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Some nonlinear eigenvalue problems related to the modelling of the steady-state deflection of an elastic membrane
associated with a MEMS capacitor under a constant applied voltage are analyzed using formal asymptotic methods. These
problems consist of certain singular perturbations of the basic membrane nonlinear eigenvalue problem Au = A/(1 + u)2
in Q with v = 0 on 99, where  is the unit ball in R2. It is well-known that the radially symmetric solution branch to
this basic membrane problem has an infinite fold-point structure with A — 4/9 as ¢ = 1 — ||u|cc — 0. One focus of this
paper is to develop a novel singular perturbation method to analytically determine the limiting asymptotic behaviour
of this infinite fold-point structure in terms of two constants that must be computed numerically. This theory is then
extended to certain generalizations of the basic membrane problem in the N-dimensional unit ball. The second main
focus of this paper is to analyze the effect of two distinct perturbations of the basic membrane problem in the unit disk
resulting from including either a bending energy term of the form —§A%u to the operator, or inserting a concentric inner
undeflected disk of radius 4. For each of these perturbed problems, it is shown numerically that the infinite fold-point
structure for the basic membrane problem is destroyed when § > 0, and that there is a maximal solution branch for
which A — 0 as ¢ = 1 — ||u||sc — 0T. For § > 0, a novel singular perturbation analysis is used in the limit ¢ — 0% to
construct the limiting asymptotic behaviour of the maximal solution branch for the biharmonic problem in the unit slab
and the unit disk, and for the annulus problem in the unit disk. The asymptotic results for the bifurcation curves are
shown to compare very favourably with full numerical results.

Key words: Biharmonic nonlinear eigenvalue problem, Matched asymptotic expansions, Infinite fold-point structure,
Logarithmic switchback terms.

1 Introduction

Micro-Electromechanical Systems (MEMS) combine electronics with micro-size mechanical devices to design various
types of microscopic machinery (cf. [22]). A key component of many MEMS systems is the simple MEMS capacitor
shown in Fig. 1. The upper part of this device consists of a thin deformable elastic plate that is held clamped along
its boundary, and which lies above a fixed ground plate. When a voltage V' is applied to the upper plate, the upper
plate can exhibit a significant deflection towards the lower ground plate.
By including the effect of a bending energy, it was shown in [22] that the dimensionless steady state deflection
u(z) of the upper plate satisfies the fourth-order nonlinear eigenvalue problem
§A2u+Au(1+}\u)2, x € Q; u=0bu=0 z¢€d. (1.1)
Here, the positive constant § represents the relative effects of tension and rigidity on the deflecting plate, and A > 0
represents the ratio of electric forces to elastic forces in the system, and is directly proportional to the square of the
voltage V applied to the upper plate. The boundary conditions in (1.1) assume that the upper plate is in a clamped

state along the rim of the plate. The model (1.1) was derived in [22] from a narrow-gap asymptotic analysis.
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FIGURE 1. Schematic plot of the MEMS capacitor with a deformable elastic upper surface that deflects towards the fixed
lower surface under an applied voltage.

A special limiting case of (1.1) is when § = 0, so that the upper surface is modeled by a membrane rather than by

a plate. Omitting the requirement that d,u = 0 on 99, (1.1) reduces to the basic MEMS membrane problem

Au:#, zreQ; u=0 zed. (1.2)
(1 4u)?

In the unit disk, this simple nonlinear eigenvalue problem has been studied from a dynamical systems viewpoint in
[16], [23], and [10]. For the unit disk in R2, one of the key qualitative features for (1.2) is that the bifurcation diagram
of ||u||sc versus X for radially symmetric solutions of (1.2) has an infinite number of fold points with A — 4/9 as
[lulloo — 17 (cf. [16], [23], [10]). Rigorous analytical bounds for the pull-in voltage instability threshold, representing
the fold point location A. at the end of the minimal solution branch for (1.2), have also been derived (cf. [23], [10],
[8]). For the unit disk, a plot of the numerically computed bifurcation diagram showing the beginning of the infinite

fold-point structure is shown in Fig. 2.
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FIGURE 2. Numerical solutions for |u(0)| versus A computed from (1.2) for the unit disk Q = {|z| < 1} in R?. The magnified
figure on the right shows the beginning of the infinite set of fold points.

In Fig. 3 the numerically computed bifurcation diagram of |u(0)| versus A for the biharmonic problem (1.1) is
plotted for several geometries and for various values of § > 0. These numerical results, computed by using either
the shooting or pseudo-arclength continuation methods of [21], indicate that the presence of the biharmonic term

—8A?u in (1.1) destroys the infinite fold-point structure associated with the membrane problem (1.2) in the unit



Asymptotics of Nonlinear Figenvalue Problems Modelling a MEMS Capacitor: Singular Asymptotics 3

disk and unit square geometries. Moreover, these numerical results suggest that there is a maximal solution branch

with the limiting behaviour A — 0 as ||u||sc — 17.

