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Abstract

Equilibrium solutions to the one-dimensional Gierer-Meinhardt model in the form of se-
quences of spikes of different heights are constructed asymptotically in the limit of small acti-
vator diffusivity €. For a pattern with k spikes, the construction yields k; spikes that have a
common small amplitude and ks = k —k; spikes that have a common large amplitude. A k-spike
asymmetric equilibrium solution is obtained from an arbitrary ordering of the small and large
spikes on the domain. It is shown that such solutions exist when the inhibitor diffusivity D is less
than some critical value D,, that depends on k1, on k5, and on other parameters associated with
the Gierer-Meinhardt model. It is also shown that these asymmetric k-spike solutions bifurcate
from the symmetric solution branch sy, for which k spikes have equal height. These asymmetric
solutions provide connections between the branch s; and the other symmetric branches s;, for
j =1,..,k— 1. The stability of the asymmetric k-spike patterns with respect to the large O(1)
eigenvalues and the small O(e2) eigenvalues is also analyzed. It is found that the asymmetric
patterns are stable with respect to the large O(1) eigenvalues when D > D., where D, depends
on k1 and k,, on certain parameters in the model, and on the specific ordering of the small
and large spikes within a given k-spike sequence. Numerical values for D, are obtained from
numerical solutions of a matrix eigenvalue problem. Another matrix eigenvalue problem that
determines the small eigenvalues is derived. For the examples considered, it is shown that the
bifurcating asymmetric branches are all unstable with respect to these small eigenvalues.

1 Introduction

Turing [12] proposed that localized peaks in the concentration of a chemical substance, known as
a morphogen, could be responsible for the process of morphogenesis, which describes the devel-
opment of a complex organism from a single cell. Through the use of a linearized analysis, he
showed how stable spatially complex patterns can develop from small perturbations of spatially ho-
mogeneous initial data for a coupled system of reaction-diffusion equations. Since Turing’s paper,
many reaction-diffusion models have been proposed for pattern formation, including the well-known
activator-inhibitor model postulated by Gierer and Meinhardt [3]. They showed numerically that
their model, referred to here as the GM model, can produce a highly localized pattern for the

activator concentration. There has been much subsequent numerical work on classifying pattern
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formation aspects of this model, including the development of spikes and stripes (cf. [4], [8] and the
references therein).

In recent years there has been a considerable effort to analyze the existence, stability, and
dynamics of localized solutions to the singularly perturbed GM model, in which the activator
diffuses much more slowly than does the inhibitor. One of the goals of this type of analysis is to
asymptotically construct equilibrium solutions in the form of spikes in the activator concentration
and to determine the locations of these spikes. A second main focus is to determine the conditions
on the parameters that ensure the linear stability of these types of solutions. It is important to
emphasize that this type of stability analysis is very different from the classical Turing-type stability
analysis based on linearizing a reaction-diffusion system around a spatially homogeneous steady-
state equilibrium solution. The stability analysis, for perturbations of localized solutions, typically
leads to singularly perturbed eigenvalue problems with spatially inhomogeneous coefficients that
are difficult to study analytically. A mathematical survey of results on spike solutions to the GM
model is given in [9] and [14].

The goal of this paper is to determine conditions for the existence and linear stability of certain
asymmetric equilibrium spike patterns for the following simplified form of the singularly perturbed

one-dimensional GM model:

ap

at:eZam—a-l-ﬁ, -l1<z<1l, t>0, (1.1a)
pa”

0=Dhm—uh+e*ﬁ, -l<z<1, t>0, (1.1b)

ay(£1,t) = hy(£1,t) = 0. (1.1c)

Here a, h, ¢ € 1, D > 0, and p > 0 represent the scaled activator concentration, inhibitor
concentration, small activator diffusivity, inhibitor diffusivity, and constant inhibitor decay rate.

The exponents (p,q,m,s) in (1.1) are assumed to satisfy

p>1, qg >0, m > 0, s >0, 0<—«< (1.2)
The dimensional analysis leading to (1.1) is given in [6]. The simplification to the GM model that
is made is that we neglect the time derivative of the inhibitor field.

The asymmetric equilibrium solutions to (1.1) that we construct in the limit & — 0 have the form
of a sequence of spikes of different heights. Specifically, for a pattern with k spikes, our asymptotic
construction yields k1 > 0 spikes that have a common small amplitude and k3 = k — k1 > 0 spikes

that have a common large amplitude. A k-spike asymmetric equilibrium solution is obtained from



an arbitrary ordering of the small and large spikes across the interval. The idea that such patterns
should exist was communicated to us by Doelman [2]. An example of such a spike pattern that
is obtained from the analysis is shown in Fig. 1. We show that such solutions exist when D is
less than some critical value D,,, that depends on ki, kg, u, and r = (p — 1) /[gm — (p — 1)(s + 1)].
Further, more refined results, including the possibility of multiplicity of asymmetric spike patterns
for a specific set of the parameters with the same ordering of the spikes, are also obtained. The
equilibrium results are given in Proposition 2.1. By plotting a bifurcation diagram of a norm of
a versus D, we show that the k-spike asymmetric solutions bifurcate from the symmetric branch
sg for which k spikes have an equal amplitude. Specifically, we show that the k-spike asymmetric
branch with k; small spikes provides the connection as D is varied between the symmetric branches
sk and sg_g,. The asymptotic analysis leading to these results is based on a formal application
of the method of matched asymptotic expansions. To our knowledge this is the first time that

asymmetric equilibrium spike patterns have been demonstrated for the GM model.
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Figure 1: Plot of the activator and inhibitor concentration for a five-spike asymptotic asymmetric
equilibrium solution with e = .02, D = .04, y = 1, and (p,q,m,s) = (2,1,2,0). The solid curve is
the activator concentration and the dotted curve is the inhibitor concentration.

Next, we analyze the linear stability of these asymmetric equilibrium spike patterns. There
are two classes of eigenvalues to be considered: the large O(1) eigenvalues and the small O(e?)

eigenvalues. For the large eigenvalues, we obtain an explicit stability criterion for the asymmetric



spike patterns in terms of the maximum eigenvalue of a certain matrix eigenvalue problem. The
result is given below in Proposition 3.1 and Corollary 3.1 and 3.2. We show that, with respect
to the large O(1) eigenvalues, the asymmetric spike solutions are stable when D > D,, where the
critical value D, depends on ki, ko, p, 7, and on the specific orientation of the small and large
spikes within a given k-spike sequence. When r = 1, which holds for the usual GM parameter
set (p,q,m,s) = (2,1,2,0), we give an explicit formula below for D, in Result 4.1 for the two-
spike case. For solutions with more than two spikes, numerical values for D, are obtained from a
numerical calculation of the maximum eigenvalue of the matrix eigenvalue problem. The stability
of the k-spike patterns with respect to the small eigenvalues of order O(e?) is also studied. We
derive a generalized matrix eigenvalue problem that determines the small eigenvalues. The result
is given in Proposition 5.2. The value zero is a small eigenvalue of algebraic multiplicity k¥ — 1 at
the value of D for which the asymmetric k-spike patterns bifurcate from the symmetric branch
Sg. From numerical computations of the generalized matrix eigenvalue problem in Proposition 5.2,
we show that these bifurcating asymmetric branches are all unstable with respect to the small
eigenvalues. Although all of these asymmetric patterns are ultimately unstable, our conclusions
do indicate that there are ranges of D for which asymmetric equilibria will persist for long time
intervals of the order ¢t << O(e™2). We remark that a somewhat similar approach to the stability
of localized patterns was adopted in [10] for the Fitzhugh-Nagumo model.

The work in this paper is complementary to the study in [5] of the stability of spike patterns for
(1.1) with spikes of equal height. These symmetric spike solutions can be constructed asymptotically
for arbitrary values of D, and their existence was previously rigorously proved in [11] in the limit
e — 0. It was shown in [5] that a symmetric k-spike solution with k£ > 1 will be linearly stable
with respect to the large O(1) eigenvalues when D < Dy. An explicit formula for Dy was derived
analytically in [5] in terms of k£ and the exponents (p, ¢, m, s). It was found that Dy — 0 as k — oo.
It was also shown in [5] that the symmetric k-spike solution will be stable with respect to the small
O(e?) eigenvalues when D < Dj, for some explicit values D} satisfying D} < Dy. Thus, a k-spike
symmetric pattern is stable with respect to both the large and small eigenvalues when D < Df. In
this paper we show that these critical values D}, are precisely the values of D at which asymmetric
k-spike patterns bifurcate from the symmetric branch sy.

The outline of this paper is as follows. In §2 we use the method of matched asymptotic ex-
pansions to construct a k-spike asymmetric equilibrium spike solution to (1.1). In §3 we determine
conditions that ensure that the large O(1) eigenvalues associated with the linearization of (1.1)
about the asymmetric equilibrium solution have negative real parts. When this condition holds, we

say that the pattern is stable with respect to the large O(1) eigenvalues. Examples of the theory



for solutions with fewer than five spikes, together with some specific results for these solutions, are
given in §4. In §5 we analyze the small eigenvalues and we calculate their algebraic sign numerically

for the specific examples discussed in §4. Some concluding remarks are made in §6.

