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Abstract

The stability properties of an N-spike equilibrium solution to a simplified form of the Gierer-
Meinhardt activator-inhibitor model in a one-dimensional domain is studied asymptotically in
the limit of small activator diffusivity €. The equilibrium solution consists of a sequence of spikes
of equal height. The two classes of eigenvalues that must be considered are the O(1) eigenvalues
and the O(g?) eigenvalues, which are referred to as the large and small eigenvalues, respectively.
The spike pattern is stable when the parameters in the Gierer-Meinhardt model are such that
both sets of eigenvalues lie in the left-half plane. For a certain range of these parameters and for
N > 2and e — 0, it is shown the O(1) eigenvalues are in the left half-plane only when D < Dy,
where Dy is some explicit critical value of the inhibitor diffusivity D. For N > 2 and € — 0, it
is also shown that the small eigenvalues are real and that they are negative only when D < Dy,
where D}, is another critical value of D, which satisfies D} < Dy. Thus, when N > 2 and
€ < 1, the spike pattern is stable only when D < Dj. An explicit formula for D3, is given.
For the special case N = 1, it is shown that a one-spike equilibrium solution is stable when
D < Dy (g), where D, (g) is exponentially large as € — 0, and is unstable when D > D;(g). An
asymptotic formula for D (g) is given. Finally, the dynamics of a one-spike solution is studied
by deriving a differential equation for the trajectory of the center of the spike.

1 Introduction

In [17], Turing proposed that localized peaks in the concentration of a chemical substance, known
as a morphogen, could be responsible for the process of morphogenesis, which describes the de-
velopment of a complex organism from a single cell. Through the use of a linearized analysis, he
showed how stable spatially complex patterns can develop from small perturbations of spatially
homogeneous initial data for a coupled system of reaction-diffusion equations. Later, Gierer and
Meinhardt [3] have demonstrated numerically the existence of stable spatially inhomogeneous equi-

librium solutions in the fully nonlinear regime for the following dimensionless reaction-diffusion

!Department of Mathematics, University of British Columbia, Vancouver, Canada V6T 172
*Department of Mathematics, University of British Columbia, Vancouver, Canada V6T 1Z2
3Department of Mathematics, Chinese University of Hong Kong, Shatin, New Territories, Hong Kong



system of activator-inhibitor type:
AP

At:gQAm—A+E, —l<z<1, t>0, (1.1a)

AT
THt:Dwa—/lH—i—ﬁ, —1<.’L'<]., t>0, (].].b)
Ag(£1,t) = Hy(£1,t) = 0. (1.1c)

Here A, H, ¢, D > 0, 4 > 0 and 7 represent the scaled activator concentration, inhibitor concen-
tration, activator diffusivity, inhibitor diffusivity, inhibitor decay rate and reaction time constant.
The exponents (p,q,r, s) in the GM model (1.1) are assumed to satisfy

p>1, qg>0, r >0, s >0, l<——< (1.2)

For ¢ < 1, many numerical studies of the GM model (1.1) (i. e. [3], [5]) have shown that the solution
to (1.1) can have one or many spikes in the activator concentration A. These spikes, which represent
strong localized deviations from a constant background concentration, have a spatial extent of O(¢)
and are such that A — oo as ¢ — 0 in the core of each spike.

The main goal of this paper is to develop a formal asymptotic analysis to study the stability
properties of an N-spike equilibrium solution to (1.1) when 7 = 0. This analysis is the first
step towards understanding the more complicated dynamics and stability behavior that are likely
to occur when 7 > 0. The equilibrium solution that we linearize around is the one for which the
spikes have equal height. Other equilibrium spike-type solutions where the spikes do not have equal
height also exist ([2]). Since the amplitude of a spike tends to infinity as ¢ — 0, it is convenient to
introduce new variables, as in [6], to ensure that the amplitude of the spike is O(1) as ¢ — 0 and
that h = O(1) as € — 0. The unique scaling that achieves this is to define a and h by

A=¢"aq, H=¢"h, (1.3a)

where v, and vy, are given by

q _— (p—1)
(1-p)(A+s)+rq’ T A +s) +rg

Setting 7 = 0, and writing (1.1) in terms of the new variables (1.3), we get

Vg =

(1.3b)

P
at:(s?au—a—i—%, -l<z<l1l, t>0, (1.4a)

T
Ozth—,uh—l-s_l%, l<z<l, t>0, (1.4b)
az(£1,t) = hy(£1,t) =0. (1.4c)



Most of the previous work on spike-type solutions of the GM model has been based on the study
of the shadow problem, which results from taking the limit D — oo in (1.4). In this limit, (1.4b)
reduces to the nonlocal reaction-diffusion equation

4
at:e2am—a+%, l<z<l, t>0, (1.52)
el [l 1
—1

Before describing the contents of this paper, we summarize some previous work for (1.4) and
(1.5). The equilibrium problem for (1.5) was studied using formal asymptotic methods in [9]. The
delicate asymptotic problem of the determination of the equilibrium spike locations for the shadow
problem (1.5) extended to a multi-dimensional spatial domain has been studied in many papers
(see [4], [10], [18], [20] and the references therein). The stability of a boundary spike solution to
(1.5) was studied in [21]. In [6] a formal asymptotic analysis was used to show that the dynamics
of a one-spike solution to the shadow problem (1.5) is metastable for the usual parameter set
(p,q,m,8) = (2,1,2,0). This metastability persists when (1.5) is extended to a multi-dimensional
spatial domain [6]. The existence of this metastable behavior has been proved in [19] by examining
the spectrum associated with the linearization and in [1] using inertial manifold techniques. There
are only a few rigorous results for (1.4) in the large amplitude regime. In [16] the existence of an
N-spike equilibrium solution to (1.4) in the limit ¢ < 1 with spikes of equal height was established.
A survey of results for spike-type solutions in reaction-diffusion systems is given in [13].

The key feature that motivates our study is that an N-spike equilibrium solution to (1.5) (with
N > 1), and its multi-dimensional counterpart, is unstable whenever the spikes are located strictly
inside the domain rather than on the boundary. This instability is very weak for the case of one
spike, since in this case the growth rate of infinitesimal perturbations is asymptotically exponentially
small as € — 0 (see [6]). The conjecture of [6] and [7], based on numerical computations, is that
the system (1.4) will stabilize an N-spike equilibrium solution whenever the inhibitor diffusivity
D is sufficiently small. The goal of this paper is to investigate this conjecture analytically in
the simple case of a one-dimensional spatial domain for equilibrium solutions with spikes of equal
height. It is important to mention that our stability analysis is very different from the classical
Turing-type stability analysis that is based on linearizing a reaction-diffusion system around a
spatially homogeneous steady-state equilibrium solution. Our analysis is based on the study of
the linearization of (1.4) around an N-spike equilibrium solution, which has a very high degree of
spatial inhomogeneity. A similar analysis for the Fitzhugh-Nagumo model has been carried out in
[15]. Some stability results for the case of one spike with 7 # 0 is given in [14].



We now give an outline of the paper and summarize some of the key results obtained. In §2
we use the method of matched asymptotic expansions to construct equilibrium solutions to (1.4)
in the limit ¢ — 0 that have N > 1 spikes of equal amplitude in the activator concentration. In §3
and §4 we study the spectrum of the eigenvalue problem associated with linearizing (1.4) around
the equilibrium solution constructed in §2. In §3 we study the large eigenvalues of order A = O(1)
in the spectrum, while in §4 we study the small eigenvalues of order A = O(g?). The N-spike
solution is stable when both sets of eigenvalues lie in the left half-plane. For N > 2 and € — 0,
in §3 we obtain an explicit critical value Dy such that the large O(1) eigenvalues are in the left
half-plane only when D < Dpy. When this condition on D is satisfied, we say that the equilibrium
solution is stable with respect to the O(1) eigenvalues. In §4, for N > 2 and ¢ — 0, we show that
the small eigenvalues are always real and that they are negative only when D < D}.. An explicit
formula for DY is derived and it is found that D3 < Dy. Thus, for N > 2 and € — 0, an N-spike
symmetric equilibrium spike pattern is stable when D < D%, and is unstable otherwise. The results
for Dy and D} are given below in Propositions 7 and 11, respectively. The main stability results,
summarized in propositions 5, 7, 8, 10, and 11, are obtained from a careful but formal asymptotic
analysis. It would be of interest to establish these results rigorously.

Finally, in §5 we study the stability and dynamics of a solution to (1.4) with exactly one spike.
For a certain range of exponents (p, ¢, 7, s), we show that a one-spike equilibrium solution to (1.4)
will be stable when D < Dq(g), where D;(g) is exponentially large as € — 0. It is unstable when
D > D;(e). An asymptotic formula for D;(e) is given in Proposition 13 of §5.2. This result is
consistent with the result of [6] for the shadow problem (1.5) for which D = oo, where it was
shown that a one-spike equilibrium solution is unstable, but with an asymptotically exponentially
small positive eigenvalue. In §5.1, we study the dynamics of a one-spike solution to (1.4) for
finite D by deriving an asymptotic differential equation for the trajectory of the center of the
spike using the method of matched asymptotic expansions. The asymptotic differential equation is
given in Proposition 12 of §5.1 and is favorably compared in §5.1 with results from full numerical

computations.

2 An Asymptotic Analysis of the Equilibrium Solution

For ¢ — 0, we construct an N-spike equilibrium solution to (1.4) with equal amplitude using
the method of matched asymptotic expansions. A solution with three spikes is shown in Fig. 1.

