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Abstract

In the limit of small activator diffusivity €, a formal asymptotic analysis is used to derive a differential
equation for the motion of a one-spike solution to a simplified form of the Gierer-Meinhardt activator-
inhibitor model in a two-dimensional domain. The analysis, which is valid for any finite value of the
inhibitor diffusivity D with D > €2, is delicate in that two disparate scales ¢ and —1/Ine must be
treated. This spike motion is found to depend on the regular part of a reduced-wave Green’s function
and its gradient. Limiting cases of the dynamics are analyzed. For D small with > « D < 1, the
spike motion is metastable. For D > 1, the motion now depends on the gradient of a modified Green’s
function for the Laplacian. The effect of the shape of the domain and of the value of D on the possible
equilibrium positions of a one-spike solution is also analyzed. For D < 1, stable spike-layer locations
correspond asymptotically to the centers of the largest radii disks that can be inserted into the domain.
Thus, for a dumbbell-shaped domain when D < 1, there are two stable equilibrium positions near the
centers of the lobes of the dumbbell. In contrast, for the range D > 1 a complex function method is used
to derive an explicit formula for the gradient of the modified Green’s function. For a specific dumbbell-
shaped domain, this formula is used to show that there is only one equilibrium spike-layer location when
D > 1, and it is located in the neck of the dumbbell. Numerical results for other non-convex domains
computed from a boundary integral method lead to a similar conclusion regarding the uniqueness of the
equilibrium spike location when D >> 1. This leads to the conjecture that, when D > 1, there is only
one equilibrium spike-layer location for any convex or non-convex simply connected domain. Finally,
the asymptotic results for the spike dynamics are compared with corresponding full numerical results
computed using a moving finite element method.

1 Introduction

In 1952, Turing [24] used a linear stability analysis to show that a pair of reacting and dif-
fusing chemicals modeled by a reaction-diffusion system could evolve from a nearly spatially
homogeneous state to a spatially varying state. Subsequently, for many reaction-diffusion
systems, it has been shown that small amplitude spatially varying states can evolve to a
state where one of the chemicals is concentrated at certain points in the domain (cf. [13],
[21], [16]). The resulting patterns are called spike-type patterns. It has been postulated
that this chemical concentration phenomena is responsible for a variety of localization pro-
cesses in nature, such as cell differentiation and biological pattern formation, including the
development of some sea shell patterns (cf. [21]).

Since Turing’s original work, a great number of reaction-diffusion models have been pro-
posed for pattern formation. One of the most well-known reaction-diffusion systems of this
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type is the Gierer-Meinhardt (GM) model [13], given in dimensionless form by

AP
At:E2AA—A+m, er, t>0, (113)
AT’
THt:DAH—H—i-ﬁ, xeQ, t>0, (1.1b)
0,A=0,H=0, x€dQ. (1.1c)

Here 2 is a bounded two-dimensional domain, A and H represent the activator and the
inhibitor concentrations, €2 and D represent the diffusivity of the activator and inhibitor, 7
is the inhibitor time constant, 0,, denotes the outward normal derivative, and the exponents

(p,q,r,s) satisfy

-1
p>1, q >0, r >0, s >0, p_< I .
q s+1

(1.2)

In (1.1a) we assume that ¢ < 1 so that the activator diffuses more slowly than does the
inhibitor.

The GM system exhibits surprisingly rich dynamics for various parameter ranges. Large
amplitude spike solutions have been studied intensively using numerical methods since the
1970’s (cf. [13], [21], [16] and references therein), but only relatively recently from an ana-
lytical viewpoint.

In this paper we study asymptotically the dynamics of a one-spike solution to the GM
system with 7 = 0 in the limit ¢ — 0. A one-spike solution has the form shown in Fig. 1. In
the analysis, we assume that €2 is a bounded two-dimensional domain. There are many other
problems in different areas of science where localized solutions occur and where the dynamics,
equilibria, and stability of these solutions is a natural question. Examples of such problems
include vortex behavior in superconductivity [20], hot-spots in microwave heating [3], and
pulse propagation in chemical patterns [11]. Before describing our specific results for (1.1),
we survey some previous results on spike solutions to the GM system in a two-dimensional
domain.

When 7 = 0 and D is infinite, (1.1) reduces to the well-known shadow system involving a
non-local scalar partial differential equation for the activator concentration A. The behavior
of spike solutions to this shadow problem is now well understood (see [17], [9], [28]). As
e — 0, the equilibrium location of the spike for a one-spike solution is at the center of the
largest ball that can be inserted into the domain (cf. [25], [29]). This solution is metastable
in the sense that a single spike located in the domain moves exponentially slowly towards
the boundary of the domain (cf. [17]). For the equilibrium shadow problem solutions with
multiple spikes are possible. The locations of these spikes were found in [2], [14] and [19]
to be related to a ball-packing problem. Equilibrium solutions for the shadow problem with
two or more spikes are unstable on an O(1) time scale.



In the regime where D is at least logarithmically large as ¢ — 0 (i.e. D > —Ine or
D = O(—1ng)), the stability of an equilibrium n-spike pattern was analyzed rigorously in
[30]. This critical level of O(—1In¢) is related to the logarithmic behavior of the Green’s
function in two space dimensions. In [30] it was found that for ¢ < 1 there exists threshold
values D; < Dy < ... such that an n-spike equilibrium solution is stable if and only if
D < D,,. For the case of a one-spike solution, a differential equation for the dynamics of the
center of the spike was derived in [10] and [27] for the case where D > —Ine.

When D is very small, so that D = O(¢?), the motion of two spikes in R? was analyzed
in [12]. In this case, both the activator and the inhibitor concentrations are localized near
the core of the spikes, with A and H decaying exponentially away from the spike cores. It
was found in [12] that the interaction between the spikes is exponentially weak and that the
spikes move away from each other with a speed that is exponentially decreasing with the
distance between the spike centers. An explicit differential equation for the distance between
the spike centers was derived.

There are no results for the dynamics of a spike when D is neither small nor large, i. e.
when D = O(1). Recently, when D = O(1), Wei and Winter in [32] and [31] have analyzed
the stability of an n-spike equilibrium solution in two dimensions. They found that a stable
equilibrium spike pattern will always exist for any finite number of spikes, regardless of the
value of D.

A primary goal of this paper is to derive a unified dynamical law that determines the
motion of a single spike inside a two-dimensional bounded domain for any D with D > £2.
The previous results for large D found in [10] and [27], as well as results for small D, are
then obtained as limiting cases. The motion of the spike is found to depend critically on
various Green’s functions and their gradients.

The equation of motion for a spike for (1.1) when D = O(1) and 7 = 0 differs significantly
from the case when D > —Ine, since for D > —In ¢ only the gradient of the regular part of a
modified Green’s function for the Laplacian is involved (cf. [27]). However, when D = O(1),
we find that the differential equation for the spike motion involves both the regular part
of a certain reduced-wave Green’s function and its gradient. This complication results in
part because of the presence of the two different scales, € and —ﬁ, that arise due to the
logarithmic point-source behavior of the two-dimensional Green’s function. The presence of
these two scales makes the asymptotic analysis of the spike motion rather delicate.

The second goal of this paper is to examine how both the shape of the domain and the
inhibitor diffusivity constant D determine the possible equilibrium locations for a one-spike
solution. We find that for D small, the stable equilibrium spike locations tend to the centers
of the disks of largest radii that can fit within the domain. Hence, for D small, there are
two stable equilibrium locations for a dumbbell-shaped domain. In contrast, we find that for
a certain dumbbell-shaped domain, there is only one possible equilibrium location when D
is sufficiently large. To obtain this latter result, we use complex analysis to derive an exact
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Figure 1: A spike for the Gierer-Meinhardt system (1.1) with 7 = 0 in a square domain with (p,q,r,s) =
(2,1,2,0) (with A, H rescaled so that both are O(1) as ¢ — 0). Here, € = 0.01, D = 5. Note that H does
not change very much compared to A.

expression for the gradient of the modified Green’s function for the Laplacian. While this
result is obtained for a very specific dumbbell-shaped domain, we conjecture that it is true
more generally. More specifically, we conjecture that when D is sufficiently large there is only
one possible equilibrium spike location for any simply connected domain. This conjecture is
further supported through numerical experiments.