2 Asymmetric Equilibrium Solutions

For ¢ — 0, we construct a k-spike asymmetric equilibrium solution to (1.1) in the form of a sequence
of spikes of different heights.

To determine how spikes of different heights can arise, we first construct a symmetric one-spike
equilibrium solution to (1.1) on a finite domain of length 2/, where [ > 0 is a parameter. The

problem then is to find a solution to

P
62am—a+%:0, —-l<z <, (2.1a)
pa™
Dhm—,uh—l-e_ﬁ:m —-l<z <, (2.1b)
az(Xl) = he(£l) =0, (2.1c)

which has exactly one spike centered at the origin. In the limit ¢ — 0, such a solution has the
property that a and h are even, that a(l) is exponentially small, and that h(l) = O(1). We would
like to find all different values of [, labeled by [1,..,l,,, such that h(l1) =,..,= h(l,). For a certain
range of the parameters, as obtained below, there are exactly two such values of [. These “local”
solutions are then used to obtain a global asymmetric pattern for (1.1) on [—1,1].

The asymptotic solution to (2.1) proceeds in a similar way as in [5]. We obtain that

a(z) ~ [(0)]" uc(x/e),  where  y=gq/(p—1), (2.2)

and u.(y) is the unique solution to

U, — e +ub =0, —00 <y <00, (2.3a)
u.—0 as |y| = oo; u,(0) =0, uc(0) > 0. (2.3b)
In particular, when p = 2 we have
312
uc(y) = isech (y/2) . (2.4)



Since a is localized near z = 0, the term e 'a™/h* in (2.1b) can be asymptotically approximated
as a Dirac mass. Thus, when € < 1, the problem for h(z) is

DR — ph = — [R(0)]"™ / ” [uc()™dy 6(z), —l<z<lI, (2.5a)

—0o0

K (£l)=0, (2.5b)

where §(z) is the delta function. The solution to (2.5) is

M@zwmmﬂ/ﬂwmwwaum, (2.6)

—00

where Gj(z;0) is the Green’s function satisfying

DGy — pGp = —4(x), —l<z<l, (2.7a)
Giz(£1;0) = 0. (2.7b)

A simple calculation gives,

cosh [ (1 |#[)/u/D]

Gi(z;0) = . (2.8)
2/2iD sinh (z,/u /D)
Next, we readily calculate from (2.6) that h(0) satisfies
00 -1
e L L 29)
for i = 1,..n. In terms of A(0), we can write h(l) as
Gi(1;0)

= . 2.1

o) = hO) G (2.10)

Finally, substituting (2.8) and (2.9) into (2.10), we obtain an explicit formula for k() given by

h(l) = (f 2v/uD ) b[1v/uiD] . (2.11)

ool (y)l™ dy

Here the exponent r and the function b(z), for z > 0, are defined by

_ tanh” 2z 1

b(z) = , T pompy P 1 (2.12)

cosh z



where v was defined in (2.2). From (1.2), we find that > 0. The conditions for the existence and
stability of asymmetric solutions will depend on r. Two common exponent parameter sets for the

GM model and their values of r are
(i) (p,g,m,s)=(2,1,2,0) r=1; (i) (p,q,m,s) = (4,2,2,0) r=3. (2.13)

The function b(z) > 0 in (2.12) has several key properties. It has a unique global maximum

point at z = 2., where

ze =log (V7 +Vr+1) . (2.14)

In addition, it satisfies b (z) > 0 on [0, z.) and b (z) < 0 on (2, o). Plots of b(z) when 7 = 1 and
when r = 3 are shown in Fig. 2(a) and Fig. 2(b), respectively. From the behavior of b(z) we readily
deduce the following result:
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Figure 2: Plots of the function b(z) versus z for r =1 and r = 3.

Result 2.1: Let r > 0. For any z € (0, z.), there exists a unique point Z = f(z), such that Z > z.,
with the property that

b(2) = b(2) = b[f(2)] - (2.15)

The implication of this result is the following:
Result 2.2: Let r > 0. Given any | with I\/p/D < z., there ezists a unique I, with Z\/p/D =zZ>
Ze, such that h(l) = h(l).



Below, we need certain properties of the inverse function f(z) defined in (2.15). For an arbitrary
value of 7 > 0, f(z) is convex on (0, z.), f (z) < —1 on (0,z.), and f (z.) = —1. In general, f(z)
can only be obtained numerically. However, for the special case r = 1, we can calculate f(z)
analytically. Using (2.12) with 7 = 1 we get

sinhzsinhz =1. (2.16)
Therefore,
Z = f(z) = log[cschz + coth 2] , for z€]0,z2). (2.17)

A plot of f(z) for the values r = 1 and r = 3, the latter obtained using Newton’s method, is shown
in Fig. 3(a) and Fig. 3(b), respectively.

(a) z=f(z) forr=1 (b) z2= f(z) forr=3

Figure 3: Plots of the function Z = f(z) versus z on the interval (0, z.] for r =1 and r = 3.

We refer to solutions of length [ and I as A-type and B-type spikes, respectively. Since [ > I
and G(0;0) is a decreasing function of [ as seen from (2.8), it follows from (2.9) and (2.2) that A(0)
and a(0) are increasing functions of [. Hence, the maximum value of a associated with an A-type
spike is smaller than that for a B-type spike. Thus, we refer to A-type and B-type spikes as small
and large spikes, respectively.

We now construct k-spike equilibrium solutions to (1.1) on the interval [—1,1] with k&1 > 0

spikes of type A and ko = k — k1 > 0 spikes of type B arranged in any particular order from left to



right across the interval as

ABAABB, kl - A’S, k2 — B’s. (218)

To do so, we use translation invariance and the fact that h(l) = h(l) to glue A and B type spikes
together to satisfy C' continuity for the global function h defined on [~1,1]. The global function
a is exponentially close to being C'! continuous since the local function is such that a(l) and a(l)
are exponentially small when € < 1.

Since the support of an A-spike and a B-spike is 2] and 2[, respectively, we get the length
constraint 2k17 + 2kgl~ = 2. This condition can be written as

klz—f—kgé = \/,LI,/D. (219&)

The other condition that ensures that h is C' continuous is
b(z) =b(2). (2.19b)
Equation (2.19) is a coupled system for z and Z. The lengths are given in terms of this solution by

l=2y/DJu, 1=%/D/u. (2.20)

We now determine conditions for which (2.19) has a solution on the interval z € (0, z.) and
Z € (2¢00). The solution to (2.19b) is Z = f(z). Hence, we need only look at the intersection
points of the inverse function # = f(z) and the straight line 2 = —ki2z/ky + k;'1/u/D on the
interval z € (0, 2.) and Z € (z.,00). The properties of f(z) listed below (2.15) show that there are
two different cases to consider

Case (i) ki/ke <1; Case (i) ki/ke > 1. (2.21)

Since f(z) is convex and f (z) < —1 on z € (0, z,], with equality only when z = 2., we can readily
obtain the following result:
Result 2.3: Let r > 0 and ki/ko < 1. Then, when D < D,,, there ezists a unique solution (z, %)
to (2.19) on z € (0,2.) and Z € (z.,0), where
L
Dm:kQ—zg’ k:kl‘l-kg, (222)
and z. satisfies (2.14). When D = D,,, then z = % = 2z, and hence | =1 = 1/k. In this case, we

get a symmetric k-spike solution with spikes of equal height.



Result 2.4: Let r > 0 and ki1/ka > 1. Then, there exists a critical value Dy, > Dy, such that the

solution multiplicity for (2.19) on the interval z € (0,2.) and Z € (2., 00) is as follows:

If D>D,, —  no solutions,
If D, <D < Dy, —  ezactly two solutions, (2.23)
If D<D, —  ezactly one solution.

The critical value Dy, is the solution of the tangency condition system

kg %k—tzf(z), —:—;: '(2). (2.24)
When r = 1, the result 2.4 is illustrated graphically in Fig. 4 in the Z, z plane. A similar plot
could be done for any 7 > 0. When k1 /k2 > 1 and D is decreased from a large value, the straight
line of slope —k; /ky first intersects the curve Z = f(z) at a point of tangency at some critical value
of D, labeled by D,,,. As D is decreased slightly below D,,, , there are exactly two roots to (2.19)
until D is decreased to the value D,, defined in (2.22). When D is decreased below D,, there is
only one solution to (2.19).
For an arbitrary value of r, the value D,,, must be calculated numerically using Newton’s

method. However, when r = 1, we can use (2.17) in (2.24) to obtain the explicit result

k k)1~
Do, = 1t [m sinh ™ (1?2) + Ky sinh™* (/?1)] . for ki/ke>1, r=1. (2.25)
1 2
After determining the values of I and I from (2.19) and (2.20) we can obtain an asymmetric
spike solution to (1.1) of the symbolic form shown in (2.18). With a slight change of notation, the
equilibrium result is summarized as follows:

Proposition 2.1: Let r > 0 and ¢ — 0. Then, for D < D,,, there exists an asymmetric k-spike

equilibrium solution (ae,he) to (1.1) of the form,
k
ae(x) ~ [hlj]'y ue [e7! (@ — z;)] , (2.26a)

=1

J

where v = q/(p —1). The value hy; of h at the center of the jth spike satisfies

o QJ;A—Dtanh(lj\/u/D)
v T ()™ dy

(2.26b)

10
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0.0 : L '

Figure 4: Plot of the graphical solution to (2.19) when r =1, k; =3, ks = 1 and p = 1. The curve
Z = f(z) (solid) is plotted together with the straight line (2.19a) (dotted). The line is plotted for
three values of D: D = D,,, = .1275, D = 0.1 and D = 0.06. When D = D,;, the line is tangent
to f(z). When D = 0.1 there are two solutions z; and z, to (2.19), and only one solution when
D = 0.06.

