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Abstract

The behavior of the solution to two nonlinear heating problems in a thin cylinder of revolution
of variable cross-sectional area is analyzed using asymptotic and numerical methods. The first
problem is to calculate the fold point, corresponding to the onset of thermal runaway, for a
steady-state nonlinear elliptic equation that arises in combustion theory. In the limit of thin
cylindrical domains, it is shown that the onset of thermal runaway can be delayed when a
circular cylindrical domain is perturbed into a dumbell shape. Numerical values for the fold
point for different domain shapes are obtained asymptotically and numerically. The second
problem that is analyzed is a nonlinear parabolic equation modeling the microwave heating of
a ceramic cylinder by a known electric field. The basic model in a thin circular cylindrical
domain was analyzed in Booty and Kriegsmann [Methods Appl. Anal., Vol. 4, No. 1, (1994),
p. 403]. Their analysis is extended to treat thin cylindrical domains of variable cross-section. It
is shown that the steady-state and dynamic behavior of localized regions of high temperature,
called hot-spots, depend on a competition between the maxima of the electric field and the
maximum deformation of the circular cylinder. For a dumbell-shaped region it is shown that
two disconnected hot-spot regions can occur. Depending on the parameters in the model, these
regions, ultimately, either merge as time increases or else remain as disconnected regions for all
time.

1 Introduction

The behavior of the solution to two nonlinear heating problems in a thin cylinder of revolution of
variable cross-sectional area is analyzed using asymptotic and numerical methods.

The first problem is to determine the conditions for the onset of thermal runaway of an exother-
mically active material contained in a long cylinder of revolution. The cross-sectional shape of the
cylinder is given by R = Rog(Z/L), where L is the length of the cylinder, Ry is a typical radius of
the cross-section, and g(z) > 0 is a dimensionless function. A typical plot of the cylinder is shown
in Fig. 1. The dimensional steady-state temperature U(Z, R) is taken to satisfy

1
Uzz-l-URR-I—EUR-f—F(U):O, 0<R< Ryg(Z/L), 0<Z<L, (1.1a)
U(0,R) = Upuq(R/Ry) , U(L,R) = Upup(R/Ry) , (1.1b)
Un+BU =0, on R=Ryg(Z/L). (1.1c)
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Here B > 0 is the Biot number, U,, denotes the outward normal derivative, and Up is a typical
temperature at the ends of the cylinder. The temperature distribution at the ends of the cylinder,
given in (1.1b), is allowed to be nonuniform. These boundary conditions at the ends of the cylinder
are chosen only for convenience. As remarked following equation (2.12) below, we could also allow
boundary conditions that model partial insulation. The reaction is modeled by an Arrhenius-type
heat generation term F'(U). The precise dimensionless form for F'(U) is given in (2.1) below.

For a certain range of parameters, there can be multiple solutions to (1.1) and the corresponding
response diagram can be S-shaped. The lower fold point on the response diagram corresponds to
the onset of thermal runaway. Our goal is to determine how this point depends on the shape of
the cross-section of a cylindrical domain when the domain is thin and the Biot number B is small.
In §2 we introduce an appropriate nondimensionalization of (1.1). In the asymptotic limit of a
thin domain and small Biot number, similar to the asymptotic limit considered in [4], we derive an
asymptotic nonlinear differential equation for the nondimensional temperature u. This differential
equation has variable coefficients that depend on the cross-sectional radius ¢g(z). In §2.1 we outline
some previous results of [2], [8], [10], and [15] for the bifurcation diagram associated with this
differential equation in a straight circular cylinder where g(z) = 1. In §2.2 we use asymptotic
and numerical methods to compute the lower fold point for different cross-sectional shapes of the
cylinder. Typically one might expect that the onset of thermal runaway is hastened when the
cross-sectional area is increased since more heat can be generated internally. However, we show
that that the onset of thermal runaway can in fact be delayed when a circular cylindrical domain
is deformed into a dumbell shape, even though the cross-sectional area is increased at each point
along the axis of the cylinder.

The second problem that we analyze is a time-dependent nonlinear diffusive problem that arises
when modeling the microwave heating of ceramic fibers in a cylindrical domain of variable cross-
sectional area. The basic model in a cylinder of constant cross-section was first introduced in [4].
Following [4], the dimensional model problem for the temperature T' = T'(R, Z,t) in the ceramic
cylinder of revolution 0 < Z < L, 0 < R < Rog(Z/L) is

%UﬂﬂU:V{KVﬂ+g%lﬁﬁﬁﬁdﬂn. (1.2)
One of the key assumptions of the model of [4] is that the electric field E(Z) = Eysin(rZ/L) is
known independent of the temperature. The boundary conditions and the initial condition for (1.2)

are
oT PR
Ka—+h(T—Ta)-|—se(T —T,)=0, on R=Ryy(Z/L), (1.3a)
n
T(R,0,t) =T,, T(R,L,t)=Ts, T(R,Z0)=T,. (1.3b)



Figure 1: Plot of a typical cylinder of revolution.

In (1.2) and (1.3), C, is the specific heat, p is the density, K is the thermal conductivity, o is the
effective electrical conductivity, h is the surface heat transfer coefficient, e is the emissivity of the
surface, s is a radiative heat loss parameter, T, is the ambient temperature, Fy is the intensity
of the electric field, and Ry is a typical cross-sectional radius. The functions p, C,, K, and o are
assumed to depend on the temperature T', with ¢ having an Arrhenius-type dependence on T.

The model (1.2) and (1.3) of [4] is the simplest model of microwave heating. However, it has
two main physical limitations that are associated with very high temperature phenomena. Firstly,
it assumes that the electric field is given, thereby neglecting the influence of the temperature field
on the electric field. This reverse coupling effect, which arises through the temperature dependent
coefficients in Maxwell’s equations, should be important for very high temperatures (cf. [11], [14]).
For a semi-infinite waveguide this aspect has been studied in [14] in the asymptotic WKB limit where
the electrical conductivity is small compared to the microwave frequency. The other limitation
of this model is that an Arrhenius-type dependence of the conductivity on the temperature is
appropriate only when the temperature is not too large. Thus, the saturation of the Arrhenius
nonlinearity should not be the mechanism by which the hot-spot is stabilized. Typically, the
Arrhenius form for the conductivity should be a replaced by a simple exponential function of the
temperature (cf. [11]). With this modified form for the conductivity, and at very large temperatures,
it was shown in [11] that it is a cavity detuning effect that stabilizes a hot-spot solution. This
detuning effect leads to a nonlocal reaction-diffusion equation for the temperature. Some theoretical
aspects of this nonlocal reaction-diffusion equation is studied in [5].