The outline of the paper is as follows. In §2 we introduce an appropriate scaling of (1.1),
and we derive the equation of motion for a single spike, which is valid for any D satisfying
D > £2. In §3.1 and §3.2, we then derive limiting results of this evolution for the special
cases where D < 1 and D > —Ineg, respectively. The exact solution for the modified
Green’s function of the Laplacian on a domain that is an analytic mapping of the unit disk
is derived in §4. This result is then applied in §4.1 to a specific dumbbell-shaped domain.
In §4.1, a conjecture regarding the uniqueness of the equilibrium spike location for large D
is proposed. Numerical evidence supporting this conjecture is given in §4.1 and §5. In §5 we
also compare our asymptotic results for the spike motion with corresponding full numerical
results. Finally, in §6 we summarize qualitatively the effect of reducing D, and we outline
some problems warranting further study.

2 Dynamics Of A One-Spike Solution

In this section we study the dynamics of a one-spike solution to (1.1) when 7 = 0. We assume
that the spike is centered at some point z = o € 2. The goal is to derive a differential
equation for the dynamics of zo(t) for any D with D > £2.



2.1 A Scaling Analysis
We begin by introducing a rescaled version of (1.1) as was done in [31]. This scaling ensures
that the rescaled inhibitor field A is O(1) as ¢ — 0 at x = x¢ € 2. To find such a scaling,

we let A(x) = €a(x) and H = 51%1 h(z), for some constant £ to be found. With this change
of variables, and setting 7 = 0 in (1.1b), (1.1) becomes

at:£2Aa—a+Z—z, reQ, t>0, (2.1a)
O:DAh—thg’YZ—:, xeQ, t>0, (2.1b)
where v is defined by
fy:r—i-%(l—p)(l—l—s). (2.1¢)
The parameter ¢ will be chosen so that
h(zg) =14+0(1), as e—0. (2.2)

Since D > €2, a spike core of extent O(e) will be formed near # = zy. In the core, we define
a new inner variable y = ¢~ (z — ). Outside of the spike core, where |y| — oo, the linear
terms in (2.1a) dominate, and a decays exponentially as

a ~ Ce'?|x — gy 712 lewl/e (2.3)

for ez — x9] — oo. In the core of the spike, we assume that h changes more slowly as
¢ — 0 than does a. This arises from the assumption that D > 2. In other words, for e — 0,
we assume that to a leading order approximation

a(xg+ey)”  alxg+ey)”

a(xg + ey)?
h(zo + ey)* h(xo)®

(2o + 2y)7 ~ a(zg +ey)? . (2.4)

~ a(l’o + gy)T”

Under this assumption, the equilibrium solution to (2.1a) in the limit ¢ — 0 is
a(z) ~w (e Mz — xo|) | (2.5)
for some zy, where w(p) is the unique positive solution of
" 1 ’
w4+—w —w+w’ =0, p>0, (2.6a)
w(0) >0, w (0) =0, weep Ve as p—oo. (2.6b)

Here c is a positive constant.



Let G(x,zo) be the Green’s function satisfying
AG—%Gz—é(m—mo), x € Q; 0,G=0, x€dN. (2.7)
Let R be the regular part of GG defined by
R(z,x0) = G(x,z0) + % In |z — x| . (2.8)
Then, the solution to (2.1b) is

h(o) = /Q Gz, o) %28 da (2.9)

Since the integrand in (2.9) is exponentially small except in an O(e) region near x = xy, we
get from (2.4), (2.5), (2.8) and (2.9), that, as ¢ — 0,

£1e?
D Je

§e?In(1)

(o) ~ 2D

(‘% tn(ely) + R) w(lyl) dy = Lwr b dy+ o). (210

Thus, to ensure that h(zg) =14 o(1) as ¢ — 0, we must choose £ as

Dv

V= — 2.11
&= 2.11)
where b and v are defined as
o 1
b:/ w(p)pdp, vV=—3 ¢, as ¢—0. (2.12)
0 ln(g)
Substituting (2.11) into (2.1) we obtain the scaled system
2 a?
atzeﬁa—ajtﬁ, refl, t>0, (2.13a)
Dva"
=DAh—h+ —— Q, t : 2.13b
0 +b<52h8’ reQ, t>0 (2.13b)

2.2 Spike Dynamics For Any D

Next, we derive a differential equation for the motion of the center x( of the spike. Our main
result is the following:



Proposition 2.1 Suppose that D > €. Then, the trajectory x = x(t) of the center of a
one-spike solution to (2.13) satisfies the differential equation

dzxg 47q g2
Mo o VR,, 0, 2.14
dt <p—1) In(%) 4 27 Ry 0 e (2.14)

where Ry and its gradient are defined by

RO = R(Z‘(), .CL’(]), VR(] = VwR(l’, Z170>| (215)

r=x0 °
Here R is the regular part of the reduced wave Green’s function defined by (2.7) and (2.8).
We now derive this result using the method of matched asymptotic expansions. Assuming

that a decays exponentially away from x = ¢, we have that a” /h* decays exponentially away
from xo. Thus, from (2.13b), we obtain that the outer solution for h satisfies

h 1 a’(xo + €y)
Ah — — ~ =271vB — B = 2.1
f D mvBo(z — o), 2mb /Rz h*(zo + €y) 4y (2.16)

where B — 1 as ¢ — 0. The solution to (2.16) is
h ~ 27 BvG(x,x¢) = Br [—1In(ely|) + 2nR(zo + €y, x0)] , (2.17)

where y = ¢ }(z — x9) and G satisfies (2.7). The local behavior of the outer solution near
the core of the spike is

h~ B+ 2rmvBRy — vBIn|y| + 2revBV Ry - y + O(?|y|*v), as T — Xg. (2.18)

The difficulty in matching an inner solution to the local behavior of the outer solution
given in (2.18) is that there are two scales, v and e, to consider. To allow for these two
scales, we must expand the inner solution in a generalized asymptotic expansion of the form

a=ao(|ly|;v) +eva(y;v) + -, h=ho(lyl;v) +evhi(y;v) + -, (2.19)

where
y=cx—xo(7)], T =¢cvt. (2.20)

Generalized asymptotic expansions of the form (2.19) have been used in [23] and [26] to treat
related singularly perturbed problems involving the two scales v and ¢.
Substituting (2.19) and (2.20) into (2.13), and collecting powers of ¢, we obtain
ap vaj

2 =0, Ahy+--2=0, |y=0, (2.21)

Nag —
Qo ao—l—hg b



and

p—1 D !
pag qag Y- xo(7)
Aal —ay + ay = hl — Qg——F——, (222&)
hg gt “ yl
r—1 T
v [ra Sa,
Dhi+ 5 ( }% a — —hgflhl) =0. (2.22b)

Here the prime on ag indicates differentiation with respect to |y|. The matching condition is
that a; — 0 exponentially as |y| — oo and that h satisfies (2.18) as |y| — oo.

We first study the problem (2.21) for the radiallly symmetric solution ag and hg. Since
the outer inhibitor field is to satisfy h(xg) = 14 o(1) as € — 0, we expand the solution to
(2.21) as

ho =1+ vho(ly]) + OW?),  ao=w(ly]) +van(lyl) + OW?). (2.23)
Here w is defined in (2.6). Substituting (2.23) into (2.21), we obtain for |y| > 0 that
A&Ql — ag1 + pwp_lam = quhol s (224&)
1

The matching process then proceeds as in [23] (see also [26]). Since v > e, we treat v as
a constant of order one in the local behavior of the outer solution given in (2.18). We now
match the constant term of the inner solution hq to the constant term of the local behavior
of the outer solution (2.18). This yields 1 = B 4+ v27BR,, so that

1

14 2mRov (2.25)

Substituting this value of B back into (2.18), we then obtain the revised matching condition

h~1 In|y|+ 2revBVRy -y + - - -, as y — 00, (2.26)

v
1+ 27TVRO

where B is given in (2.25). Expanding (2.26) in a Taylor series in v, and comparing with the

expansion of hgy in (2.23), we conclude that hg; must satisfy (2.24b) subject to the far-field

asymptotic behavior

hop = —Infy[+o(1), as [|y| — oc. (2.:27)

Recalling the definition of b in (2.12), it easily follows that there is a unique solution to
(2.24b) with asymptotic behavior (2.27). Solving for h¢;, and then substituting into (2.24a),
we can then in principle determine ag;. Higher order terms in the logarithmic expansion of
ap and hy can be obtained in the same way.



