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Abstract

The motion of internal layers for three singularly perturbed reaction diffusion problems,
including the Allen-Cahn equation, is studied in a two-dimensional dumbell-shaped domain.
The channel region that connects the two attachments, or lobes, of the dumbell is taken to
be rectangular. The motion of straight-line internal layers in the channel region is analyzed
using an asymptotic projection method. This motion is shown to be metastable and highly
dependent on the local convexity properties of the boundary near the contact region between
the ends of the channel and the two attachments. When the domain is non-convex it is shown
that the metastable internal layers dynamics in the channel tends, as ¢ — oo, to a limiting stable
spatially inhomogeneous equilibrium solution.

1 Introduction

It is well-known that stable spatially inhomogeneous equilibrium solutions can not occur for a scalar
reaction-diffusion equation in a convex domain with Neumann boundary conditions (see [7], [12]).
However, this result does not hold in a non-convex setting. Some previous examples showing the
existence of stable spatially inhomogeneous equilibria in a non-convex domain are given in [3], [10],
[11], [12] and [18].

In particular, in [3] and [11], it was proved that a stable spatially inhomogeneous equilibrium
solution can result from the long-time behavior of the metastable dynamics associated with the
Allen-Cahn equation in a dumbell-shaped domain. Metastable dynamics, which refers more broadly
to an asymptotically exponentially slow motion of localized structures to differential equations, has
been studied extensively in a one-dimensional setting (eg. [3], [4], [6], [9], [14], [15], [19]). However,
the occurrence of metastable dynamics in a multi-spatial dimensional setting has only been recently
established in [2], [11] and [20].

Motivated by the work of [3] and [11], we consider three related singularly perturbed reaction

diffusion equations of Allen-Cahn type in a two-dimensional dumbell-shaped domain (see Fig. 1).

I This work was supported by NSERC grant 5-81541



The channel region connecting the two attachments, or lobes, of the dumbell is assumed to be
rectangular, with precise conditions stated below. For each problem, we study the time-dependent
behavior of straight-line internal layer solutions that are confined to the channel region. The analysis
of the motion of these internal layers requires exponential asymptotic precision and is done using
the asymptotic projection method developed in [19]. This method, which exploits the existence
of an exponentially small principal eigenvalue in the spectrum of the linearized problem, provides
explicit differential equations for the internal layer locations in the channel region. The motion of
these layers is shown to be metastable and highly dependent on the local convexity properties of
the boundary near the contact region between the ends of the channel and the two attachments.
When the domain is non-convex it is shown that the metastable internal layers dynamics in the
channel region tends as t — oo to a limiting stable spatially inhomogeneous equilibrium solution. In
this way, we obtain further examples illustrating both the occurrence of metastable dynamics in a
multi-dimensional setting and the existence of stable spatially inhomogeneous equilibrium solutions
to scalar reaction-diffusion equations with Neumann boundary conditions in a non-convex domain.

In the analysis below, we assume that the two-dimensional dumbell-shaped domain D has the
form D = RU D_ U D, where R is the rectangle [0,1] x [0,L], and D_ and D, are the two
attachments on its sides (see Fig. 1). The points (0,0), (0, L), (1,0), and (1, L) are referred to as
the corners of R. It is assumed that the domain boundary is smooth and that near the corners 8D

can be represented as 0D = {(z,y) | y = vi(x)}, where
y=11 (.CL') , near (05 0) ; Y= ’(ﬁz((ﬂ) + L, near (05 L)a (1&)
y =1s(z), mnear (1,0);  y=44(z)+L, near(1,L). (1b)

The local properties of the domain near the corners of R are central to the analysis below. Near

each corner, it is assumed that there exist numbers K; # 0, a; > 0, for ¢ = 1,...,4 such that

P1(@) ~ —Ki(-2)™, asz—>07; (7)) ~ Ka(—2)*, asz 07, (2a)
Py(z) ~ Kz(xz —1)*%, asz— 1T, Py(z) ~ —K4(z — 1), asxz —1T.  (2b)
When a; = 2, the constant K; is proportional to the curvature of the i*" corner.