In the limit of a thin domain and a small Biot number, a solution to (1.2) and (1.3) was



constructed asymptotically in [4] that had a slowly propagating region (i. e. a hot-spot) where the
temperature was very high. Our goal is to extend their analysis to a cylindrical domain of variable
cross-section and to determine the effect of the variable cross-sectional area on the evolution of
such a hot-spot. In §3 we nondimensionalize (1.2) and (1.3). In the limit of a thin domain and
small Biot number, we derive a nonlinear heat equation for the nondimensional temperature u of
the form

2
(u+ DI, = ;—2 [Fagzvz]z +h(z,u), 0<z<1,; u(0,t) = u(1,t) = u(z,0) =0. (1.4)

Here T" and « are positive functions of u, and h(z,u) is a certain function that depends on the
electric field, on g(z), and on u. Since the hot-spot region is not adjacent to either of the two ends
of the cylinder, the precise boundary condition that we choose at the ends of the cylinder is not
critical to the analysis. In particular, the insulating boundary conditions on z = 0 and z = 1 taken
in [4] leads to the same results for the hot-spot evolution.

In §3.1 and §3.2 we show that the steady-state and dynamic behavior of hot-spots for (1.4)
depend on a competition between the maximum of the electric field and the maximum deformation
of the circular cylinder. The tendency of the electric field is to try to generate a hot-spot region
near its maximum value, which occurs at the midpoint z = 1/2. However, if the electric field was
spatially constant, a hot-spot would develop in a region where the cylinder was thick enough. Thus,
an interesting competition can arise when a circular cylinder is perturbed into a dumbell-shape.
For such a domain, it is shown in §3.2 that two disconnected hot-spot regions can occur. Thin
diffusive interfaces, which propagate slowly in time, provide the transitions between the low and
high temperature regions. By determining how these interfaces propagate, we show that these
hot-spot regions, ultimately, either merge as time increases or else remain as disconnected regions
for all time. Specific conditions that determine which of these two distinct behaviors will occur
are derived. This behavior is qualitatively similar to the well-known phenomena of diffusive wave-
blocking that has been studied in [3], [7], [13] (see also the references therein) for certain other
spatially variable coefficient nonlinear problems of the form (1.4).

2 Thermal Runaway in a Long Cylinder of Revolution

We begin by introducing appropriate dimensionless variables for (1.1) under the assumption that
the cylinder is long (i. e. Ry/L < 1) and that the cross-section of the cylinder is nearly insulating
(i. e BRy < 1). A similar asymptotic limit for the microwave heating problem was considered in



[4]. We first introduce a dimensionless heat generation term f(u) defined by

f(u) = F(Uyu)/Fy = exp [ﬁ] . (2.1)

Here 8 > 0 is the dimensionless activation energy parameter and Fjy is a measure of the heat
generation, which depends on the material under consideration. We then introduce dimensionless
variables by

z=7Z/L, r=R/Ry, u=U/Uy, e=Ry/L, (2.2)

where € < 1. In terms of these new variables, (1.1) becomes

0 1 FyR?
€zz + Uy + —ur + i f(u) =0, 0<r<g(z), 0<z<1, (2.3a)
0
uw(0,7) = uy(r), uw(l,7) = up(r), (2.3b)
, L2\ 1/2
ur — €%g (2)u, + RoB (1 + €2 [g (z)] ) u=0, on r=g(z2). (2.3¢)

In order for there to be a nontrivial solution to (2.3) we require that the generation of heat inside
the cylinder is balanced by the diffusion of heat along the length of the cylinder. In addition, we
will assume that the boundary of the cylinder is nearly insulating. Hence, we take

2

RoB = &%, Folg _ A, (2.3d)
Uo
for some b and A that are O(1) as € — 0. Thus, (2.3) becomes
1

€2uzz+uw+;ur+52Af(u):O, 0<r<g(z), 0<z<1, (2.4a)
’U’(O’ lr) = ua(r) ’ U,(].,’l") = ub(r) ’ (24b)

, .2\ 1/2
U, — €29 (2)u, + €%b (1 + €2 [g (z)] ) u=0, on r=g(z). (2.4c)

Finally, a convenient measure of the norm of the solution is given by

1 rg(2)
o :/ / uw?r drdz . (2.5)
o Jo

The type of domains that we will consider are those for which g(0) = g(1) = 1, g(z) > 0 for
0 < z < 1, and g(2) is an even function about the midpoint value z = 1/2.



We now calculate the solution branch u = u(z,7;a,¢), A = A(a;€) in the limit ¢ — 0. For
strictly one-dimensional problems where g(z) = 1 and b = 0 it is well-known that the graph of «
versus A can be S-shaped having two simple fold points (cf. [2]). The lower fold point represents
the ignition point for the onset of thermal runaway. Our main goal is to calculate the ignition point
for (2.4) in the limit ¢ — 0.

The problem (2.4) is a singular perturbation problem with an outer region defined away from
the ends of the cylinder and with inner regions defined near the ends of the cylinder. To analyze
this boundary layer structure for (2.4), we use a singular perturbation method of a type similar to
that used in section 3.3 of [9] to study the asymptotic behavior of a linear heat equation in a thin
cylindrical domain.

For a fixed value of «, the solution to (2.4) in the outer region is expanded as

u=uv(z,r) +%us(z,7) + -+, A=A+ X +---. (2.6)

Substituting (2.6) into (2.4a) and (2.4c), we obtain the O(1) problem
1
L’UEUM-I—;’UT:O, 0<r<g(z); v, =0, on 7r=g(z). (2.7)
From (2.7), we conclude that v = v(z). The O(g?) problem is

Lui = —v — Af(v), 0<r<g(z), (2.8a)
ur =g (2)v —bv, on r=g(z). (2.8b)
Since L1 = 0, (2.8) must satisfy a solvability condition. This condition yields a differential equation

for v(z). To derive this equation, we integrate (2.8a) and use the boundary condition (2.8b). Then,
we substitute u ~ v into (2.5) to calculate . In this way, we obtain the following problem for

v(z;Q):
(9@ + 6@ M) = 20(2)bo, (2:92)
1
a= % /0 v? [g(2))% dz. (2.9b)

