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Abstract
In the limit € — 0, a spike-layer solution is constructed for the reaction-diffusion equation
EAu+Qu)=0, zeDCRY,
€dpu+bu=0, z€dD,
where b > 0 and D is a bounded convex domain. Here @(u) is such that there exists a unique
radially symmetric function u.(e~1r) satisfying €2 Au.+Q(u.) = 0in all of RY, with u.(p) decaying
exponentially at infinity. The spike-layer solution has the form « ~ u.[e~!|z — z¢|], where the spike-
layer location zg € D is to be found subject to the condition that dist(z,0D) = O(1) as € — 0.
The determination of zy is shown to be exponentially ill-conditioned and asymptotic estimates
for the exponentially small eigenvalues and the corresponding eigenfunctions associated with the
linearized problem are obtained. These spectral results are used together with a limiting solvability
condition to derive an equation for zy. For a strictly convex domain, it is shown that there is an zg
that is located at an O(¢) distance away from the point in D which is furthest from dD. Finally,
hot-spot solutions to Bratu’s equation are constructed asymptotically in a singularly perturbed

limit.
Key Words: Spike-layers, exponentially small eigenvalues, projection method, hot-spot solutions.

1. Introduction

For certain autonomous nonlinear singular perturbation problems with internal layer behavior,
the location of the internal layers can only be determined by incorporating the effect of exponen-
tially small terms in the asymptotic expansion of the solution. For the case of one spatial dimension,
boundary value problems of this type have been studied using various formal asymptotic methods
in [11], [7], [17], [10] (see also the references therein). An example of such a problem is to construct

an internal layer solution in the limit ¢ — 0 for

Fu' +Qu)=0, —l<z<1; u (£1)=0. (1.1)
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For a given () there are typically many solutions to (1.1). Depending on the form of () these
solutions can have either shock-type or spike-type internal layers.

For instance, if Q(u) = —u + u?/2, then a solution to (1.1) with exactly one spike-layer has
the form u ~ u.[e ™ (z — z0)] = 3sech*[e™!(z — 2¢)/2], where 5 € (—1,1) is to be found. For
(1.1), it follows by symmetry that zo = 0. However, since u.(z) decays exponentially as z — +o00,
the problem of determining z¢ using asymptotic methods is exponentially ill-conditioned in the
sense that u.[e”!(z — x¢)] satisfies the boundary conditions in (1.1) to within exponentially small
terms as € — 0 for any 9 € (—1,1). An asymptotic method to determine z( in the presence of
this ill-conditioning, which is based on a spectral decomposition of the solution to the linearized
problem, was given in [17] (see also [7]) and was used there to treat various related internal layer
problems.

In this paper we consider the following multi-dimensional analogue of (1.1):

EAu+Q(u) =0, xeDCRY, (1.2a)
edpu+bu=0, r€edD. (1.2b)

Here ¢ <« 1, D is a bounded convex domain with a smooth boundary 0D, 0,, denotes the outward
normal derivative, and b = b(s) > 0, where s € R =1 is a parameterization of D. The nonlinearity
Q(u) is assumed to be such that there exists a unique radially symmetric solution u.(e~'r) to (1.2a)
in all of RY, which decays exponentially at infinity. This problem arises from a simple asymptotic
reduction of a coupled system of reaction-diffusion equations of activator-inhibitor type (see [15],
[16]). When b = 0, it was proved in [15] that the least-energy solution of (1.2) has the form
u ~ uc[e |z — zo]], where zg is a point on dD. Subsequently, in [16] it was proved that zq is
that point on 0D which maximizes the mean curvature of 0. Results for (1.2) in the case where
@ = Q(u,z) were obtained in [8]. In analogy with (1.1), it is natural to expect that (1.2) has a
spike-layer solution where the spike is not located on 9D.

The main objective of this paper is to construct a spike-layer solution to (1.2) with exactly
one spike, where the spike is strictly contained within D. Thus, we look for a solution to (1.2)
in the form u ~ wu.[e ']z — x¢|], where 29 € D is to be found subject to the condition that
dist(z9,0D) = O(1) as ¢ — 0. Here dist(zg,0D) denotes the distance between z¢ and 9D. In
analogy with (1.1), we show that the linearization of (1.2) about u.[e !|z — z¢|] is exponentially
ill-conditioned. For ¢ — 0, we derive asymptotic estimates for the exponentially small eigenvalues
and the corresponding eigenfunctions associated with the linearized problem. Then, by using these
spectral estimates together with a limiting solvability condition for the solution to the linearized
problem, we obtain an equation for the spike-layer location zy. From this equation, we show that,
for a strictly convex domain, there is an z( that is located at an O(e) distance away from the point

in D which is furthest from 9D.



Our other objective is to construct hot-spot solutions for the Bratu problem

Au4 e =0, reDeR?,

Opu+bu=20, z €0D. (1.3)
Here b > 0 and D is a bounded simply-connected domain. The qualitative feature of hot-spot
solutions is that v — oo as A — 0 in a localized region near some =z = z;, for j = 1,..,m, while
u=0(1) as A — 0 away from these points. When b = o0, a system of equations for the hot-spot
locations z;, for j = 1,..,m, was derived in [13] and [14] using the Liouville transformation, which
reduces (1.3) to the study of certain complex functions. For b > 0 and A — 0, we shall analyze
(1.3) in a more straightforward way by using the method of matched asymptotic expansions, and
we will derive a new result for the amplitudes of the hot-spots.

The outline of this paper is as follows. In §2 we review some known properties of solutions to
(1.2) in RY and we compute the canonical spike solution u.(p) numerically for a particular choice of
Q(u). In §3 we study the eigenvalue problem associated with linearizing (1.2) about u.[e |z — zo]].
In §4 we derive an equation for the spike-layer location by extending the projection method of [17]
to a multi-dimensional setting. This equation for zq is studied in §5.1 and §5.2 for the case N = 2
and N = 3, respectively. In §6 we construct hot-spot solutions for (1.3). Finally, in §7 we close
with some remarks.