11



Here for each j, lj =1 orl; = l~, where | and | are determined in terms of k1, ko and \/u/D by
(2.19) and (2.20). The valuel; = | must occur ky > 0 times, while [; = I must occur ko = k—k1 > 0

times. The small and large spikes can be arranged in any sequence. Finally, the equilibrium he is

k
he(z) ~ Z2VuD tanh (lj\/,u/D) hy; G(z;24) (2.27)
j=1
where G(x;x;) satisfies
DGyy — pG = —6(z — zj), -l<z<1, (2.28a)
Gy(£l;2;) =0. (2.28b)

The spike locations x; are found from
r1=10—1, p=1—1, Ij+1:$j+lj+1+lj, i=1.,k—2. (2.29)

When ki/ke > 1 and Dy, < D < Dy,,, this result still holds. However, as discussed in result 2.4,
there are two possible values of the pair | and [ for each D on this range.

To summarize, consider a particular fixed ordering of small and large spikes across the interval.
When D < D,,, and when there are more large B-spikes than small A-spikes, there is exactly one
asymmetric pattern with that particular ordered sequence. However, when there are more small
spikes than large spikes in the sequence, then for some range of D there are exactly two such
patterns that have the same ordering.

Using Newton’s method on (2.24) we can obtain numerical ranges of D for the existence of
asymmetric spikes with k1 > ko. For solutions with three spikes we obtain the following results for
Dy, and D,,, defined in (2.23):

Result 2.5 (Three Spikes): Let k1 =2 and ko = 1. Then,

D, =0.1724 and Dy, =0.1430,  when r=1, (2.30a)
D,,, =0.0732 and D,, =0.0641, when r=3. (2.30b)

The corresponding result for four spikes is:
Result 2.6 (Four Spikes): Let k1 = 3 and ko = 1. Then,

Dy, =0.1275 and D, =0.0805,  when r=1, (2.31a)
Dy, =0.0501 and D,, =0.0360,  when r=3. (2.31b)

12



As a remark, there is an interesting scaling result as seen from (2.24). Fix r and the ratio k1 /k2
with k1/ks > 1. Let Dy, be the largest value of D for which the solution to (2.19) exists when
ko = 1. Then, for any other value of ky, the existence value Dy, is simply D,,, = D}, / k2.

In §4 we will show how these asymmetric solutions provide connections between various branches
of symmetric k-spike solutions. To do so, it is convenient to characterize h in a different way. Let
h(zj) = hi;, where h; and z; € (—1,1) are, for the moment, arbitrary. Then, substituting (2.26a)
into (1.1b), we get that h satisfies

k

o0
Dhyy — ph = — Z hz,mfsé(a: — ;) (/ Uy dy) : (2.32)

=1 oo
The equilibrium values for h;; and z; are obtained by setting h(z;) = h;, and by imposing the
symmetry condition h'(:cﬁ) +h (r;-) = 0 for j = 1,..,k. Solving (2.32) with h;(+1) = 0, and
imposing these conditions across z = z;j, we obtain a nonlinear system of degree 2k for h;; and z;

k [e'9)
hi, = Zhgm_s(}’(wi;xj) (/ uy’ dy) , i=1,..,k, (2.33a)
j=1 oo
k
B Galogsia) + Calaii o)) + 23 W™ *Calasie) =0, =1,k (233b)
j=1
J#%

where G satisfies (2.28). The asymmetric spike patterns constructed above satisfy this system
identically.

The system (2.33) is also satisfied by the symmetric k-spike solutions where hy; = H, with H
independent of j (see [5]). The spike locations for these solutions are
25 —1

:Cj:—l—i- % .

j=1,.k. (2.34)

From [5], it was found for each ¢ that

G(zs525) = ﬁcoth ( %%) . (2.35)

Equation (2.33b) is satisfied identically when h;; = H and when z; is given by (2.34). Finally, from
(2.33a) and (2.35), we can determine H as

00 -1
HY™=(+49) = 9, /D tanh (,/%%) (/ u™ dy) . (2.36)

13
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In §4, we will plot the L norm of a defined by

k
lah =) R, (2.37)
j=1
as a function of D for both symmetric and asymmetric k-spike patterns.

3 The Stability Analysis: Large Eigenvalues
We now examine the stability of the asymmetric solutions a. and h, constructed in §2. We substitute
G(LE, t) = ae(x) + e)\t(ﬁ(x) ’ h(.Z‘, t) = he(x) + 6At77(37) ’ (31)

into (1.1) where n < 1 and ¢ < 1. This leads to the eigenvalue problem

p—1 D
5 pak gab
Ebpy — P+ ha (/5—@77—)@5, —-l<z<1, (3.2a)
1 m—1 1 m
Dyy — pn = — 'm ehg ¢p+e shgiln, -1l<z<1, (3.2b)
¢z (£1) = ng(£1) = 0. (3.2¢)

The spectrum of (3.2) contains large eigenvalues that are O(1) and small eigenvalues that are O(g?)
as € — 0. The goal is to determine the conditions under which both sets of eigenvalues have
negative real parts.

In this section we analyze the large eigenvalues and in §5 we study the small eigenvalues. In
§3.1 we consider the case s = 0 and in §3.2 we extend the analysis to treat s > 0. In the notation
below, the subscripts such as 7, shall indicate derivatives with respect to £ whereas the primes will
indicate differentiation with respect to the stretched variable y.

3.1 The Analysis for s =0

We look for an eigenfunction of (3.2) in the form

k
$(z) ~ Z ¢; e (@ — )] , (3.3)

14



where ¢;(y) — 0 exponentially as |y| — oo. Then, the right-hand side of (3.2b) with s = 0 behaves
like a sum of delta functions when € < 1. Since h(z;) = hy;, (3.2b) with s = 0 becomes

o0

k
Dies = in == S mh] ™ [ =g dy 8(o — ;). (3.4)
j=1 oo

It is convenient to write h?,(mfl) as h?,(mfl) = h?,mflhllff Then, using (2.26b) for h?,mfl, we get
J J J J J

2v/D tanh (1;y/u/D) .

h7'(m_1) — = '_7 ) 3.5
b [l dy | " (39
We substitute (3.5) into (3.4) to obtain
k
n(z) = Gw;z5)w;, (3.6)
7j=1

where
[ ur T g dy
w; = 2m+/puD tanh (lj\/p/D) hllj gl (fooc—umd]y . (3.7)
—o0 Ye

Here G(z; z;) satisfies (2.28).
Next, we substitute (2.26), (2.27), and (3.3) into (3.2a), and let ¢ — 0 to obtain the eigenvalue
problem

"

¢_7 ¢] +puzc)_1¢] - qhz_luzc)n(xj) = )‘¢]’ —o0 <y <o, (38)

with ¢;(y) = 0 as y — co. We introduce the notation

Glzi;21) -+ G(z1528) w1 b1 n(z1)
g= : - : , W= : , = : , M= :
Glzg;z) -+ G(zg;zp) W b, uleny
(3.9)
Then, since n = Gw from (3.6), we can write (3.8) in vector form as
¢~ ¢+pul~'d — qulHIGw = Ao, (3.10)
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where H is the diagonal matrix

hy 0 0
w=| © o Y] (3.11)
0 0 hu,

In terms of H, w in (3.7) can be written as

* umlpd
w=m\/ppDCH ™ (f_oooo—mCﬁy ) (3.12)
f—oo Ue dy
where the diagonal matrix C is defined by
2tanhz; 0 --- 0
B 0 0 B
C: . . ] . ) Zj :l]'\/ /,I,/D (313)
0 0 --- 2tanhz;

Substituting (3.12) into (3.10), we obtain the eigenvalue problem

) _
¢” - ¢ +pu€_1¢ — mqu? (f7£fu;gdzdy) =A@, —o0o <y < oo, (3.14a)
¢—0, as |yl - o0. (3.14b)
Here the matrix £ is defined by
E=~/uDHIGCH . (3.15)

Clearly, since H is invertible, the eigenvalues of £ are the same as those of «/uDGC. Since G is a
Green’s function matrix it is symmetric positive-definite, and C is a positive diagonal matrix, Thus,
€ has real positive eigenvalues. We write £ as

E=8"A.S, (3.16)

for some nonsingular matrix §. Then, upon defining ¥ = S¢, we obtain from (3.14) that

" - J oo ud ™ Aerp dy
Y — Y +pul 1¢—mqu€( oj‘oo um;y =, —00 <y <00, (3.17a)
—o0 e
Y —0, as |yl — 0. (3.17b)
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Since A, is a diagonal matrix we get k uncoupled scalar problems from (3.17).