We now give the outline of the paper. In §2 we analyze the Allen-Cahn equation (AC) in D,

which is the simplest model for the phase separation of a binary mixture (see [17]);

u; = E€Au+ Q(u), x€D, (3a)
Onu=0, x €0D. (3b)



Here u(x,0) is given, x = (z,y), ¢ <€ 1 and Q(u) is a bistable nonlinearity having three zeroes

located at u =s_ <0, u =0, and v = s > 0, with

7

Q(s2) <0, QO)>0, V(sy)=0, v<u)=—/uQ<n)dn. (4)

Thus, V(u) is a double-well potential with wells of equal depth at s and s_. Following [3] and [11],
we seek a time-dependent solution to (3) of the form

(5)

u s— inD_ andin0<z <z,
s iInDy andinzg<z<1,

which has an appropriate internal layer profile near xg = xo(t).
For € — 0, it has been shown in [17] that the normal velocity v of a generic curved interface for
(3) is given by the curvature flow

v~ R, (6)

where k is the curvature of the interface. In addition, if an interface intersects the boundary of
the domain, then it must do so orthogonally. However, for straight line interfaces confined to the
channel region it follows that x = 0 and, hence, (6) gives no indication of the nature of the motion of
the interface. In §2 we show that exponential precision is required to determine the time-dependent
behavior of solutions to (3) of the form (5). In addition, we will use the asymptotic projection
method to derive a differential equation for zo(t) and will establish criteria for which zo(t) — z§ as
t — oo for some z§ € (0,1).

In §3 we study the constrained Allen-Cahn equation (CAC) in D, which is the simplest model

for the phase separation of a binary mixture in the presence of a mass constraint (see [16]);

u; = EAu+Qu) — o, x €D, (7a)
Onu =0, x € 90D, (7b)
/udx:m. (7¢)
D

Here u(x,0) is given, x = (z,y), ¢ < 1, and Q(u) is as defined in (4). The unknown function
o = o(t) is a Lagrange multiplier parameter needed to satisfy the constant mass constraint (7c). A
solution to (7) with two interfaces in the channel region R has the form

s— inD_ andin0<z < xg,

u~<{ sy inzg<z<uI, (8)
s inDy andinz <z <1,



with appropriate internal layer profiles near zo = zo(t) and 1 = z1(t).

When the attachments D and D_ are removed from D and are replaced by homogeneous Neu-
mann conditions imposed on the segments £ = 0 and x = 1, it is known that any two-layer equilib-
rium solution with asymptotic behavior (8) is unstable (see [5]). In this case, for the time-dependent
problem, either o = 0 or z; = 1 in finite time leaving behind a stable one-layer equilibrium solution.
The metastable dynamics of such a solution was analyzed in [14]. In §3, we will show, by deriving a
differential equation for the difference z; — xy, that when the attachments D_ are present, a stable
two-layer equilibrium solution in R can exist. The existence of such a solution depends on the local
convexity properties (2) at the corners R of the channel.

Finally, in §4 we study the tristable Allen-Cahn equation (TAC) in D, which arises in the study
of liquid crystals (i. e. [8]);

u; = €Au+ Q(u), xe D, (9a)
Onu =0, x€0D. (9b)

Here u(x,0) is given, x = (x,y), € < 1, and Q(u) is an odd periodic function satisfying,
Qu) =-Q(-u), Qu+2s)=0Qu); Q(-s)=0, Q (-5 <0, (10)

for some s > 0. We will look for a staircase solution to (9) with two interfaces of the form

—s inD_ andin0<z <z,
u~< s inzo<z<z1, (11)
3s inDy andinz <z <1,
with appropriate internal layer profiles near zo = zo(t) and 1 = z1 ().

When the attachments D, and D_ are removed from D and are replaced by homogeneous
Neumann conditions imposed on the sides x = 0 and z = 1 or R, it is known that any two-layer
equilibrium solution of the form (11) is unstable. The metastable dynamics of such a staircase profile
was studied in [19] (see also [8], [13]). In this situation, the inter-layer dynamics between zg and z; is
repulsive, whereas the interaction between each layer and the walls at x = 0 and z = 1 is attractive.
Thus, as t — oo a stable, but spatially homogeneous, equilibrium solution results. However, as we
show in §4, the presence of non-convex attachments D will induce a repulsive force on zy and on
x1 that can balance the inter-layer repulsive force that exists between zg and z;. As t — oo, this

then leads to the existence of a stable spatially inhomogeneous equilibrium solution in R.



(1,L)
Kys>0

U~ sy

K3 <0 D+
Zo (170)

Figure 1: Plot of a typical domain D and an interface located at zg.

2 The Allen-Cahn Equation

In this section we analyze the dynamics of a straight-line interface ¢ = o(t) for (3), which connects

the two sides of the channel R as shown in Fig. 1.

For € < 1, we first construct a quasi-equilibrium solution to (3) in R that has the asymptotics

given in (5). This solution is only a function of z and it has exactly one internal layer centered at

T = zo, where 0 < 79 < 1. The quasi-equilibrium solution is represented by u = u. [e 7' (z — z0)],

where u.(z) is the heteroclinic connection satisfying

u, + Q(uc)
uc(0) =

0, —00 <2< 00,
0, Ue(£o0) = 54,
where @)(u) has the properties listed in (4). The far-field behavior of u.(z) is given by

Ue(2) ~ Sy —aqe Yt*, z = 400,
€ s_+a_e’-*, z— —o0,

where the positive constants v4 and a+ are defined by
1/2
ve = [-Q' ()],

5+ :|:V:|: 1
loga+ = log(+s4) +/0 ([2‘/(7))]1/2 + - 3:t> dn.

