = w?,

Los1 = Boso

s+1+80  Jan 0™ s dy

qam

qm

f]RN w™ dy
B _ Jen " Yo dy
Janwmdy

) (3.11 a)

(3.11b)
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Using (2.4) for Ly w and Ly "w?, we readily calculate that

w ﬁo w 1 ’
s :—7 s = —— - . 3.12
Vso ] PYs1 p_1<p_1+2pw> (3.12)

An equation for 3y is obtained by substituting o into the integral in (3.11 a). Solving this equation, we get

Bo=C¢, (3.13)
where ( is defined in (1.2). Finally, substituting 14; given in (3.12) into the integral in (3.11 b), and integrating
the resulting expression by parts, we get

o N m/d
8 = gm¢ |1 1 0 P (f” )dp\| _gm¢ [ 1 N _ (3.14)
p—1|p—1 2m\ [~ pN"twmdp p—1llp—1 2m

Therefore, a two-term expansion for the eigenvalue on the real axis with Ag = O (1/7) as 7 — oo is

¢ qgm( 1 N

ASN;+m|:I?1_%:|+ t (3.15(1)
w ¢ w 1

¢5Np—1+7(p—1) <p_1+§pw>—|—-~-, (3.15b)

where ( is given in (3.13).

Next, we consider the eigenvalue Ap with Ag = O(1) as 7 — oo. Since this implies that gr(Ag) is
unbounded as 7 — oo, this eigenvalue must be close to the eigenvalue vy > 0 of the local operator Ly. This
eigenpair, denoted by A, and 3, is expanded as

)
)\R:)\bN(SO‘F?l—F"'; YR =Yy ~ TVo + Yp1 + - . (3.16)

Substituting (3.16) into (3.4) with A; = 0, and collecting powers of 1/7, we obtain
Lowo — doteo = 0 Lothp1 — dotber = 1900 + w” . (3.17)

Thus, dg = vg > 0 and ¥y = Agdig, where Ay is an unknown constant. Here ¢y is the principal eigenfunction
of the local operator Lg (see Theorem 2.1). We may assume that ¢;o is normalized so that I]RN ¢120 dy = 1.

Then, the solvability condition for the equation for ¥ in (3.17) determines §; as

5 = —Ao_l/ wP o dy . (3.18)
RN

To determine Ay, we substitute (3.16) into (3.3 a) to locate a root of gr = 0. Collecting the O(7) terms,

and then substituting dg = v and ¥y = Ao into the resulting expression, we obtain an equation for Ag.

) fRN w™ dy )
A= — | —————— ] . 3.19
T gm <fRN wm Ly dy (3.19)

In this way, we obtain the following two-term expansion for the eigenpair with Ag = O(1) as 7 — oo:

Solving this equation, we get

1
)\bwuo——/ wP¢ody + -+ ; Wy ~ TAopo + Vp1 + -+ . (3.20)
AOT RN
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Here Ay is defined in (3.19).

For the exponent set (p,q,m,s) = (2,1,2,0) with N = 2, in Fig. 7(a) and Fig. 7(b) we compare the
numerical values for Ay and As with the corresponding asymptotic results (3.20) and (3.15). These figures
show a clear agreement between the asymptotic and numerical results even for only moderately large values

of 7.

1.8 T 0.7 T

Ab

FIGURE 7. Plot of the large eigenvalue Ar = A\p (leftmost figure) and the small eigenvalue Ar = As (rightmost figure)
that are along the real axis for 7 > 7.. The dashed lines are the asymptotic approximations for A, and A, for large 7
given in (3.20) and (3.15), respectively. The exponent set is (p,q,m,s) = (2,1,2,0) with N = 2.