The next step is to determine the conditions for which Re(A) < 0 in (3.17). For this we need
the following key result of Wei [13]:
Theorem(Wei [13]): Let 8 > 0 and consider the nonlocal eigenvalue problem for ¢(y)

" - ffo um’1¢dy
¢ _¢+pu€ 1¢_ﬁ(p_1)u€ (W :A(ib, —xo <y <oo, (318&)
—oo
¢—0 as |yl — oo, (3.18b)

corresponding to eigenpairs for which A # 0. Here u.(y) satisfies (2.3). Let Ao # 0 be the eigenvalue
of (3.18) with the largest real part. Then, if § < 1, we have

Re(Ag) > 0. (3.19)
Alternatively, if 8 > 1 and if either of the following two conditions hold
(i) m=2, 1<p<5h, or (i) m=p+1, p>1, (3.20a)
then

Re(Xg) < 0. (3.20b)

The proof of (3.20) is given in Lemma A and Theorem 1.4 of [13]. The simple proof of (3.19)
is given in Appendix E of [5]. The assumption (3.20a) holds for the parameter sets given in (2.13).
By comparing (3.17) with (3.18) we obtain the following result on the spectrum of (3.17):
Proposition 3.1: Let \g # 0 be the eigenvalue of (3.17) with the largest real part and assume
condition (3.20a) holds. Let a1 be the minimum eigenvalue of the matriz € defined in (3.15).
Then, Re(Xo) > 0 when

o < (pq;ml). (3.21)

Also, Re(Ao) < 0 when oy > (p—1)/gm.

Thus, we must calculate the minimum eigenvalue of £ as a function of the ordering of the
spike pattern, and of ki, ko, 4, D and r. In general, since £ is a full matrix, this must be done
numerically. However, by finding an alternative representation for the matrix G in (3.15), we can
show that £! is a tridiagonal matrix . This will greatly facilitate the numerical implementation
of our stability condition.
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In Appendix A, we show that

Bfl
g= ; (3.22)
VD
where B is the tridiagonal matrix
(e di O -~ 0 0 0
d1 (&) 0 0
0 . . . .0
B= : : , (3.23a)
0 0 - o o1 dy
\ 0 0 0 -+ 0 de1 o
with matrix entries defined by
c1 = coth(z; + z2) + tanh z; ; ¢ = coth(zy + zk_1) + tanh 2, (3.23b)
cj = COth(Zj_H + Zj) + COth(Zj + Zj_1) , 1=2,.,k—1; d;= —CSCh(Zj + Zj+1) , j=1,.,k—1.
(3.23c)
Here z; is defined in (3.13).
Substituting (3.22) into the definition of £ in (3.15), we get
E=H"'BICH . (3.24)

Since B is tridiagonal it is more convenient to express Proposition 3.1 in terms of the maximum
eigenvalue of £71. Since £~! has the same eigenvalues as C~' B, proposition 3.1 can be written as
the following simple criterion:

Corollary 3.1: Let Ay # 0 be the eigenvalue of (3.17) with the largest real part and assume
condition (3.20a) holds. Let e,, be the mazimum eigenvalue of the tridiagonal matriz E defined by
£ =C~'B. Then, Re(\o) > 0 when

qm
(p-1)"

em >

(3.25)

Also, Re(Ao) < 0 when e, < gm/(p —1).
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3.2 The Analysis for s > 0

The analysis here is more intricate than for the s = 0 case. Substituting (3.3), (2.26), and (2.27)
into (3.2b), we obtain in place of (3.4) that

k

Die — i = — 3 (mhg"”‘”‘s |ty - sk [ uay n(mj)) 5z — 7).
(3.26)

Then, using (2.26b) for h;, we can write (3.26) as

k k
Dngy — |p+ 23\/;L—D2tanh <lj\/%) 0z —zj) | n=— ijé(w - zj), (3.27)

7j=1 7j=1
where w; was defined in (3.7). Thus, we obtain
Dngy — pn =0; nz(£1) =0, (3.284a)
[nl; =0, [Dns]; = —wj + 2s+/puD tanh(z;)n(z;) - (3.28b)

By solving this system as in Appendix A, we can readily show that 7 satisfies the linear system

(B+sC)n = (3.29)

VuD’
where B and C were defined in (3.23) and (3.13), respectively. Substituting (3.7) for w into (3.29),
we get

(3.30)

oo m—1 d
n=m(B+sC)"'CH' (—f‘“’uc ¢ y) .

ffooo u™ dy

Equation (3.8) for the eigenvalue problem for ¢; still holds. Substituting (3.30) into (3.8) we
get (3.14) where, in place of (3.15), £ is now defined by

E=H""1(B+sC)CHIT, (3.31)

The stability criterion in Proposition 3.1 still holds if we identify @; in (3.21) as the minimum
eigenvalue of the matrix (B 4+ sC) ' C. Alternatively, by computing £ ! we can obtain the following

result analogous to Corollary 3.1:
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Corollary 3.2: Let A\g # 0 be the eigenvalue of (3.17) with the largest real part and assume
condition (3.20a) holds. Let e, be the mazimum eigenvalue of the tridiagonal matriz E defined by
£ =C'B. Then, Re(\o) > 0 when

1

Also, Re()\g) < 0 when e, < 1+r 1. Herer is defined in (2.12) in terms of s.
Since r is an increasing function of s we conclude that the effect of s is to make it more difficult

to stablize an asymmetric spike pattern with respect to the large O(1) eigenvalues.

4 Examples of the Theory

We now give some analytical and numerical predictions obtained from our existence and stability
criteria for asymmetric patterns with four or fewer spikes. The existence criterion for the asym-
metric equilibrium solution did not depend on the specific orientation of the spikes on the interval.
However, for solutions with three or more spikes, the critical values of D for stability with respect

to the large O(1) eigenvalues do depend on the specific ordering of the spikes.

4.1 Two-Spike Patterns

For the case of two spikes where k1 = k9 = 1 we can find a simple criterion for the critical value
D, at which stability changes. In this case, we can calculate the matrix £ = C~'B in Corollary 3.2
analytically. Using (3.23) for B and (3.13) for C, we get

1.1 ( cothz; coth(z; +22) —cothz; csch(z; + 22) ) (4.1)

&€= 51 + 2 \ —cothzocsch(z + 20)  cothzy coth(zy + 29)

where T is the 2 x 2 identity matrix. Let e be an eigenvalue of £ and o be an eigenvalue of £ — (1/2)1.
Then, using standard identities for hyperbolic functions, we obtain that o satisfies the characteristic

equation
(20 — 1) (20 — coth z; cothze) =0. (4.2)

Hence £ has an eigenvalue e = 1. The maximum eigenvalue e, needed in Corollary 3.2 is

1 1
em = 5 + 2 coth z; coth zy . (4.3)
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Without loss of generality we can set z; = z and zo = Z. Thus, AB patterns have the same stability
criterion as do BA patterns. Substituting (4.3) into Corollary 3.2, we get the following result:

Corollary 4.1(Two Spikes): Letr > 0 and k; = ko = 1. Assume that D is such that a two-spike
pattern ezists, where z and Z are computed from (2.19). Then, the pattern is stable with respect to

the large O(1) eigenvalues when
cothz cothz < 1+2/r, (4.4)

and it is unstable when cothz cothz > 1+ 2/r. Here r is defined in (2.12).

Since z — 0 and Z — oo as D — 0, condition (4.4) will hold only when D is sufficiently close to
D,,. Qualitatively, this shows that the pattern becomes unstable when the ratio of the lengths of
the regions for the B and the A-type spikes exceeds some critical value. Let D, be the value of D

for which

cothz cothz =1+2/r. (4.5)

0.25 T T

0.20 e =.02

0.10 |-

0.05 F

0.0 L=
Z1.0

1.0

Figure 5: Plot of the activator concentration for a two-spike asymptotic asymmetric equilibrium
solution of the form AB with D = .31 (heavy solid curve), D = 0.28 (solid curve), and D = .24
(dotted curve). Also, € = .02, p =1 and (p,q,m,s) = (2,1,2,0).

When 7 =1 we can find D, analytically. From (2.16) and (2.19a) we get one equation relating
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z and D. Substituting (2.19a) into (4.5) gives another equation. Hence, D, is the solution of

sinh z sinh (\/u/—D - z) =1, cosh z cosh (\/[L/—D - z) =3. (4.6a)

This system is equivalent to
cosh (\/[A/—D) — cosh (2z - \//z/—D) =2, cosh (\/u/—D) + cosh (2z — \/[L/—D> =6. (4.6b)

Thus D, satisfies cosh (\/M/—D) = 4. When r = 3, we use Newton’s method on the coupled system
(2.19), (4.5) to find D, numerically. The existence results of §2 and these stability results are
summarized as follows:

Result 4.1(Two Spikes): Let k; = ko = 1. Then, a two-spike pattern of the form AB or BA
exists and is stable with respect to the large O(1) eigenvalues when D satisfies

2349 = [log (4 + \/ﬁ)]_2 < % < [210g (1+ x/i)]_2 ~.3218, for r=1,  (4.7a)
0.1075 < % < [2 log (2 + \/3)]_2 ~ 1441,  for r=3. (4.7b)

The upper bounds in (4.7) are the existence bounds given in (2.22). The pattern loses its stability
when D is decreased below the lower bounds in (4.7).