(12a)
(12b)

(13)

(14a)

(14b)

Assume that the initial condition for (3) is u(x,0) = u.[e™!(z — 23)] for some zJ € (0,1). We



then look for a solution to (3) in the channel region R in the form
u(x,t) ~ uc [e 7 (z — zo(t))] , (15)

with z¢(0) = z, where xg = z¢(t) represents the unknown trajectory of the level curve u = 0.

Linearizing (3) around u. by writing

u(x,t) = ucle™ (& — 2o ()] +v(x, 1), (16)

where v < u., we obtain
Low=eAv+ Q’ (ue)v = Orue + vy, xeD, (17a)
OnV = —0Ople, x € dD. (17b)

In §2.1 we show that the eigenvalue problem associated with (17) has an exponentially small
principal eigenvalue. In §2.2 we derive a differential equation for zo(t) by projecting v against the
eigenspace associated with this exponentially small eigenvalue and in §2.3 we illustrate the result

with an example.

2.1 An Exponentially Small Eigenvalue

The eigenvalue problem associated with (17) is

Lp=Ap+Q (u)p=Xp, x€D, (18a)

O,6=0, x€dD, (18b)
= [ ¢?dx.

60) = [ 4 ax (180)

Here, and below, the inner product is defined by (u,v) = |, puvdx. The eigenvalues and eigenfunc-
tions of (18) are labeled by A; and ¢; respectively for j = 0,1,..., with A\; - —oco as j — oo.

We now obtain asymptotic estimates for the principal eigenpair of (18) under the assumption
that zo € (0,1) is fixed and that the distance from z( to the corners of R is O(1). We first note
that L. (ulc[efl(:c - :co)]) =0, that u, is of one sign, and that u, satisfies the boundary condition
on R exactly. However, u'C fails to satisfy the boundary condition on the attachments D, and D_
by exponentially small terms as € — 0. Thus, we expect that the principal eigenfunction for (18)

has the form
d0 ~ Mo (u,fe™ (v = 20)] + ér0) - (19)



Here My is a normalization constant and ¢r¢ is a boundary layer function localized near dD_ and
0D, that is needed to satisfy the boundary condition (18b). Applying Green’s identity to (18) and

ulc we obtain an equation for g
Ao (u;,qﬁo) =—& [ ¢odnu.ds. (20)

aD

To estimate Ag as € — 0, we must evaluate each term in (20). First, to calculate ¢o on 0Dy
we must determine ¢ro. To do so we introduce a local coordinate system near D4 and 0D_. We
set 7 = n/e, where —n is the distance from x € Dy to 0Dy. Then, when n = O(1) and in the left

attachment D_ where z < x¢, we have u. ~ s_, Q'(u.) ~ —v2, so that (18a)-(18b) reduces to

Onnopro —v2¢ro =0, 7<0; ¢ro—0, as 7 — —o0,

7 21
677¢L0|n=0 = —¢€ "uc|”I:0' (21)
Similarly, in the right attachment D, where z > g, we have uc ~ s4, Q (uc) ~ —v3 so that
67]77¢L0_V-2|-¢L0:07 U<07 ¢L0_>05 as n— —oo, (22)
67I¢L0|Tl=0 = —e@nuc|,7:0 .
Solving these equations we get,
5 (—e nu;) |p=0€”~" for n = 0O(1) near 0D_ 29)
Lo ~ ) 23
(—e nuc) |p=0€”+" for = O(1) near 0D, .
Using the decay behavior (13), we obtain
, -1 2 v_e N (z—z0)
R B e o (24)
—€ tajvie Ut °n, near 0D, .

Here n, is the z component of the unit outward normal vector i = (n,,n,) to 0Dy and 8D_.
Substituting (24) into (23), and then using (19) and (13), we obtain an estimate for ¢¢ near 0D+

Moa_l/_e"—f_l(”’_”’O) (1 - V_nze"—é_l”> near 0D_,

-1 —1 (25)
Moa v, e v+ (#=w0) (1 + vpnge+e ’7) near 0D, .