The locations z;, for j = 0,... ,N — 1, of the spikes for an N-spike solution, which follows from



symmetry considerations under the Neumann conditions (1.4c), satisfy

1+ 2j
N 7

At these points the equilibrium solution satisfies a’(z;) = 0 and h(z;) = H, where H is independent

zj=—1+ j=0,1,...,N—1. (2.1)

of j. For an N-peak equilibrium solution to (1.4), the activator concentration is localized in the
inner regions defined near each z;, and is exponentially small in the outer regions defined away
from the spike locations.

h

In the inner region near the jt spike we introduce new variables by

yi=¢ "z —w;),  hly)=hlzj+ey), aly;)=alz;+ey), (2.2a)
and we expand
h(y;) = holy;) +ehaly;) +--,  aly;) = do(y;) + Ole). (2.2b)

Substituting (2.2) into the equilibrium problem for (1.4), and collecting powers of €, we get

"

g —do +ah/hd =0, —00 < g < 00, (2.3a)
hy =0, (2.3b)
Dhy = —ab/hj . (2.3¢)

The conditions at y; = 0 are that ay(0) = 0, ho(0) = H, and hy(0) = 0. The conditions needed to
match to the outer solution are that hg is bounded as lyj| = oo and ap — 0 as |y;| — oo. Thus,
the solution to (2.3b) is hg = H. Next, we introduce u, by

ap = H'u,, where vy=¢q/(p—1). (2.4)

Then, (2.3a) and (2.3c) become

Uy, — e +ul =0, —o0 < y; <00, (2.5a)
uc—0 as |y;| = oo; u,(0) =0, (2.5b)
Dhy = —ulH" . (2.5¢)

From phase-plane considerations, there is a unique positive solution to (2.5). In particular, when
p = 2 we have

uc(y) = gsech2 (%) . (2.6)



Upon integrating (2.5¢) from y; = —oo to y; = oo we obtain

~1 ~1 ]. o0
y-gr—rkloo hy — y'gr{loo hy = —EHW_SbT, where b, = / [uc(y)]" dy (2.7)
J J —00

This equation yields a jump condition for the outer solution.

In the outer region, defined away from O(e) regions near each z;, a is exponentially small and
h is expanded as

h(z) = ho(z) + o(e). (2.8)

Here hg satisfies Dhg — pho = 0 on the interval [—1, 1] with suitable jump conditions imposed across
the z;. Upon matching to the inner solution constructed above, we obtain that hg is continuous

across each z; and that the jump in hg is given by the right-hand side of (2.7). Therefore, hg

satisfies
N-1
Dhy —pho = —H" b, 3 8(z —z3), -1<z<1, (2.92)
k=0
ho(+1) =0, (2.9b)

where 6(y) is the Dirac delta function. To solve (2.9) we introduce the Green’s function G(z;xzy)

satisfying

DGyp — puG = —6(x — ) , -l<z <1, (2.10a)
Go(£1;73) = 0. (2.10b)

A simple calculation gives,

Gl = Bt - o) feomh 000 o). mesastl 1)
Here
Ay = % (tanh [8(1 — z4)] + tanh [0(1 + )1, 6= (u/D)"2. (2.11b)
In terms of G(z;xy), the solution to (2.9) is
N-1
ho(z) = H'" ™ °b, Z G(z;xg) - (2.12)
k=0



Finally, to determine H we set ho(z;) = H and use the fact that EkN:_Ol G(zj; zk) is independent of
j when the locations satisfy (2.1). This can be shown directly either by using (2.11) and summing
certain geometric series, or by using the matrix analysis given following Proposition 4 below. In

either way, we get

7

Fr—(s+1)

, where ag = G(zj;xk) - (2.13)

bragy ‘

B
Il

This leads to the following equilibrium result:

Proposition 1: For ¢ — 0, an N-spike equilibrium solution to (1.4), which we label by ac(z) and

he(x), is given asymptotically by

N-1

ae(z) ~ HY Z ue [e7H(z — 21)] (2.14a)
k=0
N—1

he() ~ aﬂ S Glas o). (2.14b)
9 k=0

Here u(y) is the positive solution to (2.5), H and a4 are defined in (2.13), G is given in (2.11),
and xy, satisfies (2.1). The three-spike equilibrium solution plotted in Fig. 1 is obtained from (2.14).
To determine the stability properties of the equilibrium solution we introduce the perturbation

a(z,t) = ao(z) + eMo(x), h(z,t) = he(z) + (), (2.15)

where 7 < 1 and ¢ < 1. Substituting (2.15) into (1.4) and linearizing, we obtain the eigenvalue

problem
2 pal ' qa}
o — ¢+ b - g =Ab, 1<z <, (2.16a)
€ he
arfl a’
Dnyy — pm = —g_lr;—s¢ + 5_13ﬁ7], -l<z<1, (2.16b)
e €
¢ (£1) =nx(£1) =0. (2.16¢)

In §3 we analyze the spectrum of (2.16) corresponding to those eigenvalues that are bounded away
from zero as € — 0. These eigenvalues are referred to as the large eigenvalues. In §4 we analyze
the spectrum of (2.16) corresponding to those eigenvalues that approach zero as ¢ — 0. These

eigenvalues, referred to as the small eigenvalues, are shown to be O(¢?) as € — 0. The goal is to
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Figure 1: Plot of the activator and inhibitor concentration for a three-spike asymptotic symmetric
equilibrium solution with ¢ = .02, D = .10, p = 1, and (p,q,m,s) = (2,1,2,0). The solid curve is
the activator concentration and the dotted curve is the inhibitor concentration.

determine the range of D as a function of N for which the large and the small eigenvalues both
have negative real parts.

Qualitatively, the small eigenvalues arise from the near translation invariance property of the
system. When D = oo, then h, and 7 are constants in (2.16a). In this special case, the resulting
eigenvalue problem has N exponentially small eigenvalues. These exponentially small eigenvalues
arise as a consequence of the near translation invariance property and an exponentially weak in-
teraction between adjacent spikes (mediated by their tail behavior) and between the spikes and
the boundary. The corresponding eigenfunction is, to within exponentially small terms, a linear
combination of the first spatial derivative of u. [¢ '(z — z;)|. However, when D is finite so that
7 is a slowly varying function of z near each spike, then these exponentially small eigenvalues are
dominated by an algebraically small spike interaction mediated by the function n(z). The leading
term in the eigenfunction is still a linear combination of the first spatial derivative of u., but the
expansion of the eigenfunction proceeds in powers of e. When D = oo and 1 = 0, the operator in
(2.16) has exactly one positive eigenvalue in the vicinity of each spike, and this eigenfunction is of
one sign. Hence, when D = oo and n = 0, an N-spike solution is unstable on an O(1) time scale.

However, when D is decreased from infinity, the O(1) positive eigenvalue near each spike can be



pushed into the left-half plane owing to the dependence of n on D. This is the origin of the large

O(1) eigenvalues.

3 Analysis of the Large Eigenvalues

In this section we analyze the eigenvalues of (2.16) that do not approach zero as ¢ — 0. In §3.1
we consider the case where s = 0 and in §3.2 we extend the analysis to treat s > 0. For ease of
notation, the subscripts such as 7, shall indicate derivatives with respect to x, whereas the primes

will generally refer to differentiation with respect to the stretched variable .

3.1 Analysis for s =10
To study the eigenvalue problem (2.16) it is convenient to introduce scaled variables defined by
ac=H'u, he=Hv, ¢=H'¢, n=H], (3.1)

where v = ¢/(p — 1). From (2.14a), we conclude that u ~ EkN:_Ol uc e (z — zy)]. Substituting
(3.1) into (2.16) with s = 0, using (2.13) for H?"~!, and dropping the overbar notation, we get

puP~? quP

oz — ¢ + b g =M, 1<z <, (3.2a)
’I"’U,T_l

Dngy —pn = ———9¢, 1<z <1, (3.2b)
ebrag

¢z(£1) =ny(£1) =0. (3.2¢)

Using the symmetry of the equilibrium solution and the localization of the coefficients in (3.2), we

look for an eigenfunction for (3.2) in the form

@)~ 3 exd [ Mz — o)) | (3.3)
k=0

for some cg, where ®(y) — 0 as |y| — oo. The right-hand side of (3.2b) behaves like a sum of delta
functions as € — 0. Thus, for € — 0, we calculate that 7 satisfies

/Oo @) B dy Y bz —z),  —1<z<1, (3.42)
> k=0

ne(£1) = 0. (3.4b)

r

Diag — pn = =~
g



The solution to (3.4) is written in terms of the Green’s function G(z;xy) defined in (2.11) as

, o N-1
we) = [ e o) dy Y Glaiana (3.5
g9 J -0 k=0

Then, we substitute (3.3) and (3.5) into (3.2a), and use the fact that v = 1 4+ O(e) when |z —
zj| = O(e). The resulting eigenvalue problem, when written in terms of the stretched variable
y =e '(z — z;), becomes for j =0,... ,N — 1,

17 Tup o0 _ Nl
¢ (<I> - —i—pu’c’_l‘I)) - (ZL bc / [ue(y)]" ™" ®(y) dy Z G(zj;zp)er = cj AP, —00 <y <00,
gor S0 k=0
(3.6)
with & — 0 as |y| — oo. This eigenvalue problem is the same for each j when cg, ... ,cy—1 are the
components of the eigenvector for the matrix problem
Co
Gec = ac, c= : (3.7)
CN—-1

Here G is the N x N symmetric matrix whose entries are the coefficients G(z;; z;). The eigenvalues

of G are real. Then, using (2.7) for b,, we get that (3.6) becomes the nonlocal eigenvalue problem

agruf (fon [ue(y))”" @(y) dy
S [ue@)]" dy
®—-0 as |y > o0. (3.8b)

O -+ pul o~

)z)@, —o0 <Y < o0, (3.8a)
Gg

The goal is to determine conditions on D, y and N for which the eigenvalue Ay # 0 of (3.8) with
the largest real part satisfies Re()\g) > 0 for any eigenvalue « of the matrix problem (3.7).

The outline of the rest of the analysis is as follows. First, we obtain explicit formulae for the
eigenvalues o and the eigenvectors ¢; of G. These eigenpairs depend on the values of D, y and N.
The next step is to use a key result of [19], which we restate below, that proves that the principal
eigenvalue of (3.8), in the restricted subset for which A # 0, has a positive real part when a < a,
and a negative real part when a > .. Here a, > 0 is some specific threshold value. Hence, we
conclude that there is no eigenvalue of (3.8) with a positive real part when the minimum eigenvalue
oy of the matrix problem (3.7) satisfies a1 > .. We show explicitly the range of parameter values
D, o and N for which this relation holds. We now carry out the details of this analysis.