To obtain effective boundary conditions for v, we need to insert boundary layers near the ends

of the cylinder. Near z = 0, we introduce the new variables y = ¢!

expand @ = g + O(g?). From (2.3), we find that i (y, r) satisfies

z, u(y,r) = u(ey,r), and we

Uoyy + L =0, 0<r<go, 0<y<oo; U(0,7) =uq(r); or(g0,y)=0, (2.10)



where go = g(0). By separating variables, we calculate the solution to (2.10) as

o
to(y,r) = Ao + Z Ando (K[ g0) € "nY/% | (2.11a)

n=0

where Jy(z) is the usual Bessel function of order zero. Here &, for n > 1, are the roots of Jy(z) = 0.
The constants Ag and A, for n > 1 are given by

Ao= 2 /0 P ey dr, Ay = /0 ” rta(r)Jo (Rt /g0) dr ( /0 " v Lo (5nr /g0 dr) o

g2
(2.11b)

The matching condition is that @g(y,r) must agree as y — oo with v(z) as z — 0. Thus, Ay = v(0).
A similar analysis can be done near the endpoint at z = 1. The inner solution is now given by
(2.11) with y = e~!(1 — 2) and with u, and go replaced by u, and g; = g(1), respectively. A similar
matching condition determines v(1). In this way, we get the effective boundary conditions for (2.9)

2 g0 2 g1
v(0) = —2/ ruq(r)dr, v(l) = —2/ rup(r) dr . (2.12)
90 Jo g1 Jo
Thus, v(0) and v(1) are the average of the temperature distributions at the ends of the cylinder.
The boundary layer analysis has provided effective end conditions for the temperature profile in
the middle region of the cylinder. Other types of boundary conditions at the ends of the cylinder
could also have been considered. In particular, by allowing for a partially insulating boundary
condition at the left end of the cylinder of the form wu, + h(u — u,) = 0, only the details of the
boundary layer solution near y = 0 would change. The result (2.12) for v(0) from the matching
condition would be the same.
In §2.2 we study the problem for v given by (2.9) subject to the boundary conditions (2.12).
However, before doing so, in §2.1 we review some of the qualitative properties of the solution to
(2.9) when g(z) = 1.

2.1 A Circular Cylinder of Constant Radius

In this subsection we assume that we have a circular cylinder of constant radius with g(z) =1 in
(2.9). We also take v(0) = v(1) = 0 as the boundary conditions for (2.9). We let v = w and A = Xg
be the solution to (2.9) when g(z) = 1, so that

w + Aof(w) —2bw =0, 0<z<1, (2.13a)
1 1

a= 5/ w?dz; w(0) = w(l) =0, (2.13b)
0



where f(w) = exp [w/(1 + fw)].

We first consider the case where b = 0. In this case, it is well-known (cf. [2]) that multiple
solutions for (2.13) can occur for some range of A\. More specifically, for 0 < 8 < S, the graph of
« versus Ag is S-shaped and has exactly two simple fold points. As  tends to the critical value G,
the simple fold points coalesce producing a higher order cubic fold point. For the slab geometry,
the critical value 3, = 0.2458 has been computed previously using different numerical methods (see
[10], [8], [15]). In the special case when 8 = 0, so that f(w) = e, there are exactly two solutions to
(2.13) on the interval 0 < A\g < A§ and no solutions when Ay > A§. When = 0, we can explicitly
calculate a one-parameter family of solutions w(z;v) to (2.13) as

coshy 9
;7) = 2lo Moly) = h 2.14
w(z;7) = 2log (coshh( 2% —1) ) (7) = 87?sech®y, (2.14a)

/ w(z ) dz. (2.14b)

The unique fold point is located where A\, (y*) = 0. This condition yields the following transcen-
dental equation for the critical value *:

1 =~"tanh~". (2.14¢)

The solution is v* = 1.1997 and Ao(y*) = Aj = 3.5138. A numerical computation gives o =
L f3 Tw(z;7v%))? ~ 0.35578.

For 8 > 0, or b > 0, we must compute the solution to (2.13) numerically to determine the
ignition point for thermal runaway. To do so, we form an extended system by solving (2.13)
together with the following boundary value problem obtained by differentiating (2.13) with respect
to o

w:; + )\of’ (w)wg — 2bwg = —Aoaf (W), 0<z<l1, (2.15a)

1= /0 WWg dz ; we(0) = wu(1) =0. (2.15b)

For specific b and 8, (2.13) and (2.15) are solved simultaneously as a function of « by using the
boundary value solver COLSYS [1]. Newton’s method is then used to calculate the value @ = a* at
which Agq (@) = 0 with Apae(a*) < 0. This determines the ignition point as A\j = Ag(a*). We then
track this fold point as a function of either b or 8 by appending the conditions Ag,(a*) = 0 and
Aoaa (@) < 0 as side constraints in the numerical solution of (2.13) and (2.15). A similar approach
was used in [15] to treat a related problem. The limiting result (2.14) for § = b = 0 is used to
partially check our numerical results. For future reference, as needed below in §2.2, we define w*



and w}, by
0
w*(z) = w(z;a"), wi(z) = a—w(z, a). (2.16)
!

In Fig. 2(a) we plot a versus Ay near the lower fold point for three values of § when b = 0.
Similar plots are shown in Fig. 2(b) for three values of b when 8 = 0. In Fig. 3(a) we plot the lower
fold point A§ as a function of b for three values of 3. In Fig. 3(b) we plot the lower fold point on
the interval 8 € [0,0.2] for three values of b. Notice that the fold point value Aj§ is an increasing
function of both b and 8. Thus, as either b or § is increased, the onset of thermal runaway is
delayed. Some particular critical values for A}, corresponding to the y-intercepts in Fig. 3(a) and
Fig. 3(b), are

B=0, b=0, — A:=3514; B=01, b=0, — A =3.953;
B=02, b=0, — M, =4648; B=0, b=125, — A =4.405; (2.17)
B=0, b=25, — X, =5297.
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(a) b = 0; Three values of 3. (b) B8 = 0; Three values of b.

Figure 2: Plots of « versus Ag for a circular cylinder of constant cross-section. In Fig. 2a, =0 is
the heavy solid curve, 8 = 0.1 is the dotted curve, and 8 = 0.2 is the solid curve. In Fig. 2b, b =0
is the heavy solid curve, b = 1.25 is the dotted curve, and b = 2.5 is the solid curve.