When (p,q,m,s) = (2,1,2,0), so that » = 1, in Fig. 5 we plot the asymptotic activator concen-
tration obtained from proposition 2.1 for AB patterns at three different values of D. The values of
D shown in this figure all satisfy the stability criterion in (4.7a).

4.2 Three-Spike Patterns

Similar results can be obtained for a three-spike pattern. Using (3.23) for B and (3.13) for C, we
get

£, E=| en exn exn |, (4.8a)
0 ez e33

where the entries e;; are defined by

e11 = cothzy coth(z; + 22), e12 = —cothzjesch(z; + 22), ea = — coth zy csch(zy + 29) ,
ego = coth zg [coth(z; + 2z2) + coth(ze + 2z3)] — 1, ea3 = — coth zy csch(zg + 23) , (4.8b)
es2 = — coth zg csch(zy + 23) , ess = coth zg coth(ze + 23) .
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Let e and ¢ be an eigenvalue of £ and & , respectively. Then, it is straightforward to show
that ¢ = 1 is an eigenvalue of &. With this information, we readily calculate that the other two

eigenvalues of & satisfy
o2 —o(ki—1)+Kkg=0. (4.92)
Here k; and kg are the trace and determinant of &, respectively, given in terms of the e;; by
Kt = e11 + ex + €33, Kd = €11€22€33 — €11€23€32 — €33€21€12 . (4.9b)

Thus, the maximum eigenvalue e, of £ needed in Corollary 3.2 is

em:%+%oﬂ—u+wmﬁqf—%o. (4.10)

Substituting (4.10) into (3.32) we obtain the following result analogous to Corollary 4.1:
Corollary 4.2(Three Spikes): Let r > 0 and k = 3. Assume that D is such that a three-spike
pattern exists, where z and Z are computed from (2.19). Then, the pattern is stable with respect to

the large O(1) eigenvalues when

%(M,_H+V6;jﬁ7jz;)<1+2ﬁ, (4.11)

and it is unstable when the inequality in (4.11) is reversed.
Let D, be the value of D for which

3 (Ine = 0+ vl = 1P = e =142, (112)

Equations (4.12) and (2.19) form a coupled system for z, Z and D,, which must be solved by
Newton’s method. This system depends on ki, k2, r, and on the specific ordering of the small
and large spikes on the interval. However, by examining (4.11), with the e;; as defined in (4.8b),
it follows that patterns of the form AAB and BAA have the same stability criterion as well as
patterns of the form BBA and ABB.

We first consider the case k1 = 1 and ko = 2 so that no solution multiplicity occurs. There
are two different values of D, depending on the two orientations ABB and BAB. We obtain the

following results:
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Result 4.2(Three Spikes): Let k1 = 1 and ko = 2. Then, a three-spike pattern exists and is
stable with respect to the large O(1) eigenvalues when D satisfies

D D
ABB = 0071 < <0430, (r=1);  00345<-7<00641, (r=3), (413

D D
BAB = 01127< - <0.1430, (r=1); 00334 <7 <0064, (r=3). (413b)

The three-spike pattern loses its stability when D is decreased below the lower bounds in (4.13).
The upper bounds are the values of D,, given in result 2.5.

In Fig. 6(a) and Fig. 6(b) we take (p,q,m,s) = (2,1,2,0) and plot the asymptotic activator
concentration from proposition 2.1 for BAB and ABB patterns, respectively. For each pattern we
plot the solution at two different values of D. From (4.13a) and (4.13b) we see that all of these
solutions are stable except for the BAB pattern in Fig. 6(a) with D = .075.

0.15

0.10 -

0.05 -

0.0

-1.0 1.0

(a) BAB pattern: D = .12 (solid curve), D = 0.075 (b) ABB pattern: D = .12 (solid curve), D = 0.08
(dotted curve) (dotted curve)

Figure 6: Plot of the activator concentration for a three-spike asymptotic asymmetric equilibrium
solution of the form BAB and ABB for two different values of D with e = .02, y = 1 and (p, q,m, s) =
(2’ 17 2’ O) *

Now we consider the case where k1 = 2 and k9 = 1. In this case, solution multiplicity occurs for
the range of D given in result 2.5. There are two patterns to consider: AAB and ABA. To find the
critical value D, of D, where the stability of each of these patterns is exchanged, we must solve the
coupled system (2.19) and (4.12) numerically. When r = 1, the results are illustrated graphically
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(a) AAB pattern: D, = 0.157 (b) ABA pattern: D, = 0.170

Figure 7: Plots of z versus D exhibiting solution multiplicity for a three-spike pattern with ky = 2,
k1=1, u =1 and (p,q,m,s) = (2,1,2,0). The solid (dotted) curve is stable (unstable) with respect
to the large O(1) eigenvalues. The critical value D, where the stability is exchanged is indicated.

0.20

0.15 -

0.05 -

0.0
—1.0

0.5 1.0

Figure 8: Plot of the activator concentration for a three-spike asymptotic asymmetric equilibrium
solution of the form ABA in the region where solution multiplicity occurs. The parameters are
D =0.16, e = .02, p =1 and (p,q,m,s) = (2,1,2,0). The solid curve corresponds to the smaller
root z, while the dotted curve corresponds to the larger root z;.
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D

Figure 9: Plot of |a|; defined in (2.37) versus D for solutions with three or fewer spikes. Here py =1
and (p,q,m,s) = (2,1,2,0). The symmetric branch with k spikes is labeled by si. The asymmetric
patterns AB, BAB, and AAB are labeled by 01, 101, and 001, respectively. The portions of the
branches that are solid (dotted) are stable (unstable) with respect to the large O(1) eigenvalues.

in Fig. 7(a) and Fig. 7(b), where we plot the solution z to (2.19) as a function of D for the patterns
AAB and ABA, respectively. The portion of the branch that is stable is indicated by the solid line.
In the caption of each of these figures we give a numerical value for D.. Notice that, in contrast to
A AB patterns, the exchange of stability for the more stable ABA patterns occurs on the other side
of the fold point in the z versus D diagram. An identical topological situation is found to hold for
the case r = 3 and we calculate numerically that

D, = .0689 AAB pattern r =3; D, = .0712 ABA pattern r=3. (4.14)

In Fig. 8 we plot the two solutions of the form ABA that exist when D = 0.16 is chosen to lie
in the multiplicity zone with k; = 2, ko = 1, and r = 1. The dotted curve in this figure, which
corresponds to the larger value of z in Fig. 7(b) when D = 0.16 is stable. The solid curve in Fig. 8,
which corresponds to the smaller value of z when D = 0.16, is unstable.

Finally, in Fig. 9 we take (p,q,m,s) = (2,1,2,0) and we plot the bifurcation diagram of the
norm |a|;, defined in (2.37), versus D for both the asymmetric solution branches and the symmetric
solution branches given in (2.34)—(2.36). From [5], in the limit ¢ — 0 and for 7 defined in (2.12),

it was found that the k-spike symmetric solution branch was stable with respect to the large O(1)
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eigenvalues when D < Dy, where

Dy, = 4uk 2 [1n (B ++/B2— 1)] L B=14 (14 cos(n/k))r. (4.15)

The portions of these branches that are stable with respect to the large O(1) eigenvalues are
given by the solid lines. Notice that the asymmetric patterns provide the connections between the
branches of symmetric solutions. In plotting the connecting branches, we note that a pattern such
as ABA traces out exactly the same curve in this figure as an AAB pattern, except that their
stability properties are different. In each case when drawing a connecting asymmetric branch, we
have plotted the one that is maximally unstable (i. e. the one that goes unstable for the largest
value of D).

4.3 Four-Spike Patterns

For the case of four spikes we must find the maximum eigenvalue of £ in Corollary 3.2 numerically
using LAPACK [1]. Patterns that have the same stability values of D, are now AABB and BBAA,
BABA and ABAB, AAAB and BAAA, ABBB and BBBA. The numerical results that we obtain
for k1 < ko are given in the next result:

Result 4.3(Four Spikes): Let k1 < ko. Then, a four-spike pattern exists and is stable with respect
to the large O(1) eigenvalues when D satisfies

D D
ABBB —  0.0338 < -7 < 0.0805, (r=1); 00168 < & < 0.0361, (r=3), (4.16a)

D D
BABB — 0.0588< = <0.0805, (r=1);  0.0284 <= <0.0361, (r=3), (4.16b)
17 17

D D

AABB — 00794 < = <0.0805, (r=1); 00356 < — <0.0361, (r=3), (4.16c)
p p
D D

BABA — 0.0768 < < 0.0805, (r=1);  0.0347 < o < 00361, (r=3). (4.16d)

From this data we conclude that solutions with fewer small spikes have wider stability regions than
those with more small spikes.

In Fig. 10(a) and Fig. 10(b) we take (p,q,m,s) = (2,1,2,0) and plot the asymptotic activator
concentration for BABA and BABB patterns, respectively. For each pattern we plot the solution
at two different values of D. From result 4.3 we see that only the solutions corresponding to the
larger value of D in each figure are stable.

