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Per sistence Problem: Introduction |

Consider the diffusive logistic equation for u(x,t) with z € Q € R?
ur = DAu+ume(z) —c(x)u], x€Q; O,u=0, x€dil.
Here D is the constant diffusivity.

We linearize around the zero solution with u = e*Pt¢(z) and set = 0
Ao+ Ime(x)p=0, x€; O =0, x€dfd.
The bifurcation parameter A > 0 is defined by

A=1/D.

® The extinct solution u = 0 exists for all A > 0. Depending on the form of
the spatially depdendent growth rate mg(z), at some critical value of A
there can be a transcritical bifurcation to a spatially dependent
solution. This leads to the idea of a persistence threshold.

® Note: Growth rate me changes sign — indefinite weight eig. problem
(no standard oscillation theory, or standard variational characterization
of eigenvalues, etc..).

HK —p.2



Per sistence Problem: Introduction 11

Key Previous Result I: - Assume that |, me dz < 0, but that me > 0 on a set of
positive measure. Then, there exists a positive principal eigenvalue

A1 = A%, L.e. the extinction threshold, with corresponding positive
eigenfunction ¢ (Brown and Lin, (1980)).

Key Previous Result Il:  Transcritical bifurcation: v — u(z) # 0 ast — oo if
A> A, whileu —-0ast — ocoif 0 < XA < A*. (many authors; Cantrell,
Cosner, Berestycki, etc..)

— Stable
- == Unstable
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Per sistence Problem: Introduction |11

Key Previous Result Il:  The optimal growth rate mg(x) is of bang-bang type.
(Theorem 1.1 of Lou and Yanagida, JJAM, 2006, for 2-D).

Main Goal: Minimize \; wrt mg(x), subject to a fixed [, me dz < 0: i.e.
determine the largest D that can still allow for the persistence of the
species. This is a long-standing open problem  of determining the optimal
shape of mg(x) in a 2-D domain . (Cantrell and Cosner 1990’s, Lou and
Yanagida, (2006); Kao, Lou, and Yanagida, (2008); Rogues and Stoica,
(2007); Berestycki, Hamel, (2005,2006)).

Remark: In a 1-D domain, this problem has been solved (Lou and
Yanagida, JJAM (2006)). The optimal mg(z) in 1-D is to concentrate
favorable resources near one of the endpoints of the domain, and to have
only one favorable patch.
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Per sistence Problem: Patch M oddl |

Patch Model: The eigenvalue problem for the persistence threshold is
Ap+AIme(x)p=0, z€Q; 0,0=0, x€d; /ngda::l.
Q

Note that the population is confined in the domain (reflecting boundary
condition). The piecewise-constant growth rate m¢(x) is defined as

mj/e*, ve€ Q. ={z|lx—xzj|=ep; NQ}, j=1,...,n,
me(x) =

—Myp , T < gZ\ LJ;Z:l (Zgj .

® Assume that at least one m; > 0, and |, me dz < 0. Then, there is a
positive principal eigenvalue \; > 0.

® Biologically: On the whole the environment is hostile, but there is at
least one region that can support growth.

Ref [LW]: A. Lindsay, M. J. Ward, An Asymptotic Analysis of the Persistence
Threshold for the Diffusive Logistic Model in Spatial Environments with
Localized Patches, DCDS-B, 14(3), (2010), pp. 1139-1179.
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Per sistence Problem: Patch Modd ||

Schematic Plot of the Domain in 2-D

AN

Remarks and Terminology:

® Patches ()¢ of radius O(e) are portions of small circular disks strictly
inside 2. Circular patches are locally optimal (Hamel, Roques, 2007).

#® The constant m; is the local growth rate of the jth patch, with m,; > 0
for a favorable habitat and m; < 0 for a non-favorable habitat.

® The constant m, Is the background bulk decay rate.
® The boundary 912 is piecewise smooth, with possible corner points.
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Per sistence Problem: Patch Moddl |11

® Define Qf = {zq,...,2,} N Q to be the set of the centers of the interior
patches, while QF = {x,...,x,} N 0Q is the set of the centers of the
boundary patches. We assume patches are well-separated, i.e.
lz; — x| > O(e) for i # j and that dist(z;,9Q) > O(e) if z; € QL.

® To accommodate a boundary patch, we assign with each z; for
j =1,...,n,an angle ma, representing the angular fraction of a
circular patch that is contained within €. For example, o; = 2 when
r; = Ql, and a; = 1 when z; € QF and x; is a point where 99 is
smooth, and «; = 1/2 when z; € 09 is at a /2 corner of 052, etc.

Patch | Angle | Radius

) 1 ol =T €P1
2 g = 27 €02
3 a3 = /2 €P3
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Per sistence Problem: Patch Moddl 1V

The condition |, me dz < 0 is asymptotically equivalent for e — 0 to

T n
/ng dr = —myp|Q| + 3 Zajmjp? +0(E*)=0<0.

j=1

Assumption |: Assume that this holds and that one m; is positive. Then, by
the Key Previous Result I, there exists a positive principal eigenvalue ).

Main Goal: Calculate \; as ¢ — 0 by using an approach based on strong
localized perturbation theory. Then, minimize it for a fixed |, me dz < 0.
The parameter setis {my,...,m,}, {p1,---,pn}, {z1,...,2,}, and

{Oél, e o ny Ozn}.
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Per sistence Problem: Qualitative Questions

After calculating \; as ¢ — 0 we then address several interesting
gualitative questions:

Q1: What is the effect on \; of resource location. Are boundary habitats

preferable to interior habitats with regards to decreasing the extinction
threshold?