2. The Canonical Spike Solution

We assume that @(u) is such that the problem (1.2e), in all of R¥, has a unique positive
solution u, with u, — 0 as |z| — oco. From [6] it follows that u. is a radially symmetric monotone
decreasing function that decays exponentially at infinity. This solution u, = u.(p), where p = e~ 1r
and r = |z|, is referred to as the canonical spike solution and it satisfies

W+ B Gl =0, ez, (210)

'

u.(0)=0; uc(p) — 0, as p— o0; ue > 0. (2.1b)

Sufficient conditions on @(u) for the existence and uniqueness of the solution to (2.1) are given in
[15] and [16] and proved in some of the references therein. Let Q(u) = —v*u+ f(u), where v > 0.

Then, some of these sufficient conditions include the following:

o wu”!f(u)is an increasing function of u,
o f(u)=0(u”)asu— 0, where > 1,
o f(u)=0(u") as u— oo, where 1 <m < my .

Here my = (N +2)/(N —2)if N >3 and my = oo if N = 2. For example, if Q(u) = —u + u™,
with 1 < m < mpy, then (2.1) has a unique solution (see [9]).
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Assuming that (2.1) has a unique, positive solution we can use the conditions ¢(0) = 0 and
Q(u) = O(u) as u — 0 to determine the precise far field behavior of u.(p). Using the method of
dominant balance, we readily obtain that

1/2

ue(p) ~ apt=M /2P as p— oo, where v = [—QI(O)] (2.2)

Here a is a positive constant that is determined by the solution to (2.1). This exponential decay
behavior is central to the analysis in §3 and §4.

For a given Q(u), the solution to (2.1) is computed numerically using the boundary value
solver COLSYS ([3]). The problem (2.1) is truncated to a large but finite domain 0 < p < p,, by

using the following artificial boundary condition, which can be obtained from (2.2):

(B3

U, = T 1/] Ue at p = pm. (2.3)

To obtain numerical solutions for u.(p) when N = 2 and N = 3, we use a continuation procedure
allowing N to take on real values. This procedure is initiated at N = 1, where an excellent
initial guess for u. is obtained by reducing (2.1a) to quadrature. To obtain explicit results for
some asymptotic quantities in §3-5, we need numerical values for the constant a in (2.2) and the

constant § defined by
[e.e] , 2
ﬁz/o pN [uc(p)} dp . (2.4)

The constant § is calculated by a numerical quadrature.

For Q(u) = —u+u™ and N = 2, in Fig. 1 we plot u.(p) versus p for three values of m. Similar
numerical results for u.(p) for the case N = 3 are shown in Fig. 2. In Table 1, we give numerical
results for the constants ¢ and § when N = 2 and N = 3. By varying the truncation value p,,, we
believe that these results for @ and § are correct to the number of digits shown.

3. Spectral Estimates for the Linearized Problem
We now study the spectral properties of the following eigenvalue problem that is associated

with linearizing (1.2) about the canonical spike solution u.(e~1r):

Lp=Ng+ Ql[uc(e_lr)]qb = Ao, z€eD, (3.1a)
€O +bp=0, z€0D; (¢,0) =1. (3.1b)
Here (u,v) = fD wvdz, r = |z — x¢|, and z¢ is the unknown location of the center of the spike.

The eigenvalues and eigenfunctions of (3.1) are denoted by A; and ¢; for j = 0,1,... The A; are
real and satisfy \; — —oo as j — oo. In the analysis below we assume that ¢ is strictly inside D
so that dist(zg,0D) = O(1) as € — 0.

3.1 Translation Eigenfunctions



h

Let z; and zg; denote the jJE coordinates of z and zg, respectively. Since the solution to
(1.2a) in RY is u.(e"1r), where u.(p) satisfies (2.1), we obtain upon differentiating (1.2a) with

respect to z; that
EN [0z, uc(e7 )] + Q [uc(e™'r)] [0z, uc(e™ r)] = 0. j=1,.,N. (3.2)

Therefore, by comparing (3.1a) with (3.2), it follows that the eigenvalue problem (3.1a) in all of
RN has N zero eigenvalues with corresponding eigenfunctions ;= Bjagyjuc(e_l'r) forj=1,.., N,
where B; is a normalization constant. These eigenfunctions result from the translation invariance
of the problem (1.2a) when defined in RY.

Now consider the finite domain problem (3.1) with dist(z¢,dD) = O(1). Since, from (2.2),
ucle ™o — xo]] is exponentially small for |# — zq| = O(1), it is clear that 0, u. fails to satisfy
the boundary condition (3.1b) by only exponentially small terms. This observation suggests that
the translation eigenvalues and eigenfunctions get perturbed only very slightly by the presence
of the finite domain. Specifically, we show that (3.1) has N exponentially small eigenvalues A;
with corresponding eigenfunctions ¢; ~ B; [('L,juc(e_l'r) + quj], for j = 1,..,N. Here, ¢r; is a
boundary layer function localized near 0D, which allows (3.1b) to be satisfied.

Notice that each term azjuc((lr), for j = 1,.., N, has only one nodal line. Therefore, for the
problem (3.1a) in all of RY there must be exactly one positive eigenvalue Ag.. The corresponding

Ly — o0o. The principal

eigenfunction ¢g, is localized near r = 0 and decays exponentially as e~
eigenpair Ao, ¢g for the finite domain problem (3.1a) should be exponentially close to the principal
eigenpair Age, ¢o. for (3.1a) in all of RN, In §3.2 we compute Mg, and ¢g. numerically.

To estimate A;, for j = 1,.., N, we use Green’s identity applied to (3.1) and J;u. to derive

Aj (395,-%765]') = —¢ . ¢; (€0, +b) [(%Jjuc] ds, (3.3)

where d5 is the surface area element on dD. Substituting ¢; ~ B; [(%juc + quj] and (2.2) into
(3.3), it follows that A; = 0(67’6_26_1”) for j =1,..,N, where p is a constant. We will estimate A;
more precisely below once ¢r; has been determined.