2.2 Quasi One-Dimensional Nonlinear Heat Conduction

In this subsection we assume that g(z) # 1 and that v(0) = v(1) = 0 are the boundary conditions
for (2.9). To determine the lower fold point for (2.9) we solve (2.9) numerically together with the
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(a) Three values of 8. (b) Three values of b.

Figure 3: In Fig. 3a we plot Aj versus b for § = 0 (solid curve), 8 = 0.1 (dotted curve), and
B = 0.2 (heavy solid curve). In Fig. 3b we plot Aj versus [ for b = 0 (solid curve), b = 1.25 (dotted
curve), and b = 2.5 (heavy solid curve). Each of these plots are for a circular cylinder of constant
cross-section.

following boundary value problem obtained by differentiating (2.9) with respect to «:

" : 2b 29
Vo + Af (V)va — —vg :—?g'ua—)\af(v), 0<z<1, (2.18a)

. g
1= / [9(2)]* vvg dz; 10(0) = v4(1) = 0. (2.18b)
0

The numerical computations are done using COLSYS [1]. To determine the lower fold point a = o*
and A* = A(a*), we append the side constraints A\, (a*) = 0 and Aye(a@*) < 0 to this extended
system and use Newton’s method.

Numerical results for \* = A(a*) are given below for a g(z) of the form

g(z) =14 6h(z), h(z) = cz(1 — 2) [exp (=22 /20?) + exp (—22 /20%)] , (2.19a)
where 0 < § < 1. In (2.19a) we have specified

1
2y =z — % ta; /0 [h(z)?dz=1. (2.19b)

The normalization condition in (2.19b) determines ¢ = c¢(a,0). When a = 0 the cylinder has a
bell-shaped profile centered at z = 1/2. However, as a — 1/2, g(z) has a dumbell shape where it

10



is thicker near the ends of the cylinder than in the middle. As we show below, this difference in
the shape of the boundary profile has an interesting qualitative effect on the behavior of the fold
point. Plots of h(z) and g(z) when § = 0.15 and ¢ = 0.1 are shown in Fig. 4(a) and Fig. 4(b) for
three values of a.

2.5 T T T 1.5 T T T

/
0.0 L { . ) - 05 . . .
0.0 0.25 0.50 0.75 L0 0.0 0.25 0.50 0.75 L0
z z
(a) h(2) (b) 9(2)

Figure 4: Plots of the functions h(z) and g(z) for three values of a when ¢ = 0.1 and § = 0.15.
The heavy solid curve is a = 0.5, the dotted curve is a = 0.25, and the solid curve is a = 0.

To get some analytical insight into the effect of the profile g(z) on A\*, we calculate A\* asymp-
totically when § < 1. For a fixed «, we expand the solution to (2.9) when § < 1 as

v=wA46vi+--, A=A+ 0A +---. (2.20)

Substituting (2.20) and g(z) = 1+ 0h(z) into (2.9), we obtain that w and )\ satisfy (2.13), and
that v, satisfies

Luy = v) + Nof (w)vy — 2bvy = —Ay f(w) — 2h'w — 2hbw (2.21a)
1 1
/ wuy dz = —/ hw? dz; v1(0) =v1(1) =0. (2.21b)
0 0

Let \* and Aj = Ao(a*) denote the fold point locations for the perturbed and the unperturbed
(6 = 0) problems, respectively. Then, when § < 1, it is easy to see that

A~ AL+ A (@) + e (2.22)

11



When a = «o*, the function w},, defined in (2.16), is a nontrivial solution to Lv; = 0, where
L is given in (2.21a). Thus, when a = o, the right-hand side of (2.21a) must satisfy the solv-
ability condition that it be orthogonal to w}, with respect to the Lo inner product. This condition
determines A\ (a*) as
1 1 1
Al(a*)/ fw"w}, dz = —2b/ h(z)w*w}, dz — 2/ h w* w}, dz. (2.23)
0 0 0
The second term on the right-hand side of (2.23) is integrated by parts and we use (2.15a) to
calculate w* . In this way, we obtain

1 1
A(a”) = %/0 h (bw*w; +wf wE — A(*;f(w*)w;) dz, ¢ E/O fw*)w}, dz. (2.24)

Substituting (2.24) into (2.22), we obtain the expansion of the fold point when § < 1 in terms of
h(z) and of the solution to the circular cylinder problem at the unperturbed fold point location.
When 8 = b = 0 we can use (2.14) to calculate A; explicitly. A simple calculation in this case
shows that

1
(tanh2 p — sech?y + 2p tanh p sechQ,u) h [5 (1 + %)] dup. (2.25)

We now use (2.24) to qualitatively discuss the effect of the boundary perturbation h(z), with
h(z) > 0, on the fold point. If A\i(a*) > 0 (Ai(a*) < 0), then h(z) has the effect of delaying
(advancing) the onset of thermal runaway. There are three integrals that determine the sign of
A1(e*) in (2.24). Since w} > 0 and w* > 0, the first integral on the right-hand side of (2.24),
which is proportional to b, is positive. This term represents the stabilizing effect of the Robin-type
condition on the cylinder boundary. The second integral in (2.24), whose integrand is proportional
to hw*’wZ’ is also positive. This term is a measure of the diffusion of heat along the length of the
cylinder and its effect is stabilizing. In contrast, the third integral in (2.24), which is proportional
to Ay, is negative. This term represents the production of heat inside the cylinder, and its effect is
to destabilize the cylinder. The sign of A1(a*) is determined by a competition between these three
terms.

Physically, when b = 0, an increase in the cross-sectional area of the cylinder allows for an
increased heat production generated by the Arrhenius-type heating term. However, the increase in
cross-sectional area also allows more of the heat generated internally to diffuse along the length of
the cylinder and out from the two ends at z = 0 and z = 1. This type of competition determines
whether the onset of thermal runaway will be advanced or delayed. In particular, suppose that
a = 0 in (2.19) so that h(z) has a single maximum at z = 1/2. In this case, we would expect

12
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(a) a = 0; Three values of J. (b) a = 0.5; Three values of 4.