Next, we let k1 = 3 and ko = 1, for which solution multiplicity occurs. The only two patterns
with different stability criteria are AAAB and AABA. Similar to the three-spike case, we set r = 1
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0.125 T T T 0.125 T T T

1.0

(a) BABA pattern: D = .079 (solid curve), D = 0.06 (b) BABB pattern: D = .075 (solid curve), D = 0.04
(dotted curve) (dotted curve)

Figure 10: Plot of the activator concentration for a four-spike asymptotic asymmetric equilibrium
solution of the form BABA and BABB for two different values of D with ¢ = .02, 4 = 1 and

(p7 q7 m’ S) = (27 1’ 27 O)'

0.35 T T T 0.35 T T T
0.30 . 0.30 | .
0.25 - ] 0.25 - - ]
0.20 . 0.20 |- .
z 2
0.15 4 0.15 - 4
0.10 . 0.10 F .
0.05 . 0.05 F .
0.0 1 1 1 0.0 1 1 1
0.0 0.05 0.10 0.15 0.2 0.0 0.05 0.10 0.15 0.2
D D
(a) AAAB pattern: D, = 0.0865 (b) AABA pattern: D, = 0.0921

Figure 11: Plots of z versus D exhibiting solution multiplicity for a four-spike pattern with ky = 3,
k1=1, u = 1 and (p,q,m,s) = (2,1,2,0). The solid (dotted) curve is stable (unstable) with respect
to the large O(1) eigenvalues. The critical value D, where the stability is exchanged is indicated.
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Figure 12: Plot of the activator concentration for a four-spike asymptotic asymmetric equilibrium
solution of the form AAAB in the region where solution multiplicity occurs. The parameters are
D =0.122, e = .02, p = 1 and (p,q,m,s) = (2,1,2,0). The solid curve corresponds to the larger
root z; while the dotted curve corresponds to the smaller root z,.

and solve for z as a function of D in (2.19) and numerically identify the values of D for which the
stability criterion in Corollary 3.2 is satisfied. The results are shown in Fig. 11(a) and Fig. 11(b)
for the AAAB and AABA patterns, respectively. The critical value D, is shown in the captions.
The exchange of stability location is topologically similar when » = 3 and for that case the new

values of D, are
D, = .0382 AAAB pattern r =3; D, = .0402 AABA pattern r=3. (4.17)

In Fig. 12 we plot the two solutions of the form AAAB that exist when D = .122, ky = 3, ky =1,
p=1and (p,q,7,3) =(2,1,2,0). Both of these solutions are unstable.

Finally, in Fig. 13 we take (p,q,m,s) = (2,1,2,0) and we plot the bifurcation diagram of
the norm |a|; versus D showing the transitions between the s4 branch and the other symmetric
branches with fewer spikes. Similar to that shown in Fig. 9, an asymmetric solution with m small
spikes provides the transition between s; and si_,,. As in Fig. 9, the asymmetric branches that
we have plotted in Fig. 13 are the maximally unstable branches in the sense defined previously for

the three-spike case.
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Figure 13: Plot of |a|; versus D showing the transitions between s; and the other symmetric
branches s, with k& < 3. Here y = 1 and (p,q,m,s) = (2,1,2,0). The asymmetric patterns BABB,
AABB, and AAAB, are labeled by 1011, 0011, and 0001, respectively. The portions of the branches
that are solid (dotted) are stable (unstable) with respect to the large O(1) eigenvalues.

4.4 A Few General Results

For k < 4, it was shown numerically that an asymmetric branch with m small spikes connects
the symmetric branches s and sx_,,. Based on further numerical evidence, we believe that this
property holds for arbitrary k. The stability property of the asymmetric branch that emerges from
Sk is given in the next result.

Result 4.4: An asymmetric branch that emerges from the symmetric branch sy is always stable
with respect to the large O(1) eigenvalues for D — Dy, sufficiently small.

To show this result, it suffices to show that Dy > D,,, where D;, is the maximum value of D
for which the symmetric branch sy is stable and D,, is the value of D given in (2.22) at which
the asymmetric branch emerges from s;. By continuity of matrix eigenvalues with respect to small
perturbations of a nonsingular matrix, the result 4.4 follows. Using (2.22) and (4.15), we calculate

1 1 K?

LI [(ln[g+m])2_4(ln[ﬁ+m)2 , (4.18)

Dr D, 4u

where 8 was defined in (4.15). For k£ > 1 we have that 8 € (1,14 2r). For this range of § it is easy
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to see that

BHVBE—1<2r +14+2/r(r+1). (4.19)

Thus, from (4.18) and (4.19), we get the desired result Dy > D,,.
The next result concerns an eigenvalue of the stability matrix £ defined in Corollary 3.2.
Result 4.5: The matriz £ = C'B always has the value one as an eigenvalue.

To show this, we substitute (2.26b) into the equilibrium equation (2.33a). This readily yields

tanh” z;

VuDGCE=¢, E= : : (4.20)

tanh” z;

The result follows from (4.20) and (3.22), which relates G and B~'. The eigenvector for £ associated

with this eigenvalue is simply &.

5 The Stability Analysis: Small Eigenvalues

The results in §3 establish conditions for which asymmetric spike patterns are stable on an O(1)
time scale. However, since there are small eigenvalues of order O(e?), there could be instabilities
on a time scale t = O(e~2). Thus, we must analyze the small eigenvalues and determine the range
of D for which they are in the left half-plane. The first step, done in §5.1, is to reduce (3.2) to
the study of a matrix eigenvalue problem. This part of the analysis is similar to the one given
for symmetric spikes in [5]. In §5.2 we analyze this matrix eigenvalue problem and compute the

eigenvalues numerically.

5.1 Deriving the Matrix Eigenvalue Problem

We begin by writing (3.2) in the form

qae
LEqS—thn:)\qS, -l<z<1, (5.1a)
e
D g a! _1, ae b
Nex — PN = —€ M e ¢o+e 8@”’ -l<z<1l, (5.1b)
¢z(£1) =ny(£1) =0, (5.1c)

where
p—1
Dae

L= 52¢ww —¢+ 7
e

¢. (5.1d)
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Here a. and h, are given by
k k
ae ~ thUj ; he ~ ZZVMD tanh(z;) by, G(z; ;) zj =lj\/u/D, (5.2)
7j=1 7j=1

We have defined u;(y) = u. [e7" (z — z;)], where u.(y) satisfies (2.3). Also, h; and z; are given in
(2.26b) and (2.29), respectively. The z; are such that

(hea)j =0,  j=1,.k. (5.3)

Here and below we have defined ((); = (((z;+) +((z;-))/2 and [(]; = ((z;4+) — ((z;-), where
¢(zj+) are the one-sided limits of {(z) as z — 4.

If D was infinite and there only one spike, then by translation invariance we would obtain
L.ae, = 0. Here we expect that L.a., is still small. To show this, we differentiate the equilibrium

problem for (1.1a) with respect to z to get

p
a
Leter = %hm. (5.4)
e
Thus, for z near z; we get
. eqhlu?
This fact suggests that we expand
p=¢ot+epr+---, nlz)=emnlz)+--, (5.6a)
where
k k
¢o = chuj [e Mz —=z5)] , h1 = chgzﬁlj [e Nz —=z5)] , (5.6b)
j=1 j=1

and the c; are arbitrary coefficients.
We substitute (5.6a) into (5.1a) and use (5.5) and A = O(g?). For z near z;, we get that ¢1,(y)
satisfies
i :
cjLegprj ~ _W [c]-hez(.rj +ey) — hlj770($j + ey)] . (5.7)

€
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Before solving this equation for ¢1; we need to determine an important continuity property of the
right-hand side of (5.7).
Substituting (5.6a) into (5.1b), we get that 7y satisfies

m—1 m

_ a _ a
Diogg = pimo = =€~ *m=— (o + £¢1) + ¢ lsﬁilm, -l1<z <1, (5.8)

€

Since ¢q is a linear combination of u'j, it follows that the term multiplied by ¢¢ on the right-hand
side in (5.8) behaves like a dipole. Hence, for ¢ < 1, this term is a linear combination of §' (z — ;)
for j = 1,..,k, where 6(z) is the delta function. Thus, 7y will be discontinuous across z = z;.

However, if we define the function f(z) by

f(z) = hZﬂO(x) — Cjheg(z), (5.9)

then f is continuous across x = z;. To see this, we differentiate (1.1b) for h, with respect to
z and subtract appropriate multiples of the resulting equation and (5.8) to find that the dipole
term cancels exactly. Thus, f is continuous across z = x;, and we have (f); = f(z;). However,
(hez); = 0 from (5.3). Hence, f(z;) = hZ, (n0)j- Therefore, for e < 1, we get from (5.7) that ¢,

satisfies
cjLepij ~ qughz._lﬁo)j : (5.10)

Since Leuj = (p — 1)uj + O(e), (5.10) is easily solved to get

cjdri(y) = pi

—ui ()] (m); + O(e). (5.11)

This condition shows that ¢1; is continuous across z = z; and has the form of a spike. This
implies that the term in (5.8) proportional to ¢; behaves like a linear combination of §(z — z;)
when ¢ < 1 and, most importantly, is of the same order in € as the dipole term proportional to
¢o- This shows the fact that we need to determine the approximate eigenfunction for ¢ to both the
O(1) and O(g) terms in order to calculate an eigenvalue of order O(g?).