To calculate ¢7,; we need to write (3.1) in terms of a local coordinate system defined near 9D.
We set n = n/e, where —n is the distance from @ € D to 0D and we let £ denote N — 1 coordinates

orthogonal to 7. Then, setting A = 0 in (3.1a) and using Q (u.) ~ —v?, which is valid near 9D,
we find, to leading order, that ¢y ; satisfies

87777¢Lj_1/2¢Lj:07 77<07 qujHO? as 71— —00,

D61, +bor; = hi(€), n=0; hj(€) = — (eDn +b) [0, uc] ‘ (3.4)

In deriving (3.4) we used the fact that 0, u. satisfies (3.2). The solution to (3.4) is ¢r; =
h;(€) (v + b)~" . Therefore, in an O(e) neighborhood of @D we have that

65 = By |0u,ue + hi(O)w +0) e ] (3.5)
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where —n is the distance from z € D to dD.

In §4 we need an asymptotic formula for ¢; on dD. To obtain such a formula we first calculate

hi(€)in (3.4) as

!

hi(§) = —e ! 7(% — %o;) ulcl(€_1'r)'f' . buc(€_1'r) + O0(e)| , (3.6)

r

where 7 = (z — x)r~! and # is the unit outward normal to dD. Then, by using the far field

behavior (2.2) for u., we derive
hi(€) ~ av eN=I/2 (g — :L‘oj)r_(l"'N)/Ze_”E_lr [b—vi-ql. (3.7)

Substituting (3.7) into (3.5), and using (2.2), we obtain the following asymptotic formula for ¢;
on 0D for j=1,..,N:

2 1
¢j ~ —Bje N3/ %(ch — ;)" AFN 2= LR z€0D. (3.8)
v

To calculate A; and B; for € — 0 we need to evaluate the inner product on the left side of
(3.3). Since the dominant contribution to this inner product arises from the region near z =

where ¢; ~ B;0;,u., a Laplace-type evaluation yields

; , 2 A N 2 B. N-2 , .
((?95]. uc7¢]’) ~ B]'€_2 / |:uc(€_17'):| (M) dx — ]6 / [uc(p)]zpf\f—l dp dQ]\f .
RN r RN
(3.9)

Therefore, for € — 0, we have
(893]' uca¢j) ~ Bj€1V_2QN*N_1ﬂ7 (310)

where 3 is defined in (2.4). Here Qy is the surface area of the unit ball in R¥. To calculate B,

for € — 0, which is defined by the normalization condition (qu, qb]) =1, we use ¢; ~ B;0,,u. and

(3.10), to obtain
N O\ 12
Bj ~ (ﬂﬂv) 2N/ (3.11)

Next, to calculate A; for j = 1,.., N, we substitute (3.7), (3.8) and (3.10) into (3.3) to obtain the

asymptotic formula

a’v3N 1 T — Toj : 1N —9pe=1
Ai~ — “NeTEE T h —pir Rl 4+ 7 0] dS. 3.12
j e /aDV‘|‘b( . ) T e [b—vi-n][l+7-7] ( )

Let &€ = (&1,..,&n-1) be a parameterization of dD and let zo be a given point in D with
dist(z9,0D) = O(1). To obtain a precise asymptotic estimate for A; we can evaluate the surface

integral in (3.12) using a multi-dimensional Laplace’s method (see [5]). Assume that the distance
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between z(£) € 0D and z is minimized at a unique point (&) € 9D where £ = &. Let r = 1,
denote the minimum distance. Then, the dominant contribution to the integral in (3.12) arises
from the region near £ = £;. By choosing the parameterization of 9D near & such that each §;

corresponds to arclength along one of the principal directions through &y, we obtain for any smooth
F(r) that

o e (N-1)/2 R
t/7*WFhk”“7ﬂ5N(__) F(r) Hrp) e < (3.130)
oD

UTm

Here H(r,,) is defined by
H(rp)= (1= rm/R) (1= 1 /R (1= 1 JRN_1) (3.13b)

where R;, for j = 1,.., N — 1, are the principal radii of curvature of dD at z({). In obtaining
(3.13) we have assumed that the non-degeneracy condition R; > r,, for j = 1,.., N — 1 holds.
We can then use (3.13) to evaluate (3.12) asymptotically. This yields, for j = 1,.., N, that

QCZZI/SAT bm_V e (N=1)/2 ~ o 2 —2ve1r
\ = (bm+y) (Wm) H(rp) [rm.zj} p . (3.14)

Here 7, = (2(&) — o)y}, bm = b(&) and 7 is the unit basis vector in the xgh direction. This
asymptotic formula clearly shows that the problem of determining the location of the spike-layer
solution for (1.2) is exponentially ill-conditioned. When Q(v) = —u+ 4™, we can use the numerical
results for @ and 8 given in Table 1 to obtain numerical values for A;, j =1,.., N.
3.2 The Principal Eigenfunction and Eigenvalue

We now compute the principal eigenpair Ag., ¢o. of (3.1a) in all of RY. The eigenfunction ¢o.
is radially symmetric and is of one sign. Thus, we write ¢g. = @oc(p), where p = e~ 1r. In RY we
can re-scale (3.1a) to eliminate € and, thereby, obtain that Ag. is a positive constant independent
of e. Since ¢g.(p) decays exponentially as p — oo, the principal eigenpair A, ¢o for the finite
domain problem (3.1) should be exponentially close to Ag, ¢g.. These perturbations will not be
calculated here. However, since Age > 0 is independent of e, it follows that, for the finite domain
problem, A¢ must also be positive.

From (3.1a) in all of RY, we obtain that Ao, and ¢o.(p) satisfy

(N-1)

G+ 00 Q [ue(p)] doe = docdoe, 920, (3.15a)
cbz)e(O) =0; ¢oe(p) = 0, as p— o0; ¢oe > 0, (3.15b)
/0 PN doe(p)] dp = 1. (3.15¢)

The boundary value solver COLSYS ([3]) is used to compute Ao, and ¢g. after first re-writing
(3.15) as a first order system of degree four. To compute solutions for N = 2 and N = 3 we let N
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be real and we perform a continuation in N starting from the planar case N = 1. The condition
¢0e(pm) = 0 is used to truncate the domain. In the computations below we took p,, = 12.