Figure 5: Plots of a versus A for a cylinder of variable cross-section with § = b =0 and o = 0.1.
In each figure, the solid curve corresponds to § = 0.05, the dotted curve corresponds to § = 0.1,
and the heavy solid curve corresponds to § = 0.15.

that the increased heat production would dominate the small increase in the ability to diffuse heat
towards the ends. However, if a ~ 0.5, so that h(z) has a dumbell shape, we would expect that the
increased heat production would be dominated by the stabilizing effect induced by the increased
cross-sectional area near the ends of the cylinder. Thus, when b = 0, we would expect that the
onset of thermal runaway is advanced when a ~ 0 and is delayed when a =~ 0.5. Mathematically,
this prediction is based on the observation that, as a function of z, f(w*) and w}, have maxima at
z = 1/2, whereas w* and w? have maxima at z = 0 and z = 1. The function h(z) in (2.24) acts
as a weighting function on these quantities.

Our observation that the onset of thermal runaway can be delayed by certain choices of the
cross-sectional shape of the cylinder is reminiscent of another paradoxical cooling effect that occurs
with a linear steady-state heat equation. For a linear heat equation in a concentric annulus with no
sinks or sources present, it is well-known from section 3.3 of [6] that, for an annulus of a sufficiently
narrow gap, the effect of adding insulation to the outer boundary of the annulus can increase the
heat loss through the boundary and thereby cool the material.

For a = 0 and a = 0.5 we plot in Fig. 5(a) and Fig. 5(b), respectively, the curves a versus A
for three values of § when 0 = b = 0 and o = 0.1. The results were obtained from a numerical
solution to (2.9) and (2.18) using COLSYS [1]. In Fig. 6(a) we plot the fold point A* versus a for
several values of 3 when § = ¢ = 0.1 and b = 0. A similar plot is shown in Fig. 6(b) for three
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(a) b = 0; Three values of 3. (b) B8 = 0; Three values of b.

Figure 6: Plots of \* versus a for a cylinder of variable cross-section with § = 0.1 and ¢ = 0.1. In
Fig. 6a, 0 = 0 is the solid curve, 8 = 0.1 is the dotted curve, and # = 0.2 is the heavy solid curve.
In Fig. 6b, b = 0 is the solid curve, b = 1.25 is the dotted curve, and b = 2.5 is the heavy solid
curve.

values of b when 8 = 0. For each of the plots in Fig. 6(a) and Fig. 6(b), the numerical results for
the maximum value of A* as a function of a, denoted by A;,, are

B=0, b=0; A =3.636 when a=0.39,
B=01, b=0; Ay, = 4.091 when a = 0.40,
=02, b=0; Ay, =4.813 when a =0.40, (2.26)
8=0, b=1.25; Ay, =4.516 when a =0.41,
=0, b=25; Ay, = 5.398 when a =0.42.

By comparing (2.17) with (2.26) and Fig. 6(a), 6(b) with the results shown in Fig. 3(a), 3(b), we
conclude that the onset of thermal runaway can be delayed for a dumbell-shaped region. This
was anticipated on physical grounds above. In Fig. 7(a) we plot A* versus § for three values of a
when o = 0.1 and 8 = b = 0. The onset of thermal runaway is delayed for the curve in this plot
that has a positive slope. Finally, in Fig. 7(b), where 0 = 0.1 and § = b = 0, we compare the
numerical result for the fold point A* as a function of § with the corresponding asymptotic result
(2.25). The comparisons are made for the values of a given in Fig. 7(a). The agreement between
the full numerical result and the asymptotic formula (2.25) is found to be close when § < 0.2.
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Figure 7: In Fig. 7a we plot A\* versus J for three values of @ when ¢ = 0.1 and 8 = b = 0. The
heavy solid curve is a = 0, the dotted curve is a = 0.25, and the solid curve is a = 0.5. For each of
these values of g, in Fig. 7b we compare the numerical results (solid curves) for \* as a function of
0 with the asymptotic result (2.25) (dotted curves) that is valid for 6 < 1.

3 Microwave Heating in a Cylinder of Variable Thickness

Following [4], we now introduce appropriate dimensionless variables for (1.2) and (1.3) under the
assumption that the cylinder is long, and that there is little heat escape along the length of the
cylinder. In the notation below, we let H, denote the quantity H evaluated at 7" = T,. The
dimensionless variables are introduced as follows:

z=7Z|L, r=R/Ry, u=T/T,—1, n=nh[Ro(pC,)a] ' t, (3.1a)
pCp = (pC,),T(u), K = Kyk(u), o=oqf(u). (3.1b)

The dimensionless Biot numbers and the power p are defined by
b=hRy/K,, b =seRT2/K,, «a=b/b, p=0c.RoEs/(2hT,). (3.1c)

As in [4], we assume that b — 0 with « fixed, and that the aspect ratio Ry/L < 1 satisfies

b<%<ﬂ%%b+0 (3.2)
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Following [4], we write Ro/L = eb'/?, where b'/? « ¢ < 1. In terms of these dimensionless
variables, we obtain from (1.2) that

b(u+ 1), = % [ku,], + 1" [rruy], + pbf sin®(nz), (3.3a)

in0<z<1,0<r<g(z). The boundary and initial conditions in (1.3a) and (1.3b) transform to

K (ur — 62bgl(z)uz> +b (1 +¢% [gl (z)] 2) v (u+alw+1)?*-1]) =0, (3.3b)

and
u(r,0,n) =0, u(r,1,n) =0, u(r,z,0) =0. (3.3c)

In the analysis below we assume that the dimensionless cross-sectional radius satisfies g(0) = g(1) =
1 and g(z) > 0 for 0 < z < 1. In addition, g(z) is assumed to be a symmetric function about the
midpoint value z = 1/2.

For b — 0, we expand the solution to (3.3) as

u=v+bu +---. (3.4)
Substituting (3.4) into (3.3a) and (3.3b), we obtain to leading order that
[rkvp], =0, in 0<r<g(2); ko, =0, on r=g(z). (3.5)

From (3.5) it follows that v = v(z,7n). The problem for u;, obtained by collecting the O(b) terms

in the expansion, is
r! [rku], = N(v) = —€*[kv,], + [(v + nry, —pf sin?(7z), (3.6a)
with boundary condition
Kkul, = Ke2g (2)v, — (w+alw+1)*=1]), on r=g(z). (3.6b)

By multiplying (3.6a) by r, and then integrating in r from 0 to g(z), we get

1
gLy =3 [9(2))* N (v). (3.7)

r=g(z

Finally, by substituting (3.6b) into (3.7), we obtain that v(z,7) satisfies

[(v+1)T], = &% [kv,], + pf sin®(mz) — 3 (v+allv+ 14— 1]) + 2%&821);5 , (3.8)
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in the domain 0 < z < 1, n > 0, subject to v(0,n) = v(1,17) = v(z,0) =0. In (3.8), I, x and f are
given functions of v.