10



We first calculate the eigenvalues of the full symmetric matrix G. This is readily done since G~!
is a symmetric tridiagonal matrix. To see this, in Appendix A we solve (3.2b) on each subinterval

[zj—1,2;] and impose the following jump conditions across each x = z; that are associated with
(3.2b):

rc; [ _
=0, Duli=-w, @=L [ e dy. (39)
99r J—o0
Here [a]; = a(z;+)—a(z;-). This procedure then leads to a linear system for n(z;),j =0,... ,N—1
of the form
Bn = (,uD)_l/2 w, (3.10a)
where the N x N tridiagonal matrix B and the N-vectors n and w are defined by
d f 0 - 0 0 0
f e f -+ 0 00
0O f e . 0 00 n(zo) wo
B=| : : - : S n= : ) w= : (3.10b)
00 0 "~ e fO n(@y-1) “N-1
00 0 --- f e f
00 0 - 0 f d
Here d, e and f are defined by
d = coth(26/N) + tanh(6/N), e = 2coth(26/N), f = —csch(20/N), (3.10c)
where 6 = (u/D)l/Q. Note that d = e + f. Thus, n is given by n = B~ lw (,uD)_l/Q. Another way
to determine 7 is to evaluate (3.5) at =z, for j = 0,... , N — 1. The equivalence of these two
representations of 7 yields
B—l
= . (3.11)
VD

In Appendix B we show the explicit calculation that yields the following result for the eigenvalues
r; and the eigenvectors g; of B:

Proposition 2: The eigenvalues kj, ordered as 0 < k1 < ... < kn, and the normalized eigenvectors

q; of B are
— 1
k1 =e+2f; mj:e+2fcos(%>, j=2,...,N, (3.12a)
1 [2 (G —1) ,
qﬁz—N(l,...,l); qj = NCOS(T(1—1/2)>, j=2,...,N. (3.12b)

11



Here q' denotes transpose and q§- = (q1,5,--- ,4N,j)-

Therefore, from (3.11) and since e > 0 and f < 0, the smallest eigenvalue of G is proportional to
ﬁ}l and the corresponding eigenvector is proportional to g5 . Relabeling this eigenpair we obtain:
Proposition 3: The smallest eigenvalue oy of G and the corresponding (unnormalized) eigenvector

g, are

(nD)"'"?
e—2fcos(m/N)’

g1 = sin (%) cos (”(N - 1])\§l - 1/2)> . (3.13b)

a1 =

(3.13a)

Here e and f are defined in (3.10c) and ¢t = (q11,--- ,q1,N)-

The following rigorous result, which is a special case of a Theorem in [19], pertains to the
principal eigenvalue of (3.8) and is critical to our stability analysis.
Theorem(Wei [19]): Consider the eigenvalue problem for vy > 0

o0 r—1
" u 0] d
O — D+ pul'd — yp(p — )b (I_MI[WC(Eg](y)]T ;:Z) y) =\P, —o0o<y<oo, (3.14a)
— oo LUc
®—-0 as |yl — oo, (3.14b)

corresponding to eigenpairs for which A\ # 0. Here u, satisfies (2.5). Let Ao # 0 be the eigenvalue
of (3.14) with the largest real part. Then, if yo < 1, we conclude that

Re(\g) > 0. (3.15)
Alternatively, if vo > 1 and if either of the following two conditions hold
(i) r=2, 1<p<5, or (i) r=p+1, p>1, (3.16a)
then
Re(XAg) < 0. (3.16b)

The simple proof of (3.15) is given in Appendix E. The proof of (3.16) is given in Lemma A and
Theorem 1.4 of [19]. For completeness we give it in Appendix F.

The assumption (3.16a) holds for the two common sets of parameter sets for the GM model
(p,q,7,8) =(2,1,2,0) and (p,q,7,s) = (4,2,2,0). Comparing (3.8) with (3.14), the theorem above
yields the following key result on the spectrum associated with (3.8):

12



Proposition 4: Let Ao # 0 be the eigenvalue of (3.8) with the largest real part and assume condition
(3.16a) holds. Then, Re(X\g) > 0 when

o < g where o = (p=Day . (3.17)
qr
Also Re(Xg) < 0 when a1 > a.. Here ai is the minimum eigenvalue of G given in (3.13a) and a4
is the constant row sum of G defined in (2.13).
To get an explicit stability criterion we must calculate a,. Since g% = (1,... , 1) is an eigenvector

of B with eigenvalue k1 = e + 2f we can multiply both sides of (3.11) by g; to get

1 1
Gq,=a,(1,...,1) = —Blq = 1,...,1)t. 3.18
1 g9 ( ) \/E 1 Kzl\//l—D ( ) ( )
Hence,
1 . 1 1
= 2 = . 3.19
a9 = 5 O+ 2 = S ot (20/N) — csch (20/N) (3-19)
Substituting (3.13a) and (3.19) into (3.17) we obtain that Re(Ag) = 0 when
2 -1
ex2f __p-1 (3.20)

e —2fcos(m/N) qr
Using the definition (3.10c) for e and f, we calculate e/(2f) = —cosh (20/N). Substituting this
expression into (3.20) and solving for the critical value of # we get the following main result:

Proposition 5: Let Ao # 0 be the eigenvalue of (3.8) with the largest real part and assume condition
(8.16a) holds. Then, Re(Mo) < O when

D<DNE%, N=1,2,..., (3.21a)
v =Nmfor v 1], a=is [ (5)] (G2 1) (3.21b)

Alternatively, when D > Dy then Re(Xg) > 0.

This result gives the stability criterion for the large eigenvalues of (2.16) when s = 0. For
example, from this result we can conclude that a three-spike equilibrium solution is stable with
respect to the large O(1) eigenvalues only when when D < Dj3. To stabilize one additional spike
we need to decrease D below Dy.

We now examine (3.21) for the GM parameter set (p,q,7,s) = (2,1,2,0) for which
T T\ 2
2+ cos (N> + \/(2 + cos (N)) - 1] . (3.22)

13
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We then calculate the following sequence of critical values of Dy:

=up/0? =00, 6;=0, (3.23a)
Dy = /62 = 0.5766u, 0y =1In (2 + \/5) , (3.23b)
Ds = /62 = 0.1810u, 63 = gln (g + g) : (3.23¢)

2
Dy =p/03 =0.09154,  6,=2In (2 + % + \/; + 2x/§> : (3.23d)

In the limit N > 1, we get
2 —2 4
Dy ~4uN 2 (n[3+8]) ~+0 (N (3.24)

For the analysis leading to (3.21) to be valid we require that D/e? > 1 in order to ensure that h
is slowly varying in the inner regions near each spike. Hence it follows that we require N <« 1/¢,
which limits the range of validity of (3.24).

For the other common parameter set (p,q,7,s) = (4,2,2,0) we get the critical values

Dy =p/0? =00, 6,=0, (3.25a)
Do = /62 = 02349, Gy=In (4 + \/B) , (3.25b)
11 i1

Dy=p/6? =0.0401y, 654=2In ( + i + \/ 12f> (3.25d)

The results in (3.23a) and (3.25a) suggest that the principle eigenvalue of (3.8) for a one-spike
equilibrium solution will always have a negative real part for any value of D. This conclusion is
true when D is independent of &, but needs to be modified if we allow D to depend on £. More
specifically, we show in §5 that a one-spike equilibrium solution is stable only when D < D;(e),
where D (¢) is exponentially large as ¢ — 0 and satisfies D1 () = O (e2¢%/%) for e < 1.

14



3.2 Analysis for s >0

For s > 0 we again introduce the new variables (3.1) into (2.16) and use H"" =) = 1/(b,a,) from
(2.13), with the result

pub™'  quP
Ebar —+ ¢~ =Ab, 1<z <1, (3.26a)
D su’ e l<z<l (3.26D)
- - = - T .
771:1: /“7 €bra,g'l)s+1n €bra,g'l)s bl bl
¢z (£1) = nz(£1) = 0. (3.26¢)

Here u ~ ZkN:_Ol uc [e" (@ — zy)]. Substitute the form for ¢ given in (3.3) into (3.26b) and use the
facts that u is localized and that v = 1 4 O(e) near each zi. Then, in place of (3.4), (3.26b) and
(3.26¢) become

N-1

N-1 00
fDngg — |p+ ai Z é(z —zg) | n= _arb / [uc(y)]r—l ®(y)dy Z ckb(z — xk), |z] <1,
9 k=0 gor J—e0 k=0
(3.27a)
Ne(£1) = 0. (3.27b)

Thus the term proportional to s in (3.27a) acts as a psuedo-potential and hence will modify the
jump condition for 1, across each z;. Since u is localized near each z;, and n(z) is slowly varying
with respect to € near each z;, we need only calculate 7(z;) and substitute into (3.26a) to obtain
the eigenvalue problem.

To calculate 7)(z;) we proceed as follows. We introduce 7 and w as defined in (3.9) and (3.10).
We then solve (3.27a) analytically on each subinterval in terms of hyperbolic functions and then

patch the subinterval solutions together using the appropriate jump conditions

[, =0, [Dns);=—wj+ aigma:j), (3.28)

where w; was defined in (3.9). This calculation, which we omit, shows that the solution for n can

be written in the form
B = (uD)"*w, (3.29)

where the matrix B; is given by

S

B; =8
3 + agy/ pD

I. (3.30)
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Here I is the N x N identity matrix and B is the matrix defined in (3.10b) and (3.10c). Therefore,
using (3.9) and (3.10b), we obtain

1= g [ ) e dy B e, (.31

where ¢ is defined in (3.7). In place of (3.6) we get, for j =0,... ,N — 1, that

o

P
" _ qruce r—1 _
¢j (‘I’ = @ +pu? 1¢’>  agb/iD ) o [uc(y)]™ @(y)dy (By'c);,, =¢A®,  —o0o <y < oo,
(3.32)
with & — 0 as |y| — oco. Here (B;lc)j denotes the jth component of the vector B; c.
Now let ¢ be an eigenvector of the matrix eigenvalue problem
Bsq = kq. (3.33)
Then, using (2.7) for b,, (3.32) becomes
D oo r—1
" _ gruf [ Jlo )] @(y) dy
o —+pul o - =\, —c0<y<oo, (3.34a)
agky/ D Joo lucy)]” dy
®—0 as |yl — o0. (3.34b)

Let Ay # 0 be the eigenvalue of (3.34) with the largest real part. Then, from comparing (3.14) and
(3.34), we conclude from the theorem of [19] stated above that Re(A\g) < 0 only when

1 -1
Kag\/puD qr

To obtain a condition in terms of the minimum eigenvalue of G, we use (3.11) to get that Gg = agq,
where kagy/pD = s + ag/a. Substituting this relation between s and « into (3.35), we obtain the
following result in terms of the smallest eigenvalue a; of G:

Proposition 6: Let Ao # 0 be the eigenvalue of (3.8) with the largest real part and assume condition
(3.16a) holds. Then, Re(X\g) > 0 when

o ( ar s>1. (3.36)

ag p—l_

(3.35)

Also Re(Ao) < 0 when the inequality in (3.36) is reversed.
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The right-hand side of (3.36) is always positive by the assumption (1.2) on the exponents.
Setting o /ag = [qr/(p — 1) — s]™!, and using (3.13) and (3.19) for a; and a4, respectively, we get
the following main result for the stability of the equilibrium solution with regards to the large O(1)
eigenvalues:

Proposition 7: Let \g # 0 be the eigenvalue of (3.34) with the largest real part and assume
condition (3.16a) holds. Then, Re(\o) < 0 when

D < Dy = N=12,..., (3.37a)

L
6%’

GNEgln[a—l— a2—1], a51+[1+cos(%)] (qul—(s+1))1_ (3.37b)

Alternatively, when D > Dy then Re(Xg) > 0.
From (1.2) we get that a > 1 since ¢r/(p —1) > (s + 1). In addition, Dy decreases as s
increases, and so for each fixed N it follows that D must be made smaller as s increases in order

to stabilize an N-spike equilibrium solution.