Q2: What is the effect of resource fragementation? Does fragmentation
lead to larger persistence thresholds?. To maintain the value of |, me dz,
we need that myp: = map% + mpps.
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Per sistence Problem: Green Functions

In the analysis, the following Green functions play an important role:

Modified G-Function: Define the modified G-function G,,, by

Gm(z;z5) = G(r325), x;€ Q. Gulrix;) =Gs(z;x), x; € 0N.

Here G(x;x;) is the unique Neumann Green function satisfying

1
AG:@—(S(ZC—xj), xreQ; 0,G=0, xeodf); /Gda:':O,
Q
1
G(ﬂ?;:lfj)N—%10g|$—$j|—|—R(iCj;xj)v as r —zwj,

while G, (z; ;) is the unique surface Neumann Green function

1
Q
1
Gs(z;x;) ~ ———log|x — x| + Rs(xj52;), as x —x; € 09).

Oéjﬂ'
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Per sistence Problem: Main Result |

Principal Result 4.3: In the limit ¢ — 0, the positive principal eigenvalue \;
has the following two-term asymptotic expansion

T o — 1
Al = LoV — jLov? (K (WiTﬁ; P)x + Z) +0(?), v=-1/loge.
Here k = (k1,...,k,)? and po > 0 is the first positive root of B(1.y) = 0
- \/ajij?
B(uo) = —mp|Q| + WZ NCILTR Kj =5 o
71=1 Iy

Finally, the n x n matrix G,,, and diagonal matrix P are defined by

Omij =/ @ijGmij, 1775 Gmjj = ajRpji; Py =logp;.

Remarks:

® The coefficient . is independent of the precise relative locations of
the patches within the domain.

® The coefficient of order O(v?) has this spatial information through the
Green interaction matrix.
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Per sistence Problem: Main Result ||

Principal Result: There exists a unique root ;. to B(x) = 0 on the range

0 <z < oy = 2/(myp%), where mjp% = maxmj>0{mj,0?|j =1,...,n}.

The corresponding eigenfunction has one sign.
Proof: B(0) = [, me(x)dx ~ C < 0 by Assumption I. In addition,

B(x) — +oco as x — py,,, and

n

B(z) = LIS, 0< 2 < gy -
(33) Z (2 _ mjp?w)g £x How

j=1

Notice also that p,, is the smallest vertical asymptote of B(z). Hence,
there exists a unique root ;o > 0. With z* = ug,, we plot:

uo\
C /

>
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Persistence Problem: Derivation of p |

We now sketch the derivation of the leading-order term in the Principal
Result.

We expand the positive principal eigenvalue \; as
Al’V/Mﬂ/+‘M1V2‘F"'a V::'_l/logga

for some unknown pg and u; to be found. In the outer region, defined
away from an O(¢e) neighborhoods of x;, we expand the corresponding
eigenfunction as

¢~ do+vdL+ v dy+ -
We obtain that ¢o = |©2|~'/2 is a constant, and that ¢, satisfies

Aor = pompdo, T € Q\QI;

Onp1 =0, x€INN7; /¢1d$20.
Q

Here QY = {z,...,2,} N Qis the set of the centers of the interior

patches, while QF = {x,,...,x,} N 0Q is the set of the centers of the
boundary patches.
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Persistence Problem: Derivation of p ||

In the inner region, near the jth patch we introduce y = e~ !(z — z;) and
W(y) = ¢(x; + ey), and expand

¢N¢0j+V¢1j+V2¢2j+'“a

where 1)y; Is a constant to be determined. For an interior patch with
z; € Q!, we obtain that 1), ; satisfies

Fij Yl <o,
Apr; =
()7 |Z/| Ez /27 )
where ,/T"lj = —Momj¢0j. The solution for ¢1j1 with p = ‘y S
r 2 -
Alj(ﬁ)—leja OS,Og,Oj,
j

P15 =

Ay
\ A1j10g<p%)+%+¢1j, P> pj,

where 1)y, is an unknown constant.
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Persistence Problem: Derivation of i |11

The divergence theorem yields A;; as

Ho
Ay = __mjpijy ;

for both boundary and interior patches.

The matching condition between the outer solution as z — z; and the
inner solution as |y| = e |z — z;| — oo is

¢O+V¢1+...N
A
Yo; + Arj +v | Aijlog|e — x| — Ayjlogp; + —= 5 L by + Asgj

The leading-order matching condition (blue terms) yields

o = Yo; + A1;, Jj=1,...,n.
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Persistence Problem: Derivation of p IV

Recall that the problem for ¢, is

A¢y = pompdo, € Q\Q;

Onp1 =0, x€ QT /gbld:z::O.
Q

From the O(v) red terms in the matching condition we obtain that ¢, has
the following singular behavior as z — x;

A. _
qblNA1j10g|.I'—ZEj‘—Aljlogpj—#%—#?ﬂlj#-flgj, as Zl]-)il?j.

Next, by using the divergence theorem on the solution ¢; to we get

n
oy |2 Po = —Wz@jz‘hg‘ :
j=1
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Persistence Problem: Derivation of 1 V

Then, by recalling that

Ho
Ay = —7mjp§¢og- : Po = toj + A1j
we get that
2 m;p
hoj = ¢02 ; Ay = — 3,0],u02¢o : 17=1,...,n.
2 —m;pj Lo 2 —my;p;5 o

From the equation above we obtain that the leading-order eigenvalue
correction 1 is a root of the nonlinear algebraic equation

n

myp €2 _ Z O‘jmjpg
Q 2 — mjﬂ?,uo

g=1

This yields the nonlinear algebraic equation for the leading-order term g
In the expansion of the eigenvalue, as given in the Principal Result.
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Persistence Problem: Derivation of y VI

Remarks:

® The calculation of the higher-order term of order O(v?), is more
iInvolved and is given [LwW]. This second-order term has the spatial
iInformation on the location of the traps.