$o ~

Setting n = 0 in (25) gives an estimate for ¢g on dD4.
Next, we calculate (ulc,gbo). The dominant contribution to this inner product arises from the

- ’ .
region near z = xo where ¢g ~ Mou,.. We estimate,

(u;,cﬁo) ~ My (ulc,ulc) ~ eLMyf3, 8= /0:0 [u;(z)r dz, (26)



where L is the width of the channel. Now we calculate the normalization constant Mg from (g, ¢g) =
1. Since M2 (u’c, u’c) 1, (26) yields

Mo ~ (eLB)™/* . (27)

To determine )\ as € — 0, we substitute (24), (25) and (26) into (20) to obtain

1
o~ 13 {1, —1_}, (28)
where Iy and I_ are defined by
I = / aiyiez"—ﬁ_l(”_“’)(l —V_Ng)ngds, (29)
aD_
I = / aiyie_%#_l(m_mo)(l + vine)ng ds. (30)

Since the integrands in (29) and (30) are exponentially decreasing away from the interface z = o,
the dominant contribution to these integrals arises from the O(€) regions near the corners of R. In

these corner regions, we can calculate n, in terms of the local properties given in (2). We find,

—K;(—z)*1

Ny = W near (0,0) asxz — 07, (31a)
Ny = % near (0,b) asz — 0, (31b)
Ny = % near (1,0) as z — 11, (31Lc)
N = Ka(w—1)"2 s near (1,b) asz — 1%, (31d)

[K2(z—1)22a+1]

Since n, < n2 near z = 0 and x = 1 we can, to leading order, neglect the terms in (29) and (30)

proportional to n2. Then, using Laplace’s method, we get

[ ~a2s? / (K1 (=)™ + Ka(—a)*) 2v=¢""(=-20) gy, (32)
0
I ~ a%rui/l (Ks(z —1)* + Kq(z — 1)*) e 20+ (#20) gy (33)
These integrals can be evaluated explicitly to yield

I_ ~ —a2 03 [K1(_ (1) + Kol (z)] e 2-€ @0 | (34)
L ~ a2 02 [Ka(y(a3) + Kay(aq)] e 20467 me0) (35)



where (1 () is defined by
a+1
c@=(5) Tty (36)

2v4
and I'(z) is the Gamma function. Substituting (34) and (35) into (28) we obtain the following key
result:
Proposition 1: (Eigenvalue for (AC)) For e — 0, the principal eigenvalue Ao associated with
linearizing (3) about the quasi-equilibrium solution (15) with a fixed xo € (0,1) has the asymptotic

estimate

Ao ~ Liﬁ {GQ_VE [K1C (a1) + Ka( (a2)] e 2v-€Tw0 al v [K3Cy (as) + Kiy ()] 672”6_1(1%0)} .
(37)
Here vy, ax, B, (+(a) and oy, K;, are defined in (14a), (14b), (26), (36), and (2), respectively.
Notice that the sign of \g is determined by the signs of K; for ¢ = 1, ..,4 defined in (2). Therefore,
the local convexity property (2) of the domain D near the corners of R will determine the stability

or instability of the quasi-equilibrium solution.

2.2 Metastable Dynamics and Equilibria

We now determine the dynamics of the interface o = z¢(t) for (15) in the channel R. Since the
principal eigenvalue for (18) is exponentially small, we can proceed with a quasi-steady approxima-
tion vy € Opu. in (17). The solution to (17) is then expanded in terms of the eigenpairs ¢;, A; for
j>0of (18) as

o t) =3 T ). (38)

j=0 "

Using orthogonality of the ¢; and integration by parts we derive

Cc; = (¢j,3tuc) +é2 /BD ¢;jOnucds . (39)

Since Ao, as estimated in (37), is exponentially small, we require that ¢g = 0. This projection

step yields the slow motion equation

(¢o, Ot ) = —€> 0Ontt, ds — €2 PoOnuc ds . (40)
oD, oD_

Here we have used the result that Bnu; = 0 on the boundary of R.



Next the terms in (40) are evaluated to determine the motion of the interface. To calculate
(o, Oyu.) we use (15) and (26) to get

(¢0, Opuc) ~ —LMofay . (41)

Now we use (13) and (25) to evaluate the right side of (40) as € — 0. This yields,

—é2 GoOntie ds — € PoOnu.ds ~ — (il + il+> M. (42)
8Dy 8D_ v vy

Here I, are defined in (29) and (30). Substituting (41) and (42) into (40), and using (34) and (35),
we obtain the following main result for the slow dynamics of zo(%):

Proposition 2: (Metastability for (AC)) For € — 0, the metastable dynamics of the location
xo(t) of the straight-line interface solution (15) in the channel R, where xo € (0,1), satisfies the

asymptotic nonlinear differential equation

’

To ~ {aiyi [K3¢4 (a3) + Kaly(ayq)] e 2H€7 (1mo) _ g2 2 [K1¢_ (o) + Kol (a2)] 672'/_6_1%} )

(43)

€
Lg
Here the constants are as defined in proposition 1.