For Q(u) = —u + u™, in Table 2 we give numerical values for A¢. for different values of m
and N. For the case N =2, in Fig. 3 we plot the eigenfunction ¢g.(p) for three different values of
m. Similar computations can be done for other forms of Q(u). We remark that when N = 1 and
Q(u) = —u + u*/2 we have that u.(p) = 3sech®(p/2). In this case, we can obtain analytically that
Aoe = 5/4 and ¢g. = (v/15/4)sech® (p/2). This special solution was used as a partial check on our
numerical procedure for computing Age.

Since Ag > 0, we conclude that an equilibrium spike solution, where the spike is centered
strictly inside the domain D, is linearly unstable for the parabolic problem associated with (1.2).
Therefore, in contrast to the related metastable phase separation problems studied in [1], [2]
and [18], which involve shock-type internal layers, the motion of spike layers for the associated
parabolic problem will not be exponentially slow. This shows that the occurrence of exponentially
small eigenvalues is necessary but not suflicient for the existence of an exponentially slow internal
layer motion.

4. The Projection Method to Determine the Spike Location

We now use an extension of the projection method, developed in [17], to derive an equation
for the spike location zg. In (1.2), we set u(z;e) = ucfe !|z — ao|] + w(z;€), where u.(p) is the
canonical spike solution and zg is to be determined. Assuming that w < u., we obtain the following

linearized problem for w:

Low = EAw + Ql(uc)w =0, reD, (4.1a)
€dpw+bw=— (€0, +b)u., r€dD. (4.1b)

Here u. = u.(e"1r) and r = |z — z¢].
We then expand w in terms of the normalized eigenfunctions ¢; of (3.1) as

oo

w(z;e) = Z %qu ; where C; = Aj(w, ¢;) . (4.2)

j=0 "4

The coefficients C; are obtained by applying Green’s identity to (3.1) and (4.1), which yields

Cj=c¢ ;i (€0n, +b)uc.dS. (4.3)
8D
For ¢ — 0 and dist(z9,0D) = O(1), the far field behavior (2.2) can be used to obtain
(€0n +b)uc(etr) ~ acN=D/2p(1=N) /2 gmveT b—vi-n]. (4.4)

Substituting (4.4), (3.8) and (3.11) into (4.3), we find for j = 1,.., N that

ENN)I/2 y (z; — xoj) R
Cin — “/ TP Nem e I 4 f ] [b— vi - 1] dS 4.5
; (ﬁQN a‘v oy v T D r Ve [ 70| 2 (4.5)



The projection method to determine z( is based on imposing solvability conditions for (4.1)

that must hold in the limit ¢ — 0. These conditions suppress the exponential ill-conditioning
inherent in the linearized problem, thereby ensuring that the residual w(z;¢), given in (4.2), is
exponentially small. To derive these conditions we note from (4.5) and (3.12) that C;/A; =
0 (GN/2) for j =1,..,N. It then follows from (4.2) that the exponentially small boundary residual
in (4.1b) leads to an algebraically large response in w(z;€). To eliminate this exponential sensitivity
we impose that C; = 0 for 7 = 1,.., N, which yields an equation for zy. Since, there are no other
Aj that are exponentially small, it follows from (4.2), (4.3) and (4.4) that w(z;¢) is exponentially
small. This leads to the following statement:
Proposition 1: (Spike Location): For ¢ — 0, there is a spike-layer solution to (1.2) given by
u ~ uc[e |z — wol], where u.(p) satisfies (2.1) and (2.2). With the assumption that dist(z¢,dD) =
O(1), the location zg of the spike-layer is given by the root of I(x(), where the vector-valued function
I(zg) is defined by

i b— vi i
Hm)zL;T*Neﬁw TU+f4ﬂ(—;%%ﬁ)fd9 (4.6)

In (4.6), v is defined in (2.2), b = b(§), r = |2(£) — xo|, # = [2(€) — zo]r™" and 7 = A(€) is the unit
outward normal to D at the point x(§) € 0D. Here £ = (&1,..,En—-1) are the surface coordinates
that parametrize 0D.

5. The Spike Location

The spike-layer location g satisfies I(zg) = 0, where [ is defined in (4.6). In §5.1 we consider
the case N = 2 and in §5.2 we briefly consider the case N = 3.

5.1 The Two-Dimensional Case N = 2

We begin by qualitatively examining the geometrical implications of (4.6). For simplicity, we
assume for the moment that b(§) — v does not change sign as z(&) is varied over 9D. In (4.6), { is
arclength along 0D.

Let r(&) = |z(&) — x| where z(€) € dD. For a given zg € D and when ¢ < 1, the dominant
contribution to I(z) in (4.6) arises from those points z(&;) € 9D, with ¢ = 1,.., M, which are
‘asymptotically’ closest to zg. By ‘asymptotically’ closest, we mean that 7’[(&‘) =0fore=1,..,M,
that r(&) — r(&;) = O(e) for ¢, = 1,.., M, and that »(£) — r(&;) > 6 > 0 holds for any point
z(§) € D which is not contained in the union of the O(¢) disks centered at z(&;) for i = 1,.., M.
Here 6 is a constant independent of €. The condition Tl(fi) = 0 yields that #;-7; = 1fore =1,.., M,
where 7; = [z(&;) — zo]/7i, ri = r(&) and 7; = 1(€;) is the unit outward normal to dD at &. We
let k; < 0 denote the curvature of 9D at & and we assume that x;7; > —1 so that the strict
inequality 7‘”(&) < 0 holds for 7 = 1,.., M. Then, by using Laplace’s method on (4.6), we readily

calculate that
-1/2

I(wo) ~ 2 <7re>1/2 M b — v T —2veT 1l (5.1)
Zg) ~ — E e YT .
° v bi+v) (14 kirg)'/?

i=1




Here b; = b(&;). From our definition of ‘asymptotically’ closest, it follows that the terms in (5.1)
have the same order as € — 0.