® Note that p; > 0 If pg < poy. This is the positivity property of the
principal eigenfunction.

® We emphasize, that in contrast to the Laplacian eigenvalue problems
for the MFPT, the equation for ;1o does contain some key qualitative
information, which we now illustrate.

By optimizing the leading-order coefficient 1o subjectto [, medz < 0, we
can obtain key qualititative results regarding the optimal resource
distribution.
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Persistence Problem: Implications |

The following very simple Lemma is needed:

Lemma: Consider two smooth functions C4(¢) and Chew(¢) defined on
0< (< u0|d and 0 < ¢ < pSW, respectively, with

Cold(0) = Cnew(0) <0, and Cy|4(¢) — +ooas ¢ — uﬂ',d from below, and
Chew(¢) — +oc as ¢ — pfSW from below. Suppose further that there

exist unique roots ¢ = ;919 and ¢ = ;NEW to Colg(¢) = 0 and

Chew(¢) = 0ontheintervals 0 < ¢ < ,LLOld and 0 < ¢ < p=W,
respectively. Then,

® Casel: Ifufl$W < %d and Chew(¢) > Cgig(¢) on 0 < ¢ < g™,
then pNeW < ,0ld,

® Casell: If uR€W > ,0ld and Crew(¢) < Coig(¢)on0 < ¢ < pold
then pNEW > ,,0ld
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Persistence Problem: Implications ||

Qualitative Result | : The movement of a single favorable habitat to the
boundary of the domain is advantageous for species persistence.

Proof: Move the jth interior favorable patch with m; > 0 of radius p,; and
angle 2r (i.e. «; = 2) to an unoccupied boundary location with patch
radius ¢pg, “mass” my > 0, and angle may, with o, < 2. To maintain
|, me dz, we need mjp? = agpmyp:, which implies myp3? > mjp?. Then,

2 27T ; 4

_ TOEMmE Py 7 Pj

Bnew(¢) — Bolg(¢) = 5— Cmp? 2= Cmyp?
J

_ m;pj¢

y
- <Oék> (2 = ¢myp?) (2 = Cmpp})

Recall that Bold(C) =0hasaroot{on0< (< Mold = 2/(myp%), where
m.p5 = max; mjp;. Since myp;. > m;p3, the first vertical asymptote for
Bnew(¢) cannot be larger than that of By 4(¢). Thus, there is a unique

root ¢ = 'V to Bnew(¢) =00n 0 < ¢ < uisW = 2/(mk p% ), where

mk p% = max{mp%, myp:}. Since picW < Old , and Bnew(¢) > Bgg(¢)

for 0 < ¢ < p¥W, Case | of the Lemma yields Mnew < 101 n

(2—0%) .
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Persistence Problem: Implications |||

Qualitative Result Il : The fragmentation of one favorable interior habitat into
two separate favorable interior habitats is not advantageous for species
persistence. Similarly, the fragmentation of a favorable boundary habitat
Into two favorable boundary habitats, with each centered at a smooth
point of 912, is not advantageous.

Proof: Split £*" patch of radius py, into two patches of radius p4 and pg.

The constraint that [, me(z) dz is unchanged requires:

2 2 2
MEP = MaApPy + MBPR-
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Persistence Problem: | mplications 1V

We prove this result for a4 = ap = «;. as follows.

Suppose that we are fragmenting one favorable habitat into two smaller
favorable habitats. Then, m4 > 0, mp > 0, and my > 0.

For the original patch distribution, 5,,4(¢) = 0 has a positive root ¢ = MOId
on0 < (< ,u0|d = 2/(m;p7), where m;p% = max,,,~o(m;p;).

Since, clearly, the first vertical asymptote for Bnew(¢) cannot be smaller
than that of B 4(¢) under this fragmentation, it follows that Bnew(¢) = 0

has a positive root ¢ = pf!*W on 0 < ¢ < pSW with ASW > uf’r']d.
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Persistence Problem: ImplicationsV

To maintain |, me dz we require that myp: = map4 +mpp4. The change
in B(¢) induced by this fragmentation action is

2 2 2
AR AP A QrmpPp  CQEMEP
2—mapix  2—mppixr 2 — mgpix

Bnew(x) — Bgg(z) =

—zar(mapimppp)l(2 — maphr) + (2 — mpppa)]
(2 —map32)(2 —mppiz)(2 — mypiz)

Hence, we have that Bnew(¢) < Bgig(¢) on 0 < ¢ < u°|d = 2/(myp?).
Since, in addition pASW > uf’r']d, it follows from Case |l of the Lemma that
unew - ,0ld This proves the Qualitative Result 1. n

Key: Fragmentation of an interior favorable habitat into two separate favor-
able interior habitats is deleterious to survival of the species.
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Persistence Problem: Implications VI

Q3: What about a partial fragmentation scenario, whereby an interior
favorable habitat is fragmented into a boundary habitat and a smaller
Interior favorable habitat?

