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Abstract

This paper considers the linear convection—diffusion equation u; = €ugz, — zuz, and
certain natural generalizations, on fixed bounded spatial domains including the turning
point = 0. For constant boundary values and consistent initial values, asymptotic
solutions as ¢ — 01 converge to steady states over asymptotically exponentially-long
time intervals. The occurrence of an asymptotically exponentially-small eigenvalue is
the reason for such metastability, as well as for the sensitivity of the long-time behavior
to small perturbations. The utility of these asymptotic results is illustrated through
numerical computations with only moderately small ¢ values.

1 Introduction

There has been much recent work on the asymptotic solution of exponentially ill-conditioned
boundary value problems for nonlinear singularly perturbed parabolic partial differential
equations. Examples of such problems include Burgers equation and the Ginzburg-Landau
equation on bounded spatial domains (cf. [2], [4], [8], [10], [16] and the references therein).
The solutions to these problems typically involve an extremely sluggish approach to a
steady state (i.e., dynamic metastability). Moreover, the steady state itself is often
extremely sensitive to perturbations of the boundary values and the coefficients in the
differential operator. Both phenomena relate to the appropriate linearized problem having
an asymptotically exponentially-small eigenvalue. The significance of such eigenvalues was
already recognized for certain much-studied linear two-point problems involving boundary
layer resonance (cf. [1], [5], [9], [11], [14], [20], among much additional literature). Some
of these linear problems arise in the asymptotic determination of exit times for stochastic
differential equations in one or more space dimensions (cf. [12], [13], [15], and [17]).

In this paper, we examine a class of linear time-dependent convection-diffusion equations
exhibiting the phenomenon of dynamic metastability. The corresponding equilibrium
problem is exponentially ill-conditioned and is associated with boundary layer resonance.
In §2, we use a straightforward eigenfunction expansion to study a simple example of
such a problem in detail. In §3, we generalize the analysis to treat a class of convection-
diffusion problems and examine the extreme sensitivity of their solutions to some small
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perturbations. Finally, in §4, we compare the results of the asymptotic analysis with
numerical computations for specific examples.

2 A Simple Example

We begin by considering the following initial-boundary value problem for u = u(z,t):

(1) Uy =  €Ugy — TUg, -l<az<l1l, t>0,
(2) u(_lvt) = a, u(17t):ﬁ7
(3) w(z,0) = wuo(z).

Here € — 0%, @ and 3 are constants, and ug(z) is smooth with ug(—1) = a and ug(1) = 3.
The exact steady-state solution U(z;e¢) corresponding to (1)-(3)is given by

) 1 1 JFest 2 s
(4) Ulzie) = 5(a+p) + 5(8 - o) [M
The dominant contributions to the integrals in (4) arise from s values near the upper
endpoints, i.e. [y e /2€ds ~ ex—le%’/2€ provided that z? > e. This implies that the ratio

1,(z2-1)/2€

of the two integrals behaves like a2~ el away from z = 0. Thus, for € — 0,

(5) Uaie)~ S0+ 8) + Ha— ) (e +/e - -2/

i. e., the steady state tends to the average (a + )/2, except in O(€) boundary layer regions
near each endpoint. Nothing special happens near the turning point z = 0.
The solution to (1)-(3) can be represented in terms of an eigenfunction expansion as

(6) u(z,t) = U(zye) + i Ck¢k($)€_’\kt

k=0

(cf. [6] which also takes this approach). Here, the coefficients ci(¢€) are uniquely given by

(7) ck_/ [uo(z) — Ulz; €)]q§kwdx// diwdz

for the weight w(z) = e~ /2€

problem

(8) @ —x¢ +Ap=0, —l<z<l, ¢(£1)=

for real Ag’s which increase with k. To solve (8), we invoke the classical Liouville
transformation ¢ = e_$2/4€qb and find that qﬁ must satisly Weber’s equation, which is
solvable in terms of Whittaker’s form of the parabolic cylinder function D,(z) (cf. [21]).
Thus, the eigenfunctions ¢ must have the form