We now study the problem (2.22) for a; and hy. From the matching condition (2.26) it
follows that we must have h; = 2rBV Ry -y + o(1) as |y| — oo. Thus, we introduce hy by

hy = 2rBV Ry -y + hy (2.28)

where h; — 0 as |y| — oo. Substituting (2.28) into (2.22), we can write the resulting system

in matrix form as
ooocr, wx(m) e(3). =(}). e
1 2

Mo M2

where L is the Laplacian operator L¢p = A¢, and

p—1 P
a a
mi1 = -1+ p}gq ) mi2 = _% ) (230&)
0 0
r—1 T
vra, vsa
may = bhi ) Moz = —stp (2.30b)
0 0
D o r
fi=2mqBVRy -y 331 - a/oy %(7) , fo=2mvsBVR, - y% . (2.30¢)
ho |l bh

The solution to (2.29) must satisfy ¢ — 0 as |y| — oc.

To derive the differential equation for zy(t) we impose a solvability condition on (2.29).
Let 1) be any solution to the homogeneous adjoint problem associated with (2.29). Thus,
satisfies,

L+ M'ap =0, (2.31)
with 9» — 0 as |y| — oo, where M indicates the transpose of M. Multiplying (2.29) by 1,
we integrate by parts over R? to obtain

/ (WL + ' M) dy = / ' (Lep + M'9p) dy = / Sfdy.  (2.32)
R2 R2 R2

Since 1) satisfies the homogeneous adjoint problem, we conclude from (2.31) and (2.32) that
(2.29) must satisfy the solvability condition

Y'fdy=0. (2.33)
R2

We now obtain a more convenient form for this solvability condition. Setting ¢ =
(11,15)", and using (2.30a) and (2.30b), we write the adjoint problem (2.31) as

p—1 r—1
Ay + <—1 + paoq ) U1+ iy Py =10, (2.34a)
0 b
p r
qa vsa
Aihy — hgfl Wy — bhg+01 Py =0, (2.34b)



where 1; — 0 as |y| — oo for j = 1,2. Using (2.30c), the solvability condition (2.33) can be
written as

/ ab vsar
LA ag dy = 2n BV Ry - /2 Y < 1% Uy + —Oiﬂg) dy . (2.35)
R

!
o = J
0 R2 ‘y‘ hg—i—l bh8+1

Equation (2.35) is simplified further by using (2.34b) to replace the right-hand side of (2.35).
This yields,

:EE) . / % aloiﬂl dy = 27BV Ry - / y Ao dy (2.36)
R2 R2

where B is defined in (2.25). Equation (2.36) is an ordinary differential equation for the
motion of the center of the spike.

We note that the derivation of (2.36) has not used any expansion of ag or hy in powers of
the logarithmic gauge function v. In principle, to determine an explicit form for the ODE
(2.36) for zo(t), which contains all the logarithmic terms, we must solve (2.21) for ay and hy
and then compute non-trivial solutions to the adjoint problem (2.34). This is a difficult task.
Instead, we will only calculate the leading order term in an infinite logarithmic expansion of
1 and 9. This requires only the leading order term in the infinite logarithmic expansion
of ag and hy given in (2.23). Therefore, substituting (2.23) and

U1 =0 + v + O(V7), Wy = thoo + vipor + O(V?), (2.37)
into (2.34), we obtain the leading order adjoint problem

Ao+ (=1 +pw?™") g = 0, (2.38a)
Doy — quPihio = 0. (2.38b)

There are two linearly independent solutions to (2.38a). They are
,lvbl() = 8ij7 ] = 17 2. (239)
Substituting (2.39) into (2.38b), we obtain

q 'Y .
Aihyy = —— [wPT? ZL =1,2. 2.40
dao = g (W D] (2.40)

The solution to (2.40) is

10



where p = |y|. Substituting ag ~ w, (2.39), and (2.40), into the solvability condition (2.36),
we obtain

/ Y 2mBq / 1 " Y .
Ty wajwdy— ——VR wP (ly))| = dy, j=12. 2.42
welyl p+1 0 Je [ (1) v (242)

The integrals in (2.42) are evaluated using

L fw o] dy = [ o[w'o)] do, (2.432)

ly[?
yly ! o0 / oo
/2 T [ )] dy:”‘sij/ P W (p)] dp = —27r5ij/ plw(p)* dp, (2.43b)
R 0 ;
where 6;; is the Kronecker symbol. Substituting (2.43) into (2.42), we obtain

, 4rB P+ pd
xy(7) = i qv fo pap . (2.44)

Pt fo pdp

In Appendix B of [27], equation (2.6) was used to calculate the ratio

Jo [w(p)]“1 pdp _p+1
Jo W (P pdp P =1

(2.45)

Hence (2.44) reduces to
/ 47rqB
o(T) =

Substituting (2.25) for B into (2.46), and recalhng the definition of v given in (2.12), we
recover the main result (2.14) for z((t).

There are two important remarks. Firstly, from (2.46) it follows that the center of the
spike moves towards the location of a local minimum of Ry. This minimum depends only on
D and not on e. In the following sections we will explore how this location depends on D.
Secondly, as seen from the analysis above, since we have only used the leading order term in
the logarithmic expansion of the homogeneous adjoint eigenfunction, the error in (2.14) is of
order O(v). This error, however, is still proportional to V Ry. In fact, the two integrals in the
solvability condition (2.36) are independent of zy and the shape of the domain. Thus, even if
we had retained higher order terms in the logarithmic expansion of the adjoint eigenfunction,
we would still conclude that the equilibrium locations of the spike are at local minima of
V Ry, and the spike would follow the same path in the domain as that described by (2.14).
The higher order terms in the logarithmic expansion of ag, hy and the adjoint eigenfunction,
only change the time-scale of the motion. However, at first glance, an error proportional
to O(v) in the time-scale of the asymptotic dynamics seems rather large. This is not as

VR, (2.46)

11



significant a concern as it may appear, as from the numerical experiments performed in
85 we show that it is the dependence of B on v as given in (2.25) that allows for a close
agreement between the asymptotic and full numerical results for the spike motion.

3 Limiting Cases Of The Dynamics

In this section we consider two limiting cases of result (2.14) for the motion of a spike. In
§3.1 we consider the case where 2 < D < 1 and in §3.2 we consider the case D > 1.

3.1 Dynamics For Small D

In this section we assume that €2 < D < 1. The inequality €2 < D was crucial to the
derivation of (2.14) in §2. When D <« 1 we can treat D as a small parameter and obtain
limiting results from (2.14).

We begin by introducing R defined by

R(z,20) = G(x,z0) — V(2), (3.1)

where G satisfies (2.7), and V is the free-space Green’s function in R? satisfying

1
AV — NV = —6(x — x), A= —. 3.2
The solution to (3.2) is
1
V(z) = %KO()\L%’ — x]) - (3.3a)
The asymptotic behavior of Ky(r) for r < 1 is
Ko(r)~—Inr+mn2—~y+0 (r*lnr) , asr — 0. (3.3b)
Here «y is Euler’s constant. In terms of R, the regular part Ry defined in (2.15) is
~ 1 ~
Ry = R(xg,x0) — g(ln A—1In2+7), VRy=VR(x,x0)|reu, - (3.4)

To obtain some insight into the dynamics when D is small, we first consider the case
where Q = [0, 1] is a unit square. Then, using the method of images, we can solve (2.7)
explicitly for G for any value of D. This yields

R(x, x0) = ( >y V[vm(hn(a:))]> —V(x), (3.5a)



o () = (x1 — n,x9) if n is even (z) = (x1,29 —m) if m is even
)= (n+1—=z,2) ifnisodd * "7 (z,m+1—m) ifmisodd
(3.5Db)
For D small, such that Az — x| > 1, the function V' decays exponentially as
11
V(z) ~ =—— [Nz — 2] 2 e 00 for Mz — zo| > 1. (3.6)

221

Now suppose that the spike is located at x¢y = (%, ¢€) with O (%) L€ % -0 (%) Then,
for D < 1, we need only retain the two terms (n,m) = (0,0) and (n,m) = (0,—1) in the
series (3.5a). The other terms are exponentially small at the point xy in comparison with
these terms. Thus, for A — oo, we obtain from (3.5a) that

1 N .
R(z,xg) ~ gKo Az — xol] T = (11,—12), x = (r1,%2) . (3.7a)
Now substituting (3.7a) into (3.4), and using the large argument expansion (3.6), we obtain

Lo 1 LA o
~ ~ (In2—7—InA IV Ry ~ =y | e b
Ry 4\/7T_>\£e +27T(n v—1In}\), Ry 5 wfe 7, (3.7b)

where j is a unit vector in the positive o direction. Substituting (3.7b) into (2.14), we obtain
an evolution equation for &

%N q ( 220 /7A >€—2,\§

dt p—1\In2—~—Infe)] ] & (38)

We now make a few remarks. The ODE (3.8) breaks down when e\ = O(1). This occurs
when D = O(e?). Thus, we require that € < 1 and A > 1, but e\ < 1. In this limit, (3.8)
shows that ¢ is increasing exponentially slowly without bound as t increases. The ODE,
however, was derived under the assumption that O (%) LK€< % -0 (%) When ¢ is near
the value £ = 1/2, the ODE must be rederived by retaining an additional image point in the
infinite sum in (3.5a) corresponding to (n,m) = (0,1). The effect of this additional term is
to ensure that £ — 1/2 as t — oo. This implies that the spike tends to the center of the
square as t — 00.