Qualitative Result Ill_: The fragmentation of one favorable interior habitat into
a new smaller interior favorable habitat together with a favorable boundary
habitat, is advantageous for species persistence when the boundary
habitat is sufficiently strong in the sense that

4

2_0%

2 2
mp > m;p; > 0.

Such a fragmentation of a favorable interior habitat is not advantageous
when the new boundary habitat is too weak in the sense that

2 2
0 < mgp < m;pj.

Finally, the clumping of a favorable boundary habitat and an unfavorable
Interior habitat into one single interior habitat is not advantageous for
species persistence when the resulting interior habitat is still unfavorable.
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Persistence Problem: Examples|

Example 1: We illustrate Qualitative Result Il inside the unit disk for the
case my; = 2: Fragment a single interior patch of radius ¢ centered at the
origin into a favorable boundary patch of radius py and a smaller
favorable interior patch of radius ¢p;. Assume that m; = 1 for each patch.

To maintain the constraint |, me do = —m, we require that p, and p;, with
0 < p1 < 1, satisfy

1
1= pi+ QP% :
For the new configuration, the equation for pq Is simply

2 2 2
P1 ﬂo/ )zO

B(pg) = —2m+ (2 7 5 2o

For this two-patch problem, n( satisfies the quadratic equation

5, 3
popi (1 —p1) + o (—2+§p?—§pi"> +1=0.

Note: 1o = 1 when p; = 1 (original configuration of one interior patch);
Also pg = 1/2 when p; = 0 (only a boundary patch).
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Persistence Problem: Examples||

1.6

I I I I
14+ .
/
1.2 'f,f’ i
g

10 — J"li
Ko

0.8

0.6 -

04 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

P1

The (sufficient condition) bounds in Qualitative Result Il state that:
® fragmentation of an interior patch into a boundary patch is undesirable
when p; > pg, which yields p; > /2/3.

® such a fragmentation is advantageous when p; < 1/+/3.

For this simple two-patch case, we obtain that o = 1 when p; = /2/5, or
equivalently po = 1/6/5. Thus, fragmentation is advantageous when

p1 < \/2/5, or equivalently py > 1/6/5.
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Persistence Problem: Examples||i|

Example 2: lllustrate Qualitative Result Il for a unit disk with m; = 3 that

has one pre-existing favorable interior patch of radius  and growth rate
m4 = 1, together with one pre-existing unfavorable interior patch of radius

e and growth rate m_ = —1.

We introduce an additional favorable resource with mg = 1 that can
occupy an area Ay if it is separated from the other two patches.

We then compare three different options for using this additional favorable
resource, subject to the constraint that fQ me dor = —3m + Ag remains

fixed.
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Per sistence Problem: Examples|V

® cCase l: If we concentrate the additional favorable resource at a smooth
point on the boundary, then . satisfies

1 1 A
—3+2( = )+ /T _y.
2—po 2+ po 1 — poAo/m

® case ll: If the additional favorable resource is used to strengthen the
pre-existing favorable interior patch, then p( satisfies

~3+

Qp%r 2 5
— =0, =1+ A4 .
2—pipo 24 o pr =1 Ao/

® case lll: Finally, if the additional favorable resource is used to diminish
the strength of the unfavorable pre-existing interior patch, then g
satisfies

2 m_
+2—M0+2—m—uo 7 " *Ao/m
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Persistence Problem: ExamplesV

We conclude that:

$® inserting a favorable boundary patch is preferable only when it has a
sufficiently large size.

® if only a limited amount of an additional favorable resource is available,
it is preferable to re-enforce the pre-existing favorable habitat.

® |[tis never optimal for any range of Ay /7 to use the additional favorable
resource to mitigate the effect of the unfavorable interior patch.

Plot: 1o versus Ag/m: Heavy solid (new boundary patch); Solid curve
(re-inforce favorable interior patch); dashed curve (weaken unfavorable
patch). Right figure is a zoom of left.
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Per sistence Problem: Main Comment

Key Remark: These qualitative results show that, given some fixed amount
of favorable resources to distribute, the optimal strategy is to clump them
all together at a point on the boundary of the domain, and more
specifically at the corner point of the boundary (if any are present) with the
smallest angle < 90°. This strategy will minimize n, thereby maximizing
the chance for the persistence of the species.

Remark: Starting with the algebraic equation for 1o as derived by formal
asymptotics, these gualitative results regarding fragmentation are rigorous
results based on manipulating the formula for 1. A key issue then is to
give a rigorous proof of the expression for 1.
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2nd-Order Optimization |

The persistence threshold has a two-term asymptotic expansion

)\1N,LL0V—|—,LL11/2—|—~-, VE:—l/loge.

Remark: The minimization of \; is typically accomplished by optimizing 1.
However, in certain degenerate cases, the problem of optimizing \;
requires the examination of the u; term.

In particular, suppose that the boundary 052 is smooth, and that there is
one favorable patch. Then, to optimize 1o, we must put this patch on the
boundary. To determine which boundary point to center the patch is
optimal, we must optimize ;. For a boundary patch of radius p;, then the
Principal Result becomes

1
M1 = —Ho (Z + mRs (05 T0) — logpl)
2 almerp%]
0= 1 — > 0.
MO [ 2[Q2fmy
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2nd-Order Optimization ||

Principal Result . For a single boundary patch centered at o on a smooth

boundary 052, then A; is minimized at the global maximum of the regular
part R,(xo; xo) of the surface Neumann Green function.