Thus the motion of the interface location xo(t) is determined by the constants associated with
the tail behavior of u., by the shape of the boundary at the corners of R, and by the distance
from the interface to these corners. The interface will move according to (43) until either a steady
state is attained or the interface has moved to one of the vertical sides of R. In the latter case,
the subsequent evolution of the interface is determined by (6). This result agrees with [3] and [11]

obtained using a different method.
Define A1 by

Ay = K3Gi(a3) + KaQy(aa), A = Ki(—(a1) + K2(—(a2). (44)

Then (43) has a unique steady-state solution z§ given by

22
Vi € a’v:A_
€~ 1 45
%o vy +v_ + 2wy +vo) 8 (aiﬁ_A.,.) ’ (45)

only when A; A > 0. As seen from (43), this equilibrium solution is stable when A, < 0 and
A_ <0, and is unstable when A, > 0 and A_ > 0. Sufficient conditions for the existence of xj are
that either K; > 0 for all ¢ or K; < 0 for all <.

10
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Figure 2: Plot of a domain, D, that exhibits a stable steady state interface location. For this domain
K; <0fori=1,...,4 and the steady state interface location, z§ is given by (45).

Corollary 1: (Stable Equilibria) Assume that D is locally non-convexr near each corner so that
in (2) we have K; < 0 for all i. Then, for e < 1, (3) admits a stable spatially inhomogeneous

equilibrium solution u® of the form
u®(x;€) ~ U, [e_l(m — wS)] , (46)
where x§ is given in (45). An example of such a domain is shown in Fig. 2.

2.3 An Example

We illustrate these results for the specific example Q(u) = 2(u — u?). Then, from (12), (14a), (14b),
and (26), we have u.(z) = tanh(z), v+ = 2, ax = 2, and § = 4/3. Suppose in addition that a; = «
for all i. Then, the dynamics (43) reduces to

¢ 12620 (a+ 1)

To ~ o (s + Ka)e ™ 0770 — (K 4 Ky)e™ 0] (47)

When (K; + K3)(K3 + K4) > 0, the unique steady-state solution for (47) is

K, +K2) ‘ (48)

e -4 € a1 A2
%o 2+80g(K3+K4
If (K; + K>) <0 and (K3 + K4) <0, then z(t) — z§ for any initial condition z¢(0) € (0,1). In

particular, this occurs when K; < 0 for all .

11



Figure 3: Plot of a domain, D, in which the interface moves toward the right. Note that K; < 0,
K> <0 and K3 >0, K4 > 0 for this domain.

Now suppose K1 < 0, K2 < 0 and K3 > 0, K4 > 0. An example of such a domain is shown
in Fig. 3. In this case, m:] > 0 and hence z¢(t) monotonically approaches the end of the channel
at £ = 1 according to (47). Then, the interface becomes curved and its dynamics evolves by the
curvature flow (6) until the interface collapses against the boundary of the right attachment D
leaving the spatially homogeneous steady-state solution u ~ s_. An analogous situation occurs
when K; > 0, K5 > 0 and K3 < 0, K4 < 0. In this case the interface moves monotonically to the
left and enters the left attachment D_ and collapses against 0D _ leaving the constant steady-state

solution u ~ s4.

3 The Constrained Allen-Cahn Equation

In this section we analyze the dynamics of a solution to (7) of the form given in (8), which has two
straight-line interfaces in the channel region R located at x = o (t) and = = z1(t). We assume that

t is such that these interfaces lie within R so that
0<zo(t) <z(t) < 1. (49)
We then define d;(¢t) by

do(t) = mo(t), dyi(t) = z1(t) — zo(t), do(t) =1 —z1(2) . (50)

12



Thus, dy and dy are the distances from x¢ and z; to the left and right attachments D_ and D,
respectively.
For a solution to (7) of the form (8), it follows that ¢ in (7a) is exponentially small and that u

is given asymptotically by (see [14])
u(x,t) ~ @z; 20 (t), 21 (t)] = ue [e ' (z — 20 ()] +ue [e (@1 () — 3)] — 554 . (51)

Here u.(z) is the solution to (12) with the asymptotic behavior (13). The mass m in (7c) must be

consistent with this solution so that for € < 1 we require
m:/ Wdx ~s_ (Vo +Vy)+s_ (1—di) + sydi, (52)
D

where Vi are the volumes of Dy. We assume that m is such that (52) has a solution d; with
0 < d; < 1. Since mass is conserved for (7), it follows that on time intervals where d; > 0 for
7 =0,1,2, we have

dy=—-d, d,=0. (53)

We assume that the initial condition for (7) has the form (51) for some z¢(0) and z;(0) satisfying
0 < z0(0) < z1(0) < 1.
We proceed by deriving a differential equation for dg(t). Then da(t) is determined by

do(t) =1 —dy —dy(t), (54)

where d; is given in terms of m by (52). In the analysis below we omit the details of the calculation

that are similar to those in §2. We first linearize (7) around %€ by writing
u(x,t) = @[z; 20 (), 21 ()] + v(x,1), (55)
where v < €. This yields the linearized problem