(9) $(a) = e/ D_|_\(iz/Ve) + baDy(—2/ Ve,

, while the eigenpairs (Ag(€), ¢r(z;€)) satisfy the eigenvalue

for some (e-dependent) constants by and by. Since ¢(£1) = 0, the ratio by/by becomes
specified and the eigenfunctions are proportional to

(10)  ¢(x) = e ¥ [D_,_\(iz//)Dy(=1/e) = Dy(—z//)D_,_\(i/Ve),
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while the eigenvalues A must satisfy the transcendental eigenvalue relation

D 1/+/€
() DAV = Dya/E 2L

To study the asymptotic behavior of the eigenpairs as ¢ — 0, we shall use the leading-
order approximations

(12) D,(2) e+ 07, |arg 2| < 37/4
z) = 22 fa—vmi
S TR 0T - 140G, g <amgs < F

as |z| — oo for complex arguments z. It is critical to note that the decaying nature of
D, (z) for large positive z becomes growing for large negative values of z, unless v happens
to be (near) zero or a positive integer, since then 1/I'(—v) is (near) zero. (This reflects
the Stokes phenomenon for Weber’s equation and the fact that D,(z) for a non-negative
integer v reduces to the product of a Hermite polynomial and an exponential function which
decays as z — £00.) A careful use of the approximations (12) in the eigenvalue relation
(11) reduces it to the limiting form

% 2 _1/2¢
(13) NIV /2€

Thus, for € — 0, the principal eigenvalue Ay satisfies

2
(14) Ao ~ ) —e V%€
TE

while the remaining sequence of eigenvalues satisfies
(15) Ap ~ k for £=1,2,3,....

The (un-normalized) eigenfunction corresponding to Ag is given asymptotically by

(16) bo(z) ~ 1 — e~ (+0)/€ _ ~(1=a)/€
while
(17) Pr(x) ~ ok - (_1)k€_(1+$)/€ — e~(1-z)/€ for £=1,2,3,....

Thus, for large ¢, the higher terms in (6) are insignificant and the quasi-steady state

(18) w(a, 1) ~ U(w5€) + cogo(w)e ™"

is attained. The coefficient ¢¢ is obtained asymptotically by substituting (16) into (7) with
k = 0. Since the weighting function w is localized near z = 0, the integrals in (7) can be
evaluated for ¢ — 0 (cf. [23]) to yield ¢g ~ ug(0) — U(0;¢). Thus, (18) reduces to

(19) U(Qf,t) ~ Ao(t) + (a — Ao(t))e_(1+$)/f + (ﬁ _ Ao(t))e—(l—lf)/e

where the level

(20) Ao(1) = S )+ [u0(0) — J(or+ B

=32 2
is the outer limit within —1 < 2 < 1 and where Ag is the negligible principal eigenvalue
given by (14). This significant result describes the exponentially-slow evolution of u(z,?)
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toward the steady state U(z;¢). Higher-order approximations than (19) would result from
using higher-order approximations than (12) in (6) and (11).
To illustrate the big effect a small perturbation can produce, consider the equation

(21) Up = €Upy — TUy — OU,

where 6 is a small, but fixed, positive constant, subject to the boundary and initial
conditions (2) and (3). We can again obtain a solution of the form (6), with the eigenpairs
now satisfying

(22) " — 2 +(A—8)p=0, (£1)=0.

. o . . At 2 _—1/2 ; :
Thus, the resulting limiting eigenvalue condition =y ™~ T\ [ e implies a sequence

(23) Ao ~ 6+ k

of positive eigenvalues for £ = 0, 1, 2, .... Because no eigenvalue remains asymptotically
exponentially-negligible, solutions of the perturbed initial-boundary value problem will
decay to the steady state in finite time (i.e., the earlier metastability is eliminated).
Moreover, corresponding to the original notion of a resonant equilibrium problem having
the trivial limit within —1 < z < 1 except for nonpositive integer values of 8, the steady
state will now be trivial except in endpoint boundary layer regions. Indeed, the solution «
will uniformly satisfy

(24) U(.f,t) ~ ae_(1+97)/5 + ﬂe—(l—z)/e + 0(6_&)

as € — 0 (thereby agreeing in form with the long-time limit (19) for § = 0, but with
Ap(t) = 0). This big change between the solution with § = 0 and with any small
6 > 0 was called super-sensitivity in [10]. If we, instead, allowed é(¢) to be of the same
asymptotically exponentially-small order as the eigenvalue Ag for § = 0, the solution =
will again have a nontrivial outer limit, with metastable decay to a nontrivial steady state
over an exponentially-long time interval. On the other hand, if we let § be negative, the
equilibrium solution will lose its stability.