4 Analysis of the Small Eigenvalues

The results in §3 establish conditions for which the equilibrium solution is stable on an O(1) time
scale. Now, we examine the more difficult problem of determining conditions guaranteeing that
the small eigenvalues with A = O(e?) lie in the left half-plane. The first step, done in §4.1, is to
reduce (2.16) to the study of a matrix eigenvalue problem. In §4.2 we analyze this matrix eigenvalue

problem to determine the small eigenvalues and their signs explicitly.

4.1 Deriving the Matrix Eigenvalue Problem

We begin by writing (2.16) in the form

qae
L5¢—hg+1n:/\¢, -l1<z<1, (4.1a)
D et _1, G 4
Nex — ) = —€ TFQS—I-& sWn, -l<z<1, (4.1b)
[+ €
o (£1) = nx(£1) =0, (4.1c)

where

p—1
bae

L.gp= 52¢ww —¢+ 7
e

é. (4.1d)
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Here a. and h, are given by

N-1 N-—1
H . 1
ag~ Y Hup;  he~ o > Gwzy);  HYUE) = o (4.2)
k=0 k=0

We have defined ug(y) = uc [e 1 (z — z4)], where u.(y) satisfies (2.5). The equilibrium positions

for z; are such that
(hez); =0, ij=0,..,N—1. (4.3)

Here and below we have defined (¢); = (((z;+) +((z;-))/2 and [(]; = ((z;}+) — ((z;-), where
¢(z;+) are the one-sided limits of {(z) as z = zj4.

If the inhibitor diffusivity was infinite and there only one spike, then by translation invariance
we would obtain L.a.; = 0. Here we expect that L.a., is still small. To show this, we differentiate

the equilibrium problem for (1.4a) with respect to z to get

P
qae
Leae, = Fhem - (44)
Thus, for z near z; we get
, equug
elhy ~ W ex (4.5)
This fact suggests that we expand
¢=do+tepr+-, n(z) =eno(z) +---, (4.6a)
where
N-1 N-1
¢o = Z Cju, [e7Hz — z;)] , h1 = Z cidrj [e M — ;)] , (4.6b)
7=0 j=0

and the c; are arbitrary coefficients.
We substitute (4.6a) into (4.1a) and use (4.5) and A = O(e?). For z near z;, we get that ¢1,(y)
satisfies
P [ra

c-Lqﬁ-N—M[c-h (zj +ey) — H'no(z; + €y)] (4.7)
jLie @1 it ez Ty Yy No\Z; + €Y)| - -
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Before solving this equation for ¢1; we need to determine an important continuity property of the
right-hand side of (4.7).
Substituting (4.6a) into (4.1b), we get that 7y satisfies

r—1 T

i (fo+edr) + 5_13h5—i1’70’ ~l<z<1. (4.8)
€ €

_o Q
Dnoge — pmo = —€°1

Since ¢q is a linear combination of ulj, it follows that the term multiplied by ¢y on the right-hand
side in (4.8) behaves like a dipole. Hence, for £ < 1, this term is a linear combination of §' (z — z;)
for j =0,..,N — 1, where §(z) is the delta function. Thus, ng will be discontinuous across z = z;.

However, if we define the function f(z) by
f(z) = Hno(x) — the:c(x) ) (4.9)

then f is continuous across £ = z;. To see this, we differentiate (1.4b) for h., with respect to
z and subtract appropriate multiples of the resulting equation and (4.8) to find that the dipole
term cancels exactly. Thus, f is continuous across = z;, and we have (f); = f(z;). However,
(hez); = 0 from (4.3). Hence, f(z;) = H"(no)j. Therefore, for ¢ < 1, we get from (4.7) that ¢,

satisfies
CjLE¢1j ~ qu§H771<770)j . (410)

Since Leuj = (p — 1)uj + O(e), (4.10) is easily solved to get

Gii) = - Zqus ) o) + 0) (411)

This condition shows that ¢1; is continuous across z = z; and has the form of a spike. This
implies that the term in (4.8) proportional to ¢; behaves like a linear combination of d(z — z;)
when ¢ < 1 and, most importantly, is of the same order in € as the dipole term proportional to
¢o. This shows the fact that we need to determine the approximate eigenfunction for ¢ to both the
O(1) and O(g) terms in order to calculate an eigenvalue of order O(e?).

Next, let ¢ — 0 and use (4.6b) and (2.13) for H'"~(*+1) to calculate for x near z; that

B ar—l Hl—fy ,
— ?r 715 ho ~ — o cjd (z — z;), (4.12a)
r—1 Hl—fy . o)
e e 15 ~ I | / ul Ly dy S(z — ;) . (4.12b)
hs agh,  J o

19



Substituting (4.12) into (4.8), and using the formula (4.11) for ¢1;, we get

¢ V- iy N1 N—1
Dnogs — u-l-a—gZé(x—wj) no = — ché x — ;) dz — ).
7=0 ]:0
(4.13)
This problem is equivalent to
Dnogy — pmo =0, -1<z <1, nOm(il) =0, (4'143)
€C; _ 1 qr
Dnol,=— (=2 )H" Dnog); = — s — ¥ 4.14b
[Di) (ag ) ; [Dnoal; a (s = 1)> {no); (4.14b)
For convenience we introduce 7y defined by
mo = H' "7 . (4.15)

Next, we estimate the small eigenvalue. Substitute (4.6) and (4.15) into (4.1a) and multiply

both sides of (4.1a) by u; Integrating the resulting equation across the domain, we get

N—

;_A

(uj,cz cU; ) +e Z (u],cZL d)h) —eqH'™ ( ' a;zg) )\Z (cZ u;, ’]) . (4.16)

=0

Here we have defined (f, g f f(z)g(z) dz. To within neghglble exponentially small terms, the
dominant contribution in the sum comes from 1 = j since u. ]
Thus, (4.16) becomes

cj (u’j,LEu;-) + ec; (u;,L6¢1j) — eqH' ™Y ( ' h;ﬁ) ~ Acj ( uj, 9) . (4.17)

Since L. is self- adjoint we integrate by parts on the second term on the left-hand side of (4.17) and

is exponentially localized near z = x;.

use (4.5) for L, u . The integrands are localized near x = x;. Thus, writing the resulting integrals
in terms of the stretched variable y = 7! (z — x;), we get

2 < uju 2 orl * “p“
€ ch'Hq/ hﬁ,ﬁ hex dy — e*qH +q/ hq+1no dy

—00 —

o P 0o A 2
+€3q0qu/ hﬁll] heg dy ~ 8)\Cj/ (uc) dy . (4.18)

—00 —00

In this expression 7o = 7jo(xj + €y), he = he(z; + €y), and hey = heg(z; + €Yy).
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We now estimate each of the terms in (4.18). Since [¢1;]; = 0, (hez); = 0, and u; is odd, it
follows that

o ulpy;
/_oo #hex dy = o(1) as €—0. (4.19)
Hence, the third integral on the left-hand side of (4.18) will be o(¢®) and can be neglected. Next,
we combine the first two terms on the left-hand side of (4.18) to get

o 7P 0 2/ /P

Uity 2 77q %)
RatT ody = —e“qH thf(xj +ey)dy. (4.20)
e e

-0

oo u?ul_
62q0qu/ ;—ﬁhez dy — 62qH1+q/
—0oQ he —0oQ0
Here f(z), defined in (4.9), is given in terms of 7)o by f(z) = H#jo(z) — cjhez(x). The function f is

continuous across = x; but its derivative is not. For ¢ < 1, we calculate

2 g [ u;uf 5 Cihega(zs) [ 1 4 3 /= o
—e“qH carrf (g Tey)dy ~ efg=—r— yuju; dy — €°q(flos) j yuju;dy. (4.21)
—0o0 he - —00

Upon integrating by parts in (4.21), and using hegzz(z;) = pH/D, we get

oyl /e 3 | o
2 1+q JJ jltex N q N o %) o1
e'qH /_oo hat 1 ( H 770) dy pt1 ((77058)] D)) . [uc(y)]P™ dy. (4.22)

Substituting (4.19) and (4.22) into (4.18), we obtain a formula for A. We summarize the result
(redefining 7o for convenience) as follows:
Proposition 8: The eigenvalues of order O(g?) for (2.16) satisfy

i [ [uw)] o~ o Py (o) - ) =0 N1 (42

Here (1), is obtained from the solution to the boundary value problem

Dnyy —pun =0, -l<z<1; ne(£1) =0, (4.24a)

ec; 1. - qr
Dnl. = -2 Dn.]. = — - =s— ; 4.24b
I A A T N (4:240)
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4.2 Analyzing the Matrix Eigenvalue Problem

The next step in the derivation is to calculate (n;); from the solution to (4.24). The solution to

(4.24) can be decomposed as

1 N-1 N-1
0= - (X astaon + Y mtaan) (429
9 \k=0 k=0

for some coefficients my, for k = 0,... ,N — 1. Here G satisfies (2.10), and g(x;zx) is the dipole
Green’s function satisfying

Dgyy — g = —5 (x — k), -l<z<1, (4.26a)
gz (£1;25) =0. (4.26Db)

Satisfying the jump conditions in (4.24b) we get the following matrix problem for the coefficients

myg:
(ig + I) m=——"Pe. (4.27)
g g
Here G is the Green’s function matrix defined in (3.7) with entries G(z;; ), and
{g9(zo;z0))o - 9(zo; xN-1) ™Mo co

gl@n-1;z0) -+ (glzn-1;ZN-1))N—1 MN_1 CN-1

The problem (4.27) determines m in terms of c. Then, using (4.25), we can calculate (7,);, for

j=0,...,N —1, from the matrix problem

(Mz) = — (Gge + Pm) , (4.29)

1
Gg
where G is the Green’s dipole matrix defined by

gz(To520) -+ ga(zosTN-1)
Gy : : ; (4.30)
gz(TN-1;20) - Ggx(TnN—1;ZN—1)

Il
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and

(Ge(zo320))0 -+ Gy(To;TN—_1) (nz)o
P : : s (na) = : . (431)
Ge(zn-1520) +++ (Gzlzy 137N 1))N 1 (Nz)N—1

Next, we define o by

\— 82(]0' (foooo [Uc(y)]p+1 dy) (4.32)
- ' 2 : .
(p+Dag \ [%, [u()] dy
Substituting (4.29) and (4.32) into (4.23), we get a matrix eigenvalue problem for o and ¢
_ Hag
Ggc+ Pm = (U+ D )c. (4.33)

Here m is determined in terms of ¢ by (4.27).