LE’UE€2A’U+QI(ﬂ6)1)=8tﬂ6+’l)t—E+(T, x€eD, (56a)
Opv = —0,4%, x € 0D. (56b)

Here E is the layer interaction term defined by

E = E(z;30,21) = Q (a°) — Q (ucfe ' (z — 20)]) — Q (ucle ' (z1 — 3)]) . (57)

The corresponding eigenvalue problem is (18) where u, in (18a) is replaced by @€. By simi-

lar reasoning as in §2.1, the first two eigenvalues of this problem are exponentially small and the

13



corresponding eigenfunctions ¢g and ¢ are given asymptotically by

¢; ~ M; (u'c[(—l)je_l(x — ;)| + ¢Lj) ,  j=0,1. (58)

Here M; is a normalization constant and ¢ ; is a boundary layer function localized near 0D, that
is needed to satisfy the boundary condition (18b) exactly. However, since the support of ¢g is
concentrated in an an O(e) region near zg, which lies to the left of z1, in the analysis below we need
only calculate ¢ro on 0D_. Similarly, we need only calculate ¢r1 on the boundary 0D of the right
attachment D .

By using a boundary layer analysis as in §2.1, we derive the following boundary formulae for ¢q
and ¢1:

o ~ Mya_v_ev-< (===0) 1-v_ng,), on D_, (59a)
d1 ~ Mia_v_e’-< (@—2) 1+v_n,), on 0D, , (59b)

where n, is the z-component of the unit outward normal vector n to 0D. Here the normalization

constants M; can be evaluated as
_ o — ~1/2
My = M; = M = (eLp) , (60)

where 3 is defined in (26). The corresponding exponentially small eigenvalues Ao and A\; can be
estimated as in §2.1.

Since A¢ and \; are exponentially small we can make the quasi-steady approximation v; < 0,4
in (56a). We then expand the solution to (56) in terms of the eigenfunctions ¢; as in (38). In place

of (39), the coefficients ¢; in the expansion are now

¢j = (¢;,00) — (E, ;) + 0 (¢5,1) + € /ap ¢;j0natds,  j=0,1,... (61)

Upon imposing the limiting solvability conditions that ¢¢ = 0 and ¢; = 0, we get the coupled
equations

(¢0,0,0) ~ (E, o) — 0 (¢o,1) — € - GoOnii€ ds (62a)

(61,0:0°) ~ (E,¢1) — 0 (¢1,1) — € - $10,0 ds . (62b)

These equations will determine o(t) and an ordinary differential equation for dq(%).

14



Next, we evaluate the terms in (62). A simple calculation using (51) and (58) shows that the

following formulae for the inner products are valid to within negligible exponentially small terms:
(9,6, 6;) ~ —(=1)7LAMz;,  (¢j,1) ~eL(s4 —5-), j=0,1. (63)

Therefore, since dy = —d,, dy = x, dy = —z; we can subtract (62a) and (62b) and use (63) to get

a differential equation for dq(t)

2o LMB ~ (E,¢1) — (B, o) — > |  ¢10,0ds +€> |  $od,uds. (64)
8D oD

Similarly, by adding (62a) and (62b) we get an equation for o(t)

2eLM (51 —s5_)o ~ (E,¢0) + (E, 1) —€> |  ¢10,0%ds —€* | ¢oOnii€ds. (65)
oD oD

The interaction terms (E, ¢;) in (64) and (65) can be evaluated asymptotically for e — 0 as in [14]
with the result
(B, ¢;) ~ —2eMa’v2e™+€ 4 j=0,1. (66)

In addition, upon comparing the asymptotic orders of the two boundary integrals on the right sides
of (64) and (65), we conclude that we can asymptotically approximate the boundary integral for
¢o over 0D with one only over D_. Similarly, the integral involving ¢; can be asymptotically
approximated by one only over D . From this observation, and by using (66), we can reduce (64)

and (65) asymptotically to

2dgLMB ~ —€ $10,0E ds + € GoOnii€ds, (67)
8D, 8D_

2¢LM (s, —s5_)o ~ —4eail/ie_”+6_1d1 —é $10,1€ ds — € Po0,ii€ds. (68)
oDy aD_

The final step in the derivation is to asymptotically calculate the boundary integrals in (67) and
(68). This is done as in §2.1. We first asymptotically evaluate the integrands in these expressions by
using (13), (51), and (59). Then, the resulting Laplace-type integrals are evaluated asymptotically
as € — 0 in terms of the local properties (2) of D at the corners of the channel R. In this way, we
obtain

e boOni€ ds ~ —ea® V2 M (K1C— (a1) + Kal_(az)) e 2v-€ do | (69)
oD_

e $10,i€ ds ~ —ea® v2 M (K3C_(a3) + K4C_ () e=20-€ 2. (70)
8Dy
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Here K; and «; are defined in (2) and (_(«) is defined by