2.1 An Alternative Metastability Analysis
The preceding analysis relied heavily on explicit analytical expressions for the eigenpairs
(Ak, ¢x) of (8) and their representations in terms of parabolic cylinder functions. We now
present a more direct asymptotic method to study the metastable behavior for (1)-(3)in a
manner which does not require such an explicit knowledge of the spectrum.

To begin, recall that the traditional method of matched asymptotic expansions fails to
uniquely determine the asymptotic solution to the equilibrium problem

(25) LeU = €Uy —2Uy, =0, Ul-lie)=a, U(lje)=p.
For € — 0, a straightforward leading-order boundary layer analysis shows that
(26) Uz;e) ~ @[z Ape] = Age + (a — Age) e D€ 4 (5 — Ay ) e (10N €

uniformly in —1 < z < 1. Note that the form of @° is that already found for the long-time
limit in (19). Here Ag. is a constant to be determined, which we naturally identify as
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the limit of U(0;¢). Note that the limiting equilibrium profile @€ satisfies the boundary
conditions of (25) to within asymptotically exponentially-small terms. In addition,

(27) Lei = %[(1 +2)e” U (a — Age) + (1 = 2)e”U72€(8 = Ag,)]

is asymptotically negligible away from the boundary layer regions near x = +£1 for any
choice of Ag.. This indeterminacy in the matched asymptotic expansion persists even after
one attempts to construct higher order boundary layer approximations near the endpoints.
Yet, it is clear by symmetry that the correct value to select is Ag. = (a + 3)/2. The
variational principle of [7] provides one analytical method for obtaining this value.

Next, we shall look for a solution to the time-dependent problem (1)-(3) in the form

(28) u(z,t) = @lz; AL )] + v(a, 1)

We insist that v remains asymptotically uniformly small for all moderately large ¢ > 0,
so that the translating profile @¢[z; A(f;¢€)] continues to describe the limiting solution,
uniformly in space, as time evolves. We define the outer solution A(%;€) by

(29) u(0,1) = @°[0; A(t; €)]
so v(0,¢) = 0. Substituting (28) into (1)-(2), we obtain
t

(30) Lev = f(z,)+v —1<a<l1l, >0,
(31) ?J(—l, t) - (A( ’ 6) ) e d ’U(l, t) = (A(t; 6) - ﬁ)€_2/€ :
(32) v(0,1) = 0.
Here, we have used the linear operator L¢ of (25) and defined f(z,t) by
_ 0utdA P

where Lea® given by (27). Note that (26) implies that du/dt is independent of A while
(16) implies that 9a¢/dA ~ ¢y as € — 0. Integrating (30) with respect to z and setting
v(0,¢) = 0 shows that v satisfies the integral equation

(34) v(m,t):ﬂ/l/we’"z)/%dr—l—/w / K (r, $)[f(s,0)+ vi(s, )] ds dr,

where the constant of integration M(¢;¢) is to be determined and the kernel is K(r,s) =
elelr?=s%)/2€ Using symmetry, the boundary conditions (31) at = £1 yield

(35)  (A—a)e /€ = M/ 1€ g 4 / / (=5, 1)+ vi(—s, )] ds dr,
and ) )
(36)  (A—B)e €= M/ e 12€ g +/ / K(r, $)[f(s, )+ ve(s, )] ds dr.
0 0 Jo
By adding and subtracting (35) and (36), we can eliminate M to find the relation

(37) (/ ) P d“”)
_ (A__aJrﬁ)( //Ars 6( ;ZA))dsdr—Fe—?K)

2// (r,8) (vi(s,1) + ve(—s,1)) dsdr.
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We propose solving (34)-(36) (or, equivalently, (34) with M eliminated and (37)) by
successive approximations with the first iterate vg resulting from setting v; = 0. Then (37)
becomes the ordinary differential equation

(38) dAO (// SA) deT)
_ (Ao_zw)( [ g (M) wae )

for Ag, which describes the corresponding motion of the limiting solution @¢[z; Ag(t)]. By
asymptotically approximating the integrals in (38), we find that Ay satisfies the limiting
differential equation

dAg 2 —1/26( 1 )
(39) a0~ Ve AO—Q(a—I—ﬁ) as € — 0.