Recall that R, (zq; zo) is defined via

1
Q
1
Gs(x;20) ~ —a—log\x — 29| + Rs(xo;20), as x — xg € 0.
07

Question: For 92 smooth, is the global maximum of R,(x;;x,) obtained at
the global maximum of the boundary curvature x? (No; we can find a
counterexample for smooth perturbations of the unit disk, by deriving a
perturbation formula for R,)

Remark: Given a pre-existing patch distribution, finding the optimal location
of a new favorable habitat may also require optimizing the O(v?) term.
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2nd-Order Optimization |11

Pre-Existing Patch Distribution Formulation:

® Suppose that 9€2 is smooth. Let x; for j = 1,...,n be the centers of n
pre-exisiting circular patches within €2 with local growth rates m; for
17=1,....n

® Add a new favorable habitat, centered at x(, and assume that p Is
smallest when it is located on 02 rather than inside (2.

® To determine the point on 952 that minimizes A, we must optimize

1 sk (P—7G,) K+ K2lo — mp(x
= (<542 )+ g log po = mplao) )
K' K+ Kj

where k = (k1,...,5,)7 > 0, P, and G,, refer to the pre-existing
patches. To minimize p;, we must maximize p(xq) defined by

mopo
2 — Momopo 7

p(x )_H’,OR (xo; o) —|—22\f/<;0/<,] m(Tj;T0), Ko =

The scalar represents the interaction of the additional favorable
boundary patch with the fixed patch distribution.

HK —p.33



2nd-Order Optimization |V

Example: Let (2 be the unit disk with n pre-existing favorable resources of a
common radius e and growth rate m; = m. > 0 that are equally-spaced
on a concentric ring of radius » with 0 < r < 1 at z; = exp(2m¢j/n) for
j=0,...,n—1.Then, k; = k. for j =1,...,n. We add an extra favorable
resource on the boundary at angle 6,. Since the GG-functions are known
for the disk, we calculate (after some lengthy algebra) that

K2 K 1 V2K ok
p(6y) = 870T -+ 272 (7“2 — 5) (mp — ko) — WO x(6o),

where x(6p) = log [(r™ — cos(nfp))? + sin*(nfy)].

The local minima of x(6) (local maxima of p(6,)) are at 6, = 2= for
i=1,...n—1.

Thus, for a ring of n pre-exisiting equally-spaced favorable patches, the
optimal boundary locations for one additional favorable boundary patch is
to put it at the shortest distance to any of the n favorable habits on the
ring.
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Per sistence Problem: Open Problems

Open I: Give a rigorous proof of the formula for py.

Open Il: Consider the effect of a predator v, modeled in €2 by

ur = DAu 4+ me(z)u(l —u) — fuv,
vy = Av — ov + u + Buv,
with 0,,u = 0,,v = 0 for z € 9€2. One might guess that a predator has an

advantage when its prey is concentrated. Does the optimal strategy for
the prey still remain the same as for the basic problem?

Open Ill: Consider including the weak Allee effect for which

Au+ Ime(x)u(l —u)(a+u) =0, x€Q; Jpu=0 xecodfl.

The extinction threshold is now a saddle node bifurcation point.

Y ——  Stable

- — - Unstable
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Nonlinear Biharmonic Problemsof MEMSI

Elastic plate at potential V
Free or supported boundary

Fixed ground plate

d@é =

® Plate will deflect in the presence of an electric field

® Top plate can make contact with the lower plate (i.e. touchdown) when
V > V* at some quenching time ¢t = T.

® Device can act as a switch, valve, or capacitor.

® If V > V* then no stable steady-state solutions. The threshold V* is
called the pull-in voltage threshold.
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Nonlinear Biharmonic Problemsof MEMSI |

For small aspect ratio, the plate deflection « in R? satisfies

A

_ 2
ur = —0A“u+ Au — A+ a2

xr€e; u=u,=0, xeodfl.

® We focus on clamped boundary conditions.

® The singular nonlinearity represents a Coulomb attractive force; X is
proportional to V2; § represents bending rigidity.

® Model originally derived by Pelesko (2000) in the narrow gap limit. It
neglects self-stretching term, fringing-field effect, nonlocal term due to
external circuit, etc...

Main Questions:

® Pull-in Threshold:  Of importance for applications is the location of the
saddle-node point at the end of the minimal solution branch for |u|.
versus . This sets the stable operating range of the device.

® Solution Multiplicity: ~ An interesting theoretical question is how does the
global bifurcation diagram depend on §?
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Nonlinear Biharmonic Problemsof MEMSI |
Pelesko (SIAM J. App. M., (2000)) considered the membrane problem

A
Au:(1+u)2’ r€e; u=0, xze€0d.

For the unit disk the numerically computed bifurcation diagram is:

1.0 q 1.000

0.8 4 0.995

0.6 4 0.990

|2(0)| [u(0)]

0.4 - 0.985

0.2 4 0.980

0.0 - T T T T | 0.975 T T T 1
0.0 0.2 04 0.6 0.8 1.0 0.4400 0.4425 0.4450 0.4475 0.4500

A A
Left: Bifurcation diagram Right: Zoom of left figure.

Key Features:

® In the unit disk there are an infinite number of fold points with limiting
behavior A -+ 4/9asu(0)+1=¢ — 0.

® |n contrast, for the unit slab there is either zero, one, or two
steady-state solutions.
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Perturbation of the Membrane Problem by ¢

up = —0A*u + Au — xre,; u=u,=0, xz€0d.