4 Type 2 Data:m #2o0rp>1+4/N

We begin by looking for a Hopf bifurcation point on the imaginary axis. Setting Az = 0 in (3.3) and (3.4),

the possible bifurcation points are roots of gg = gy = 0, where

-1
s+1 ~ Jen wm 1L [L% + /\ﬂ wP dy
gr(Ar) = o fr (A1), fr(Ar) = Toxwr dy , (4.1a)
—1
_ TN _y Jen T LG+ ] wPdy
91(A) = P frN) . (A=A Tox o dy . (4.1b)

To get some insight into the difference between Type 1 and Type 2 data, we calculate the behaviour of

frand fr as Ay — 0. For A\ — 0, we use (2.4) to get

Jon W™ Ly PwP dy o M |1 1 J PN @™ dp
A1) =\ +0(\}) = — | | [ +O0(\}). (42
fl( I) I fRNwmdy ( I) p_l p_l 2m fO pN—lwmdp ( I) ( 0,)
Calculating the integral in (4.2 a) explicitly, and then substituting the result into (4.1 ) for g7, we obtain
A
gr = —I[T—T*]—I—O(/\?) , for Ar <1, (4.2b)
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This expression shows that fr(0) < 0 when p > 14 2m/N. By continuity, the inequality f; < 0 must hold

where

on some interval near A\; = 0. On this interval, g; > 0 for any 7 > 0 when p > 14 2m/N. This suggests that
for Type 2 data it is possible that 79 < 0. More specifically, 70 < 0 if gr = 0 has a unique root at A} > 0
where fr < 0.

The local behaviour of fr as A\ — 0 is more difficult to calculate. Using (2.4) and (4.1 a), we calculate

¢

gr=——
am

+ kAT + 0 (A]) for Ar <1, (4.3 a)

where ( is defined in (1.2), and

1 e LG [+ Sow'| dy
Re =
p—= 1 fRN w™ dy

In general, the sign of k. is difficult to determine. There are two important cases where the sign of k. is

(4.3 )

known. When m = 2, the proof in §2 that fr(A;) is monotone decreasing shows that we must have k. > 0.
Next, suppose that m = p+ 1. In this case, we can integrate by parts in (4.3 b) and then use (2.4) for Lo_lwp
to evaluate the resulting expression. In this way, we obtain
Fe = 7(]9057{0)2 [p%l - %] , for m=p+1, (4.3¢)
where Cn, > 0 is defined in (2.30). Therefore, k. > 0if m =p+1and 1 < p < 1+4/N. Alternatively, when
ke < 0, it follows that fg is an increasing function for A\; small.
If 7 < 0, the discussion leading to the formula (3.5) for the number of zeroes in the right half-plane requires
modification. Assume that 7 is such that there are no zeroes on the imaginary axis. For 7 < 0, it is clear
from the formula for g(\) in (3.1) that the change in the argument of g over the semicircle ' as R — oo is

now —m. In place of (3.5), we then obtain the following formula for the number M of eigenvalues of (2.3) in
the right half-plane Re(A) > 0:

1 1
M = 3 + ;Apfg, where Ar,g = [argg]r, , T<0. (4.4)

Again [arg 9]1‘1 denotes the change in the argument of g along the semi-infinite imaginary axis I'; = i\p,
0 < A; < o0, traversed in the downwards direction.
If we assume that gr = 0 has exactly one root, then the results obtained earlier for Type 1 data also
largely apply to Type 2 data. The following lemma is a simple generalization of Lemma 3.1.
Lemma 4.1: Suppose that there is exactly one root A9 > 0 to gr = 0 on A\; > 0, where gr is defined in
(4.1a). Let T be the unique root to gr = 0 in (4.1b). Then, if 19 > 0 and 0 < 7 < 79, there are no eigenvalues
of (2.3) in the right half-plane. If T > 1o there are exactly two eigenvalues of (2.3) in the right half-plane.
The proof is simple except that now we have to allow for the possibility that 79 < 0 and 7 < 0. Suppose
first that 79 > 0. Then the key properties of gr and gy needed in the proof of Lemma 3.1 still hold. Namely,
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for any 7 > 0, we have gr > 0 and g; > 0 for A; sufficiently large, with g;/gr — +00 as A\ — oo. Also,
gr < 0and gr =0at \; =0, and g = (T — 79)A\?/(gm) at the unique point where gr = 0. We then use the
criterion (3.5) to conclude that M = 2 and M = 0 when 7 > 79 and 0 < 7 < 79, respectively. Suppose that
70 < 0. If 79 < 0 < 7, the proof is contained above, so that M = 2. If 19 < 7 < 0, then g > 0 and g; < 0 for
A; sufficiently large, with g;/gr — —o00 as A\ — oo. The other conditions on gr and g; are the same. Thus,
Ar,g =7/2, and from (4.4) we get M = 2.