To determine an appropriate initial condition Ag(0) (which will determine Ag(¢) for all
t > 0), note that the solution U° of the reduced equation U? = —zU?, corresponding to (1),
will be constant on its characteristics, defined by a fixed value for ze™*, which spread out
from the origin as ¢ increases. Thus, to leading order, it is natural to take A(0) ~ u(0),
the center value of the initial data. The limiting outer solution Ag(¢) thereby obtained
coincides precisely with the limit (20) previously found for the long time limit, and yields
the anticipated steady state Ag. = (a+ 3)/2. Finding higher-order approximations for
the initial value Ag(0;¢€) as € — 0 would, of course, be desirable. Knowing Ag(¢) provides
us the corresponding constant My and the limiting initial iterate vg as a correction to
the approximate asymptotic profile @¢[z; Ag(¢)]. It is easy to check that vy is uniformly
asymptotically negligible in —1 < 2 < 1 for ¢ > 0. For consistency, we can also check
that the neglected vy terms in (34)-(36) are asymptotically much smaller than the terms
retained.

2.2 A Related Shock Layer Problem

We now contrast the metastable behavior of the solution to (1)-(3) with that of the modified
problem

(40) Up = €Upg + TUL , -l<a<l, t>0,

together with the boundary and initial conditions (2) and (3). The only difference between
(40) and (1) is the sign of the zu, term. The equilibrium solution to this problem is

1 1 JF e /2
(41) U($7€): i(a—l'ﬁ)—l_ §(ﬁ a) [fo _52/2€d8 .
For ¢ — 0, the dominant contributions to the integrals in (41) occur near s = 0. By
evaluating these integrals asymptotically, we readily observe that the ratio of the two
integrals switches from the asymptotic limit —1 for 2 < 0 to 4+1 for 2 > 0 in an O(/e)
neighborhood of the turning point @ = 0. Thus, as € — 0, we have

forz < 0

(42) U(z;e) — { %(a +5) forz=0,
B

forz > 0
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with nonuniform convergence in the thin shock or transition layer about z = 0.
To solve the time-dependent equation (40), we expand u(z,t{) in an eigenfunction
expansion as in (6). In place of (8), the relevant eigenvalue problem is

(43) 0 +2¢ +Ap=0, —l<az<l; ¢(+1)=0.
The solution ¢ to the differential equation with ¢(1) = 0 is proportional to

(44)  o(a) = e IID_\(iw/ VD) (=1/VE) = Dy (=2 /VED_y\(i/VE).
By enforcing ¢(—1) = 0, we find that the eigenvalues A\ must satisfy

(15 DALV = DL (Ve AL

By using the asymptotic approximations (12), we reduce (45) when ¢ — 0 to
A-1
€ 2
46 S
(46) NG e
Thus, for € — 0, the (increasing) eigenvalues Ay satisfy

(47) Me~k+140 (e—’“—l/%—l/%) for k=0,1,2, ...

From (47) we see that the principal eigenvalue Ag for this modified problem is not
exponentially small. Since Ag is positive and bounded away from zero, the solution to
the modified problem (40)-(2)-(3) decays to the equilibrium shock-layer solution (41) on
an O(1) time scale. Thus, in contrast to the solution of (1)-(3), this convection-diffusion
equation has a shock layer solution which does not exhibit dynamic metastability.

However, as was shown in [8], [10], and [16], metastable behavior can occur for
certain nonlinear convection-diffusion equations with shock-layer solutions. To illustrate
qualitatively how this can occur, consider Burgers equation

(48) Uy = €Ugy — Uly, -l<a<l, t>0
with
(49) w(-1,¢1) = 1, uw(l,t)=—-1, and u(z,0)=up(z).