() = (i) o T(a+1). (71)

Finally, by substituting (69) and (70) into (67) and (68), we get the key metastability result:
Proposition 3: (Metastability for (CAC)) For e — 0 consider a two-layer solution for (7) of
the form (51). Define the distances d;(t) as in (50). Then, when xo and x1 are in the channel R,
the distance do(t) between xo and the edge of the attachment D_ satisfies the following asymptotic
nonlinear differential equation

2.2

. ealv?

dw“ﬁFHmL%HKmWMf“F%—mmﬁm+m¢me““%} (72)

Here dy is determined in terms of do by (54). For such a solution, the function o(t) in (7) is given
asymptotically by

2 .,2

T~ il =y (s (e) K (a]e T+ KA () + Kl (ag)] e
2.2
e 2

Herev_,a_, 8, (_(a) and a;, K;, are defined in (14a), (14b), (26), (71), and (2), respectively.

We now determine the equilibrium solution. Define A and B by
A=K3( (a3) + K4((aa),  B=Ki((a1)+Ks( (). (74)

Then (72) has a unique steady-state solution d§ when AB > 0. In this case, the equilibrium values

x§ and z§ are readily found to be

1-— B 1 B
Zo ~ (1-d) + Llog (—) , x1 ~ (1+d) + %log (Z) . (75)

2 4u_ A 2

This equilibrium is stable when A < 0 and B < 0 and is unstable when A > 0 and B > 0. This
leads to the equilibrium result:

Corollary 2: (Stable Equilibria) Assume that D is locally non-convexr near each corner so that
in (2) we have K; < 0 for all i. Then, for € < 1, (7) admits a stable spatially inhomogeneous

equilibrium solution u® of the form

e

ut(x;€) ~ uc [e7 (z — )] + ue [ (25 — )] — 54 (76)
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Here u. satisfies (12) and x§ and z§ are defined in (75).
For the specific example where Q(u) = 2(u —®) and a; = « for all 4, the dynamics (72) reduces

for e € 1 to
)] 6€a+2F(OZ + 1)

R
When (K7 + K2)(K3 + K4) > 0, the equilibrium values of o and z; are
2 (].—dl) K|+ K> e (1+d1)+fl K+ K,
0 2 K3+ Ky’ 1 2 8 Ki+ Ky~

€
8
This solution is stable when (K7 + K») < 0 and (K3 + Ka) < 0.

[(Kg + K4)674€_1d2 — (Kl + K2)€746_1d0j| . (77)

+

(78)

4 The Tristable Allen-Cahn Equation

In this section we analyze the dynamics of a staircase-type solution to (9) of the form (11). Let the
interfaces in R be located at x = zo(t) and = x4 (t) and assume that ¢ is such that

0<zo(t) <z(t) < 1. (79)

The distances d; are as defined in (50).

The staircase solution (11) can be represented as
u(x,t) ~ @z; 2o (t), 21 (t)] = ue [e7 (@ — 20 (t))] + uc [ (z — 21 ()] + 5. (80)
Here u.(z) is the heteroclinic connection satisfying

up + Q(uc)
uc(0) =

0, —00 < 2z< 00, (81a)
, uc(£oo) = +s, (81b)

where ((u) has the properties listed in (10). The far-field behavior of u.(z) is given by

]1/2

uc(z) ~ £sFaet?, as z— +oo; V= [—Q'(—s) , (82)

where a is a positive constant. We assume that the initial condition for (9) has the form (80) for
some o (0) and z;(0) satisfying 0 < z¢(0) < z1(0) < 1.

We proceed by deriving a coupled set of differential equations for do(t) and d;(¢t). We first
linearize (9) by introducing v as in (55). In place of (56), we find that v satisfies the linearized

problem

Lo =Av+ Q' (@) v =84 +v, — E, x €D, (83a)
Opv = —0,0°, x€OD. (83b)
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Here E is the layer interaction term defined by
E = E(z;30,71) = Q (1) — Q (ucfe ' (z — 20)]) — Q (ucle™ (z —21)]) - (84)

The corresponding eigenvalue problem is (18) where u. in (18a) is replaced by %€. The first two
eigenvalues of this problem are exponentially small and the corresponding eigenfunctions ¢ and ¢;

are given asymptotically by

by~ M (wfe '@ =) + 1) . G=0.1, (85)

where the normalization constant M satisfies
—1/2 Y R AP
M~ (LB)™Y?, p= [uc(z)] dz. (86)

Here ¢r; is a boundary layer function localized near dD4. For similar reasons as in §3, we need
only calculate ¢ro on dD_ and ¢, on 8D,.