It is convenient to express (3.8) in the form

[(v+ 1)1, = ;—2 [kg?v:], + [P(2) — G(v)] % : (3.9a)
v(z,0) =0;  v(0,n) =wv(l,n) =0. (3.9b)
Here we have defined P(z) and G(v) by
P(z) = pg(z)sin*(rz),  Gv) =2[f(0)] (v+afw+1)*-1]). (3.9¢)
We take the same models for x and f as in [4]. They are
fw)=1+ce”; g)=14+0%/2 or k) =e"2. (3.9d)

where ¢; > 0 and ¢ > 0. In all of the computations below we take the values ¢; = 500, ¢cg = 13.7,
and « = 0.05, as used in [4]. In Fig. 8 we plot u versus G(u). This curve is S-shaped with simple
fold points at (G, u;) and (G, um), where uy, > u; and G, < Gy (see Fig. 8). We remark that
the graph u versus G(u) has a similar shape for other parameter values.

In the remainder of the analysis below we will take the form (2.19) for g(z). The key parameters
for g(z) in (2.19) are a, o, and . The properties of P(z), inherited from g(z), are that P(z) is
symmetric about z = 1/2 and that P(0) = P(1) = 0. In Fig. 9(a) we plot P(z) versus z when P(z)
is monotone on (0,1/2). A similar plot, but for other parameter values, is shown in Fig. 9(b) when
P(z) is not monotone. As discussed below, the monotonicity behavior of P(z) has a significant
effect on the qualitative dynamics of a hot-spot solution. There are two cases to consider. The first
case is when P(z) is monotone increasing on (0,1/2). In this case there can only be one hot-spot
region. However, when P(z) has two maxima on (0,1), such as shown in Fig. 9(b), two different
hot-spot regions can occur.

The physical explanation for these two different behaviors is that, in forming a hot-spot region,
there is a competition between the maximum of the electric field, which occurs at z = 1/2, and
the regions where the cylinder is thickest. For a straight circular cylinder of uniform thickness,
a hot-spot can only develop near z = 1/2 where the electric field is most intense. In Case 1, a
hot-spot will still occur near z = 1/2 when the deformation of the boundary of the cylinder is
concentrated enough near z = 1/2 to ensure that P(z) is monotone increasing on (0,1/2). In Case
2, the cylinder boundary is strongly deformed into a dumbell-shape and is thickest far away from
the center region near z = 1/2. This allows P(z) to possibly be nonmonotone on (0,1/2). In this
case, the tendency to form initial hot-spot regions near the lobes of the dumbell dominates the
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tendency to form a hot-spot near z = 1/2 where the electric field is most intense. Thus, in this
case, there can be two initial hot-spot regions.

We now describe the initial formation of a hot-spot for (3.9) and we analyze its subsequent
evolution for these two different classes of P(z).

10.0

Figure 8: Plot of u versus G(u), defined in (3.9c), where f(u) = 1 4+ 500e~'37/% and o = 0.05.

3.1 The Hot-Spot Solution: Case 1: P'(z) > 0 on (0,1/2)

Assume that ¢(z) is such that P(z) is monotone increasing in (0, 1/2), so that P(z) has its maximum
value at z = 1/2. In particular, P(z) is monotone increasing on (0,1/2) when g(z) is. However,
P(z) may be also be monotone even when g(z) is not. A necessary and sufficient condition for P(z)

to be monotone increasing on (0,1/2) is that

gl(z) — 4T COL(T2 or z
(2 > —2m cot(mz), fi € (0,1/2) . (3.10)

We first describe the initial formation of the hot-spot. For ¢ < 1, and in regions where v is

smooth, we obtain from (3.9a) that

\

((Z) , (3.11)

[(v+1)T], = [P(2) - G(v)]

~—

Q
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Figure 9: In Fig. 9a we plot P(z), defined in (3.9c), versus z when p = 10.0 and when g(z) has the
form given in (2.19) with a = 0.0, 0 = 0.1, and § = 0.75. In Fig. 9b we plot P(z) versus z when
p=17.0,0=0.1,a =03, and § = 0.75. The dotted line in these figures is the value G; given in
Fig. 8. Initial hot-spot regions correspond to ranges of z where P(z) > G;. These regions, which
result from the transient dynamics (3.11), then expand slowly in time on a time-scale t = O(e71).

with the initial condition v = 0 when 7 = 0. Assume that p is such that P(1/2) > G; (see Fig. 8).
Then, we can define a unique point z* € (0,1/2) by P(z*) = G; (see Fig. 9(a)). Starting with
the initial condition v = 0 at n = 0, we then integrate the initial value problem (3.11) in the time
variable 77, and let n — oo, to get

v(z) 0<z<2z*,
v(z,m) 2 v(z,00) = ¢ vu(z) 2¥<z<1-—2%, (3.12)
v(z) 1—-2*<z<l1.

Here v = vy(z) is the upper branch of P(z) = G(v) for which v, (z) — u, as z — z* (see Fig. 8),
and v = v;(z) is the lower branch of P(z) = G(v) with v;(z) — u; as z — z*. The hot-spot
initially occupies the region z € (z*,1 — 2*), which corresponds to the region in Fig. 9(a) where
P(z) — G; > 0. The form (3.12) describes the end result of the short time behavior of the hot-spot.
A plot of v(z,00) defined in (3.12) is shown in Fig. 10 for the same parameter values as given in
Fig. 9(a).

Since the solution to (3.12) is not continuous at the points z* and 1 — z*, we must smooth out
these discontinuities (see Fig. 10) by introducing diffusive layers of width O(e) for the parabolic
problem (3.9). These diffusive layers are not stationary but, instead, they evolve on a slow time scale
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Figure 10: Plot of (3.12), which describes the initial hot-spot region, corresponding to the parameter
values shown in Fig. 9a.

7 defined by 7 = en. By symmetry we need only consider the diffusive layer near the discontinuity
at z = z*.