Under the key condition of Lemma 4.1, namely that gr = 0 has only one root on A; > 0, all of the
qualitative features of the dependence of A = Ar + iA; on the parameter 7 must be precisely the same as
for the case of Type 1 data discussed in §3.1. This condition on gg is the monotonicity condition mentioned
in §1. The complex conjugate pair of eigenvalues must merge onto the positive real axis when 7 = 7, where
AR = )\% > 0. However, here it is possible that 7. < 0. In place of (3.8), for 7 > 7., the two eigenvalues along

the real axis satisfy

1
T=FE(AR), where E(Ar) = = [mafr(Ar) — (s +1)], (4.5a)
R
and
Jaw w™ (Lo — Ap) ™t wP dy
f]RN w™ dy

Since fr(0) =1/(p — 1), and Lo is unbounded as Ag — 1, , we have E — +00 as Ag — 0 and E — 400 as

frR(AR) =

(4.5 )

Ar — 1 . The value 7. is is obtained from the minimization condition

T.= min E(\g). (4.5¢)

0<ARrR<vo

The sign of 7. depends on the data. Since, under the conditions of Lemma 4.1, there are only two eigenvalues
in the right half-plane when 7 > 79, and since E — +o00 at the endpoints of the interval (0, vp), there must
be exactly two roots to (4.5 a) for any 7 > 7.. This implies, indirectly, that E must have a global minimum,
with no other local maxima or minima. Thus, once the complex conjugate pair of eigenvalues have merged
onto the real axis, they can never leave the real axis for 7 > 7.. The asymptotic formulae (3.15) and (3.20)
for the behaviour of the eigenvalues on the real axis as 7 — oo hold for any m > 1.

We now give some numerical results. For the exponent set (p, g, m, s) = (4,2,2,0) we are guaranteed that,
since m = 2, gr = 0 has only one root. For the exponent set (p,q, m,s) = (3,2,3,1), we found numerically
that gg = 0 has only one root for N =1, N = 2, and N = 3. The numerical values for 79, )\?, Te, )\%, and
v, accurate to the decimal places shown, are given in Table 3. For the exponent set (p, ¢, m,s) = (4,2,2,0),
we see from this table that 79 < 0 for N = 2 and N = 3. In addition, 7. > 0 when N = 2, and 7. < 0 when
N = 3. This shows that when 7 = 0, the eigenvalue problem (2.3) for the exponent set (p, ¢, m, s) = (4,2,2,0)
has two positive real eigenvalues when N = 3, and a complex conjugate pair of eigenvalues with positive real
parts when N = 2.

It is easy to combine the local behaviours (4.2) and (4.3) to recover a result of [20]. Let ¢ be as defined
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‘(p7 q,m, 8)| N‘ 70 | )‘(I) ‘ Te ‘ )\9{ | 140
0.819 1.776 | 8.027 0.565 | 1.25
0.631 2.362| 6.184 0.751| 1.65

0.443 3.427| 4.383 1.064 | 2.36
0.666 2.121| 2.488 1.100| 3.00
0.361 3.741| 1.344 2.605| 5.41
0.122 9.241| 0.415 5.551| 15.29
—0.0193| 2.539| 0.0931 | 3.674| 13.23
—0.323 1.291| —.0838| 2.655| 144.18

NN WWWwwww
SO == O OO

WK WN - WN =
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~ s s s
AR wwwion
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Table 3. Numerical values for 79, A, 7., A%, and vq for different Type 2 data.