The next step in the analysis is to reduce (4.27) and (4.33) to an equivalent generalized eigen-
value problem. This analysis involves matrices associated with G and g. To avoid confusion we
have indicated with a subscript g those matrices associated with the dipole Green’s function g.

In the analysis below we must find the eigenvalues of G, explicitly. This is done as in §3 by
showing that G, 1 is a symmetric tridiagonal matrix. More specifically, in Appendix C we show
that

0
D
where By is a tridiagonal matrix with exactly the same form as in (3.10b), except that here the
definitions of d, e and f in (3.10c) are to replaced with

G B, (4.34)

d = coth(20/N) + coth(6/N), e = 2coth(260/N), = —csch(20/N), (4.35)

where d = e — f. In Appendix D we calculate the eigenvalues and eigenvectors of B, analytically.
The result is summarized as follows:
Proposition 9: The eigenvalues §;, ordered as 0 < &1 < ... < &n, of By and the associated
normalized eigenvectors v; of By are

20 20 ] )
€; = 2coth (W) — 2csch (ﬁ) cos (W) j=1,...,N, (4.36a)
1 2 . (7] .
vﬁV:—N(1,—1,1,...,(—1)N+1); vl,j:,/ﬁmn(ﬁ(l—l/z))), j=1,...,N—1.
(4.36Db)
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t t _ _ .
Here v* denotes transpose and v; = (V1,55--- ,UNj)-

Other key relations that we need are derived in Appendices A and C, where we show that

. 1 20 -1 __L % trr—1
Pg—2Dcsch(N)CBg , P = 2Dcsch(N>CB . (4.37a)

Here the matrix C is defined by

1 1 0 0 0 0

-1 1 0 0 O

0 -1 0 0 0 O
C= (4.37b)

o 0 0 - 0 1 0

0 0 O -1 1

\ 0 0 0 0 -1 -1

From (4.37a) we obtain the result that

PB =—(P,B,)" . (4.37c)

We begin by solving (4.27) for m. The matrix in (4.27) is invertible if § (o1 /ay) +1 < 0, where
a7 is the minimum eigenvalue of G. From (3.36) and the definition of § in (4.24b), we see that this
condition is satisfied when the large O(1) eigenvalues are in the left half-plane. We will assume
that D < Dy so that this condition holds. Let g, x; be the normalized eigenpairs of B as given
in Proposition 2 for j = 1,... ,N. Then,

B = QKQ', (4.38)

where () is the orthogonal matrix whose columns are the normalized g; and K is the diagonal
matrix of the eigenvalues of B. Since G = B~!/y/uD from (3.11) and Q'Q = I, we get

- -1 ~ -1
g 3
—G+ I) =Q ( K™+ I) Q. 4.39
(ag agV/pD (4.39)
Using 0 = (1/D)"?, we can solve for m in (4.27) in the form
5 50 ., -t
m=—-——Q|(—K " +1) QP,ec. (4.40)
ag =~ \aght
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We then substitute (4.40) and (4.34) into (4.33). This yields,

~ -1
B,'c - sD? (i> PQ (ﬁ/cl + I) Q'"Pyc = (& + @> c. (4.41)
Qg b Qg 0 0

In (4.41) we use (4.37c) and (4.38) to replace PQ with
PQ =PBBQ = — (P,B,)' QK. (4.42)
We then introduce v and the diagonal matrix D defined by
u=B,"c, D=3D*K ' (EK+I) . (4.43)

Here we have defined v by

0 20 20 0
v = ag—,u =2 [coth (W) — c¢sch (W)] = 2tanh (N) . (4.44)

Equation (4.44) is obtained from using the expression for a4 in (3.19). Using Proposition 2 for the

eigenvalues x; of K we then calculate D as

d 0 - 0
sD?
D= 0 0 , where d; = ° Y, J=1...,N. (4.45)
Do Fit sy
0 0 dN

Substituting (4.42) and (4.43) into (4.41), we obtain the eigenvalue problem

Bu=w(I+R)u. (4.46a)
Here we have defined w and R by
Do 1\7!
w= (70 + ;) , R = (’Png)t QDQ'P,B, . (4.46b)

The assumption that the solution is stable with respect to the large O(1) eigenvalues is equivalent
to the condition that x; + 5y < 0 for 7 = 1,.., N. Under this condition, and since § < —1, we
conclude that D > 0. Hence, I + R is a positive-definite and symmetric matrix. This means that
the eigenvalues w;, and consequently A;, for j = 1,... ,N are real. The generalized eigenvalue
problem (4.46) is equivalent to the combined problem (4.27) and (4.33).
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The next step is to determine the spectrum of (4.46) analytically. To do so, we show that R
has the same eigenvectors as B,. Hence, we claim that R can be written in terms of some positive
diagonal matrix ¥ as

R =Qy2Q} . (4.47)
Here @) is the eigenvector matrix associated with B,. The jth column of @) is the eigenvector v;

given in Proposition 9. Using the formula for P B, in (4.37a), we can write R in (4.46b) as

1 2
R= 15 csch? (%) c'QDQ'C. (4.48)
This is equivalent to
1 20
R = mcsch2 (ﬁ) QuMDM! ;, (4.49a)

where the matrix M is defined by
M =QiC'Q. (4.49b)

Comparing (4.49a) and (4.47), we then define ¥ by

_ 1 2 (20 t
Y= 4D2cs0h (N)MDM . (4.50)

We now show that ¥ defined in (4.50) is a diagonal matrix.
To show this, we first calculate the matrix M in (4.49b) using the explicit formulae for the
eigenvectors of B and By given in Propositions 2 and 9. Let m;; be the 4, jth entry of the matrix

M. Then, we calculate m; ; explicitly using (4.49b) and the definition of C in (4.37b), to get

N
mij; = Zvl,i (@1, — qr1,4) - (4.51)

=1
Here we have defined qo; = q1,; and gy y1,; = gn,j, where ¢;; and v ; are defined for [ =1,... | N

and j =1,...,N in (3.12b) and (4.36b), respectively. A tedious, but straightforward, calculation
shows that m;; = 0 for ¢ # j — 1. However, the entry m;_;; is non-zero. We calculate, for
j=2,...,N, that

N-1

M1 = v1,j-1 (15 = @2,3) + vnj1 (an—15 — ang) + D w1 (G-15 — die1g) - (4.52)
=2
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Using (3.12b) and (4.36b), and standard trigonometric identities, we can reduce (4.52) to

mj_l,j:%sin( j_1>Zsm( J_l)N(l_l/2)), j=2,...,N. (4.53)

Therefore, we get the key result that

j— 1
mj—1,; = 2sin (%) j=2,...N; m;; =0 otherwise. (4.54)

Therefore, it is clear that the matrix product MDM?! in (4.50) is a diagonal matrix. This shows
that By and R have the same eigenvectors. Then, by using (4.45) for the diagonal entries of D, we
calculate ¥ in (4.50) explicitly as

zz 0 - 0
s=| 0 o 0 (4.552)
0 0 ZN
where
1 20 2 :
Zj = mcsch2 (N) (mj,j_|_1) dj+1, J]= 1, .. ,N - 1; zy =0. (4.55b)

Finally, we use (4.54) for m; j+1, (4.45) for dj;1 and the result that kK;41 =¢jforj=1,... ,N -1,
as obtained by comparing (3.12a) and (4.36a). In this way, we find that z; = z;(§), where

5y 2 (20 . -
;= h
Zj T csc ( N) sin

Here v was defined in (4.44). When D < Dy, so that the solution is stable with respect to the
large O(1) eigenvalues, then &; + 3y < 0 for j =1,..,N — 1.

(%J) j=1,...,N—1;  zy=0. (4.56)

Since we have shown the crucial result that B, and R have the same eigenvectors, it is easy to
calculate the spectrum of (4.46). The eigenvalues w; of (4.46) are

szgj/(l—i_Zj)? j=1...,N, (457)

where ¢; and z; are given in (4.36a) and (4.56), respectively. Then, substituting (4.56) into the
expression for ¢ in (4.46b), we get that o; = 0;(8), where

Uj:_D—Ej<Q_ —Zj>, jZl,...,N. (458)



Finally, we substitute (4.58) into (4.32) to obtain explicit formulae for the small eigenvalues A =
O(e?). The main result is summarized as follows:

Proposition 10: For ¢ < 1, consider the eigenvalues of (2.16) of order X = O(e?). The corre-
sponding eigenfunction has the form (4.6) where c¢; = v, with v; defined in (4.36b). The explicit

formula for the small eigenvalues is

_ e2qu oo [uc(y)P*" dy [1 —cos (mj/N) — zj (cosh (20 /N) — 1)
J D(p+1) = [u. ()] dy cosh (20/N) — cos (75 /N) ’
forj=1,... ,N. Here z; = z;(8) is defined in (4.56).
The final step in the analysis is to determine the sign of o; with respect to the parameter D.
The condition o; < 0 for j = 1,.., N holds when

%—1—z]->0, j=1,..N. (4.60)

(4.59)

Defining w; = &;/7, we calculate from (4.36a) and (4.44), and from some standard trigonometric
identities, that

rsin? (L) 2 (2
w; =1+ sin <2N) csch (N) (4.61)

Since zy = 0 and wy > 1, (4.60) holds when j = N. Substituting (4.56) and (4.61) into (4.60), we
see that o; < 0 when

' 0 ; ' 20
sin? (%) csch? <N) (% + 1) > sin? (7JTV_]) csch? (ﬁ) , for j=1,..,N—-1. (4.62)

Using (4.61) and some standard identities, (4.62) reduces to

(1 + 5 + csch? (%)) (1 — cos? (%) sech? (%)) <0. (4.63)

The second bracketed term on the left-hand side of (4.63) is always positive for any j = 1,..,N.
The first bracketed term is negative when D is very small since § < —1 and 6 > 1. However, this

term will switch sign when D crosses through the critical value where

csch? (%) =—(1+3). (4.64)

Hence, N — 1 of the small eigenvalues switch sign at the same value of D. Let D}, be the value of
D satisfying (4.64). By solving (4.64) we obtain the following main result for the stability of the

solution with respect to the small eigenvalues:
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Proposition 11: For ¢ < 1, consider the eigenvalues of (2.16) of order X = O(e?). These

eigenvalues are negative only when D < D}, where

-1
* [ _ | 4qr

Py = [Nin(vB+vB+1)]*’ b= [p—l (HS)] ' (465)
There are N — 1 small positive eigenvalues when D > D3y. When D = Dy, then X = 0 is an
eigenvalue of algebraic multiplicity N — 1.