The unique equilibrium solution U(z;e€) for this problem is given asymptotically by
U(z;€) ~ — tanh[z/2€] for € — 0.

We shall determine the stability of this equilibrium solution by linearizing (48) about
U. Substituting u(z,t) = U(z;€) + Ve_’\t@(:c), where v < 1, into (48) and (49), we collect
terms of O(v) to find that ® satisfies the eigenvalue problem

(50) B — (UD), + A8 =0, —l<az<l; ®(£1)=0.
Equivalently, ¢ = exp[—e™! [ U(s;€)ds]® satisfies
(51) €prr + Uz + X =0, —l<a<l1; p(£1)=0.

Because U is monotonically decreasing in z and zero at the turning point z = 0, the nature
of the turning point for (51) is very closely related to that for the eigenvalue problem
(8), which has an exponentially small eigenvalue. In [8], it was shown that (51) has an
asymptotically exponentially-small principal eigenvalue and an asymptotic formula for this
eigenvalue was obtained in [10] and [16] to determine the limiting metastable behavior of
the Burgers solution.
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3 A More General Convection-Diffusion Equation

In the limit ¢ — 0%, we now consider the following convection-diffusion equation for
u = u(z,t):

(52) U = €Uy — 2 p(2)uy + g(x)e”u, —1<az<b, >0,
(53) u(_lvt) = a u(bvt) = ﬁv
(54) uw(z,0) = wuo(z).

Here a and b are fixed positive constants, m is a non-negative integer, and a and g are
constants with ug(—1) = «a and wug(b) = f. In addition, p(z) > 0, g(z), and wug(z) are
smooth functions. Under these conditions, we again anticipate having boundary layer
behavior at both endpoints. The final asymptotically negligible perturbation term on the
right side of (52) is added to determine its effect on long-time behavior.

For € — 0, a leading order boundary layer approximation for the equilibrium solution
U(z;€) corresponding to (52)-(53) has the form

(55) U(z;e) ~ €[x; Age] = Age + (a — Age) e~ailzt1)/€ | (8 — Age) e~ér(b=z)/€

Here the outer limit Ag. = Ag.(€) is a constant to be determined and the decay constants
are & = p(—1) and & = b F1p(b). In the region away from the endpoint boundary layers,
Lea® = e, — a*™lp(x)as is asymptotically exponentially-small for any choice of Ag,.
Thus, as for the simple problem of §2, Ag. can only be determined by somehow incorporating
the effect of asymptotically exponentially-small terms into the analysis. Various methods
to calculate Ag. are given in [7], [11], and [19].

The difficulty in determining Ag. using standard asymptotic methods results from the
fact that the equilibrium problem is exponentially ill-conditioned as ¢ — 0 (see [5], [9],
and [11]). More specifically, as shown in [11], the principal eigenvalue A for the eigenvalue

problem
(56) LECb = €¢1‘1‘ - $2m+1p(x)¢z = _Aqba -l<z< b7 qb(_l) = ¢(b) =0

is positive, but exponentially small as € — 0 (see (76) below for the precise estimate). The
corresponding (un-normalized) eigenfunction ¢q is in the boundary layer form

(57) b0~ 1+ Bil(1+ ) /e ] em@+)/€ 4 B [(b— o) /e ] emrma)le

where Bi(z; €) and B,(z; €) behave like polynomials in z. The exponentially small eigenvalue
implies that the equilibrium solution for (52)-(54) will be very sensitive to the exponentially
small perturbation term €”g(as)e_a/€u. Such sensitivity of the equilibrium solution to
changes in either a or the endpoint location b was studied in [11], [18], [19], and [22].