By using a boundary layer analysis as in §2.1, we derive in place of (59),

o ~ Mavevs  (==0) (1—-vn,), on 0D_ | (87a)
o1 ~ Mave's  (@1=2) 1+vn,), on 0D, . (87b)

The corresponding exponentially small eigenvalues A\g and \; can be estimated as in §2.1.
Since A¢ and \; are exponentially small we can make the quasi-steady approximation v; < 8,4
in (83a). We then expand the solution to (83) in terms of the eigenfunctions ¢; as in (38). In place

of (39), the coefficients ¢; in the expansion are now

6 = (65,0 = (Bdy) +€ [ gidnads,  j=01L... (38)
aD
Upon imposing the limiting solvability conditions that ¢¢ = 0 and ¢; = 0, we get the coupled
equations

(¢0,8:0) ~ (E,¢o) — € $00, G ds, (89a)

8D
(61,8:0) ~ (E,p1)—€ | ¢10,u ds. (89b)

D

These equations provide differential equations for dy(t) and dy (). Then da(t) is found from ds () =
1 —do(t) —du(t).
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Next, we evaluate the terms in (89). A simple calculation using (80) and (85) yields
(8@, ¢;) ~ —LBMz;,  j=0,1. (90)
In addition, it was shown in [14] that for € < 1,
(E,¢;) ~2eM(=1)7a’v?e €1 j=0,1. (91)

By combining (89a) and (89b) and using (90) and (91), we obtain differential equations for do(t)
and d; (¢),

d\LMB ~ 4a’vlee€ 4 4 ¢ $10,0€ ds — €2 $o0, 0 ds, (92a)
D, aD_

dyLMB ~ —2avee € % 4 2 $00, 1€ ds . (92b)
oD_

Next, we estimate the boundary integrals in (92). We use (80), (82), and (87) to determine the
integrands and then use Laplace’s method to asymptotically evaluate the integrals in terms of the
local properties at the corners of the channel R given in (2). We obtain,

e[ gobni€ds ~ —ea?v®M (Ki((an) + K((ap))e € %, (93)
o8D_

e 10,1 ds ~ ea’®M (K3((as) + Kal(as)) e € (Ido—di) (94)
8D

Here K; and «; are defined in (2) and ((«a) is defined by

) re+. (95)

(o) = (5
Finally, substituting (93) and (94) into (92) we obtain the metastability result:
Proposition 4: (Metastability for (TAC)) For € — 0 consider a two-layer solution for (9) of
the form (80). Define the distances d;(t) as in (50). Then, when xo and x1 are in the channel R,
the distances do(t) and dy(t) satisfy the coupled set of asymptotic nonlinear differential equations

, ea’v? —2ve (1—do—d1) —2ve-1d

dy ~ L3 {[KsC(as)+K4C(a4)]€ o+ [Ki((a1) + Ka((az)]e °
+4e*"€‘1d1} . (96a)

dy ~ —%{[K1<<a1)+ch<a2)]e—2”f‘1do+2e—"6‘1d1}. (96b)

Here v, a, 8, ((a) and «;, K;, are defined in (82), (82), (86), (95), and (2), respectively.
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Define A and B by
A= K3C_(a3)+K4C_(a4), B :ch_(al) +K2C_(OL2). (97)

Then (96) has a unique steady-state solution d§, df when AB > 0. When AB > 0, we can easily
find that z§ and z{ are given for e < 1 by

1 € 44 3 € 4B
o~ — ——1 — {~ =+ —1 — .
VYT 08 (B3> ity °g<A3) (98)
This equilibrium is stable when A < 0 and B < 0 and is unstable when A > 0 and B > 0. This
leads to the equilibrium result:
Corollary 3: (Stable Equilibria) Assume that D is locally non-convexr near each corner so that

in (2) we have K; < 0 for all i. Then, for € < 1, (9) admits a stable spatially inhomogeneous

equilibrium solution u® of the form
ut(x;€) ~ uc [e M (z — )] +uc [ (z —z7)] + 5. (99)

Here u. satisfies (81) and x§ and z§ are defined in (98).
As an example, let Q(u) = —sin[r(u + 1)]. From (81) and (82) we calculate

4 — Tz 4 8
uc(z)zgtanl[e\f]—l, a=—, v=+/7, 6:m. (100)

Assume that a; = @ and K; < 0 for ¢ = 1,..,4. Then, from (98), the locations of the internal layers

for the stable equilibrium solution are

. € 4(K3 + Ky) e 9 € 4(K; + K>)
KAV (@(Kl +K2)3) Tyt RE 8 (42(K3 +K4)3> > (o)
where e
¢ = (m) T(a+1). (102)

Thus, we have z§ — 1/4 = O (eloge) and z§ — 3/4 = O (eloge).
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