It is a simple exercise to show that, in general, these critical values are smaller than the critical
values Dy given in Proposition 7 for the stability of the solution with respect to the large O(1)
eigenvalues. Thus, our final conclusion is that an N-spike equilibrium solution will be stable only
when D < D}, For the parameter sets (p,q,r,s) = (2,1,2,0) we get 8 = 1, and for (p,q,7,s) =
(4,2,2,0) we get 8 = 3. From (4.65) we then calculate the critical values

N=2 5 Dy=03218 fB=1; Dy=0.1441y pB=3, (4.66a)
N=3 > D3y=0.1430p B=1; D3y=0.064lp pB=3, (4.66b)
N=4 — D;=00805y B=1; D;=00361p B=3. (4.66¢)

The numerical computations of [7] of the time-dependent problem (1.4) with (p,q,r,s) = (2,1,2,0),
starting with initial conditions close to an asymptotic equilibrium solution, suggested that Dy ~
0.33 and D3 = 0.14. The detailed analysis presented above gives the theoretical basis for these

numerical predictions.

5 The Dynamics of a One-Spike Solution

In this section we analyze the dynamics of a one-spike solution to (1.4). For finite inhibitor diffu-
sivity D, in §5.1 we derive a differential equation determining the location z((¢) of the maximum
of the activator concentration for a one-spike solution to (1.4). By linearizing this differential equa-
tion around the stable equilibrium location zg = 0, we show that the decay rate of infinitesimal
perturbations coincides with the small eigenvalue result (4.59) when N = 1. Alternatively, when
D = o0, we know from [6] that the equilibrium solution zy = 0 for a one-spike solution is unstable.
When D = oo, the spike drifts exponentially slowly towards the closest endpoint of the domain
(cf. [6]). To reconcile the finite D result with the infinite D analysis of [6], we show in §5.2 that
the equilibrium location 2y = 0 for a one-spike solution is stable when D < D;i(e), where D is

exponentially large as € — 0.
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5.1 The Differential Equation for the Spike Location
In the inner region near the spike we introduce the new variables
y=ctz—m(r)],  hly)=h(zo+ey), aly) =alzo+ey), T=ct, (5.1a)

and we expand

h(y) = ho(y) +eha(y) +---,  aly) =aoly) +edi(y) +--- . (5.1b)

Substituting (5.1) into (1.4), we find from the leading terms that ag and hg satisfy (2.3a) and
(2.3b), respectively. Hence,

ao(y) = H'uc(y),  holy)=H, ~vy=4g/(p-1), (5.2)

where u.(y) satisfies (2.5). Here H = H(7) is a function to be determined. Setting a; = H"u;, we
get to next order that

n p;’; ! !
uy — uy + pub~uy = quIc{ L zou,, —00 <y < 00, (5.3a)
Dh| = —H" %", (5.3b)

with u; — 0 exponentially as |y| — oo. The right-hand side of (5.3a) must be orthogonal to the

homogeneous solution ulc of (5.3a). From this solvability condition we obtain

o0

] _ q / p !~
Ty = - uPu hy dy . (5.4)
CH [ ) dy S

If we integrate (5.4) by parts twice, and use the facts that &, and u, are even functions, we get

q (ffooo [uc(y)]P*! dy) [

2H+1) \ [, ()P dy

In the outer region away from the spike, a is exponentially small and, similar to the analysis in

lim Ay + lim Al . (5.5)

!
Ty = —
y—>+00 Y—>—00

82, we expand h = hy + - - -, where hg satisfies

Dhy — pho = —H" b,8(x — z), —l<z<1, (5.6a)
ho(£1) = 0. (5.6b)
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Here b, is defined in (2.7). To match with the inner solution we require that

ho(.’II()) =H, lim h + lim h’l = hOx($O+) + hOz($O ) (57)

y—+00 Y—>—0o0

The solution to (5.6) is
ho(w) = H'™*b,G(w; o) (5.8)

where the Green’s function G(z;z) satisfies (2.10). Substituting (5.8) into (5.7), and using (2.13)
for H 7% we get
~1 >~ H
lim h lim hi = ————
vt Ty 0™ = Glaosao)
1 ] 1/yr—(s+1)

[er(wo; o)
The solution G(z; o) was given in (2.11). Using this solution we can calculate the right-hand side

of (5.9). Then, substituting the result into (5.5) and (5.8), we obtain
Proposition 12: For ¢ < 1, the dynamics of a one-spike solution to (1.4) is characterized by

[Gm($0+; 370) + Gm(-TO—; 330)] ) (5'93)

H= (5.9b)

a(z,t) ~ H'u, (e7 [z — z0(¢)]) , (5.10a)
h(z,t) ~ HG [z;20(8)] /G [z0(t); 2o (2)] (5.10b)

where H = H(t) is given in (5.9b). The spike location xo(t) satisfies the differential equation

% = F(zg) ~ —2C [tanh (\/%(1 + xo)) — tanh (\/%(1 - m))] ; (5.10c)

where C is defined by
_ q f_ [ue(y p+1 dy
0‘2@+DVD<fmm4ndy>' (100

The equilibrium solution zy = 0 for this differential equation is stable for any D. The decay

rate of infinitesimal perturbations around zy = 0 is
, 2 * Tu ptl g
Dp+1) \ ' [22 [ue(y)]” dy V
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Figure 2: Plot of the trajectory z((t) of the center of the spike for a one-spike solution with € = .03,
p =10, D=1.0 and (p,q,1,8) = (2,1,2,0). The solid curve is the full numerical result and the
dotted curve is the asymptotic result.

0.5

a,h

0.10

0.0 : '
—1.0 —0.5 0.0

1.0

Figure 3: Plot of the initial condition for a one-spike solution corresponding to the parameter values
shown in the caption of Fig. 2. The solid curve is the activator concentration and the dotted curve
is the inhibitor concentration.
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t [ logso(1+) | 5o(d) (num) | zo(f) (asy)
12.0 1.114 0.5937 0.5942
96.0 1.987 0.5524 0.5552

204.0 2.312 0.5039 0.5091
486.0 2.688 0.3974 0.4073
864.0 2.937 0.2905 0.3035
1314.0 3.119 0.2008 0.2148
1884.0 3.275 0.1262 0.1392
2274.0 3.357 0.0919 0.1035

Table 1: A comparison of the asymptotic and numerical results for zo(¢) corresponding to the
parameter values shown in the caption of Fig. 2.

This result agrees precisely with the small eigenvalue result (4.59) when N = j = 1.

To verify (5.10c) for the parameter set (p, g, 7, s) = (2,1,2,0) we compared the asymptotic result
(5.10c) for zo(t) with the corresponding full numerical result computed from (1.4). The problem
(1.4) was solved numerically using the routine DO3PCF from the NAG library [12]. The initial
condition was taken to be of the form (5.10a) and (5.10b) with z¢(0) = 0.6 and ¢ = .03, u = 1.0,
and D = 1.0. An interpolation scheme was then used to locate the position of the maximum of
a on the computational grid. In Fig. 2 and in Table 1 we compare this numerical result for z
with the corresponding asymptotic result obtained by solving the differential equation (5.10c) with
the initial condition z¢(0) = 0.6. In solving the differential equation, the integrals in (5.10c) were
evaluated using Romberg integration on a large but finite interval using the form for u. given in
(2.6). We find a close agreement between the asymptotic and numerical results for zy(¢). In Fig. 3
we plot the initial condition used and then in Fig. 4(a) and Fig. 4(b) we plot the numerical solution

to (1.4) at two different times showing the slow convergence to a one-spike equilibrium solution.

5.2 The Stability of a One-Spike Solution for D — oo

When D = oo it was shown in [6] that a one-spike solution is metastable and that the center z((t)

of the spike satisfies the asymptotic differential equation

2
B0 = Glag) ~ o (e ) (5.12)
(%2, lut(w)]” dy)

provided that zq is not within O(e) of the endpoints, i. e. (5.12) is valid when 1 — 5 > O(e) and
14 2o > O(e). Here a is defined by the limiting behavior u.(y) ~ ae ¥l as |y| — oco. This result
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Figure 4: Plot of a one-spike solution at two different times corresponding to the parameter values
shown in the caption of Fig. 2. The solid curve is the activator concentration and the dotted curve
is the inhibitor concentration.

shows that o = 0 is unstable and that there is a metastable drift of the spike towards the closest
endpoint of the domain. This result was obtained by analyzing the exponentially weak interaction
between the tails of the spike and the boundaries x = +1 of the domain. The analysis requires
that (5.3a) be solved on the asymptotically large (but finite) domain [—e~(1 + zg),e~ (1 + z0)]
with inhomogeneous boundary conditions for u; imposed at the endpoints. In this way, the result
(5.12) was obtained in [6].

When D is asymptotically large we can superimpose the result (5.12) with (5.10c) to obtain

d.T()
dt
Here F(z¢) and G(zo) are defined in (5.10c) and (5.12), respectively. This superposition is valid

since the metastable interaction between the tails of the spike and the boundaries x = +1 results
in an additive term to the solvability condition that we impose on (5.3a). The stability property
of the equilibrium solution for this differential equation is then given in the following result:
Proposition 13: For ¢ < 1, a one-spike equilibrium solution to (1.3) is stable when D < D1 (¢)
and is unstable when D > D (e), where

8262/5 o 1
Die) ~ g [ o . (5.14)
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Here « is defined by the limiting behavior u. ~ ae™ ¥ as |y| — oo, where uc(y) satisfies (2.5).
For the special case with y = 1 and (p,q,7,s) = (2,1,2,0), where u.(y) = %sech2 (y/2) and
a = 6, we can calculate analytically that D;(e) ~ £2e?/125.0.