Consider (3.8) with the initial condition £(0) = &. To determine the time 7" for which
E(T) =&, where O (5) < & < & < 1 —O(3), we integrate (3.8) to obtain

A
&1 2 /7N
¢ g4 evm
€ Veertde p—1 <1n2—7—1n[€)\]>T' (8:9)
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Figure 2: Movement of the center (0.5,£(t)) of a single spike of (2.13) within a unit box [0, 1]? versus log;, t,
with e = D = 0.01. The solid curve is the numerical solution to (3.8) with £(0) = 0.2. The broken curve is
the approximation (3.10).

Evaluating the integral asymptotically for A > 1 we get

p—1(In2—~—Inle) v
T~ < N VG A>T (3.10)

Thus, when D < 1, the motion of the spike is metastable. The spike moves exponentially
slowly with time (see Fig. 2) as it approaches the center of the square. Indeed, this behavior
is not specific to a square domain as we will now demonstrate.

More generally, consider any domain {2 with smooth boundary. Let ﬁ(x, xg) be defined
as in (3.1). Then, R satisfies

AR—XNR=0 z€Q; 0,R=-0,V, 1€, (3.11)

where V (z) is given in terms of zy by (3.3a). To obtain a representation formula for R, we
apply Green’s theorem to R and V. This yields,

Ro = R(zo,70) /8 ) Vo, Rl 20) — R x0),V ()] di (3.12)

The only term in the integrand of (3.12) that we still need to calculate is R(z', o) for
z' € 00. We now calculate this term for A > 1 using a boundary layer analysis on (3.11).
Since A > 1, the solution to (3.11) has a boundary layer of width O (A~!) near Q. Thus,
it suffices to estimate R inside the boundary layer. Let n = M|z’ — z| where 2" is the point
on 9 closest to x (one can always find such an " assuming that 2 is within the boundary
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layer and A is sufficiently large). Let £ represent the other coordinate orthogonal to 1. Then,
using this coordinate change in (3.11), we have to leading order that

Ry—R=0, n>0; AR _,~0dV(). (3.13)

Since g is assumed to be strictly in the interior of {2, we can estimate V' on 0f) using the
far field behavior (3.6). This yields, for A > 1, that

/
/ :L’—ZL'Q

OV () ~ =NV () F 0y, (3.14)

|2 — o]’

where 7 is the unit outward normal to 0 at 2’, and the angle brackets denote the scalar
dot product. The solution to (3.13) that is bounded as 7 — 400 is proportional to e~".
Therefore,

R~ —\"'0,V(z)e ™. (3.15)

Using (3.14), and evaluating (3.15) on 02 where n = 0, we obtain the following key results
for A > 1:

Rz, xo) ~ V(@) 7)), 2 €09, (3.16a)

O R(x , xo) ~ ANV (&) (7, 7Yy, 2 €d. (3.16b)

Next, we substitute (3.16) and (3.14) into (3.12). This yields, for A > 1, that

éo = §($0,ZL’Q) ~ )\/

i [V(a;’)r (7, 7)% + (7, 7)) do . (3.17)

We now evaluate this integral asymptotically for A > 1. To do so we use Laplace’s formula

(see [33]), |
/ ;F(T,>6_w/dx/,w(ﬁ);_mzﬂrm) (1_;_m)‘ NCRE)

=

Ql m

Here r,, = dist(0€, xg), Kk, is the radius of curvature of 99 at z,,, and the sum is taken over
all x,, € 0¥ that are closest to xy. The sign convention is such that k,, > 0 if € is convex

at ,,. Comparing (3.17) with (3.18), we get
/ 1
F(r) = o (7', n)? + (', n)) . (3.19)

At the points z,, € 9 closest to zy, we have that r' = and # = n. This yields,
F(rpy) = 1/4n. Therefore, for A > 1, the estimate (3.18) for ( 7) becomes

Ry ~ 4\/;_% —”WZ(l——)_ . (3.20)

15
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Finally, to calculate V Ry needed in (2.14), we use (3.4) and the reciprocity relation R(x,x0) =
R(xg,x) to get

1 d ~ 1 d

—— =—-——2R. 21
2 d!L’Q R(SC(], SC(]) 2 d!L’Q RO (3 )

Differentiating (3.20), and substituting into (3.21), we obtain

1/ w)
OV Ry ~ 5 ﬁe—wm Z (1 = /:_) Tm s (3.22)

where 7, = (2, — %9)/|Tm — To|. Substituting (3.22) and (3.4) into (2.14), we obtain the
following proposition:

VRy = VE(SL’, xO)‘ﬂc=ro =

Proposition 3.1 For ¢ < D < 1 and € < 1, the trajectory of the center of a one-spike
solution to (2.13) satisfies the differential equation

) _
dro | _VTAg < L -2 > (1= A B (3.23)
dt p—1 \In2—~—1In[e\ ) /rm Km

Here \ = D_%, Tm 1s defined following (3.22), and the other symbols are defined in the
sentence following (3.18).

D=

Since 7, = |2, — |, we have %= = —&0 . From (3.23) this shows that %= > 0,
which implies that the spike moves away from the closest point on the boundary. The formula

(3.23) also agrees with (3.8) when € is a unit box. Moreover, we have the following result:

Proposition 3.2 Let r(z) = dist(0S2, x). Suppose that xq is a local minimum of f(x¢) =
R(zg,z9) as A — oo. Then, for A — 0o, ¢ is a local maximum of r(x).

Proof. The proof is by contradiction. Suppose that z is not a local maximum of r(z). Since
r is continuous, we can find x; with |z; — x¢| > 0 arbitrary small, with r(zy) — r(z¢) > 0.
However, (3.20) yields

Rz, 1) Ce=2r(@n)=r(o)] (3.24)
R(z0,20)

where C' = C(xg, z1) is independent of A. Hence, for A sufficiently large, % < 1. This

implies that R(z1,21) < R(zo, o) for A large enough. Hence, g is not a local minimizer of
R as A — oo. Using (3.4) to relate R to R completes the proof. |

It follows that for D < 1 and for convex domains, the center of the spike moves towards
a point within the domain located at the center of the largest disk that can be inserted into
the domain.