Several geometrical features are readily apparent from (5.1). Suppose that z¢ € D is such
that there is only one asymptotically closest point on 0D (i. e. M = 1). Then, from (5.1), the
vector condition /(zg) = 0 cannot be satisfied and thus such a value of ¢ cannot correspond to the
location of the spike-layer solution. Therefore, to satisfy I(z¢) = 0, ¢ must be such that there are
at least two points on 0D which are asymptotically closest to zg. Suppose that there are exactly
two such points (i. e. M = 2 in (5.1)). Then, since b — v is assumed to be of one sign, it follows
from (5.1) that the condition #; = —#; is required for I(z¢) to vanish. This implies that 7; = —n.
Now consider the case when zq is such that there are exactly three asymptotically closest points
on dD. Then, since b— v is of one sign, it is clear from (5.1) that to satisfy I(z¢) = 0 there cannot
exist any straight line passing through z for which the three asymptotically closest points lie on
only one side of this line. Since an arbitrary point zg in a convex domain will not typically have
more than three asymptotically closest points on 0D, we will not consider this case here.

We now show that these geometrical requirements imposed by (4.6) for determining the spike-
layer location are closely related to the problem of determining the center of the largest circle that
can be inscribed within D. We first suppose that there exists a unique largest inscribed circle
B for D. Let r;, and z;, denote the radius and center of B, respectively. For instance, x;, is
always uniquely determined whenever D is strictly convex (i. e. Kk < 0 on dD). Assuming that B
is uniquely determined, we now show that (5.1) is asymptotically satisfied when zg is such that
|zg — 2| = O(€). Thus, (1.2) has a spike-layer solution that is O(¢€) close to the center of 5.

To show this, we first suppose that B is tangent to dD at ezactly two distinct points z(&) € 9D
and z(§2) € D. Then, the following local and global conditions are satisfied:

(&) — zin)
|2(&) — zin]
|$(€) - xzn| — Tin > 07 (‘E) € ()Dv with ‘E 7£ ‘El ’ "E 7é ‘52 . (52b)

R . . (@

fl] = —Ag ; g - =1, 1=1,2, (5.2a)

Here n; = n(§;) for ¢ = 1,2. Suppose that x;r;, > —1 holds for i = 1,2, where x; = k(§;). Then it
follows from (5.1) and (5.2) that g = z;, when k1 = k3. This case, where the spike-layer location
coincides with the center of B, is illustrated in Fig. 4. If k1 # kg, then z¢ lies on the chord C
joining (&) and z(&) but is offset by an O(€) amount from z;,. Setting I(zg) = 0 in (5.1) with
M = 2 we obtain

b —1/2 —1/2
11—V T 6—21/5_17’1 ~ b2 e Ty 6—2116_17’2 (5 3)
by +v) (14 Kkyrp)t/? by +v ) (1+ Kkary)t/? ' '

Here r; = |2(&;) — x| for ¢ = 1,2. Since zg lies on C, then r + 7y = 2r;,. This leads to the

following result:
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Proposition 2: (Two-Point Contact): Assume that there exists a unique largest inscribed circle
B for D and that B makes exactly two-point contact with 0D at z(&;) € 0D for i = 1,2. Let x4y
and r;, denote the center and radius of B, respectively. Suppose that b — v has the same sign at
each contact point and that k;ri, > —1 for ¢ = 1,2. Then, zq lies on the chord C joining x(&)
and x(&2), which necessarily must pass through x;,. Moreover, for ¢ — 0, the spike-layer location
xo salisfies

zo(€) = Tip + €xg + O(€*), (5.4a)

where

1 by — v by + v 1+ Kor;
1 _ - 1 2 274n 'Y PO
o = o {210g [(bl -I-I/) (b2 — V)] + log (714'517"2‘71)} Ny, ny = n(&s) . (5.4b)

To illustrate this result, suppose that by = by # v and that |k1| > |k2|. Then, from (5.4), it
follows that z¢ is located on C at an O(e) distance from z;, in the direction of the contact point
where the magnitude of the curvature is smaller. As a remark, we note that if (by —v)(b2 —v) < 0,
then (5.3) has no solution and thus there is no root to I(zo) = 0 near ;.

A similar result for the spike-layer location can be obtained in the case where B is uniquely
determined and makes exactly three-point contact with dD. In this case we obtain the following
result:

Proposition 3: (Three-Point Contact): Assume that the largest inscribed circle B for D is
uniquely determined and that B makes exactly three-point contact with D at z(£%) € D for
v = 1,2,3. Letl x;, and r;, denote the cenler and radius of B. Suppose that b — v has the same
sign al each contact point and that K%r;, > —1 for i = 1,2,3, where ¥ = k(£?). Then, for ¢ — 0,

the spike-layer location zo(€) satisfies
zo(€) = in + exg + O(e?), (5.5a)

where z§ is the solution to the linear system

(R
(7

Here 729 and 19 are the unit outward normal vector and the unit tangent vector (oriented in the

= (2v)7" {log (47/43) +log (—ny - i3 /5 - 1) }
= (2v)7" {log (43/AY) + log (i3 - I3/A1 - I3) } -

— fz?) -z
(5.5b)
0) -z

O WO

=

counter-clockwise sense) at x(£) € dD, respectively, for i = 1,2,3. In addition, AY for i =1,2,3
is defined by

0
b; —v

b?—l—l/

A= () () where = u@), A= R(E). (550)

The derivation of this result is given in Appendix A.
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As a special case, suppose that b9 = 63 = b3 # v and k¥ = k) = k3 and that the angles between

the adjacent line segments joining z;, to the contact points at z(£) are 120° apart. Then, from
(5.5), it follows that 2§ = 0 and thus zg(€) — z;, = o(e€) as € — 0. In Fig. 5 we illustrate this
special case for a triangular-shaped domain.