Next, let ¢ — 0 and use (5.6b) to calculate for z near z; that

m—1
—€_2ma2s ¢o ~ —2c¢j/pD taunh(zj)hllj_'y § (z— zj), (5.12a)
€
m—1 o um=lg. . q
_5_1maehs $15 ~ —2c;mA/pD tanh(zj)hllj_7 f_ooooc m¢; v Iz — ;). (5.12b)
: S uttdy
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Substituting (5.12) into (5.8), and using the formula (5.11) for ¢1;, we get
k k
Doz — |p + 25/ uD Z tanh(z;)d(z — z;) | n = —24/uD Z ¢ tanh(zj)hllfyé (z — zj)

—2\/p,D Ztanh zj){no)jo(z — ;) .

(5.13)

This problem is equivalent to
Dnoge —pmo =0,  —1<z<1;  mg(+l) =0, (5.14a)
[Dmol; = —24/pDc; tanh(zj)hlljffy ; [Dnoz); = 24/ pD3 tanh(z;)(mo); , (5.14b)
553—%. (5.14c¢)

Next, we estimate the small eigenvalue. Substitute (5.6) into (5.1a) and multiply both sides of

(5.1a) by u; Integrating the resulting equation across the domain, we get
k k Py k
Z (uj,ciLgui) + 62 (uj,ciquﬁu) —&q (uj, #) ~ AZ (czuz, J) . (5.15)
i=1 i=1 € i=1

Here we have defined (f, g f f(x)g(x) dz. To within neghglble exponentially small terms, the
dominant contribution in the sum comes from i = j since u, ; 18 exponentially localized near z = ;.
Thus, (5.15) becomes

. ubno ,
cj (u L.u; ) + ec; (u],L ¢1j) - gqhq+7 (uj, hz+1 ~ A¢j ( uj, ]) ) (5.16)

Since L, is self- adjoint we integrate by parts on the second term on the left-hand side of (5.16) and

use (5.5) for L, u . The integrands are localized near x = z;. Thus, writing the resulting integrals

in terms of the stretched variable y = 7! (z — z;), we get

2 g [ U gty [ g“’J
€ chhlj /_ th LI dy —¢ qh /_ e ——=10 dy (5.17)
o0 p¢1 o0 Y
+ €3chh;1j /_ th] hez dy ~ eXc; / (uc) dy .
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In this expression 79 = no(x; + €y), he = he(z; + €y), and hez = hex(z; + €y).
We now estimate each of the terms in (5.17). Since [¢1;]; = 0, (hez); = 0, and u; is odd, it
follows that

/ };q;f_ll]hex dy = o(1) as €—0. (5.18)
—oo Al

Hence, the third integral on the left-hand side of (5.17) will be o(¢®) and can be neglected. Next,
we combine the first two terms on the left-hand side of (5.17) to get

o0 o0 upu’ 0 y.uP
52chh;1j / hf”'{ heg dy — 52qh?j+7/ th L Lo dy = —¢ qhq / #f(:cj +ey)dy. (5.19)
—0o0 —0o0 e

Here f(x), defined in (5.9), is continuous across = z; but its derivative is not. For ¢ < 1, we

calculate

Y 4

UjUy Cihege(T o0 ©
—quh;Jj hq+1 Tf(zj +ey)dy ~ 63‘1JTJ.(]) /_oo yujul dy — e*qh] " (nog); /_oo yujus dy .
(5.20)

Upon integrating by parts in (5.20), and using hegs(7;) = phy, /D, we get

o wulf (e iheg €3 cj >
1+q ity (G -1 ~ 549 (11 Gk p+1
a7 [~ () dy e 2 (0 o= ) [ el . 20

Substituting (5.18) and (5.21) into (5.17), we obtain a formula for A\. We summarize the result
(redefining 7o for convenience) as follows:
Proposition 5.1: The eigenvalues of order O(e?) for (2.16) satisfy

2

Aej /0; [u;<y)]2dy~p€+q1 / P dy (B Hnadi = ) =tk (5:22)

Here (ny); is to be calculated from (5.14).

5.2 Analyzing the Matrix Eigenvalue Problem

We now calculate (1); from the solution to (5.14). The solution to (5.14) can be decomposed as

k
= Z (2\/;L_Dtanh(zj-)hllj_7cj-g(x; z;) + m;G(x; x])) ) (5.23)

=1
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for some coefficients m;, for j = 1,..,k. Here G satisfies (2.28), and g(z;x;) is the dipole Green’s

function satisfying

Dgyy — pig = —6 (z —zj), -l<z<1, (5.24a)
gz(E£1;25) =0. (5.24b)

Satisfying the jump conditions in (5.14b), we get the following matrix problem for the coefficients

myg:
(T+5VuDCG) m = —3(uD) CP,CH e, (5.25)

Here G, M, and C are defined in (3.9), (3.11), and (3.13), respectively. Also, Py, ¢ and m are
defined by

<9($1;$1))0 9($1;$k) mi C1
Py ] ]

(5.26)

3
Il
o
Il

gowiz) - (gl - c'k

The problem (5.25) determines m in terms of ¢. Then, using (5.26), we can calculate (n,);, for

j=1,...,k, from the matrix problem

(Ne) = VuDGyCH' e+ Pm, (5.27)

where G, is the Green’s dipole matrix defined by

go(xi;21) - gol1; o)
Gy = : : , (5.28)
gr(Tr; 1) - golTr; Tk)
and
(Go(z1i;21))0 - Go(w1;28) (nz)1
p= ; ; Com=| o |- 29
Ge(zr;z1) - (Gelwr; o))k (N2)k
Next, we define ¢ by
e2qo f,oooo [Uc(y)]p+1 dy
"o+ ( [, )T dy ) (530
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Substituting (5.27) and (5.30) into (5.22), we get a matrix eigenvalue problem for ¢ and ¢

VEDH LG, CH e+ HI T Pm = (o + %) c. (5.31)

Here m is determined in terms of ¢ by (5.25).

The next step in the analysis is to reduce (5.25) and (5.31) to an equivalent generalized eigen-
value problem. We begin by solving (5.25) for m by inverting the matrix on the left-hand side of
(5.25). We calculate, using G = B~ /y/uD from (3.22), that

(1+35vuDcg) T BBt (5.32)

From the assumption (1.2) on the exponents, we have § < —1. A sufficient condition for the matrix
to be invertible is that e,, +3 < 0, where e,, is the maximum eigenvalue of the matrix £ = C~'B. By
comparing with Corollary 3.2, and using the definition of § in (5.14c), we see that this invertibility
condition is precisely the condition that the asymmetric spike pattern is stable with respect to the

large O(1) eigenvalues. We will assume that this condition holds. The matrix £ is decomposed as
E=C"'B=QKQ !, (5.33)

where () and K are the matrices of eigenvectors and eigenvalues of g, respectively. Substituting
(5.33) into (5.32), and solving for m in (5.25), we get

m=—3uD)BQ (K+3)~' Q 'P,CH c. (5.34)

Next, we substitute (5.34) into (5.31) to obtain

H'™! [ViDGyC — 5(uD)PBQ (K +31)™ Q7' Pyc| H' e = (o + %) c. (5.35)
In Appendix A, we show that
A
gg - D3/2 Bg ) (536)

where By is a tridiagonal matrix. The matrix B, has exactly the same form as given in (3.23a),
except that now the definitions of the coefficients in (3.23b) are to be replaced with

¢y = coth(z; + 2z2) + coth 21 ; ¢k = coth(zg + 2zk—1) + coth zy , (5.37a)
¢; = coth(zj41 + zj) + coth(z; + 2j-1), j=2,..,k—1; dj =—csch(zj +241), j=1,..,k—1.
(5.37b)
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Here z; is defined in (3.13). Substituting (5.36) into (5.35), we obtain

H T [B,'C-PBQRDQ P, Cl H' Ve = (%—i—l)c,

where D is the diagonal matrix defined by
D=3D*(K+3I) .

Since § < —1 and K + 51 < 0, we conclude that D is a positive diagonal matrix.

Finally, we introduce u defined by

u:Bg_lCHl_'yc.

Substituting (5.40) into (5.38), and using (5.30), we obtain the following main result:

Proposition 5.2: For € < 1, the eigenvalues of (3.2) of order A = O(e?) satisfy

o Pqu (S )Py (1 .
by DL D) ( ffooo [u,c(y)]2 ay > (wj 1) ) J=1.k,

where wj is an eigenvalue of the generalized eigenvalue problem

C'Bu=w(lI+R)u.
Here R is given by
=-PBQRDQ 'P,B,.
The eigenvector ¢ is given by (5.6), where

Y11 )
c;i=H'"""C Byu;,

(5.38)

(5.39)

(5.40)

(5.41)

(5.42a)

(5.42b)

(5.43)

and w; is an eigenvector of (5.42). The matriz products PB and PyBg are tridiagonal and they are

given explicitly in (A.7) and (A.18) of Appendiz A, respectively.