16



3.2 Dynamics For Large D

The dynamics for the limiting case where D > 1 is significantly different from the previous
analysis where D < 1.
When D is large, we may expand G defined in (2.7) as

1
G:DG0+Gm+5G2+---. (3.25)
Substituting (3.25) into (2.7), and collecting powers of D, we obtain
NGy =0, r €Q; 0,Go =0, x € o, (3.26a)
NG, =Gy —d(x — x9) x € G =0, x €09, (3.26D)

From (3.26a) we conclude that Gy is a constant. The solvability condition for (3.26b) then

yields
1

0= 1~
vol 2
where vol Q2 is the area of 2. The solvability condition for the problem for G also yields
that fQ G, dx = 0. Hence, G,, is the modified Green’s function for {2 satisfying

B 1
~ volQ

Let R,, be the regular part of G,, defined by

(3.27)

AG,, —d(r—z9), 2€Q; 0,G,,=0, x€I; /Gmdx:(). (3.28)
0
1
Ro(x,20) = Py In|z — xo| + G, x0) . (3.29)
s
Combining (2.8), (3.25), (3.27), and (3.29), we conclude that for D > 1

R(ZL‘, ,I’()) ~

5 + Bul.20) + 0(1/D) . (3.30)

Substituting (3.30) into (2.14), we obtain the following proposition:
Proposition 3.3 If D > 1 and ¢ < 1, the trajectory of a one-spike solution of (2.13)

satisfies

d 4rrqe? 1

o _ _2mge - VR (3.31a)
dt p—l —ln€+2ﬂm+2’ﬂ'Rm0

where R,,0 and its gradient are defined by
R0 = R0, o), VR0 = ViR (2, 20)| 1=z - (3.31b)
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As a corollary, we obtain the following proposition, which was originally derived in [10] and
27]:

Proposition 3.4 (Ward et al, [27], Proposition 3.2) Let ¢ < 1 and assume that D > —Ine.
Then, the trajectory of a one-spike solution of (2.13) satisfies

drg 2qvol Q0 €2
%——( p—l )BVRrrma (332)

where Ry and V Ry, are defined in (3.31b).

Several general observations can be made by comparing (2.14), (3.23), and (3.32). Firstly,
in all three cases, the activator diffusivity € only controls the timescale of the motion. The
precise trajectory traced by xg as t increases depends only on D and on the shape of the
domain inherited through the terms VR, and VR,,o. For the case of small D, where £2 <
D < 1, the motion is exponentially slow, or metastable, and D controls the dynamics. In
contrast, when D = O(1), the speed of the spike is of the order 61157 with a complicated

dependence on D through Ry. Finally for D > —1Ine, the speed is controlled by both ¢ and
D and is of order %. In the limit D — oo and 7 = 0, the system (1.1) is approximated
by the so-called shadow system (see [17], [9]). In this case the motion of the spike is again
metastable. However, for the shadow system a one-spike interior equilibrium solution is
unstable and the spike moves towards the closest point on the boundary of the domain. This
behavior is in direct contrast to what we have found for small D, whereby by Propositions
3.1 and 3.2 the spike moves exponentially slowly towards a point that is the furthest away
from the boundary. This suggests that as D is increased, the number of possible equilibria
for xzp may decrease. In §4.1 we will show that for a certain dumbbell-shaped domain, there
is only one possible stable equilibrium location for D sufficiently large, whereas there are

two stable equilibrium locations when D is sufficiently small.

4 Exact Calculation Of The Modified Green’s Function

In this section we will use complex analysis to derive an exact formula for VR, defined in
(3.31b) for domains of the form

Q= f(B), (4.1)

where B is the unit circle, and f is a rather general class of analytic functions. We will then
use this formula to further explore the dynamics of a spike for the GM system on a certain
dumbbell-shaped domain. Our main result here is the following:

Theorem 4.1 Let f(z) be a complex mapping of the unit disk B satisfying the following
conditions:
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(i) f is analytic and is invertible on B. Here B is B together with its boundary 0B.
(i1) f has only simple poles at the points z1, 23, .., 2k, and f is bounded at infinity.
(11i) f = g/h where both g and h are analytic on the entire complex plane, with g(z;) # 0.
(iv) [(z) = [(2).
On the image domain Q = f(B), let G,, and R, be the modified Green’s function and its

regular part, as defined in (3.28) and (3.29), respectively. Let R, and VR, be the value
of R, and its gradient evaluated at x¢, as defined in (3.31b). Then, we have

Vs(z)
f'(z0)
and Vs(zg) is given by

VR = (4.2)

where zy € B satisfies xg = f(

20),
Vs(z) =i< Ll +2f;,(z_°))

2 \ T2 2 () 5
e (e = £2)) + > g(;)fz(;) =+=22)  as

0
WZ 2h zj

In the equation above, and for the rest of this section, we will treat vectors v = (vy,vs)
as complex numbers v + iv9. Thus vw is assumed to be complex multiplication. The dot

product will be denoted by (v, w) = (v + tw).

Proof. Given z,zo € €, choose z, 2o such that z = f(2), g = f(2). We will use 7 and N
to denote the normal to B at a point z and the normal to JQ at x = f(2), respectively.
Since f is analytic on B we obtain

— —
(74

F@ 1)
where do is the length element on 0B.
We now define S(z) by

Ny = 2 G) (Z>| e = & (4.4)

1
S(x):Gm(SL’,xo)-l-%lnM—xo‘—mx_xdz (45>
Substituting (4.5) into (3.28), we find that S satisfies
AS =0, in Q,
(VS, N> = (x — xo,N) (%'Ii%'z — 2v<1>19) , on 0N, (4.6a)
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with

1
/Sd:c— —/ln|x To| — I dx . (4.6b)

Combining (4.5) and (3.29), we relate VR,, to VS as
VR,.(z,20)|,—p, = VS(0) . (4.7)

The problem (4.6a) determines S up to an additive constant. This constant is determined
by (4.6b). However, the precise value of this additive constant does not influence VR,
since this term depends only on the gradient of S. Hence, without loss of generality, in the
derivation below we only calculate S up to an additive constant.

Let s(z) = S(f(z)). Since f is analytic and S is harmonic, s satisfies Laplace’s equation.
Using (4.4), and the fact that f is analytic, we get (Vs,n) = (VS, N)|f'(z)|. Hence, (4.6a)
transforms to

As=0, in B,
(Vs,7) = X(220) = (@ = 70,2 (2)) (57 — 75 ) » o0 OB

On the unit ball Q = B, let ¢,,(z,€&) be the solution to the modified Green’s function
problem (3.28), with singular point at z = £. It [27] it was shown that

(4.8)

00 = o (gl - 1) + @ (19
gm <, - 27T < < |£|2 ) .
where C is a constant depending on &. Notice that if |z| = 1 then |z — ﬁ\ = |Z‘gé|2. Hence,
1 z2—-¢
Vegm(2,8)|,con = TlE—¢p + C1(§), (4.10)

where C is another constant.
Next, we use Green’s identity to represent the solution to (4.8) as the boundary integral

(0= [ ol xR 0 xe) = (s, @)
B
where Cy is a constant. Since s(z) = S(f(z)), we get from (4.7) that

VR = VRuwmmmz%%gmo (112

Differentiating (4.11) with respect to & and using (4.10), we evaluate the resulting expres-
sion at & = 2y to get

1
Vs(z) = Vegm(z, 20)x (2, 20) do = ;/a

0B

Z— 20

(z,20) do + C4 / X(z, 20) do .

B |z — 20|2X B
(4.13)
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From (4.8) it follows that [, x(z, 20) do(z) = 0. Then, using (4.8) for x(z, z) and (4.4) for
do(z), (4.13) becomes

Vo) = [ {o—anzf o)
L (<x_xo>W+me’<z>)< - 1) =

" 2mi 9B 2| — xpl?2 2volQ ) 1 — 2%

1 ’ 1 1 ’ 1
SO ey L[ F0 1,
A2 Jop \x — 20 ) 1 — 2% 4725 Jop x —xo 1 — 2%

1 1 1 / 1
—_ — ' dz — ———— — dz.
4mivol (2 /63@ 70)2f'(2) 1— 2% ° 7 dmivolQ /(’)B T=wf () 1— 2% ©
(4.14a)

1 1 )1 22—z dz

om|le — zo|2 2volQ) |z — 22 iz

This equation is written concisely as
VS(Z()) = Jl + Jg + Jg + J4, (414b)

where the Jj are, consecutively, the four integrals in the last equality in (4.14a). We now
calculate each of these terms.