n (1.2). The main results in [20] are obtained under the assumption that ( — 0. Suppose, that k. > 0
in (4.3b). As remarked following (4.3 ¢), this condition is guaranteed to hold in two cases: (i) m = 2; (ii)

m=p+1land1l<p<1l+4/N. When k. > 0, there is a root to gg = 0 in (4.3 a) with
Xy~ (k) 2240 (¢) 0 c— ot (4.6)
Then, from (4.2 b), gy = 0 has a root near the origin when
T=7.+0(), (-0, (47)

where 7, is given in (4.2 ¢). From following the proof of Lemma 4.1, we conclude that a one-spike solution is
unstable when 7 > 7, + O(¢). This is the essence of Theorems B and C of [20] for the shadow system.

In conclusion, under the monotonicity condition that gg = 0 has only one root for A\; > 0, the qualitative
behaviour of the eigenvalues for (2.3) under Type 1 and Type 2 data for 7 > 7¢ is very similar. The key
difference is that for Type 2 data, 79 and 7. could be negative. When 74 < 0, a one-spike solution to (1.3) will
be unstable when 7 = 0. Recall that Theorem 2.2 above (cf. [24]), which gives sufficient conditions for the
stability of a spike solution to (1.3) when 7 = 0, does not apply to certain Type 2 data. Given an exponent
set (p,q,m,s) with m # 2 and dimension N, it is easy to verify numerically whether or not gr = 0 has only
one root. Although we do not have a proof that gr = 0 has only one root whenever m # 2, we have been
unable to construct a counter-example exhibiting a case where ggr = 0 has more than one root. This is an
open problem. If gr = 0 did have more than one root, then since fr — 0 as A\; — oo and gg < 0 at A\; =0,
it follows that there would be an odd number of roots to gg = 0, and hence an odd number of critical values

79 where a Hopf bifurcation occurs.

5 Numerical Simulations of Small and Large-Scale Oscillations

In this section we solve (1.3) numerically on a radially symmetric domain 0 < r < 1. For € < 1, a one-spike

equilibrium solution to (1.3) on the unit ball in N-dimensions is centred at the origin r = 0. From (2.1), it
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is given for ¢ < 1 by
1/[1+s—ym]

)~ ] b [ 1) [N ol dp | (5.1)
0
Here v = q/(p— 1), and w is to be computed from (2.2). In each of the computational experiments below,

we took the initial condition for (1.3) to be a localized perturbation of a.. The initial condition is
a(r,0) = [1 +0.02e7"/% cos (%r)} ac(r),  h(0) = he. (5.2)

With this initial condition, (1.3) is solved numerically using the NAG library [17] for various exponent
sets and dimensions N. The method of lines with 3000 meshpoints across the interval was used. The error
tolerance in the time-stepping was very strict. In each of the computations below we took ¢ = 0.05. To
illustrate the oscillatory behaviour we typically plot a,, = a(0,t), referred to as the amplitude of the spike,

as a function of ¢.

0.760
0.650 |- 4
0.740 ,\
ay, V70 ay, /\ /\
0.550 —
0.700
0.680 \/ \/
0.660 1 L ‘J Il 1
0.0 10.0 20.0 30.0 0.0 10.0 20.0
t t
(a) (p,g,m,s) =1(3,2,2,0) with N =1 (b) (p,q,m,s) = (4,2,2,0) with N =1

FIGURE 8. Plots of am versus ¢. In the leftmost figure 7 = 0.28 (solid curve) and 7 = 0.32 (heavy solid curve). In the
rightmost figure, 7 = 0.14 (solid curve) and 7 = 0.155 (heavy solid curve). For the left figure 7o = 0.304, and for the
right figure 79 = 0.149.