Finally, when the center z;, of the largest inscribed circle B for D is not unique, the determi-
nation of the spike-layer location from (4.6) is more subtle. For instance, consider the rectangular
domain |z1| < @y, |z2] < a2 with a3 > ay and suppose that b — v is of one sign on dD. Then,
Tin = az and z;, is any point on the line segment z, = 0 with |z1| < a; — a2. In this degenerate
case, a simple application of Laplace’s method on (4.6) shows only that the spike-layer location will
lie on this line segment. However, by examining the subdominant contributions to the integral in
(4.6) away from the contact points it is clear that (4.6) will be asymptotically satisfied only when
xg is located at the origin.

5.2 The Three-Dimensional Case N = 3

Let zg € D be fixed and let z(;) for ¢ = 1, .., M be the points on 9D which are ‘asymptotically’

closest to zg. By using Laplace’s method on (4.6) we obtain in place of (5.1) that

14

M
bi— _ o =1
I(xg) ~ 2mev™! Z (b- n V) rit Hi(rg) e 2E TR (5.6a)
=1 ¢

where r; = |2(§;) — zin| and H;(r;) is defined by

—-1/2

Hi(ri) = (1—r:/R) ™ (1= ri/RE) (5.6b)

Here R; is the jth principal radius of curvature of dD at z(&;) € dD.

We now give a partial result for the precise determination of the location zg for which the
condition I(zg) = 0 is asymptotically satisfied. It follows from (4.6) that, when b — v is of one
sign on 0D, xo is O(¢) close to the center z;, of the largest inscribed sphere B for D, whenever
this sphere is uniquely determined. It is in general more difficult to derive an exzplicit two-term
expansion for zg(€¢) when N = 3 than it was when N = 2. However, in the simple case where B
makes two-point contact with 9D, we can obtain the following result from (5.6), which is analogous
to (5.4).

Proposition 4. (Two-Point Contact): Assume that there exists a unique largest inscribed
sphere B for D and that B makes exactly two-point contact with 0D at x(§;) € D for i = 1,2.
Let x;, and r;, denote the center and radius of B, respectively. Suppose that b — v has the same
stgn at each contact point and that rm/Ré <1 fori,j=1,2. Then, g lies on the chord C joining

z(&1) and x(&). For € — 0, xq satisfies (5.4a), where x} is now given by

it fnl(320) (] o} o wmor o0
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6. Hot-Spot Solutions for Bratu’s Equation
We now construct hot-spot solutions for (1.3) in the limit A — 0. We first derive a canonical
hot-spot solution that will be used in §6.1 as the inner solution. The canonical hot-spot solution

uc(r; @) is taken to satisfy

m 1
u, + —u, e =0, r>0, (6.1a)
T
uc(05a) = a, (6.1b)
u(r;a)=0(1) as A—0, for o< r<1. (6.1c)

Here a = a()) is the amplitude of the hot-spot and o = o(\) = A~1/2e=%/2 is the length scale of
the core of the hot-spot. We assume that a(A) — oo and o(A) — 0 as A — 0. The condition (6.1¢),
which is needed below in §6.1, determines the leading order behavior of a(A) as A — 0 and ensures
that wu, is finite as A — 0 in an overlap region away from the core of the hot-spot.

The solution to (6.1), which satisfies u, < 0, is
uc(rya) = a — 2log [1 4+ 1% /(80%)] , o=\, (6.2)
In the far field, where 0 < r < 1, we can expand (6.2) for A — 0 to obtain
uc(ria) = —a — 2log A + 2log8 — 4logr — 160%r™* + O (o*r™*) . (6.3)

To satisfy (6.1c) we require that ¢ = a(A) = —2logA + O(1) as A — 0. Thus, from (6.2),
o=0(A"?)as A — 0.
6.1 The Asymptotic Construction of a Solution with m Hot-Spots

For A — 0, we now use the method of matched asymptotic expansions to construct a solution
o (1.3) that has m hot-spots. For j = 1,..,m, the location z; € D of the jth hot-spot and
its associated amplitude a;(A) are to be determined. We assume that the hot-spots are widely
separated in the sense that |z; — 2| = O(1) as A — 0 for j # k. In the inner region near the
jth hot-spot, defined by |z — z;| = O(A'/?), we have that u ~ u.[|z — zjl;a;(N)], where u.(r;a) is

given in (6.2). For each j = 1,..,m, we expand a;(\) for A — 0 as
a;j(A) = —2log A +ajo+ Aaj1 +---. (6.4)

Substituting a = a;(A) and r = |z — z;| into (6.3), we obtain the following far field form:

16e= %0

72) +0(AY), (6.5)

|z — 2]

ucllz — zj|;a;(A)] = —ajo + 2log8 — 4log|e — x| — A (aﬂ +

which holds for A% < |z — z;| < 1.
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In the outer region away from the hot-spots, where |z — z;| = O(1) for j = 1, .., m, we expand

the solution to (1.3) as
u=1uy+ Aug +---. (6.6)

Substituting (6.6) into (1.3), and matching (6.6) to the far field form (6.5) of each inner solution,

we obtain the following problem for ug:

NAuy =0, x € D\{z1,..,2m}, (6.7a)
Ontig + bug =0, z € 0D, (6.7b)
uy ~ —4log |z — zj|—ajo + 21log8, as z—z;, j=1,..,m. (6.7¢)

Now let G(z;z)) be the Green’s function for the Laplacian with boundary condition (6.75)

and with singularity at @ = x € D. Then, we can decompose G as

1
G(zyzg) = go(zs2n) + g (2528) gs(z;zx) = gloglx—xkl, (6.8)

where g, is regular at = 2. The solution to (6.7) can then be conveniently written as

ug(z) = —4log |z — z;| + (), (6.9a)

where .
¢i(z) = —8mg,(z;2;) — 87 Z gs(z; k) + gr(z;28)] - (6.90)

k=1

k#j

Since ®;(z) is regular as ¢ — z;, we obtain for # — z; that ug(z) has the form
up(z) ~ —4log |z —z;| + ®(z;)+ V() - (¢ —z;)+ -+, as z—2z;, j=1,..,m. (6.10)