We first calculate J;. Using the residue theorem, the relations x = f(z) and xg = f(z0),
and the invertibility of f, we readily calculate that

1 2f'(z) 1 20
Jo = dz = . 4.15
27 ar /E)Bx—xol—zio T o [1—|20|?] (4.15)
To calculate J; we use an identity. For any function H(z), it is easy to show that
1 1 — 1
— H(z)dz = — H(z)—dz. 4.16
27 Jop (2) dz 271 Jop (2) 2 (4.16)

This determines J; as

_ 1 2f(z)\ 1 _ (=)
S = 4% /8B (x — xo) 1— 2% dz = A f'(Zo) (4.17)

To show this, we use 2z = 1 for z € 0B, and (4.16) and (4.17), to get

- S () )i oL O
Ji = 4720 Jop ((SL’ —x9)(z — 20) ) 22 d 472i /63 (x —20)(2 — 20) dz. (4.18)
Using x = f(2) and xo = f(20), we write (4.18) as

N A RPN CCRr
e e L GRS P e 1)
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The function ¢(z) is analytic in B and ¢ (20) = f (20)/ [2f (20)]. Thus, using the residue
theorem, and property (iv) of Theorem 4.1, we get

1 f// (EO>
_ _ /e 4.20
) = g2 (4.20)
This completes the derivation of (4.17).
To calculate J3 and Jy, we need to evaluate vol {2 given by
1 ~
VOIQ:/dx:/ —(z, N)d%. (4.21)
Q o0 2
Using d% = |f'(2)|do, = f(2), 22 =1 on OB, and (4.4) for N and do, we get
1 ey 1 /(%)
10 =— — = —dz. 4.22
wio-+ [ @ @drg [ T (4.22)

To evaluate (4.22), Js, and Jy, we need another identity. Let F'(z) be any function analytic
inside and on the unit disk, and assume that F'(z) = F(Z). Then

mcn Z z,ﬁ —~ (4.23)

27?2

To show this result, we use (4.16) to write [ as

I= i izf(z)mé dz = i Z2f(2)F(2)dz. (4.24)
21 Jom z 21t Jom

Since 2z =1 and F(2) = F(Z) = F (1/z) on 0B, we get

I=17, where J = i JEFA/2) dz. (4.25)
211 Jop 22
Then, since F'(1/z) is analytic in |z| > 1 and f(z) is bounded at infinity by property (ii)
of Theorem 4.1, we can evaluate J by integrating the integrand of J over the boundary of
the annulus 1 < |z| < R and letting R — oo. By properties (ii) and (iii) of Theorem 4.1,
f(2) = g(2)/h(2) has simple poles at z = z; with |z;| > 1. Using the residue theorem over
the annulus, and letting R — 0o, we obtain

o 9(z) ., 1
== Hi ) (4.26)

Substituting (4.26) into (4.25) and using f(z) = f(%), F'(¢) = F(Z), and the fact that z; is
a pole of f(z) if and only if Z; is, we obtain the result (4.23) for I.
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Next, we use (4.16) to write vol Q) in (4.22) as

volQ =2 {i FR)f (2)dz + i fR)f'(2) dz} : (4.27)

2 |27 Jop 21 Jop

Then, using (4.23), we can calculate the two integrals in (4.27) to get

™ 9(z)'(5) 9GS (E)N
VOlQ:?;( 20(z) | 2N (E) )‘

The last equality above follows from property (iv) of Theorem 4.1, which implies that z; is
a pole of f(z) if and only if Z; is.
Next, we evaluate J; of (4.14a). We calculate that

_r ; T(zj) L (4

Loy ! 9z f (L)
N - B (42
Ja Amivol Q) Jop (2) = J(z0) 2 (2) 1— 2% dz 2vol Q ; 230 (25)(25 — Zo) (4.29)
To obtain this result, we use the fact that zf (z)/(1 — 2Z,) is analytic in B to get
1 1 —— zf'(2)
- — — : 4.
N =5 <2m' T d'z) (4:30)
The result (4.29) then follows by using the identity (4.23) in (4.30).
Lastly, we calculate J3 of (4.14a). We find,
1
= - ' d
h= =g | 1) = el TR
1 9(z)f (%) 1 1
= s z — f(=)| . 4.31
2vol 2 - h'(zj)z;(1 — 2;Z0) * 2VOIQf (%0) {f(zo) f(io)} (4:31)
To obtain this result, we use (4.16) to rewrite J;3 as
- _ 1 1 TN _ f)
To=—geais (om [ TO-TEF@E) . re=t00 am

Now we repeat the steps (4.24)-(4.26) used in the derivation of (4.23), except that here we
must include the contribution from the simple pole of F'(z) at z = 2, which lies inside B.
Analogous to (4.25), we obtain

E—— £(2) = fG) £ (1/2) ). 3

~2volQ \ 2mi 22 (271 — %)
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Figure 3: Left: The boundary of Q = f(B), with f(z) as given in (4.35), for the values of a as shown. Right:
The vector field VR, in the first quadrant of Q with a = 1.1.

Outside the unit disk the integrand has simple poles at z = z; and at z = 1/Z. Integrating
over the annulus 1 < |z| < R, using the residue theorem, and then letting R — oo, we obtain
(4.31).

Finally, combining (4.14b) and (4.12), we obtain our result for the gradient of the modified
Green’s function

1 4
V Ry = VRu(2,70)|,_,, = ey > k. (4.34)
k=1

Substituting the results for J; and volQ given by (4.15), (4.17), (4.28), (4.29), and (4.31),
into (4.34), we obtain our main result (4.2) and (4.3). [ |

4.1 Uniqueness Of The One-Spike Equilibrium Solution For Large D

Consider the following example from [15]:

(1—a?)z
Here a is real and a > 1. The resulting domain Q) = f(B) for several values of a is shown
in Fig. 3. Notice that Q — B as a — oco. One can also show that ase =a—1 — 01, Q
approaches the union of two circles centered at (:I:%, 0), with radius %, which are connected
by a narrow channel of length 2¢ + O(g?). From Theorem 4.1, we calculate
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. i 20 _ (2(2) + 3(12) Z0 CL2EO Z0
1 — |22 zZg —at Z2a2 —1 72— a?
_(at = 1)*(Jz0]* — 1)(20 + a?Z0) (5 + )
(@ D)(Ze? — 1)(2 — @)z — a)?

In the limit @ — oo, Q — B, 29 — 2, and f (0) — 1. In this limit, we calculate from
(4.2) and (4.36) that

(4.36)

1 (2~ |a)?
VR = — (ﬂ) o - (4.37)

2 \ 1 — |xol?
This is precisely the formula for VR, on the unit disk, which can be derived readily from
(4.9) as was done in [27]. This provides an independent verification of a limiting case of
Theorem 4.1. We have also verified the formula (4.36) by using the boundary element
method to compute VR, for  as obtained by the mapping (4.35). The two solutions are
graphically indistinguishable.
Next, we calculate from (4.36) that
Re(z)

m(1—|20?)(Z + 1)
In the limit @ — 17, Q becomes the union of two disks of radius 1/2 centered at (+3,0).
Thus, the unique root of Vis(zg)|qs-1+ = 01in © is zg = 0. This root is easily verified to be a
simple root. Hence, it follows from the implicit function theorem that Vs(zp) has a unique

root for any € = a — 1 > 0 small enough. By symmetry, this root must be at the origin. We
summarize our result as follows:

Vs(zo)|am1+ =

(4.38)

Proposition 4.2 Consider a domain Q = f(B) with f given by (4.35) as shown in Fig. 3.
Then for e = a—1 > 0 small enough, 2 is approximately a union of two disks of radius %
centered at (+£1,0), connected by a narrow channel of size 2e + O(g?). Furthermore, V Ryng
given by (3.31b) has a unique root located at the origin. Thus, in this case, there is a unique
equilibrium location for the single-spike solution of (2.13).

We now show that there are no roots Vs(zp) along the real axis when a > 1, except
the one at zy = 0. Thus, there are no equilibrium spike-layer locations in the lobes of the
dumbbell for any a > 1. In (4.36) we let zy = Zo = £, where —1 < £ < 1. After a tedious
but straightforward calculation, we get

Vs(z0) = mople) (4.39)
W@ ) (@4 1 [, (0= e (e ) - )
MO =G ehn-e Tee-1|® " @ T D@ &y
(4.39D)
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The function u is even. Thus, to establish our result, we need only show that (&) is of one
sign on the interval 0 < ¢ < 1 for any @ > 1. A simple calculation shows that the term in the
square brackets in (4.39b) vanishes at £ = 1/a. In fact, £ = 1/a is a removable singularity
of p. It is also easy to show that p(0) > 0 for any a > 1, 4 — 400 as & — 17, and ' (£) > 0
on 0 < & < 1. Hence, for any a > 1, u(§) >0 on 0 < ¢ < 1. Thus, Vs(z) has a unique root
at zgp = 0. Consequently, there is only one equilibrium spike location, and it is at zy = 0.
This leads us to propose the following conjecture:

Conjecture 4.3 Let Q) be any simply connected domain, not necessarily convex. Then the
gradient V R, of the reqular part of the modified Green’s function given in (3.31b) has a
unique root inside 2. Thus, there is a unique equilibrium location of a one-spike solution of

(2.13).