A Calculation of B and P

Consider the boundary value problem

Dy —puy=0, 1y (£1)=0, (A.la)
[Dy], =0, [Dﬂj:—%, (A.1b)
for j =0,...,N —1, where [v]; = v(z;1) — v(z;-) and z; satisfies (2.1). The solution is
N—-1
y(@) = Glz;op)ws (A.2)
k=0

where @ satisfies (2.10). Define the N-vectors y and (y') by
t 2N _ ! ! A
Y=o, ynv—1) s () = (W {yIn-), (A.3)
where y; = y(z;) and (y'); = (y’ (zj) +y (:vj_)) /2. Then, we obtain from (A.2) that

y=G0w, (y)="Pw, (A.4)

* = (wg,... ,wn_1). Here the matrices G and P are defined in (3.7) and (4.31), respectively.

where w
To determine these matrices explicitly we solve (A.1) analytically on each subinterval and impose

the continuity of y to get

cosh[6(1+x)]

T e 0(z—2,)] Sisesm
—  Sinh|0(z;+1-2)] . _sinhf(z—a;)] . _ . B
y(m) = J sinh[@(zjjll_xj)] + Yj+1 Smh[0(z;51-7;)] * T; <T < ZTj41, J= 0,... , N—2, (A5)
cosh[f(1—x)]
YN -1 5osh0(1—zn_1)] ’ zy 1 <z<1,

where 6 = (u/ D)l/ 2. To determine the relationship between y and w, which yields G, we use (A.5)
and the jump condition [Dy'] = —wj in (A.1b) to get
j

1

— 1 -1

By Do
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where B is defined in (3.10b). Now using (A.5) we can calculate (y') in terms of y in the form
’ 1 20
= ——csch (=2 ) ¢t .
W) = gpech () v (A7)
where C is defined in (4.37b). Comparing (A.4) and (A.7), and using (A.6), we get the key relation

1 2
P = —Ecsch <N0> B!, (A.8)

B Calculation of Matrix Eigenvalues of B
In this appendix we calculate the eigenvalues x; and eigenvectors g; of the matrix problem
Bq = kq, (B.1)

where the tridiagonal matrix B is defined in (3.10) and g* = (q1,... ,qn). The calculation below is
similar to that given in [8].
From (3.10c) it follows that d = e + f. Therefore, we get the following recursion relation for

the coeflicients ¢; of the eigenvector gq:

fQIfl_i_(e_K)ql_f—qu-l:Oa l:2a"'7N_11 (B2a‘)
fat(e—r)g+ fea=0, (B.2b)
fan + (e — k)gn + fan-1=0. (B.2c)

Hence, to solve for the ¢; we can use the relation (B.2a) for [ = 1 and | = N and then impose the

end conditions

40 = 4q1, gN+1 = gN - (B.2d)
The solution to (B.2a) is
ql:aCﬂ_—I-bCl_, Ci:%(m—e:t[(m—e)2—4f2]1/2) : (B.3)
The end conditions (B.2d) yield
a+b=als +b(_, (B.4a)
aCly +b¢Y = a¢tt + oL (B.4b)
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From (B.4) we get (4+ = (_ = 1 or (& = (¥, which yields {4 = (_exp (27ij/N), forj =1,... ,N—1.

If¢(, =(_=1weget Kk =e+2f and ¢’ = (1,...,1). The other eigenvalues are calculated as
n (8] to get k; = e+ 2f cos(w(j —1)/N) for j = 2,... ,N and (+ = exp (£mi(j —1)/N). From
(B.4b) we get (1 —(4+)a+ (1 —¢-)b = 0. Substituting this relation into (B.3), and after rearranging

the result, we obtain the unnormalized eigenvectors
— 1
qi,; = COS (%(1—1/2)) , j=2,...,N. (B.5)

Here q;,; is the (th component of the eigenvector q;. These eigenvectors can be normalized and the

result is summarized in Proposition 2 in §3.

C Calculation of B, and P,

Consider the boundary value problem

Dy —uy=0, 1y (x1)=0, (C.1a)
[Dyl; = —wj, [Dy'] =0, (C.1b)
for j =0,...,N —1, where [v]; = v(z;1) — v(z;-) and z; satisfies (2.1). The solution is
N—
Z T; Tk )Wy , (C.2)

where g satisfies (4.26). In terms of the matrices G, and Py, defined in (4.30) and (4.28), respectively,
we have that

Yy = ggwa <y> = Pgwa (03)
where w! = (wg, ... ,wy_1). Here y' and (y) are defined by
't ! !
v = (s ovvn) s @ = (@ W) (C.4)

where y;. =y (z;) and (y); = (y(zj4) +y(z;_)) /2. To determine G, and P, explicitly, we solve
(C.1) analytically on each subinterval and impose the continuity of y to get

yo cosh[f(1+x)]
7?sinh[0(1—|—zci))] ’ ’ -l1<z<xg,
_ Y; cosh[f(z—zx;)] Y; cosh[0(z;11—x)] ' ' L
y(iL') = 7;1 sinh[ﬁ(xj+1_ij)] - stinh[e(l‘j];l_l‘jn , T; <T < ZTjy1, J= 0,...,N -2, (05)

_Yn-1 cosh[f(1—z)]

6 sinh[0(1—-zn_1)] ’ 1<z <l1,
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where 0 = (11/D)"/?. We then impose the jump condition [Dy]; = —wj to obtain

ﬁw, — g:eBg—l, (C.6)

By =5 )

where B, has the tridiagonal form given in (3.10b) with matrix entries defined in (4.35). Now we

use (C.5) to calculate (y);, and in this way we get

(y) = %csch (%) Cy' | .7

where C is defined in (4.37b). Substituting (C.6) into (C.7), and comparing with (C.3), we obtain
the key result

1 20\ .1
Py = Ecsch (ﬁ) CB, . (C.8)

D Calculation of Matrix Eigenvalues of B,
In this appendix we calculate the eigenvalues {; and eigenvectors v; of the matrix problem
Bgv =¢v, (D.1)

where the tridiagonal matrix B, has the form given in (3.10b) with the coefficients d, e and f
satisfying (4.35).
From (4.35) it follows that d = e — f. Therefore, we get the following recursion relation for the

coefficients v; of the eigenvector v:

f’l)l_1+(€—§)’l)l+f’0l+1:0, l:]-a"'aNa (D2a‘)

vy = —v1, UN = —UN41 - (D.2Db)

The solution to (D.2a) is

v = act +bct Ci:%@—ei[(5—6)2—41”2]1/2). (D.3)

The end conditions (D.2b) yield
a+b=—al; —b(_, (D.4a)
all +b¢Y = —a¢¥ T — b (D.4b)
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From (D.4) we get (4 = (- = —1or (4 = (_exp(27ij/N), for j =1,... ,N — 1. Substituting into
(D.3) we get that the eigenvalues are

& =e+2fcos(mj/N), j=1,...,N, (D.5)

which are ordered as 0 < §; < ... < &y since f < 0. The corresponding unnormalized eigenvectors

are found to be
vin=(1,-1,1,...,(-D)N);  y ;=sin (;rV—J (1 - 1/2)) , j=1,...,N—1. (D.6)

jth

Here v; ; is the component of the eigenvector v;. These eigenvectors can be normalized and the

result is summarized in Proposition 9.

E Proof of (3.15)

We now prove (3.15). In fact, it is enough to find an eigenvalue Ay of (3.14) with A\g > 0 when
0 < 7o < 1. Notice that this is equivalent to finding a positive zero of the function () defined by

o0 o0
(= [ atdy=mm-1 [ u(Lo- N atdy, (B.1)
—00 —0o0
where Lg® = & — & +pu€‘1q>.
By Theorem 2.1 of [11], Ly has a unique eigenvalue pq > 0 with an eigenfunction of constant
sign. We now consider () in the interval (0,4;). Since Ly'u? = (p — 1) u,, we get from (E.1)
that

o0
CO) = (=) [ _urdy>0, (8.2
—0o0
when vp < 1. Next, as A — u7, we have that
o
/ ul T (Lo — N7 uBdy — +00. (E.3)
—0o0
Hence, we get from (E.1) and (E.3) that
C(A) = —o0, as A —puj, (E.4)

when 0 < 7 < 1. By (E.2) and (E.4) and the continuity of {(\), we can find a A\g € (0, 41) such
that ((Ag) = 0 whenever 0 < vy < 1.
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F Proof of (3.16)

In this appendix, we prove (3.16). Although this has been proved in [19], we include a proof here
for the convenience of the readers. We present a proof which works in the general case of RY. Let

N—|—2)
N —92 +

4
r=2, 1<p§1—|—ﬁ, or r=p+1, 1<p<(

where (§12); = Z42 if N > 3 and = 400 if N = 1,2. Define w(|y|), with y = (y1,..,yn)?, to be
the unique positive solution to

1" N_].I
w +——w —w+wP’ =0, p>0,
p

w (0) >0, w(p) ~ apt=N)/2e=r, as p— o0o.

When N = 1, then w = u,., where u, satisfies (2.5).
Suppose that (¢, Ag), with \g # 0, satisfies the following eigenvalue problem:

fRN wr—1¢
fRN w’

When N = 1 this problem reduces to (3.14). Thus, the proof of (3.16) is complete once we show
that

Ap—¢+pwP ' —y(p—1) wP = oo, ¢ € H*(R"), ~>1. (F.1)

Re(X\) < 0. (F.2)

Let )\0 = )\R + 7:)\[, ¢ = ¢5R + ’i¢[.
We first introduce some notations and make some preparations. Set

r—1
7[,%} — Pur, e HAR),
Rl

where yp > 1 and Ly := A — 1 + pwP !, Note that L is not self-adjoint if r # p + 1.