We first give a partial confirmation of the Hopf bifurcation predicted in §3 and §4. For the exponent set
(p,q,m,s) =(2,1,2,0) with N = 2, in Fig. 1(a) of §1 we plot a. and h., while in Fig. 1(b) we plot a, versus t.
From Fig. 1(b), we would anticipate that a Hopf bifurcation occurs somewhere in the range 0.53 < 7 < 0.58.
From Table 1, the theoretical value for the Hopf bifurcation is 79 = 0.561. Similar plots can be done for other
exponent sets. In particular, for N = 1, in Fig. 8(a) and Fig. 8(b) we plot a,, versus ¢ for the exponent sets
(p,q,m,s) =(3,2,2,0) and (p,q,m,s) = (4,2,2,0), respectively. For each exponent set, the plots are shown
for values of 7 on either side of the theoretical prediction for the Hopf bifurcation point 7. From Table 1,
70 = 0.304 and 79 = 0.149 for Fig. 8(a) and Fig. 8(b), respectively. This numerical evidence suggests that
the periodic solution initiated at 7 = 7¢ is unstable. It would be interesting to determine whether the Hopf

bifurcation is subcritical or supercritical.
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To illustrate the large-scale oscillatory dynamics under (1.3), we perform some numerical experiments
at different values of 7 for the exponent set (p,q,m,s) = (2,1,2,0) with N = 2. The form of the initial
instability depends on the value of 7 in relation to the critical parameters 7o = 0.561 and 7. = 3.338 given
in Table 1 and Table 2, respectively. In Fig. 9(a) we show for 7 = 3.5 > 7. there are no oscillations, and
am, — 0 as t increases. However, when 7 = 2.8 < 7, it is seen in Fig. 9(b) that the amplitude a,, has a
dramatic peak, which is localized in time, before it decreases. The initial instability is oscillatory, but this
feature is difficult to see from Fig. 9(b) owing to the large vertical scale. In Fig. 10(a), where we have taken
7 = 1.2, there is again a very large peak in the amplitude when ¢ ~ 15.5, with a,, — 0 after the peak. For
7 = 1.2, the initial instability of the spike profile is oscillatory due to the complex conjugate eigenvalues of

83, and the oscillation precedes the occurrence of the peak.

6.00 T T
I
8 \
|
4.00 - | .
il \.
A \
i \
2.00 T
15.0 O'000.0 5|0 10|.0 15 0 20.0
t
(a) =35 (b) 7 =28

FIGURE 9. Plots of arm, versus t for (p,q,m,s) = (2,1,2,0) and N = 2. For this data set 7o = 0.561.

In an attempt to qualitatively explain these figures, it is convenient to make a change of variables in (1.3).

Substituting a = h7v into (1.3), we obtain the following coupled problem for h and wv:

h
vt:52Av—{1+7#]v+vp, x e, (5.3 a)
ht _ —Ni1¢ m
T—=—-14¢"h v™dx . (5.3b)
h Q

Here ¢ > 0 is defined in (1.2), and € is the unit ball in R, with ,,v = 0 on 99Q. Notice that if v is localized,
we have eV [(v™dx = O(1) as ¢ — 0. We define vy, by vp = v(0,). In order to compress the vertical
scale, in Fig. 10(b) we plot log,o(1 + v,,) and log,(1 + a,,) versus t.

To motivate the discussion below, we first consider the stability of spatially homogeneous equilibrium
solutions of (5.3). Since ¢ > 0 in (5.3 b), it is clear that the zero solution v = 0 and h = 0 is stable when

7 > v and is unstable when 0 < 7 < . Next, consider the nontrivial spatially homogeneous equilibrium
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(a) am versus t (b) log;o(1 + am) and log;o(1 + vpm) versus t

FIGURE 10. Plots of am, versus t for (p,q,m,s) = (2,1,2,0), N = 2, with 7 = 1.2. In the leftmost figure we plot anm,
versus t, and in the rightmost figure we plot log,,(1 + am) (dashed curve) and log;,(1 + vm) (solid curve) versus t.
For this data set 79 = 0.561.

solution v = v,, and h = h,,, given by

N 1/¢
Uy = 1; hy = <—> . (5.4)
€
Substituting v = v, + e*¢ and h = h, + e*n into (5.3), where ¢ < 1 and 1 < 1, we obtain the eigenvalue
problem
A d
SAG+ (p—1)p = A+ N Jaddr. (5.5)
TA=C |9

with Neumann boundary conditions for ¢. If fQ ¢dx # 0, there is an eigenfunction ¢ = ¢, where ¢ is a

constant. The corresponding eigenvalue \g satisfies,

T s+1
— M+
p_1o* O{p—l

—T]+g:o. (5.6)