In experiments 3 and 4 of §5 we consider another example of a non-convex domain that adds
further support to this conjecture.

To illustrate the novelty of our conjecture, we consider a similar problem for the conven-
tional Green’s function G4 with Dirichlet boundary conditions satisfying

NGy = —6(x — ) r e, (4.40a)
Ga=0, x € 0S). (4.40b)

The regular part of G4 and its gradient are defined by
1
Rd(LL’, SL’Q) = Gd(l’, SL’Q) + % In |LL’ — SL’(]| s VRd(] = VRd(SL’,.To)‘x:mO . (441)

It was shown in [15] that

' 1 20 f(zo)
[ (20)VRa = ~5- (1 o + 2f'(5o)) : (4.42)

where xg = f(z9) (compare this result with Theorem 4.1). Unlike computing the modified
Green’s function R,,, with Neumann boundary conditions, no knowledge of the singularities
of f(z) outside the unit disk is required to compute R4y = Rq(xo, xo).

It was shown by several authors (cf. [15], [5]) that for a conver domain €2, the function R
is convex. Thus, for convex domains, its gradient has a unique root. However the derivation
of this result explicitly uses the convexity of the domain. For non-convex domains generated
by the mapping (4.35), it was shown in [15] that VR4 can have multiple roots. Thus, the
Neumann boundary conditions are essential for Conjecture 4.3.

From Conjecture 4.3 together with (3.32), it follows that for D large enough, there is
exactly one possible location for a one-spike equilibrium solution. On the other hand, for a
dumbbell-shaped domain such as in Fig. 3, we know from Proposition 3.2, that when D is
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small enough, the only possible minima of the regular part Ry of the reduced wave Green’s
function are near the centers of the lobes of the two dumbbells. In Appendix A, we show
that Ry — 400 as xg approaches the boundary of the domain. Hence, Ry must indeed
have a minimum inside the domain. By symmetry, it follows that for D small enough, the
centers of both lobes of the dumbbell correspond to stable equilibrium locations for the spike
dynamics. In addition, it also follows by symmetry and by Proposition 3.2 that the origin
is an unstable equilibria. Hence, this suggests that a pitchfork bifurcation occurs as D is
increased past some critical value D.. As D approaches D, from below, the two equilibria in
the lobes of the dumbbell should simultaneously merge into the origin. For the non-convex
domain of experiment 4 in §5, this qualitative description is verified quantitatively by using
a boundary element method to compute Rj.

5 Numerical Experiments

In this section we perform numerical experiments to verify the asymptotic results of §2 and
§3. In experiments 1 and 2 we compare the asymptotic formulas (2.14), (3.31) and (3.32)
with corresponding full numerical solutions of (2.13). In experiment 3 we provide some
further numerical evidence for Conjecture 4.3.

The asymptotic results require us to compute Ry, R0, and their gradients. For experi-
ments 1 and 2 we restrict ourselves to a square domain. For this case Ry can be computed
using the method of images solution (3.5). Equation (3.5) also works well for D = O(1).
However, note that the number of terms needed in (3.5) to achieve a specified error bound
is directly proportional to D. Therefore the time cost is given by O(D) (the storage cost
being constant).

To compute Ry on a non-square domain (or on a square domain when D is large) as well
as to compute R,,o on any domain to which Theorem 4.1 does not apply, we have adopted
a Boundary Element algorithm as described in §8.5 of [1].

To compare with our asymptotic results we use a finite element method to solve (2.13). A
standard numerical finite element method code does not perform well over long time intervals
due to the very slow movement of the spike and the very steep gradients near the core of the
spike. To overcome this, we have collaborated with Neil Carlson who kindly provided us with
his moving-mesh program, mfe2ds with adaptive time step (cf. [6], [7]). This has reduced the
computer time dramatically, because much fewer mesh nodes or time steps were required.
However, the solution obtained from the current version of mfe2ds, tends to deviate from
the expected solution after a long time period. This is because as the spike moves, it moves
the mesh along with it, until eventually the mesh is overstretched (see Fig. 4). In spite of
this limitation for long-time computations, full numerical results for (2.13) are computed
using mfe2ds. Neil Carlson, [8], is currently working on a new version of mfe2ds that will
incorporate adaptive mesh algorithms to solve this problem.
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Figure 4: Numerical solution using the moving mesh method. At the beginning, the mesh vertices concentrate
at the spike. Then they move along with the spike, eventually overstretching the mesh geometry and resulting
in a loss of precision over a long time period. In this example, ¢ = 0.01, D = 5, and the initial conditions at
t =0 were a = sech(Jz — (0.3,0.5)|) and h = 1.
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Figure 5: Movement of the center (z(t),0.5) of a single spike of (2.13) within a unit box [0, 1]? versus time
t. Here D =1 and € = 0.01,0.05,0.10 as shown. The solid lines show the asymptotic approximation (2.14).
The broken lines show the full numerical solution computed using mfe2ds. The figure on the right compares
the asymptotic and numerical results on a smaller time interval than the figure on the left.
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Figure 6: Movement of the center (z(t),0.5) of a single spike of (2.13) within a unit box [0, 1]? versus time
t, with e = 0.01 and D = 1,3,5. The solid curves show the asymptotic approximation (2.14). The bottom
and and top curves show the approximations (3.31) and (3.32), respectively. The diamonds show the results
from the full numerical simulation.

5.1 Experiment 1: Effect Of ¢ With D = 1.

Fig. 5 shows the the peak location (z(t),0.5) versus time for a unit box [0,1]?, with D =1
at several values of . It shows that the asymptotic approximation (2.14) is very close to
the full numerical results when € = 0.01, and it still gives a reasonable approximation even
when ¢ = 0.1. Presumably, we would have a much closer agreement at ¢ = 0.1 if we had
retained higher order terms in the infinite logarithmic expansion of ag, hg, and the adjoint
eigenfunction 4, in the derivation of (2.14) from (2.36). From Fig. 5 we note that the full
numerical solution for x(t) seems to settle at something less than 0.5. This is a numerical
artifact of the current implementation of the moving mesh code. We think that this is caused
by the over-stretching of the mesh topology.

5.2 Experiment 2: Effect Of D With ¢ = 0.01

Fig. 6 shows the peak location (z(t),0.5) versus time for a unit box [0,1]?, with ¢ = 0.01
and D = 1,3,5. For each value of D, the full numerical solution as well as the asymptotic
approximations (2.14), (3.31) and (3.32) are shown.

While we assumed in the derivation of (3.31) that D > 1, the simulation shows that even
for D = 1, the approximation (3.31) is rather good. Notice that the approximation (3.32),
which does not involve any terms involving —Ine and the modified Green’s function in the
denominator, provides a significantly worse approximation to the spike dynamics than either
(3.31) or (2.14). This point was mentioned at the end of §2.

As before, the numerical solution given by mfe2ds seems to deviate from the expected
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Figure 7: Plot of VR, for a non-convex domain whose boundary is given by (z,y) = (sin2 2t +

1 sint)(cos(t),sin(t)),t € [0,7]. Its center of mass is at about (0,0.464), which lies outside the domain.
The resulting vector field has only one equilibrium, at approximately (0,0.2). The discretization of the
boundary that was used for the boundary element method is also shown.

solution after a long time due to excessive mesh stretching. This effect is especially pro-
nounced for larger D. We are currently working with Neil Carlson to address this problem
by combining moving mesh with mesh refinement algorithms.

5.3 Experiment 3: Uniqueness Of Equilibria For Large D

We have used a boundary element method to numerically compute VR, for the non-convex
domain €2 shown in Fig. 7. There is only one equilibrium solution in €2 and it lies along the
imaginary axis as indicated in the figure caption. This provides more evidence for Conjecture
4.3.