To describe the evolution of the diffusive layer on z € (0,1/2), which modulates the width of
the hot-spot region, we proceed as in [4] for the case g(z) = 1. We look for a solution to (3.9) of

the form
v(2) 0 < z< zs(7),
v(z,7) ~ ¢ (e z—2(7)]) z2=2z(7)+O(e), (3.13)
vy (2) zs(T) < 2 < 1/2,

where z;(0) = z* < 1/2. By symmetry, we can then use (3.13) to extend v to the entire interval
(0,1). From (3.9a) and (3.13), we obtain that ¢(y) satisfies

(mﬁ,)’ + 25 [(¢ + l)P], + [P(zs) — G(9)] ;[((::)) =0, —oco<y<oo, (3.14a)
(y) = vu(zs), y— o00; o(y) = vlzs), y— —o0; $(0) = % [va(25) + v1(25)]
(3.14b)

where k = k(¢), I' = I'(¢), and 25 = dzs/d7. The condition on ¢(0), which eliminates the translation
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invariance of (3.14a), is used to fix the location of zs;(7). This problem, which is a nonlinear
eigenvalue problem, is easily solved by COLSYS [1] to obtain Z5 as a function of z;.
To obtain an ordinary differential equation for z;, we multiply (3.14a) by k¢ and integrate

from y = —o00 to y = 0o to get
2s(1) = H [25(7)] , where H(z) = [g(zs)]f1 N(zs)/D(zs), (3.15)
with z,(0) = z*. Here N(z,) and D(zs) are defined by
vy (2s)
N(z) = — / P GO FO(9) d, (3.16a)
D)= [ WP T+ T+ ) dy. (3.16b)

We assume that T' = I'(¢) satisfies I' + Ty (1 + ¢) > 0 so that D(z,) > 0. In the computations below
we set I' = 1. Notice that the numerator N(z,) in (3.15) can be evaluated without solving (3.14).
However, D(zs) can only be obtained by computing the solution to (3.14).

We now discuss some qualitative properties of the dynamics of (3.15). The equilibrium value
of z is obtained by setting N = 0. Writing N = N(P) instead of N = N(z;), this leads to the
following equal area law that must be satisfied for a certain value of P:

[P - 6@ as =o. (3.17)

vy
Here v,, and v;, which depend on P, are the roots of P = G(¢) corresponding to the upper and lower
branches of G(¢), respectively. Since N(G;) > 0, N(Gy,) < 0, and N'(P) > 0 on G, < P < G,
it follows that there exists a unique root P = P, to (3.17) on this interval. This value P = P,
is independent of the shape g(z) of the cross-section of the cylinder. Then, in terms of P, the
equilibrium value of z;(7), denoted by zs., satisfies the transcendental equation

P, = P(zs) = pg(zse) sin?(mzse) - (3.18)

Since P(0) = 0 and P(z) is monotonically increasing on (0,1/2), it follows that there exists a
unique root to (3.18) with z;. < z*. The monotonicity property of N(P) given above establishes
that N < 0 if z,¢ < 25 < z*. Therefore, on this interval z;(7) decreases monotonically towards zse
as T — oo.

Using Newton’s method, we readily compute P, for three different classes of conductivity func-
tion k(u). We take f(u) as given in (3.9d). We obtain,

2
kuy=1 - P,=4364; k(u)=1+ % — P,=4227; k(u)=e%? - P, =4628.

(3.19)
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Figure 11: In Fig. 11a we plot the equilibrium edge of the hot-spot z, as a function of ¢ when
a = 0.0, § = 0.75, and p = 10. The solid curve corresponds to x(u) = 1, the dotted curve
corresponds to £(u) = 14u2/2, and the heavy solid curve corresponds to x(u) = e %/2. In Fig. 11b
we plot zg versus § when x(u) = e /2 g =0, and p = 10. The solid, dotted, and heavy solid
curves correspond to o = 0.1, 0 = 0.25, and o = 1.0, respectively.

Substituting P, into (3.18) we determine z,.. Since the three values of P, are within roughly 10%,
we conclude that there is not a strong dependence of zz on the conductivity model. This was
observed for the case g(z) = 1 in [4]. In Fig. 11(a) we plot z, versus o for the three forms of k(u).
The other parameter values are a = 0.0, § = 0.75, and p = 10. Notice that as o increases, then
zse decreases. Thus, physically, as the extent of the region where the cylinder is made thicker near
z = 1/2 increases, the hot-spot will propagate a greater distance towards the endpoints at z = 0
and z = 1 before reaching an equilibrium. In Fig. 11(b) we plot zs versus § for three values of

~u/2 g =, and p = 10. Notice, that when o is very small, zg is

o. We have taken k(u) = e
roughly constant as J is increased. Thus, if the cylinder is made considerably thicker near z = 1/2,
but this region of thickness has a small spatial extent, then the hot-spot will become stationary at
roughly the same position as it would have done for a circular cylinder of uniform thickness. Thus,
for a hot-spot to propagate a large distance it is required that the cylinder be made thicker for
a considerable range about the midpoint value z = 1/2. This is seen clearly in Fig. 12(a) where
we plot the trajectories z; versus 7 for several values of o computed numerically from (3.14) and
(3.15). In Fig. 12(b) we plot z5 versus 7 for several values of § at a fixed o. Since o = 0.5 in this
figure, which is not too small, the distance that the hot-spot propagates increases considerably as

the amplitude § of the boundary deformation increases.
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Figure 12: In Fig. 12a we plot z; versus 7 for three values of ¢ when § = 0.75. The solid, dotted,
and heavy solid curves correspond to ¢ = 0.1, ¢ = 0.25, and ¢ = 1.0, respectively. In Fig. 12b
we plot z; versus 7 for three values of § when ¢ = 0.5. The solid, dotted, and heavy solid curves
correspond to d = 0.0, § = 0.5, and & = 1.0, respectively. In both figures we have taken a = 0.0,
p =10, and x(u) = e~%/2,

3.2 The Hot-Spot Solution: Case 2: P(z) not monotone

When P(z) is not monotonic on (0,1/2), we have the possibility of multiple initial hot-spots. Every
region where P(z) is greater than G corresponds to an initial hot-spot region. For a given boundary
profile g(z), there may be several disconnected regions where the condition P(z) > G is satisfied.
In Fig. 13(a) we plot P(z) versus z for a set of parameters that gives two initial hot-spot regions.
The parameters are k(u) = e %2, p =6, 0 = 0.1, a = 0.32, and § = 1.4. The initial dynamics of
the solution is given by (3.11). In this case, the solution v(z,7) to (3.11) has the long-time behavior

v(z) 0<z<zf,
v(2) 2 <z<2zy,
v(z,n) 2 v(z,00) =< v(z) 25 <z<1—2;, (3.20)
vu(2) 1—25 <z<1—2f,
v(z) 1—2f<z<l1.