(1+wu)2’

Numerical computations with either shooting or psuedo-arclength yield:

1.0 1 1004 1.0

0= 0.0001

08 - 0951 08
06 - 0961 0.6
[u(0) [u(0) [u(0)]
04 1 0.941 043
0.2 1 0.92- 0.2
0.0 . ' : . . 0.90 — NN =TT
W05 L0, 15 20 2 1203 04 05 06 07 08 09 0005 L0 15 20 Qf 30 35 40 45 50
Left and Middle (Unit Disk): ¢ = 0.0001, 0.01, 0.05,0.1. Right (Unit Square):

§ = 0.0001, 0.001, 0.01.

® Practical Interest for Engineers:  Derive perturbation results for 6 < 1 and
for 6 > 1 for the saddle-node point on minimal branch (Lindsay, MJW,
MAA (2008)).

® Theoretical Interest:  Infinite fold point structure destroyed when § > 0,
and there is a maximal solution branch with A\ — 0 and |u|. — 1.
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Asymptotics of Maximal Solution Branch

® Inthe Unit Ballin RR? construct the limiting asymptotics of the maximal
solution branch to the pure Biharmonic problem

Au=-N(1+u)*, 0<r<l1; u(l) = u,(1) =0,

forwhich A - 0asu(0)+1=¢— 07,

® Inthe UnitBallin R? perform a similar calculation for the mixed
Biharmonic operator

SA*u — Au=-N/(1+u)*, 0<r<l1; u(l) =u,-(1) =0.

® InaGeneral 2-D Domain construct the limiting asymptotics of the maximal
solution branch to

APu=-)\/(1+u)?, zeQ; u=0,u=0, xecdi.

Where is the concentration point xz,? What is the asymptotics for \ as
u(zrg) +1=¢— 077
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Biharmonic Operator and Point Constraints|

Simple Model Problem: For e — 0, consider in the 2-D annulus 0 < ¢ < r < 1:

A*u=0, O<e<r<l,
u(l)y=1, wu.(1)=0; u(e) = u,(e) =0.

We first find the exact solution and then expand it as ¢ — 0.

Since the radial solutions are linear combinations of {r2,r%logr,logr, 1},
the solution with (1) = 1 and «,.(1) = 0 has the form

uw=A(r* —1) + Br?logr — (2A+ B)logr + 1.

Upon satisfying u(e) = u,-(¢) = 0, we get two equations for A and B.

By solving these equations in the limit ¢ — 0, we get

B~ —2—82%(loge)” A~ 1442 (loge)® .
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Biharmonic Operator and Point Constraints||

This gives the two-term outer approximation in r» > O(e):
u ~ ug(r) +e*(loge)?uy (r) + -+ - |

where
ug = r° — 2r¢logr, up = 4(r* — 1) — 8r?logr.

® Key: Inthe limit ¢ — 0, the outer solution does not tend to the simple
solution v = 1 that occurs when there is no hole.

® Note: ug is not C2. It does satisfy point constraint uy(0) = 0. In fact
ug = 1+ c¢G(r : 0), where A*G = §(x) and ¢ = —1/G(0;0).

® Remarks: Point constraints are allowed since Gy = g-r*logr in R2.

® Satisfying point constraints by using the Biharmonic Green’s function is
the basis of biharmonic spline interpolation, i.e. writing the interpolant
as f = Zf;v:l a;G(x; x;) where we have determined the «; by fitting the
data f = fatx =z, forj=1,...,N.
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Pure Biharmonic in the Unit Ball: |

Ref: [LW2] A. Lindsay, MJ. Ward, Asymptotics of Some Nonlinear
Eigenvalue Problems Modelling a MEMS Capacitor: Part Il: Multiple
Solutions and Singular Asymptotics, EJAM, 22(2), (2010), pp. 83—123.

Consider A%y = —\/(1+u)?, withu =u,, =0onr = 1.

Principal Result : In the limit ¢ = »(0) + 1 — 07, the limiting asymptotic
behaviour of the maximal solution branch in the outer region, away from
r=20,Is

£ 3
u = ug + —logouy g+ —uy +eclogous/y +eux + Oleologo),
o o

2
A= S No+oM +0(%)]; A=32, N\ =16 (logZ—%) :

o
where 0 = —1/log~y and the boundary layer width ~ are determined in
terms of € by —v?log~y = . The point constraint u(0) = —1 holds, and
Ao A
ug = —1 + 1% — 2r?logr, U2 = —ptos  Ug/z = U0

Here uy /5, us /o are switchback terms proportional to uy.
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Pure Biharmonic in the Unit Ball: |1

In addition, u; and u, are the unique solutions of
Ao

A%y = — , O0<r<l1; ui (1) = u1-(1) =0,
1 1+ uo)? 1(1) = u1,(1)
up = &log(—logr)—l—&—I—(’)(log_1 r), r—0
16 16 ’ ’
A1
A%yy = — , O<r<1; us(1l) = us,- (1) =0,
= (1) = uae (1)

A

1 A
Uy = Elog(—logfr) + 16 (Mo + M) —log2+ Z2logr + O(og™tr), r—0.

16

In the inner region with p = r/~, we have

—1
u=—1+¢ev(p), v(p) = vo + ovy +0va + - - UZ( >,

where vy = 2p* + 1 is the unique solution of

A2vg =0, 0<p<oo; vo(0) =1, v{(0) =v;(0) =0;

vo ~ 2p°, as p— oo.
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Pure Biharmonic in the Unit Ball: 111

The higher order (inner) terms v; and v, are the unigue solutions of

A
Aivlz—v—g 0<p<oo; v1(0) = v1(0) = v{"(0) = 0;
0

v1 ~ —=2p*logp+p°+---, as p—oo.
A 2
A?)’Uzz—v; + 1}30”17 0<p<oo; v2(0) = v5(0) = vy’ (0) =0,
0 0

vy =0 [logS(p)} , as p— 0.