For a symmetric k-spike pattern, w; can be calculated analytically from (5.42), since it this case

C is a constant multiple of the identity matrix and B, and R were found to have exactly the same

eigenspace. This analysis was done in §4.2 of [5], and the following result was given in Proposition

11 of [5].
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Proposition 5.3 (From [5]): Consider a symmetric k-spike equilibrium solution where z1 = z9 =
sy = 2 = 2¢. Then, for e K 1, the eigenvalues \ of (3.2) of order O(g?) are all real, and they are

negative when

I

D<Dm:@,

(5.44)
where z. is given in (2.14). When D > D,,, then k — 1 small eigenvalues are positive. When
D = Dy, X = 0 is a small eigenvalue of algebraic multiplicity k — 1. Furthermore, D,, < Dy,
where Dy, given in (4.15) is the largest value of D for which the symmetric branch sy, is stable with
respect to the large O(1) eigenvalues.

Hence, the symmetric branch is stable with respect to both the small and large eigenvalues when
D < D,,. Qualitatively, this implies that as D is decreased below the bifurcation point D = D,,,
where asymmetric solution branches emerge from the symmetric branch s, the symmetric branch
becomes stable with respect to the small eigenvalues. The final question we address is to determine
the stability with respect to the small eigenvalues of the K — 1 asymmetric branches (ignoring in
the counting the different possible orientations of the small and large spikes) that emerge from si
and that provide connections to the other symmetric branches s; for j = 1,..,k — 1. This stability
calculation using (5.42) must be done numerically.

The numerical procedure is as follows. Fix ki, ko, p, §, r, and a specific orientation of the
large and small spikes. Let D be the parameter. Compute z and Z from (2.19) and determine
Z1,..,2k. Then, calculate PB and PyB, from (A.7) and (A.13), respectively. The eigenvectors and
eigenvalues of C~'B are computed numerically using LAPACK [1] to obtain Q, K, and D. Finally,
we use a generalized eigenvalue problem solver from LAPACK to calculate the eigenvalues w; from
(5.42). When D = D,,, A\; = 0 has multiplicity k¥ — 1, and hence w; =1 for j = 1,..,k — 1 at this
value of D. We define w* by

w* = Min(wy) such that w; > 0 for j=1,..,k. (5.45)

Clearly, w* is defined for D near D,,,. From Proposition 5.2, we conclude that a k-spike pattern is
unstable when w* < 1.

For each specific spike pattern shown in §4, we have computed w* as a function of D over
the range of values of D for which the specific exists and is stable with respect to the large O(1)
eigenvalues. In each case, we have found that w* < 1 over this range of D, and so all of the
asymmetric bifurcating branches computed in §4 are unstable with respect to the small eigenvalues.
To illustrate our results, in Fig. 14 we plot w* versus D for the AB patterns of Result 4.1 for both
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Figure 14: Plot of w*, defined in (5.45), versus D for a two-spike pattern of the type AB. The solid
and dotted curves are for the parameter sets (p,q,m,s) = (2,1,2,0) and (p,q,m,s) = (4,2,2,0),
respectively. Here y = 1.

r = 1 and 7 = 3. Similar plots are shown in Fig. 15(a) and Fig. 15(b) for the ABB and ABBB
patterns, respectively. Notice, from these figures that as D approaches the value for which the
asymmetric branch bifurcates from the symmetric branch, we have w* — 1. Alternatively, since R
in (5.42b) becomes unbounded as D approaches D, from above, where D, was the critical stability
value for the large eigenvalues, we would expect that w* — 0 as D — D,. This is exactly the
behavior that is observed in these figures. Although we do not have an analytical proof in general
that the bifurcating asymmetric branches are always unstable with respect to the small eigenvalues,

this appears to be true based on our numerical evidence.

6 Conclusions

We have used formal asymptotic analysis to construct asymmetric equilibrium spike patterns for a
simplified form of the Gierer-Meinhardt model. We have also analyzed the linear stability properties
of these solutions. We have found that there are ranges of D for which these asymmetric solutions
are stable with respect to the large O(1) eigenvalues. However, based on numerical evidence, these
solutions are always unstable with respect to the small O(g?) eigenvalues. As extensions to this

work, a rigorous framework for the analysis of symmetric and asymmetric spike solutions is given
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Figure 15: Plot of w*, defined in (5.45), versus D for three-spike and four-spike patterns of the type
ABB and ABBB. The solid and dotted curves are for the parameter sets (p,q,m,s) = (2,1,2,0)
and (p,q,m,s) = (4,2,2,0), respectively. Here p = 1.

in [15]. The dynamics of spike solutions for (1.1) is studied in [7] using asymptotic and numerical
methods.

The analysis presented above generalizes the typical Turing analysis based on linearizing a
reaction-diffusion equation around a spatially homogeneous equilibrium state. It would be inter-
esting to see if similar methods to those used here could be employed to analyze the existence
and stability of symmetric and asymmetric equilibrium spike patterns for other problems, includ-
ing related one-dimensional reaction-diffusion systems and for the Gierer-Meinhardt model in a

multi-dimensional setting.

A Calculation of the Matrices B, B,, PB, and P 5,

Consider the boundary value problem
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for j =1,... .k, where [v]; = v(z;1) — v(z;-) and z; satisfies (2.29). The solution is

y(r) = Glw;z))wj, (A.2)

j=1

where G satisfies (2.28). Define the k-vectors y and (y') by
t t - ' I
v =) @) = (k) (A3)
where y; = y(z;) and (y'); = (y’ (zjr) +y (:vj_)) /2. Then, we obtain from (A.2) that

Y= Jw, <y’> = Pw, - <y’> = Pg_lya (A4)

where w'

= (w1,... ,wg). Here the matrices G and P are defined in (3.9) and (5.29), respectively.
To determine these matrices explicitly we solve (A.1) analytically on each subinterval and impose

the continuity of y to get

cosh[{(1+z)]

1C951ﬁ[[%21+$1)] ’H inh[c( : -l <z <,
sin g —X sin T—Ij .
y(z) = ijM+yj+lm, zj<z<zjt1, j=1,..., k=1, (A.D)
cosh[((1—z)] 1
Yk Cosh[¢(T—a)] * T <z <1,

where ¢ = y/p/D. Imposing the condition [Dy']; = —w;, and using (2.29) for z;, we can obtain
from (A.5) and (A.4) that

1 1
=1 — g = B_l ) (AG)
VuD VD
where B is defined in (3.23). Next, we use (A.4) and (A.6) to get (y') = v/uDPBy. By calculating
(y') in terms of y from (A.5), we get a formula for PB

By =

et d 0 -~ 0 0 0
—d1 C9 0 0
1 0 e e e 0
= S e, . : A.
PB= - : L et . : : (A.7a)

0 0

0 0 " .o T cpmq dg—

0 0 0 - 0 =degi cx }
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with matrix entries defined by

c; = tanh z; — coth(z1 + 29); ¢, = coth(zg + zx_1) — tanh 2z, (A.7Db)
¢; = coth(z; + zj—1) — coth(z; + zj41), 7 =2,..,k—1; dj=csch(zj +2z1), j=1,..,k—1.
(A.7c)
Here z; is defined in (3.13).
To calculate B, and PyB,, we consider the related boundary value problem

Dy' —py=0, y(+1)=0, (A.8a)
Dy =~ ] =0, (A.8b)

for j =1,...,k. The solution is

k
y(@) =Y gz; ap)w (A.9)
j=1

where g satisfies (5.24). In terms of the matrices G, and P, defined in (5.28) and (5.26), respectively,
we have that

v =0, (W=Pw, — (y)=P0 'y, (A.10)

t

where w' = (w1, ... ,wg). To determine G, explicitly, we solve (A.8) analytically on each subinterval

and impose the continuity of y’ to get

yy cosh[¢(1+a)]

¢ Sinh[((1+a0)] * , —l<z <,
— Y; cosh[{(z—z;)] Y; cosh[{(z;j+1—7)] .
V@) = RG] ¢ A % <@ <z, j=l.. k-1, (AL
y;, cosh[¢(1—z)]
= ¢ SmhlCoe)] o <<l

where ¢ = (11/D)'/2. We then impose the jump condition [Dy]; = —wj to obtain

\/lj \/IE B*l

By = 13w = D3zt

— Gy (A.12)

where B, has the tridiagonal form given in (3.23a) with matrix entries defined in (5.37). Finally,
we use (A.10) and (A.12) to get (y) = p~/2D3?P,B,y’. By calculating (y) in terms of y' from
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(A.11) we get a formula for PyB,

( & d 0 - 0 0 0

—d1 ()] ) ) ) 0 0

) 0 ) 0

= — Al
Png 2D ’ ( 3a‘)
0 0 . o e g1 dg
0 0 0 -~ 0 —dy, &
with (A.7c) still holds for ¢; and d;, but (A.7b) is replaced by

¢1 = coth z; — coth(z1 + 29) ; ¢, = coth(zg + 2zx—1) — coth zy , (A.13b)

Hence the matrix products PB and P,B, are the same, except for different entries in the (1,1) and
(k, k) positions.
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