Since each hot-spot is radially symmetric about z = z;, we obtain upon comparing (6.7c)
with (6.10) that V®;(z;) = 0 for j = 1,..,m. Thus, from (6.9b), the hot-spot locations z;, for

7 =1,..,m, are to be determined from the following system:

Vg (zj2;)+ Z [Vgs(zj;25) + Vgr(zji2)] =0, j=1,..,m. (6.11)
k=
=5
This result was derived previously in [13] and [14] using a complex variable method. Next, by
comparing (6.7¢) with (6.10), we find that
ajo = 2log8 — ®;(z;), j=1.,m. (6.12)

Substituting (6.12) into (6.4) then yields a two-term expansion for a;(A). This result for a;(\),
which was not obtained in [13] or [14], shows that the amplitude of a particular hot-spot depends
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weakly, as A — 0, on the z; and on the global properties of the domain D contained in the Green’s
function. For a fixed value of m, it appears to be difficult to determine whether the system (6.11)
has solutions for an arbitrary domain.

For simplicity, consider the case of one hot-spot where m = 1. Then, from (6.4), (6.11) and
(6.12) we have that

aj(A) ~ =2log A+ ayo; ajg = 2log8 — 4log[R(z1)]; Vgr(z1;21) = 0. (6.13)

Here R(z1) is the conformal radius of D at = 21, defined by g,(z1;21) = —(27) " log[R(z1)].
Substituting (6.13) into (6.2), we find that the inner solution becomes

u~ |z — 21];a1] = 2logy — 2log (1 + ~,r2[R(x1)]—2) . v =8ATR(z) TP, (6.14)

In the case when b = 0, R(z1) can be found in terms of the mapping function that takes D to the
unit disk, where 27 € D is mapped to the origin of the disk.

As a special case, suppose that D is convex and is symmetric with respect to the coordinate
axes. Let D' be a new domain that contains D and which has the same axes of symmetry. Then,
from [14], z; = 0 for both domains. Also, from an inequality in [4], the conformal radius R(0) is
larger for D' than for D. Thus, from (6.13) and (6.14), we conclude that the amplitude of the
hot-spot is smaller but its spatial extent is larger for D' than for D.

6.2 An Explicit Example with one Hot-Spot

As an example, consider (1.3) in a circular cylindrical domain of radius one. Then, by symme-
try, Vg¢,-(0;0) = 0, so that the hot-spot is located at z; = 0. By calculating g¢,(z;0), we find that
R(0) = €!/*. Therefore, from (6.13), a;o = 2log8 — 4b~!. For this geometry, we can also calculate
the next term aqq in the expansion for aq(A) given in (6.4). To do so, we must first obtain the
problem for the outer correction u; given in (6.6). From (6.6), (6.5) and (1.3), we obtain that u;

satisfies

uy + Sy = —et 0<r<1, (6.15a)

ull(l) + buy (1) = 0; Uy ~ —ap; — 16e7*°772  as 1 — 0. (6.15b)

From (6.7), up = 4b=! — 4logr. Then, solving for u; we obtain u; = —i et/b (Qb_l -1+ 7"2).

Thus, a1; can be found from (6.15b). This leads to the following three-term expansion for as(A):
a1(\) ~ —2log A 4 2log8 — 40~ + X e/P [(20)7F —1/4] , as A — 0. (6.16)

For this example, (6.16) can be verified by using the exact hot-spot solution to (1.3), which is
given by

1+« 4o 4o
b(

=21 = 2log(1 _ 1
u 8 [1 + ar? 14+a)’ @ og(1+a)+ b(1+ ) (6.17a)
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Here a = a(\) is the solution branch of
8a 4o
A= ———— - A7b
o o ) (o4T)
for which @ = O(A™!) as A — 0. Substituting @ = agA™" + a; + - -+ into (6.17b) and collecting

powers of A, we obtain ag and ;. This gives,
an~ 8 MIAT 4 (407 = 2) 4+, as A— 0. (6.18)

Then, substituting (6.18) into the expression for a; = aq(A) given in (6.17a) we readily recover
(6.16).
7. Discussion

The asymptotic analysis used to construct a hot-spot solution for (1.3) is very different from
the analysis used in §2-5 to construct a spike solution for (1.2). This difference results from the
fact that the canonical spike solution decays exponentially in the far field, whereas the canonical
hot-spot solution has a logarithmic singularity in the far field.

For the spike problem (1.2), it is the combined effect of the translation invariance and of the
exponentially decay of the canonical spike solution that leads to the existence of exponentially
small eigenvalues for the linearized problem. Our result for a strictly convex domain that the
spike solution is located, to leading order, at the point furthest from the boundary of D is directly
related to the existence of these small eigenvalues. Exponentially small eigenvalues also occur,
for similar reasons as for (1.2), for certain linearizations of some phase transition models. In
particular, it was shown in [1] and [2] that exponentially small eigenvalues arise when linearizing the
Cahn-Hilliard equation about equilibrium internal layer solutions with spherical interfaces. Similar
results were obtained in [18] for a non-local Allen-Cahn equation. For these special internal layer
solutions, called bubble solutions, the center of the bubble can only be determined by retaining
certain exponentially small terms in the analysis. For the non-local Allen-Cahn equation in a
strictly convex domain it was shown in [18] that the center of the equilibrium bubble solution is
located asymptotically at the furthest point from the boundary of the domain. More generally, we
conjecture that this same geometric criterion will determine the location of a localized structure for
other singularly perturbed problems where exponentially small eigenvalues arise from the combined
effect of translation invariance and exponential decay.