To calculate )y, we use the v; equation to obtain

R
A d A
. 2 0 T d _O _
i [ (s s o) o] = g o 90l 3] =0

which yields \; = 32. Similarly, from the vy equation we get

as obtained by calculating v, explicitly, and performing the integration.
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Key Pointsin the Construction: |V

Fore — 0" and A — 0, then \/(1 + u)? — 0 except in a narrow zone
near r = 0, where u = —1 4+ O(e).

Leading order term wug in the outer region satisfies A%uy = 0 in
0 <r <1, with ug = ug, = 0onr = 1. We must impose the point

constraint ug(0) = —1 in order to match to the inner solution. Thus,
up = —14+r? —2rlogr.
If we expand u = ug + vu; and A = v, then A%u; = —\g/(1 + ugp)?,

for which uy, ~ 22 log (—logr) as r — 0. This divergence of the
particular solution as r — 0 requires the inclusion of switchback terms.

To find the boundary layer width ~, set p = r/~, with v < 1, to obtain
up ~ —1+ (=7 logy)(2p°) +7* (p* — 2p° log p).

Thus, in the inner region, we set u = —1 + € (vo(p) + ovy + - -+ ) with
o = —1/log~. Thus, v is given implicitly by e = —%log .

The leading order inner problem is A%y, = 0 with vg = 2p° + 1. The
constant term 1 is then matched by adding an appropriate term in
outer expansion.

Next, we get A%v; = —\g/v3 With v; ~ —2p?log p + p? as p — .
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Mixed Biharmonic in the Unit Ball: |

Let 6 > 0 be fixed. In the unit ball we construct a solution with A — 0 as
u(0) +1=¢e— 0F for

SA%u — Au=—-N/(1+u)*, 0<r<l1; u(l) =u,-(1) =0.

The leading-order outer solution ug is the solution to:
SA%ug — Aug =0, 0<r<1; wug(l)=ug(1)=0, ug0)=-1,
which is given explicitly by
ug = A+ Blog r + CKy(nr) 4+ DIy(nr), n=1/Vs.
Here the constants are given by

A = [Io(n) (1 +nKj(n)) —nly(n) Ko(n)] G(n),
B=C=nlynGmn), D=-[1+nKin)]Gn),

where G(n) is defined by

G(n) = [nly(n) (Ko(n) +1log (n/2) + ) + (1 +nKj(n)) (1 = Io(n))]

and . ~ 0.5772 is Euler’'s constant.

1

Y
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Mixed Biharmonic in the Unit Ball: |1

The asymptotics as » — 0 are

up = —1 4+ ar?logr + r* +o(r®), as r—0,

o=~ (%) 5o,

772

o == [nlo(n) (log (n/2) +7e = 1) + (1 + nKo ()] G(n) -

Plot of «(d) and ¢(d) for 0 < § < 2.5 showing o < 0 are:

/—7 »(5)
0.0

0.5 1.0 1.5 2.0 2.5
fe)

a(95)
—3.0 -
—4.0 -
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Mixed Biharmonic in the Unit Ball:

Principal Result : In the limit ¢ = »(0) + 1 — 07, the limiting asymptotic
behaviour of the maximal radially symmetric solution branch is

0
A== +oM +0(?)] ,
where 0 = —1/log~y and the boundary layer width ~ is determined in

terms of e by —y? log v = ¢. Here,

Ao [72 2
o 2 _ o . ¥
Ao = 8a”, Al = 5 |5 log(—a) + (1+—@ >] :

where «(0) and ¢(0) are determined by the local behavior of ug as r — 0.
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Comparison of Asymptoticsand Full Numerics

Pure Biharmonic: Comparison with Full Numerics ~ Comparison of Asympotics
1-term (dotted), 2-term (dashed), and Numerics (solid).

1.00 A
0.99 -
0.98 1
|2 (0) |
0.97 4
0.96 -
0.95 T T T T .
0.0 0.5 1.0 N 1.5 2.0 2.5
Mixed Biharmonic: Comparison of 2-term Asymptotics with Fu Il Numerics
1.0 A 1.0 -
0.99 A 0.99 A
0.98 A 0.98 A
|u(0)] |u(0)]
0.97 A 0.97 A
0.96 A 0.96 A
0.95 T T \I T 1 0-95 T T T T 1
0.0 0.2 04,X06 0.8 1.0 0.0 1.0 QO‘XSO 4.0 5.0
@) |u(0)| vs. A (smaller d) (b) |u(0)| vs. A (larger d)
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Concentration in Arbitrary 2-D Domain |

Ref: [KLW] M. C. Kropinski, A. Lindsay, M. J. Ward, An Asymptotic Analysis
of Localized Solutions to Some Linear and Nonlinear Biharmonic
Eigenvalue Problems, to appear, Stud. Appl. Math, (2011), 63 pages.