5.4 Experiment 4: A Pitchfork Bifurcation.

We consider the non-convex with boundary given by (z,y) = [2 + cos(2t)](cost,sint) for
0 <t < 2w A plot of the domain is shown in Fig. 8. In this example we use the boundary
element method to compute 0, Ry along the x axis for different values of A\. Here Ry = R(z, )
is the regular part of the reduced wave Green’s function defined in (2.8). For this domain,
there is always a root of 0, Ry at the origin. Our goal is to determine if there are any other
roots along the real axis. By symmetry we only consider the non-negative x-axis. The results
of the computations are shown in Fig. 9. Notice that the scale of the vertical axis in the
rightmost plot of Fig. 9 is considerably more compressed than in the leftmost plot. This
allows us to see the behavior of 0, Ry near the origin. From this figure we notice that a new
root of 0, Ry emerges from the origin somewhere near A &~ 1.15. This gives a critical value
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Figure 8: Plot of the non-convex domain of experiment 4 whose boundary is given by (x,y) = [2 +

cos(2t)](cost,sint) for 0 <t < 2.

D, =~ 0.756. For D > D, the origin is a local minima of Ry, whereas for D < D, the origin
becomes a local maximum of Ry. Thus, as D decreases below D, the equilibrium spike layer
location at the origin loses its stability to two new equilibria, located symmetrically at the
points (z.(D),0) and (—z.(D),0), where z.(D) > 0 and z.(D) — 07 as D — D_. Thisis a
classic example of a pitchfork bifurcation.

6 Conclusions

We have analyzed the dynamics and equilibria of an interior spike solution to the GM
model in a two-dimensional domain. Qualitatively, there are different dynamical behaviors
for different asymptotic ranges of the inhibitor diffusivity D. When D = oo, equilibrium
spike locations are at critical points of the distance function, and the resulting equilibrium
solutions are metastable (cf. [17], [9]). However, such solutions are ultimately unstable since
an interior spike that is slightly offset from its equilibrium position will drift exponentially
slowly towards the closest point on the boundary. For the range 2 < D < 1, equilibrium
locations for the spike are again at critical points of the distance function. Although the
spike motion is again metastable (see proposition 3.1), a spike that is slightly offset from
a local maxima of the distance function will drift slowly back towards this point. On the
ranges D = O(1), and D > 1 with D independent of ¢, the distance function does not play
a promiment role in either the dynamics or equilibria of a spike solution. For D > 1, the
regular part of the modified Green’s function for the Laplacian determines the spike dynamics
and equilibria. Alternatively, for D = O(1) the regular part of the reduced wave Green’s
function is central to the analysis. We have derived formal asymptotic results for the motion
of a spike when D = O(1) (see proposition 2.1) and when D > 1 (see propositions 3.2 and
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Figure 9: Plot of 0, Ry when z is along the positive real axis for the domain of experiment 4. The values of
A\ = D~'/2 are shown in the plots. The vertical scale in the rightmost figure is a compression of the scale in
the leftmost figure.

3.3). An added complication in the analysis is the presence of —loge terms that arise from
the two-dimensional Green’s function. These terms, which are important for obtaining close
quantitative agreement with full numerical results for spike dynamics, were incorporated into
the asymptotic analysis. It is an open problem to give a rigorous proof of propositions 2.1,
3.1, 3.2, and 3.3.

To determine the spike dynamics and equilibrium locations for the asymptotic range
D > 1, we derived rigorously an explicit formula for the gradient of the regular part of the
modified Green’s function for a class of domains that can be mapped to the unit disk. By
using this formula, and by applying it to certain dumbbell-shaped domains, we conjecture
(see conjecture 4.3) that the gradient of the regular part of the modified Green’s function will
vanish exactly once in any simply connected domain. The implication of this conjecture is
that when D > 1 there is only one equilibrium position for a spike solution to the GM model
in any simply connected domain. For a particular dumbbell-shaped domain we showed that
when D = O(1) the gradient of the regular part of the reduced wave Green’s function has
three zeroes for D less than some critical value, and that these zeroes experience a pitchfork
bifurcation as D is increased past this value. Therefore, it is of considerable interest to
examine conjecture 4.3, and to determine, as a function of increasing D, the number of
zeroes of the gradient of the regular part of the reduced wave Green’s function defined in
(2.8) in an arbitrary simply connected domain.

In contrast, many general properties have been established for the regular part of the
Green’s function for the Laplacian under homogeneous Dirichlet boundary conditions. A
survey of results is given in [1]. This latter Green’s function plays a prominent role in other
problems, including concentration phenomena for Bratu’s equation (cf. [22]) and the motion
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of vortices for the Ginzburg-Landau equation (cf. [18]). In another context, the regular part
of the Green’s function for the Helmholtz equation under Dirichlet boundary conditions is
shown in [4] to be critical to the analysis of the disappearance of solutions to an nonlinear
elliptic problem with critical nonlinearity in a cube. Our analysis of spike motion for the
GM model has clearly suggested the need for further work to establish general properties of
the regular part of the modified Green’s function and the reduced wave Green’s function.
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A Appendix: The Behavior Of Ry On The Boundary

Theorem A.1 Suppose 02 is C* smooth. Let ' € 02 and let xo(d) = =" — div be the point
a distance d away from © and OQ. Then there exist positive constants Cy, Cy, € such that

R(ZBQ, [L’()) 2 Cl hlé + Cg s (Al)

for all d < e sufficiently small, where R is given by (2.15).

Proof.

When Q is convex, this theorem was proven in the Appendix of [31]. However, the
convexity assumption was critical in their proof. Our proof below does not require this
assumption. The proof in [31] utilized a boundary integral representation of R. We use the
comparison principle instead. N _

It suffices to prove this result for R replaced by R. From (2.7) and (3.1), R satisfies

AR(z,10) — NR(z,20) =0, 1€Q;  0,R(x,z0)=-0,V(z —x0|), €9,

where A = 1/v/D, and

vmzimwy

By rotating and translating, we may assume that zo = (d,0) and 2" = 0. We parameterize
O by its arclength z(s) with 2(0) = z'. We let z; = (—d,0) be the reflection of zy in 2’
and define x be the curvature of 99 at .
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Step 1. Show that
OV (|lz —zi]) — C < =0,V (| — x0]), (A.2)

for some constant C, for all s,d < €, and e small enough.
If kK > 0, then it follows geometrically that for e small enough, | — x| > |z — (| and

_drmmeh) o e=r0n) Hence (A.2) follows with C' = 0 from the monotonicity of V.

|lz—xf| — |z—wol
The case k < 0 is more involved. We have,

2(s) = (58" +o(s%) s +0(s), i = (=1+o(s?), w5+ o(s”)),

where  is the curvature at z'. Here and below, o(s?, d?) is some function such that o(s?, d?) <
C(]s|P + |d|?) for some constant C' and for all |s|, |d| < e. For = z(s), we have
(x = ao(d), ) = 557 = d + ofs*)d + ("),
and
|z — 20| = d® + 5*(1 — kd) + o(s?).
Next, we calculate that

1 (z —xg,n)
~0,V (|x — x|) :%ﬁ + o]z — m|) by (3.3b),
1 58* —d+o(s*)d + o(s”)
21 d? + s2(1 — kd) + o(s3)
1 85> —d + o(s*)d 4 o(s?) B o(s%)
2r d? + s%(1 — kd) d? + s%(1 — kd)
1 55 —d
=5 1 d
om (d2 + s2(1 — kd) * O(S)) (1+0(s)) +o(s,d),
1 55 —d
“ord 21— rd) O
158 —d
Ty (1+o(d)) + o(s)
1582 -d  o(sd)
Cmd24+ s A2+ 52
1 5% —d
o BT 5 +0(1) + o(s,d).

In a similar way, we get

+o(s,d),

+...)+0(s,d),

2 —na) O

m+0(5,d),

+ o(s,d),




Therefore,

for some constants C'7, Cs independent of d, s. Notice that

—382—(1 g2 —d

L
2t Ty

+ |&|.

Hence,
K — ||

OV (|l — zg|) + o

+ Cl — C2 S —8nV(\:c — l’o‘),

which completes the proof of Step 1.

Step 2. By the compactness of the set (90Q\{z(s),|s| < €}) x {z¢(d),0 < d < £}, the
continuity of V(|Jz — xo|) on this set, and (A.2), it follows that (A.2) holds for all z € 9
and all d < e if the constant C is large enough.

Step 3. Let u(x) be the solution of

Au—Nu=0, x € Q; ou=—-C, x € 00,

where C' is as in step 2. Then v = V(|z — z}|) + u also satisfies Av — A?v = 0 and
Opv(z) < OpR(x,x0) for x € 002 and any d,e. By the maximum principle, it follows that
v(z) < R(x,x0) for z € Q. Recalling (3.3b) completes the proof. [ |
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