Although (1.3) and (1.2) are both translation invariant, the logarithmic far field behavior of the
canonical hot-spot solution precludes the existence of any exponentially small eigenvalues for (1.3).
This logarithmic behavior has the effect of replacing the nonlinearity in (1.3) by a delta function
singularity. Therefore, it is natural that it is the Green’s function for D that plays a pivotal role
in determining the location of a hot-spot solution. The resulting condition (6.13) for the hot-spot
location is qualitatively very different, and more difficult to analyze, than the analogous result for

the spike problem.
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Appendix A. The Spike Location for N = 2 in the Case of Three-Point Contact

We now derive the result (5.5) for the spike-layer location zy in the case where the two-
dimensional domain D has a unique largest inscribed circle B which makes exactly three-point
contact with D at z(£)) € 9D for i = 1,2,3. Here £ = £ is the arclength coordinate at the ith
contact point. The center and radius of B are denoted by z;, and r;,, respectively. It is clear that
the following conditions are satisfied:

Pend =1, at £=¢€), i=1,2,3,
=1 =13 =Tin; |2(€) = Zin| > 1in, Ya(§)€dD, with £#£&, i=1,2,3.

Here r? = |2(€2) — 2| and 79 = (2(€2) — 24n) /7in for i = 1,2, 3.

It follows from (5.1) (with M = 3) and (A.1) that I(z;,) typically does not vanish. Therefore,

(A1)

To # iy in general. However, z¢ and z;, do coincide in the special case when b(l) = bg = bg # v,
k) = k9 = k3 and when the angles between the adjacent line segments joining z;, to the contact
points at z(£) are 120° apart.

In the more typical case where I(z;,) # 0, we now seek a solution to I(zp) = 0 in an O(e)
neighborhood of z;,,. However, in using Laplace’s method on (4.6) we must allow that the dominant
contribution to the integral in (4.6) is now obtained from arclength coordinates £;(¢) that are O(¢)

close to &Y. The problem for z¢(€) and &;(¢) for ¢ = 1,2,3 is given by
ey =1, at £=¢&(e), 1=1,2,3, (A.2)
A0 A% 2 v L RO AG e e o R0 AG e (A.3)
For i = 1,2,3 we have defined a5 = Al&:(e)], 7§ = [al€:(e)] — o(e)| and 7% = ([£(0)] - zo(€)) /7.
In addition, A? is defined in (5.5¢). The condition (A.2) can also be expressed as
7iol; =0, at £=¢&(e), 1=1,2,3, (A4)

where ¢ is the unit tangent vector to D at £ = &(e).
The system (A.3), (A.4) gives five equations for the unknowns &;(¢) for ¢ = 1,2,3 and the
two-vector zg(€) € D. For € — 0, we seek a solution to this system in the form
Gl=6+eG+,  wle)=zintergt -, (A.5)
where z} and & for ¢ = 1,2,3 are to be determined. A straightforward calculation leads to the

following result:

TS =T — € - ag 4+ O(€2), (A.6a)

pe= 04— [0} — b+ (A0 2d) #%] + O(e), (4.60)
Tin

I; =1} + eGring + 0(). (4.6¢)
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The superscript 0 indicates that the corresponding quantity is to be evaluated at the contact point
£=¢.

Substituting (A.6b) and (A.6¢) into the orthogonality relation (A.4), and setting the coefficient
of O(e) in the resulting expression to zero, we obtain

&= [ay B+ R0r) T, i=1,2,3. (A7)

k3

Then, substituting (A.6a) into (A.3) we get the following equation for z{:
79 AQ €270 4 ) AY €270 i AS €2V T (A.8)

To solve for ) in (A.8), we take the dot product of (A.8) with {2 for i = 2,3. Since 29 - {2 = 0 for
i = 1,2,3, this procedure yields two equations for zj, which can be solved explicitly. In this way
we obtain that z{ satisfies the linear system given in (5.5b). In terms of z}, a two-term expansion
for the arclength coordinates &;(€) for i = 1,2, 3 are obtained by substituting (A.7) into (A.5).
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m 8 (N =2) a (N =2) B (N =3) a (N =3)
2 2.47 10.80 10.42 16.07
3 1.86 3.50 4.51 2.71
4 1.50 2.12 2.29 0.84

Table 1: For Q(u)

= —u + u™, numerical values for 8 and a are

given for various m and for N = 2,3.

m AOe (JV = 2) AO@ (IV = 3)
2 1.65 2.36
3 5.41 15.29
4 13.23 144.18
Table 2: For Q(u) = —u + v™, numerical values for Age

are given for various m and for N = 2,3.
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Qu) = —u+u”
N =2 .
|
7.5 10.0
P
Figure 1: For Q(u) = —u + u™ and N = 2, we plot the numerically computed canonical spike

solution u.(p) for three different values of m.
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6.0
Qu) = —u +u"
N =3
0 7.5
P
Figure 2: For Q(u) = —u + u™ and N = 3, we plot the numerically computed canonical spike

solution u.(p) for three different values of m.

22



3.0

4.0
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Poe(p)

2.0

1.0

0.0

Figure 3: For Q(u) = —u 4+ u™ and N = 2, we plot the numerically computed first eigenfunction

¢oe(p) for three different values of m.

23



3.0 -

)

0.0 -

—-1.0 -

—-2.0 -

-3.0 -2.0 —-1.0 0.0 1.0 2.0 3.0

Figure 4: We plot the largest inscribed circle (dotted curve) for the domain whose boundary is
given parametrically by z1(8) = p(#)cos@ — p'(#)sin @ and 25(8) = p(#)sin @ + p'(#) cos# where
p(f) = 3+ 0.45in®0 — 0.5cos?0 and 0 < § < 27. The largest inscribed circle, with center at *,
makes two-point contact with D at the points labelled by . Since the curvatures of D at the

two contact points are equal, zg is also located at * when by = by # v.
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4.0 -

X9

1.0 -

0.0 -

—1.0 -

-3.0 -2.0 —1.0 0.0 1.0 2.0 3.0

Figure 5: We plot the largest inscribed circle (dotted curve) for the domain whose boundary is
given parametrically by z1(8) = p(f)cos@ — p'(#)sin @ and z4(8) = p(#)sind + p'() cos# where
p(8) = 3+ 1.4sin®0 and 0 < 6 < 27. The largest inscribed circle, with center at *, makes three-
point contact with D at the points labelled by x. Since the curvatures of 8D at the three contact

points are equal and since the dotted lines shown are 120° apart, zo is also located at * when
b9 =09 =03 # v.
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