Consider A%y = —\/(1 4+ u)? in Q, with u = 9,,u = 0 on 9.
Principal Result : In the limit e = u(xz¢) + 1 — 07, the limiting asymptotics of
the maximal solution branch in the outer region, away from xy, and X is

€

u=ug~+ O (e0 " logo) , A= —X+e\ +0(eo),

o
where 0 = —1/log~y and the boundary layer width ~ is given implicitly in
terms of € by —v?log~y = . Here

G(x;xg)

R(ﬂ?o; 330) 7

Ug — —

with point constraint ug(zg) = —1, where G(x; x() satisfies
A*G =6(x—x0), x€; G=0,G=0, xe€df,

1
G(x;xg) = 8—7T|CL' — xo|? log |z — xo| + R(z;x0) .
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Concentration in Arbitrary 2-D Domain ||

To leading order, the concentration point z, € €2 satisfies
VeR(x;20)|2=2, =0, providedthat R(xg;xq) >0,
As & — xq, With r = |x — x¢|, we identify « and [ by
ug ~ —1 4+ ar?logr + r*(B + a. cos 20 + a,sin20) + - - - |
where o < 0 by assumption, and /3 (sign +) are

1 5 —1 0°R N 0°R
87TR($0;£L’0) ’ 4R(£B0;ZE‘0) ax% (%% T=x0 ,

(87

Finally, Ao and \; are given by

)\0 7T2 26
Ao = 8a” A =——|— —log(— 1+ — .
0 = 8a”, 1 2[6 og( a)+(+@>]

® Thus, 2-term asymptotics of \ are determined by properties of the
regular part of the Biharmonic Green function

® Note: Ryg = R(xg;z0) and Trace(Rgyg) can be computed by fast
multipole methods for Low Reynolds number flow (Kropinski).
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Concentration in Arbitrary 2-D Domain |11

Comparison of Asymptotics and Numerics in Square Domain: For the square
[—1,1]?, then =g = 0, and to evaluate asymptotic result we computed

Roo =~ 0.0226. . ., Trace(Rgg) ~ —0.0892... .

Numerics (solid); 1-term asymptotics (dots); 2-term asymp totics (dashed)

1.0
0.98
0.96
|« (0, 0)]

0.94

0.92

0-9 ) ) ) 1
0.0 1.0 2.0 3.0 4.0
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Concentration in Arbitrary 2-D Domain |V

Class of Dumbbell-Shaped Domains

Determine points zq for which VR|,, = 0 for a one-parameter family of
mappings of the unit disk B:

(1—-10%)z
2 _p2

For various values of b, numerical values for R(xq; zq) and Trace (Rqg) at
the points zy = (x¢,0) where dR/dxy = 0.

zeB.

w = f(z;b) =

b 20 R(xq,x0) Trace(Rqo)
2.00000 0.00000 1.05312 x 1072 —2.44476 x 1072
1.83995 0.00000 9.08917 x 1073 —2.44656 x 1072
1.50000 -0.39000 6.48716 x 1073 1.12095 x 10~2

0.00000 5.15298 x 103 4.00099 x 1072
0.39000 6.48716 x 1073 1.12095 x 10~2
1.05000 -0.49450 4.94718 x 1073 3.11557 x 1072
0.000000 9.59768 x 107° 0.379489 x 10~2

0.494500 4.94718 x 103 3.11557 x 102
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Concentration in Arbitrary 2-D Domain V

Plot of the domain and Ry, along the horizontal axis (g, 0)

0.6 ' ' ' ' ' ! ' ' i ' ' — 0.6 ' ' ' ' ' ' ' ' ' ' ' -
0.2 4 o.2b i
> or - > o+ i
—0.2 - —0.2+ B
—0.4 - —_0.4+ B
0.6 . . ) - - ; - - . . . * —0.6 . . ) ; . . . ; ] . . h

-1 —-0.8 —-0.6 -04 -0.2 g 0.2 0.4 0.6 0.8 1 -1 -0.8 —-0.6 -0.4 -0.2 2 0.2 0.4 0.6 0.8 1

0.012 T T T T T T T T T T T 0.01 T T T T T T T T T T T
[ ) 0.008 i
: : :o 0.006 |- -
4| i = 0.004 i
I 4 0.002 -

7:‘L 70‘.8 70.‘6 70.‘4 70.‘2 )é) 012 014 016 018 :L ° 7:;. 7018 7016 7014 7012 )é) O‘.2 014 016 018 :L

(c)b=2.0 (d) b = b. = 1.83995
osf 1 o6l N
o.af i o.al |
0.2 — 0.2+ -
> of 4 - o 4
0.2} — —o0.2} B
—o.af i —o0.al |
—o.6f B —o6f E
-1 -o8 -06 -04 -0z O 02 04 06 08 1 1 -o8 -06 -04 -02 O 02 04 06 08 1
x X
8X1073w T T T T T T T T T T 8X1073w T T T T T T T T T T
L | sl i
=}
>
r 7 = 4r 7
o
L | oL i
‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ° ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
-1 —-0.8 —-0.6 -0.4 -0.2 (e} 0.2 0.4 0.6 0.8 1 -1 -0.8 —-0.6 -0.4 -0.2 o 0.2 0.4 0.6 0.8 1
x x
o o

e)b=1.5 ) b=1.05

R
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Open Questions

Questions:

® Give arigorous proof of the limiting concentration behavior in a disk
and an arbitrary domain.

® Can one find an example with VR|,, = 0, but R(xg,x) < 0. Then,
concentration at o cannot occur. This might be theoretically possible
since the Green function G is not guaranteed to be of one sign.

® Construct solutions in 2-D domains with multiple concentrations.

® Describe in detail the breakup of infinite fold point structure associated
with the membrane MEMS problem when 6 > 0 but small. In particular,
how many fold points are there for § small but fixed?

®» Can we construct limiting asymptotics of some related Bihmarmonic
nonlinear eigenvalue problems with other nonlinearities and different
dimension N?.
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