Since ¢ > 0, Re(A\g) < 0 only when 0 < 7 < (s+1)/(p — 1). This condition on 7 is precisely the criterion
for the stability of spatially homogeneous steady-states of (1.1) in the absence of any diffusion (¢ = 0 and
D = 0in (1.1)). Next, suppose that [, ¢ dz = 0. Then, the corresponding eigenvalues are \; = (p—1) —e?z7,
where z; > 0 for j > 1 are the eigenvalues of the Laplacian. Hence, for ¢ < 1, A; > 0. Therefore, v, and h,,
is always unstable for any 7 > 0. Thus, of the class of spatially uniform solutions, only the zero solution is
stable when 7 > 75 = . For (p,¢,m,s) = (2,1,2,0), we have 75 = 1.

We now give a very rough idea of the mechanism for the sudden peak formations in a,,. In Fig. 10(b)
we notice that v,, has a sharp increase before the dramatic peak in a,,. Suppose that v = O(1) in (5.3),
with h sufficiently small so that hy/h = —1/7. Then, since v = O(1), the v? term in (5.3 a) will result in a
dramatic increase in v,,. If v was spatially uniform as in (5.4), the local growth rate would be A =~ (p — 1)

as discussed in the previous paragraph. The instability here should be qualitatively similar. However, the
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dramatic increase in v is self-limiting, since when v is too large the integral term in (5.3 b) dominates and
h¢/h becomes strongly positive. A strongly negative coefficient for the linear v term in (5.3 a) then dominates

the vP term, allowing v to decrease.

0.08 |- .
logyg

(a) interval 0 < ¢t < 50 (b) interval 35 < t < 50

FIGURE 11. Plots of log,(1+ am) (dashed curve) and log,, (14 vm) (solid curve) versus ¢ for (p,q, m,s) = (2,1,2,0),
N = 2, with 7 = 0.8. In the rightmost figure our plot is only over the range 35 < ¢t < 50 (after the peak in ap).
Notice that v, starts increasing even after the peak. For this data set 7o = 0.561.

In Fig. 11(a) we plot log;o(1 + ay,) and log;q(1 + vy,) for the case 7 = 0.8. The initial instability is
oscillatory since 79 < 7 < 7. In this case, on the interval 0 < ¢ < 50, a,, has two pronounced peaks. As
in Fig. 10(b), v,, has a sharp increase before each peak of a,,. In Fig. 11(b), where we plot the data in
Fig. 11(a) only on the interval ¢t > 35, we show that v, first decreases after the second peak, but then starts
increasing yet again. This is because the zero solution v = 0 is only stable when 7 > 74 = 1. Alternatively,
for the case 7 = 3.5, 7 = 2.8, and 7 = 1.2 in Fig. 9(a), Fig. 9(b), and Fig. 10(a), respectively, we have verified
numerically that v,, — 0 as t — oco. However, when 7 = 0.8, there are no stable spatially homogeneous
steady-state solutions and the equilibrium one-spike solution at the origin is unstable. For this value of 7, it
is unclear what the global attractor is for the dynamics. We might expect some type of large-scale oscillatory

motion that persists in time.

Similar type of small-scale scale oscillations for 7 =~ 7. and large-scale behaviour for 7. < 7 < 75 occur
for other parameter sets. Consider now the case N = 1 for the same exponent set (p,q,m,s) = (2,1,2,0).
For this data set, 79 = 0.771, 7, = 1, and 7. = 4.560 (see Table 1 and Table 2). In Fig. 12(a) we show that
small-scale oscillations grow when 7 = 0.8 and decrease when 7 = 0.75. In Fig. 12(b), where 7 = 0.95, we
have a large-scale oscillatory motion in the spike amplitude a,,. For 7 = 0.95, the uniform solution v = 0
is unstable. In Fig. 13(a), where 7 = 1.5, small-scale oscillations precede one dramatic peak in a,,, with

vm — 0 after the peak. In Fig. 12(b) and Fig. 13(a), the plots are done on a logarithmic scale. In contrast,
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in Fig. 13(b), we plot a,, versus ¢ for 7 = 5.0. Since 7 > 7., the initial instability is not oscillatory. After a

very small peak in a,,, the amplitude a,, decreases to zero as t increases.
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(a) 7=0.8 and 7 = 0.75 (b) 7=10.95