It is well-known that Ly admits the following set of eigenvalues:

L¢ := Lod — vo(p — 1)

w1 >0, /AQZO,...MN_H:O, un42 <0, (F3)

where the eigenfunction corresponding to 1 is of constant sign (see Theorem 2.1 of [11]).
Let

Xo := kernel(Lg) = Span{g—;,j =1,.,N}
j
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Then

1
Low = (p — 1)w?, Lo(p w + §wa) =w, (F.4)

and

/RN(Lalw)wZ /RN w(}%w_k 1gng) (L _ g)/RN w?, (F.5)

1 1
Ly'w)uw? = P —zV
/RN(Ow)w /RNw(p_lw+2:1: w)

1 1
= Lt Low = —— 2. F.6
| @t gt == [ w (F.6)

We divide our proof into three cases:
Case 1: r=2,1 <p<1—|—%.
Since L is not self-adjoint, we introduce a new operator as follows:

fRN ¢ fRNw¢

Li¢:=Lop— (p— fRN -(p-1)F— [ w? S 0 S qu . (F.7)

fRN w?)?

w+ (p—1)

We have the following important lemma:
Lemma F.1 (1) Ly is self-adjoint and the kernel of Ly (denoted by X;) = span {w, 2 Sy, Wi =
1,....,N}. (2) There exists a positive constant a1 > 0 such that

L1(¢a¢)
_ 2 2 _ 142 2 1)fRNw¢fRpr¢_ _ fRNwPH wib)?
= [ V6 + g7 —pur ity D e

Z ald%ﬁ(RN)(qsaXl) ’

for all ¢ € HY(RN), where dr2(rNy denotes distance in the L?-norm.
Proof By (F.7), L, is self-adjoint. Next we compute the kernel of L;. It is easy to see that
w, ay W j=1,...,N,€ kernel(L1). On the other hand, if ¢ € kernel(L;), then by (F.4)

Lup = 1($)w + a(@)u” = (@)Dl 0+ 5aVw) + cd) Lol

) 7
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where

N pHl N N
Cl(¢) = (p ‘/“;ZVNIIZJUQ(/J) (P - ]_) fR (Q;RN 11{;]{)2 ’w¢’ CQ(¢) = (p — 1) :?I;N Zf
Hence
¢ — c1(¢)(}%w + %ZEVU}) — @(gﬁ)zﬁw € kernel(Ly). (F.8)
Note that

fRN wp(ﬁw + %wa)

fRN w?

Jn WP [on w(ﬁw + $zVw)
(g w?)?

c1(¢) = (p — Ve () —(p—1)ec1(¢)

1N Jpyer?
p—1 47 [pvw?
by (F.5) and (F.6). This implies that ¢1(¢) = 0. By (F.8), this proves (1).

It remains to prove (2). Suppose (2) is not true, then by (1) there exists («, ¢) such that (i) «
is real and positive, (ii) ¢ Lw, ¢ L 22 j=1,... N, and (iii) L1 ¢ = ag.

= c1(¢) — c1(¢)(

6y ’
We show that this is impossible. From (ii) and (iii), we have
fRN w ¢
Ly —a)p = F.9
(T = ) = (o= ) (7.9

We first claim that [y wP¢ # 0. In fact if [y wP¢ = 0, then o > 0 is an eigenvalue of Lg. But
by (F.3), @« = pu1 and ¢ has constant sign. This contradicts with the fact that ¢ L w. Therefore
« # p1,0, and hence Ly — « is invertible in Xz. So (F.9) implies

fRNw ¢

fRN’w (Lo — o) "w.

¢=(p—
Thus

| w=0-1 S

fRNw RN

/RN w'=(p-1) /RN((LO — o) lw)uw?,

42



/RN w? = /RN((LO — ) 'w)((Ly — @)w + aw),

0= / (Lo — o)~ w)w. (F.10)

RN
Let hi(a) = fRN (Lo — @) *w)w. Then, hi(0) = fRN (Lo w)w = fRN 1w—|— ir. Vuw)w =
(ﬁ— fRNw >Osmcel<p<1+N Moreoverh fRN Lo—oz)2 w—fRN (Lo —

)~ tw)? > 0. This implies h1(a) > 0 for all a € (0, p1). Clearly, also hi(a) < 0 for a € (u1,00)
(since limy s o A1 () = 0). A contradiction to (F.10)! This completes this part of the proof.

We now finish the proof of (3.16) in Case 1. Since Ag # 0, we can choose ¢ L kernel(Ly). Then
we obtain two equations

fRN ¢R jIJ_

Lodr — (p — 1)y N ArRPR — A1dr1, (F.11)
RN

Loor — ( — 1 ‘lfN ¢pr = AR¢r + A1or- (F.12)
RN

Multiplying (F.11) by ¢r and (F.12) by ¢, and adding the resulting expressions together, we
obtain

—ARr /RN(ﬁz + ¢7) = Li(¢r, ¢r) + L1(¢1, ¢1)

+(—1)(7 fRN WR [pn WPhR + [pnv wor [on wPr

fRNw

_ Sy WP 2 2
o=l won? ([ won

Multiplying (F.11) by w and (F.12) by w we obtain

(p—l) LN wpqu—fyO(p j‘?N wjf /I‘%N wPt! :)\3/1;2N 'wgbR—)\I/RN waer, (F_13)
RN

(p—1) /R _wPdr—(p - ff}:ﬁvﬁl /R Cwrt =g /R wdr /R wgn. (F.14)
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Multiplying (F.13) by [y wér and (F.14) by [pn wér, and adding them together, we obtain

o1 [ won [ wonto-1) [ worf we

= Ol = DU v+ ([ wor)
Therefore we have

An [ (it #) = Daldn,dn) + LG, )

fRN w?

([av whR)? + ([pn wohr)®

fRN w?

+Hp =100 = D=7+ 70 )

2 2
+(P—1)W(/RNUJ¢R) +(/RNTU¢I) ]-

Set

pr=crw+¢%, ¢rL X1, Sr=crw+¢r, ér L X

2 9
/ w¢R=CR/ w”, / w¢1=01/ w”,
RN RN RN RN

Aoy (PR, X1) = |19%ellT2s  diagamy (b, X1) = [l67 1172

Then

By some simple computations we have

L1(¢Ra ¢R) + Iy (¢Ia ¢I)

+(0 = DAr(ck + ) /RN w’ +(p = Do — 1*(ck + ) /RN w? + Ar(ll#kl7: + 167 172) =0.

By Lemma F.1 (2)

(Yo = DAr(c + 2) / w?
RN
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w?™ + (g +a1)(¢zl72 + 67 1IZ2) < 0.

o= 10—+ [

Since v > 1, we must have Ar < 0, which completes the proof of (3.16) in Case 1.

Case 2: r:2,p:1+%.

In this case we have

_ 1 1
/RN (Lytw)w = /RN w(ﬁw + §wa) =0. (F.15)
Set
S S (F.16)
wy = . Tw+ 5z V. )

We will follow the proof in Case 1. We just need to take care of wy. We first have the following
lemma which is similar to Lemma, F.1: The proof is omitted.

Lemma F.2 (1) The kernel of Ly is given by X1 = span {w, wy, g—;‘;,j =1,...,N}. (2) There ezists
a positive constant as > 0 such that

Lignd) = [ (V9P + 4 —pur'a?)

2(p — 1) [pn w Jpw WP o S WP wae)?
i Jaw 02 =D w2>2(/RN 2

> azdys gy (¢, X1), Vo € H'(RY).

Now we can finish the proof of (3.16) in Case 2. Similar to Case 1, we obtain two equations
(F.11) and (F.12). We now decompose

¢r = crw + brwo + ¢%, ¢ L X1, ¢r = crw +brwo + ¢7, ST L Xi.

Similar to Case 1, we obtain

L1(¢Ra ¢R) + Ly (d)Ia d)I)

0 — DAR(S, + &) /

w0 [t

RN
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FAn(By( /

[+ wb okl + 1) <.

R

By Lemma F.2 (2)

(0 — DA(ch + &) /

w0 [t

RN

nh([ wd? 8wl Ont a4kl + ot ) < 0.

RN

If Ag > 0, then necessarily we have
cr=cr =0, b5 =0, ¢ =0.
Hence ¢r = brwy, ¢;1 = bywy. This implies that
brLowo = (br — br)wo,  brLowo = (br + br)wo,
which is impossible unless bg = by = 0. A contradiction! This completes this part of the proof.
Case 3: r=p+1,1<p< (%)4_
Let r = p+ 1. L becomes

qr fRN wP- v
s+ 1 [py wPt!

L=1Ly—

We will follow the proof of Case 1. We need to define another operator.

D
Ly = Lod — (p — 1)%#. (F.17)
RN

We have the following lemma:
Lemma F.3 (1) L3 is self-adjoint and the kernel of L (denoted by X3) consists of w, g—;‘;,j =
1,...N. (2) There ezists a positive constant ag > 0 such that

(p = 1) (Jpx wP9)°

fRN wp+1

Lagnd) = [ (V0P + 42 —pur~' %) +

Z a3d%2(RN)(¢7 X3)a v¢ € HI(RN)
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Proof: The proof of (1) is similar to that of Lemma F.1. We omit the details. It remains to prove
(2). Suppose (2) is not true, then by (1) there exists (A, ¢) such that (i) A is real and positive, (ii)
¢ Lw gL 3713 j=1,...,N, and (iii) L3¢ = Ao

We show that this is impossible. From (ii) and (iii), we have

fRNw¢

fRN wpt1

Similar to the proof of Lemma F.1, we have that fRN wP¢ # 0, A # p1,0, and hence Ly — A is
invertible in Xg-. So (F.18) implies

(Lo—MN¢ = (F.18)

1) [pn wP

fRN wpt1

o= (Lo—\)"lu?

Thus
Jry WP

/RN we = (p— )f P RN((LO — ) LwP)w?,
/ Wt = (p— 1)/ (Lo — )~ wP)w?. (F.19)
RN RN

Let h3(A) = (p — 1) [pn (Lo — N) T wP)wP — [y wP™!, then h3( )=((m-1) fRN L LwP)uwP —
Jn wPTt = 0. Moreover hy(A) = (p— 1) [pn (Lo — A) 2wP)wP = (p — 1) [pn (Lo — 1 P)2 > 0.
This implies h3(A\) > 0 for all A € (0, ;). Clearly, also hg(A) < 0 for A € (p1,00). A contradiction
to (F.19)! This completes this part of the proof.

We now finish the proof of (3.16) in Case 3. Similar to case 1, we obtain two equations

Logr — (p — 1) ffRN ﬁ? P'= Ardr — Mi¢r, (F.20)
RN

Jry v dr

Logr — (p— 1) f s wp = Ar¢1 + Ardr. (F.21)
RN
Multiplying (F.20) by ¢r and (F.21) by ¢; and adding them together, we obtain
—Ar /RN(ﬁz + ¢7) = Ls(¢r, dr) + Ls(¢1, 1)
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(fRN wp¢R)2 + (fRN wp¢1)2
Jrn wPt! '

+p =10 —-1)

By Lemma F.3 (2)

. 1) (fRN wp¢R)2 + (fRN wp¢1)2 <0

M [ (Gt )+ aadia (6 X0) + (0= D [t <0,

which implies Ag < 0 since vy > 1. Thus, (3.16) in Case 3 is proved.
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