Here v = vy(z) and v = v;(z) are the upper and lower branches of P(z) = G(v), respectively (see
Fig. 8). Also, 2 and z; are the two roots of P(z) = G; on (0,1/2) with 2} < z5. A plot of v(z, ),
defined in (3.20), is shown in Fig. 13(Db).

The initial hot-spot regions then begin to expand slowly, and diffusive layers near the disconti-

23



12.5 T T m
100 [ .
/N 7N
75 : : . . 5
v(z, 00 : :
(5,00) | 5 | |
25 : : .
—
0.0 L L 1 0.0 L : | : L
0.0 0.25 0.50 0.75 1.0 0.0 0.25 0.50 0.7 1.0
z e z 2
(a) Plot of P(z) versus z. (b) Plot of initial hot-spot regions.

Figure 13: In Fig. 13a we plot P(z) versus z when s(u) = e %2 p = 6, 0 = 0.1, a = 0.32,
and § = 1.4. In Fig. 13b we plot the initial hot-spot solution at the end of the transient period
corresponding to Fig. 13a.

nuity points are needed. By symmetry we need only consider the interval z € (0,1/2). Similar to
the analysis in §3.1, we look for a solution to (3.9) on the interval (0,1/2) of the form

v(2) 0< 2z < z(7),
¢1 (e z — 21 (7)]) 2 =25(r) + O(e),
v(z,7) ~ ¢ vy(2) z51(T) < 2 < z52(T), (3.21)
$2 (67 zs2(1) — 2]) 2 = z52(7) + O(e),
v(2) Zeo(T) <2< 1/2,

where 7 = €7, z,1(0) = 2}, and z,(0) = z5. From (3.9a) and (3.20), we obtain that ¢;(y) satisfies

f(9))

(nqs'j)’ + (=172 (¢ + DT + [P(2s5) — G(¢))] o) 0, —oco<y< oo, (3.22a)
¢j(y) _)'Uu(zsj)a Y — 00; ¢j(y) _>'Ul(zsj)a Y — —00; ¢j(0) = %[”u(zsj)+vl(zsj)] ,
(3.22b)

for j = 1,2. In a similar way as in §3.1, we obtain that z,;(7) satisfies the (uncoupled) ordinary
differential equations

2y = (1) H [z45(7)] , (3.23)
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for j = 1,2. Here H(z;) is defined in (3.15) in terms of N(z;) and D(z;) satisfying (3.16). Recall
that the equilibrium value P, satisfying N(P,) = 0 was independent of the boundary profile g(z).
The equilibrium values for (3.23) are obtained by setting P, = P(z) and solving for z.

(a) Transient process of hot-spot formation. (b) Evolution of the hot-spots and their merger.

Figure 14: In these figures we plot the dynamical behavior for v for the parameter values given in
Fig. 13 with ¢ = 0.02. In Fig. 14a we show the transient behavior describing the initial hot-spot
formation. The solid, dotted, and heavy solid curves correspond to t = 1.01, t = 1.28, and ¢ = 2.01,
respectively. In Fig. 14b we show the merger process leading to the steady-state solution. The
dotted, solid, light dotted, and heavy solid curves correspond to ¢t = 2.55, ¢ = 4.04, ¢ = 5.56, and
t = 7.05, respectively.

In Fig. 13(a) we plot P, on the graph P(z) versus z. In this case, there is only one equilibrium
value z¢1 on (0,1/2). Thus, we have that z;1 — 2.1 as 7 — oo. For the parameter values shown
in Fig. 13(a), we compute numerically that z,; = 0.165. However, the other interface centered at
zs2 will increase monotonically as 7 increases. Eventually, it will cross the origin and collide with
its mirror image located at z = 1 — z55. When 2, — 1/2 = O(e), the analysis leading to (3.23) is
no longer valid and a layer collapse phenomena occurs. The end result is that there is one large
steady-state hot-spot region occupying the interval z € (2¢1,1 — 21). In Fig. 14(a), 14(b) we take
e = 0.02 and we plot the numerical solution to (3.9) at different times for the parameter values of
Fig. 13(a). These results were computed using the NAG library [12]. In Fig. 14(a) we show the
transient behavior describing the initial formation of the hot-spot regions. In Fig. 14(b) we show
the evolution of the diffusive interfaces, their merger at a later time, and the ultimate steady-state
solution. This behavior is as predicted by the asymptotic theory.

To contrast this behavior, consider Fig. 15(a) where we plot P(z) versus z for another set of
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Figure 15: In Fig. 15a we plot P(z) versus z when x(u) = e %2, p = 3, 0 = 0.085, a = 0.30,
and § = 3.5. In Fig. 15b we plot the initial hot-spot solution at the end of the transient period
corresponding to Fig. 15a.

parameter values. The initial hot-spot regions are shown in Fig. 15(b). In this case, the curve
P(z) intersects P, twice on (0,1/2) and so there are two equilibrium values z.; and ze. Thus,
Zg3j — Zej as T — oo for j = 1,2. For the parameter values shown in Fig. 15(a), we compute
numerically that z.; = 0.167 and 2.2 = 0.392. In this case, the steady-state solution will be two
disconnected hot-spot regions. For the parameter values shown in Fig. 15(a), in Fig. 16 we plot
the numerical solution to (3.9) at different times computed using the NAG library. The heavy
solid curve in Fig. 16 is very close to the steady-state solution. Notice that the two initial hot-spot
regions remain disconnected as ¢ increases. This phenomena where the diffusive wave gets blocked
and cannot propagate to the other lobe of the dumbell is qualitatively similar to the wave-blocking
phenomena studied in [3], [7], and [13].

The general criterion that distinguishes between the behavior shown in these two examples
is clear. Suppose P(z) is symmetric and has exactly one interior maximum on (0,1/2). Then,
if max[P(z)] > G; and min[P(z)] < P,, there will be two initial hot-spots that will remain as
disconnected regions as 7 — oo. This situation occurs when the domain is of dumbell shape and
the lobes of the dumbell are sufficiently deep. Alternatively, if max[P(z)] > G; and min[P(z)] > P,
the two initially disconnected hot-spot regions will merge as 7 increases, producing one large steady-
state region of elevated temperature.
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Figure 16: We plot the dynamical behavior of v for the parameter values given in Fig. 15a with
€ = 0.02. The light dotted, solid, dotted, and heavy solid curves correspond to t = 2.53, t = 3.03,
t = 3.54, and t = 4.55, respectively. The hot-spot regions remain disconnected for all time.
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