Since Ag > 0, it follows that if ¢ is sufficiently large, the equilibrium solution for
(52) — (54) will remain asymptotically stable. However, because Ag is exponentially small,
the approach to the equilibrium will occur over an asymptotically exponentially-long time
scale. We shall study this slow motion asymptotically by using the projection method
developed in [16] to treat related nonlinear problems. This method, which yields a higher
order asymptotic theory than that given in §2.1, relies to a significant extent on the
equilibrium theory of [11].
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3.1 The Metastability Analysis
Following (28), we seek a solution to (52)-(54) in the form

(58) u(z,t) = a[x; A(t; )] + v(z, 1),

where @€ is defined in (55). Using the projection method, we will, as in (39), derive a
differential equation for A and obtain its steady-state limit A., provided « is large enough.
For large values of ¢, the differential equation will capture the metastable dynamics of
u(z,t), since then v < @¢. The projection method differs somewhat from the method
of §2.1 in that we exploit the occurrence of the exponentially small eigenvalue to directly
enforce a limiting solvability condition on the correction term wv, rather than explicitly
obtaining an integral equation for v like (34).

Substituting (58) into (52)-(54), we obtain

(59) Lev = a4 v, — Lea® — e"g(a)e™/€ (@€ +v), —l<az<b, >0,
(60) ©o(=1,1) = a-a (=LA,  obt)=08—ub;Alt;e),
(61)  v(z,0) = wup(z)— a[z; A(0;€)].

Now let ¢r(z) and Ay, for £ = 0,1, ..., be the normalized eigenfunctions and eigenvalues of
(56). The Ay are real and the ¢y, satisfy the orthogonality relations

b z
(62)  (9j,9%), = /_1 jdrwdr = b for w= exp[—e_l/o () dt] .

We then expand v(z,t) in terms of the ¢y as
(63) v(z,t) = E hi(t; €)pr(z) .
k=0

Substituting (63) into (59)-(61), orthogonality implies that the hj will satisfy the
differential equation

’ b
(64) Py + Ml = —ewvdpe | — (dk, 85),, + (Dk, Let®),, + e (gpp, 1€ +v),,

together with the initial value

b
(65) hi(0;€) = / (uo(z) — @ [x; A(0; €)]) prw da .
—1
Since Ag is asymptotically exponentially small and the A for k& > 1 are bounded away
from zero, to ensure that v < @€ over exponentially long time intervals requires hq(¢) = 0.
Thus, the right sides of (64) and (65) must vanish when & = 0. Then, using v < @ to
simplify the last term on the right of (64), we obtain

b
Lt (¢, Lew®),, + vem/€ (9¢0, 1)

(66) (¢0,15),, ~ —ewvdos

and

w

b

(67) /_blﬂE[x;A(0;€)]qbowdx = / uo(@)pow dz .

Equation (66) will provide a differential equation for A and (67) will determine its initial
value.
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To obtain an ezplicit differential equation for A, we evaluate the terms of (66), as in [11].
Upon integrating by parts, we can show that

(68) (¢0, Lew®),, ~ e(a— Ag) w(—1)gos(—1) — €(8 — Ag) w(b)Pos(b) .

Since v is exponentially small at the endpoints, (68) dominates the first term on the right
side of (66). From (56), the identity

(69) — Ao (1, ¢0),, = cwooy '

follows. Next, (55) implies

(70) <¢07at€)w ~ % (¢07 1)w and (g¢07ﬂ€)w ~ A(gﬁbOa 1)w :

Substituting (69) and (70) into (66) and neglecting the insignificant term yields

(1) (—Ao + /%) At (S 0= 1)us( 1) = Bu(6)60c(0)

For convenience, we re-normalize ¢g so ¢g(0) = 1. Then, using a boundary layer analysis
to calculate the terms B; and B, in (57) as in [11], we obtain

(12) 60ud) = —263,(0) for 7T(€):1_££T(];((;))+(2mb+ 1))+O(€2)7
(73) Guol-1) = &) for 71(6)21—|—§<];((__11))—(2m—|—1))+0(62).

Higher order coeflicients in 7; and 7, can also be obtained. Next, since the difference ¢g— 1
is exponentially small near z = 0, we can calculate (g¢o,1),, and (¢o, 1), asymptotically
by Laplace’s method, as in [11]. This yields

,r1/(2m+2)r 1
(m+1) <2m + 2
F1/(2m+2)

mg(O)F (

(74) (¢0,1), = /Cm*V6 for 6c = )+0(€1/<m+1>),

(75) (g¢0, 1)w = 61/(2m+2)g€ for ge = ) 1+ 0(61/(m-|—1))7

2m + 2

where r = 2(m 4+ 1)/p(0). Explicit formulas for some higher-order correction terms in ¢
and ge are given in (3.96) and (3.17b) of [11]. Substituting (71)—(73) into (69), we obtain
the explicit asymptotic estimate