FIGURE 12. In the leftmost figure we plot a., versus ¢ for 7 = 0.75 (solid curve) and 7 = 0.8 (heavy solid curve). In
the rightmost figure we plot log,(1 + am) (dashed curve) and log,,(1 + vim) (solid curve) versus ¢ for 7 = 0.95. The
parameters are (p,q,m,s) = (2,1,2,0) and N = 1, for which 7o = 0.771.
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FIGURE 13. In the leftmost figure we plot log,(1 + am) (dashed curve) and log,,(1 + vm) (solid curve) versus ¢ for
7 = 1.5. In the rightmost figure we plot a, versus ¢ for 7 = 5.0. The parameters are (p,q,m,s) = (2,1,2,0) and
N =1, for which 79 = 0.771.

6 Conclusions

In this paper we have analyzed the onset of oscillatory instabilities for a one-spike solution to (1.3) as a

function of the reaction-time constant 7, the dimension N, and the exponent set (p,q,m,s). For Type 1
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data, where m = 2 and 1 < p < 1+ 4/N, we have given a precise theoretical characterization of the
spectrum of the linearized problem, and we have used numerical methods to compute the Hopf bifurcation
values accurately. For Type 2 data, where m # 2 or p > 1+ 4/N, our numerical results indicate a similar
bifurcation behaviour. However, our theoretical results for Type 2 data are weaker than for data of Type 1.

In particular, a key open problem for Type 2 data is to prove a strict transversal crossing condition that
states that a complex conjugate pair of eigenvalues can only cross from the left to the right half-plane
as 7 increases. Such a condition, which is certainly suggested by our numerical results, would guarantee
theoretically that there are exactly two eigenvalues in the right half-plane for any 7 > 9. Our results in §3
have proved such a transversal crossing condition for Type 1 data.

Another open problem, for either Type 1 or Type 2 data, is to analyze the local behaviour near the Hopf
bifurcation point to determine whether the bifurcating branch is subcritical or supercritical.

In §5 we gave a very rough idea of the qualitative features associated with large-scale dynamics, well
beyond the onset of the instability, under the shadow GM model (1.3). An interesting open problem is to
characterize precisely the large-scale oscillatory motion observed in the range 790 < 7 < 75 = ¢/(p — 1),
where both the spike and the zero solution are linearly unstable. A precise analysis of the stability of the
degenerate zero solution would also be of interest. Finally, an extension of our basic approach could possibly
be used to analyze oscillatory spike dynamics associated with the full GM model (1.1) with a finite D. For

the one-dimensional case, such stability results are given in [23].
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Appendix A The Proof of Lemma 2.4 of §2

In this appendix, we prove Lemma 2.4. Although this has been proved in Lemma 5.1 of [24], we include a
proof here for the convenience of the readers.

We first assume that the strict inequality 1 < p < 1 4 4/N holds. Let v be any real function with
v € HY(RY). Define the operator L; by

Liv=Lov—(p—1) <M>wp_<p_1> (M)w

fRN w2 dy fRN ’LU2 dy
Y (p-1) (fan wPtt dy) (fRA;wv dy) y (A.1)
(fRN w? dy)

Here Ly is defined in (2.3 ¢). The operator L; is clearly self-adjoint. Denote the kernel of L; by X;. In the
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first part of Lemma 5.1 of [24], it was proved that

X1 = span{w; Ow ,j=1,.,N}. (A.2)

dy;
Lemma 2.4 of §2 reduces to showing that [,y vLivdy <0 for any v € HL(RN).