(76) o~ B G [ By (el 4 p(—Lym(e)e /€],
where w; = [ 12 Hp(1) dt and w, = 22 p(t) dt.
Finally, by substituting (72)-(75) into (71), we obtain the explicit differential equation

(1) G~ (“do e EIE) g LB (ag()em I 4 g (e )
€ €

By using Laplace’s method to evaluate (67), we obtain A(0;e€) (¢o,1),, ~ (¢oto,1),,, s0

(78) A(0;0) ~ 5O (g, 1),

€
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TABLE 1
Comparison of numerical and asymptotic values for the principal eigenvalue for Example 1 at

different values of €.

€ Ao (numerical) | Ag (1-term) (14) | Ag (2-term) (82)

0.100 | 0.15304 x10~* 0.17001 x10~1 0.15301 x10~1
0.075 | 0.33891 x10~2 0.37078 x1072 0.34297 x1072
0.050 | 0.15280 x10~3 0.16200 x10~3 0.15390 x10~3
0.025 | 0.10126 x10~7 0.10401 x10~7 0.10141 x10~7

0.020 | 0.76709 x10~19 | 0.78354 x10~1° 0.76787 x 1010
0.0175 | 0.227 x10~1! 0.23551 x10~ ! 0.23139 x10~ !

The asymptotic evaluation of the integral (¢oug,1),, results from replacing g(z) with ug(z)
in (75). To leading order, we have A(0;¢) = ug(0) + O(¢*/(™+1)). Higher order correction
terms for A(0;¢€) are obtained explicitly in §4 for a specific example.

In summary, the main result of this section is an explicit asymptotic description of the
metastable dynamics for (52)-(54), valid away from an initial time layer, namely

(79) u(w,t) ~ @ [2; A(t; €)] = AL ) + [ = A(t; )] 8T/ [ — At; )] e 7o)€

where A satisfies (77) and the initial value (78). If @ is large enough, it is clear from (77)
that A(¢;¢€) tends to its equilibrium value A., which is defined by setting the right side of
(77) to zero. This equilibrium result was obtained in [11].

4 Some Examples of the Theory
Example 1: Consider the perturbed problem

2

(80) up = eum—xuz—l-sw—(1+$2+$4)6_1/2€u, -l<z<1,
Te

(81) wu(-1,t) = 2, u(l,t) =1/2, u(z,0)=1/2 4+ 3(z — 1)*/8,

where s is a constant.

We first obtain a high order estimate for the principal eigenvalue Ay of (56). Since
p(z) =1, m=0and b =1in (56), (72)-(74) imply that y;(e) = 7,(¢) = 1 — € + O(¢?) and
0c = V27 + o(€*) for any k > 0. Thus, (76) yields the estimate:

(82) Ao = \/gu — e+ O(?)] e/,

Here we give two terms in the pre-exponential factor rather than only one term as in (14).
To compare with this asymptotic result, we compute Ag numerically for various values of ¢
using the boundary value solver COLSYS [3]. From Table 1, it is clear that the two-term
result (82) provides a significantly better determination of Ag than the one-term result.

Now let s = 0 in (80) so the asymptotically negligible term vanishes. Then, the
ODE (77) for A(t;€) reduces to dA/dt ~ —Xo(A — 5/4). Substituting wug(z) into (78)
and evaluating the resulting integral asymptotically gives the two-term expansion A(0;¢€) ~
7/8 4 3¢/8 for the initial condition. Thus, for ¢ > 0
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2.5

u(z,t) 1.5 : -

0.5

0.0 I I I I I I I I I
-1.0 -0.8 =06 -04 -0.2 0.0 0.2 04 0.6 0.8 1.0

X

Fic. 1. Plot of u(z,t) versus x for Example 1 at the four different times, to = 0.0 (light solid
curve), t1 = 20.2 (closely spaced dots), t5 = 4.90 x 10% (widely spaced dots) and t3 = 8.64 x 10°
(heavy solid line). The parameter values are s =0 and € = 0.025.