We proceed by contradiction. Suppose Lemma 2.4 is false. Then, there exists a pair (a, ¢) such that: (i) «
is real and positive; (ii) ¢ L X7 ; (ili) L1¢ = a¢. We show that this is impossible. From (ii), (iii), and (A.1),

we have

(to =)o = -1 (B2 (A3

We first claim that [,y wP¢dy # 0. In fact, if [y wP¢dy = 0, then o > 0 is an eigenvalue of Lo. However,
by Theorem 2.12 of [14], written in §2 as Theorem 2.1, there is only one positive eigenvalue of L, labeled
by vp, and the corresponding eigenfunction is radially symmetric and has one sign. This contradicts that
# L X;. Therefore, Ly — « is invertible in Xi-, and from (A.3)

Jax WP dy
fR ~ w2 dy
Multiplying (A.4) by wP and integrating, we get

wPody = (p— Jry WP dy (Lo —a)  w|wPdy. (A.5)
/. - () [ Ll

Jpn w2 dy

o= ) - (A.4)

In (A.5) we use Low = (p — 1)w?, and cancel the common factor, to obtain

/RN w?dy = (p—1) /]RN [(LO —a)! w} wP dy = /RN [(Lo —a)_lw} [(Lo — @) w+ aw] dy. (A.6)

We then integrate by parts in (A.6) to get
0= / [(Lo—a)flw} wdy. (A.7)
RN

Define h;(a fRN [ (Lo — ) } w dy to be the right-hand side of (A.7). The contradiction is established
by showing that hi(a) cannot vanish.

Set a = 0 to get h1(0) = [on (Lo_lw) w dy. Using (2.4) for Ly 'w, we integrate the resulting expression for
h1(0) by parts, to get

hl(o):(p%l—g) /RNw2dy>o, (A8)

since 1 < p < 1+ 4/N. Moreover, h;( = [on [ Lo —a) ] wdy = [on [(LO —a)'w ’ dy > 0. This
inequality and (A.8) proves that hq(« ) > 0 for all a € (0,vp). Since limy oo hi(@) = 0, and h(a) > 0,
it follows that hy(a) < 0 for all @ € (vg,00). The fact that hi(e) is never zero is a contradiction to (A.7).
Hence, when 1 < p < 1+4/N, fRN vLiv < 0 for any v € H*(RYN). This completes the proof of Lemma 2.4
of §2 when 1 <p < 1+4/N.

The proof for the borderline case when m = 2 and p = 1 + 4/N requires only a little modification. We
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again must show that [,y vLiv < 0 for any v € H(RY). However, in this case, it was shown in Lemma 5.2

of [24] that the span X; of L; is now

0
X1 = span{w; wo; —w, j=1,..,N}, (A.9)
dy;
where
w 1
=——+—y- ) Al
Wo p_1+2y Vw (A.10)

We can the repeat the steps from (A.3)-(A.8), but this time conclude that hy(0) = 0, and h)(a) < 0 for
a > 0. There, is still however no positive root to h1(«) = 0. This is a contradiction, and so Lemma 2.4 of §2

is proved in the borderline case m =2, p =1+ 4/N.

Appendix B Calculation of an Integral in §2

Here we show how to obtain (2.30). This is done by obtaining a linear system for the two integrals e and b
defined by
A 2
Joo PN lwPt dp b Joo (w ) dp B.1
fofx’ pN=1w2 dp ’ B fofx’ pN=1w2 dp ’ (B.1)
The resulting formula for e will yield (2.30).

e =

We begin by writing (2.2 a) for w as

[pN_lw/} —pN w4 pN P =0. (B.2)
Multiplying (B.2) by w, and integrating by parts, we get one equation
e=1+b. (B.3)

The second equation is obtained from multiplying (B.2) by pw/ and integrating the resulting expression by
parts. This gives,
2N
p+1
Solving (B.3) and (B.4) for e we get the result in (2.30),
p+1
N+({p+1)(1-N/2)°

(N —2)b+N — e=0. (B.4)

(B.5)

e =
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