(83) Aty €) ~ 5/4 + (—3/8 + 3¢/8) et .

To compare with (83), we use the routine DO3PAF of the NAG software library to
numerically compute the solution u(z,?) to (80)-(81) when s = 0. From this numerical
solution, we output the value of u(0,?), which gives the numerical prediction for A(¢;¢€). In
Fig. 1 we plot the numerical solution u(xz,t) versus @ at different times for the moderately
small € = 0.025. Notice that the numerical solution has the boundary layer form predicted
by (79). In Fig. 2 we plot logo(t) versus A for the asymptotic result (83) and the
numerically-computed result. Note that the two curves are virtually indistinguishable and
that A(l;€) remains constant over a time interval ¢ ~ 107.

Now suppose that s # 0 in (80). Then, from (72)-(77), A(¢; €) satisfies

dA 2
(84) %NA0(5/4—A)+s,/ge—1/%(1+e)A.

Note that when s is a constant independent of €, the perturbing term in (84) has the same
asymptotic order as A\g when € — 0. The initial condition for (84) is A(0;¢) ~ 7/8 + 3¢/8
and the equilibrium value A, for A, obtained by setting dA/dt to zero, is

. = ila o)

This result clearly shows the super-sensitivity of the equilibrium solution to the asymptoti-
cally exponentially small term in (80) since by varying s on the range 0 < s < 1, A, changes
by O(1). In Fig. 3, we show the very close agreement between the asymptotic result (84)
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0.6 0.8 1.0 1.2 1.4

A

Fic. 2. Plots of logy(t) versus A for Example 1 from the full numerical solution (solid line)
and from the asymptotic approzimation (dotted line) when s =0 and ¢ = 0.025.

for A(t;€) and the corresponding numerically-computed result when s = 0.5 and € = 0.025.
For these parameter values, we find A, ~ 2.635.
Example 2: Next, consider the perturbed problem

(86) U = €Upy — Tou, + se M4 (1 + 2%+ x4) 6_1/4616, -l<z<b,
1

1 3 /x—0b\?
(1) w-L0 = 2, =5, u@0=3+3 (1)

where b > 0 and s is a constant. The main difference between this and the previous example
is that we now have a higher-order turning point and the interval is —1 < z < b.

We first obtain a higher-order estimate for Ag. From (72)-(74), vi(€) ~ 1 — 3¢,
v.(€) ~ 1 = 3¢/b* and B¢ = T(1/4)/v2 + o(e*) for any k > 0. Thus, from (76), we

obtain

NV 2 A\ bt
~ [ — _ —b*/4€ _ —1/4€
(88) Ao (46) (/4 [b (1 3e/b )e +(1—-3¢)e ] .
For this example, (72)-(77) imply the differential equation

(89) % ~ o [Fho s (1 2620 (3/4) /T(1/4)) 714

I\ 2 v AT

2 ot —b* /1€ _ —1/4€

-|-<4€) F(1/4)[2 (1 3€/b)€ +2(1-3¢)e .

From (78), the initial condition is

(90) A(O;g)N%ng b2 ] 3¢1/2 T(3/4)

(102 T ro2T(1/2)



14 O’MALLEY AND WARD

9.0

7.0
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log (1) >0
4.0

3.0

20 .
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OO | | | |
0.5 1.0 1.5 2.0 2.5 3.0

A

Fic. 3. Plots of logy(t) versus A for Example 1 from the full numerical solution (solid line)
and from the asymptotic approzimation (dotted line) when s = 0.5 and ¢ = 0.025.

when € — 0. Comparing (89) with corresponding numerical results yields similar agreement
as for Example 1.

Finally, we illustrate the super-sensitivity of the solution with respect to changes in the
endpoint location b, by determining the equilibrium value A, when b > 1 and b = 1. A
simple calculation shows that

(91) A = §(1_M)_1 for b=1,

4 4(1 = 3¢)
- svV2uT(1/4)\
(92) A = 2(1—W) for b>1,

with p = 1+ 2¢'/21(3/4)/T(1/4). From (89) it is clear that A, varies by an O(1) amount
as b is varied in an O(¢) region near b = 1.
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