1.0 1.00 1

u(0)] Ju(0)]
0.4 1 0.94 4

0.2 4 0.924

0.0 = T T T T 1 0.90 T T T T T T 1

0.0 0.5 1.0 A\ 1.5 2.0 2.5 0.2 0.3 04 05 \ 0.6 0.7 08 0.9

(a) Unit Disk in R? (b) Unit Disk (Zoomed) in R?

1.0
0.8
0.6
|u(0)]
0.4

0.2

1 0.0 T T T T T T T T T 1
25.0 0.0 05 1.0 15 20 25 3.0 35 40 45 50
A

(c) Unit Slab (d) Unit Square

FIGURE 3. Top Left: Numerical solution branches of (1.1) for the unit disk in R%. From left to right the curves correspond to
6 = 0.0001, 0.01, 0.05, 0.1. Top Right: A magnified portion of the top left figure. Bottom Left: Numerical solution branches
of (1.1) for the slab |x| < 1/2. From left to right the curves correspond to § = 0.1, 1.0, 2.5, 5.0. Bottom Right: Numerical
solution branches for the unit square —1/2 < z1,22 < 1/2, where |u(0)| denotes the value at the centre of the square. From
left to right the curves correspond to § = 0.0001, 0.001, 0.01.

From a mathematical viewpoint, a generalization of (1.2) that has received some theoretical attention is the

following problem with the variable coefficient || in an N-dimensional domain :

Al

In R? this problem models the steady-state membrane deflection with a variable permittivity profile in the membrane
(see [23]). For the unit ball in RY, and for a = 0, the range of N for which an infinite fold-point structure exists
was established in [16] by using a rigorous dynamical systems approach. Similar results, but for the case v > 0
and for other non-power-law coefficients, were obtained in [12], [11], [8], and [5], by using a PDE-based approach.
Upper and lower bounds for the pull-in voltage threshold A., representing the saddle-node bifurcation point along
the minimal solution branch, have been derived and the regularity properties of the extremal solution at the end of
the minimal solution branch have been studied (cf. [8] and [5]). With regards to domains of other shape, in [13] it

was proved that there are an infinite number of fold points for (1.2) in a certain class of symmetric domains in R2.



4 A. E. Lindsay, M. J. Ward

For star-shaped domains in dimension N > 3 it was proved in [4] that (1.3) has a unique solution for A sufficiently

small.

The first main goal in this paper is to introduce a systematic method, based on the method of matched asymptotic
expansions, to formally construct the limiting asymptotic behaviour as € = 1 — ||u||s — 07T of the radially symmetric
solution branches for (1.3) in the unit ball in N dimensions. In contrast to the rigorous, but more qualitative
approaches of [16], [12], and [5], our formal asymptotic approach provides an ezplicit analytical characterization of
the infinite fold-point structure for (1.3) in terms of two constants, depending on « and N, which must be computed
numerically from an ODE initial value problem. In the limit ¢ — 0, a boundary layer is required near the centre
of the disk in order to resolve the nearly singular nonlinearity in (1.3) near the origin. By matching the far-field
behaviour of this boundary layer solution to a certain singular outer solution, and by using a solvability condition,
an explicit characterization of the infinite fold-point structure is obtained. For the range of parameters o and N
where an infinite fold-point structure exists for (1.3) exists in the unit ball, our explicit asymptotic results for the
bifurcation curve are found to agree very well with the corresponding full numerical result even when ¢ is not too

small.

In contrast to (1.2) and (1.3), there are only a few rigorous results available for the biharmonic problem (1.1)
under clamped boundary conditions u = d,u = 0 on 9Q. In [2], the regularity of the minimal solution branch,
together with bounds for the pull-in voltage, was established for the pure biharmonic problem —A2u = \/(1 + u)?
in the N-dimensional unit ball. Related results for the regularity properties of the extremal solution for the pure
biharmonic problem were obtained in [1]. By using a formal asymptotic approach, in [21] perturbation results for the
pull-in voltage threshold were obtained for (1.1) for the limiting cases § < 1 and for § > 1 in the unit disk in R? and
in the slab. However, as yet, there has been no precise analytical description of the maximal solution branch to (1.1)
for clamped boundary conditions. We remark that for the simpler case of Navier boundary conditions © = Au = 0 on
0f) there are some results regarding regularity of the maximal solution branch and solution multiplicity for various
dimensions N (see [15], [14], and [20]). Precise rigorous results for (1.3) and (1.1) are surveyed in [6].

The second main goal in this paper is to develop a formal asymptotic method, based on the method of matched
asymptotic expansions, to provide an explicit analytical characterization of the asymptotic behaviour of the maximal
solution branch to (1.1) in the limit ¢ = 1 — [|u|/sc — 01 for which A — 0. This problem is studied for the unit
slab and for the unit disk in R2. For these domains, explicit asymptotic expansions for X as ¢ — 0 are derived for
any & > 0, and the results are shown to compare very favourably with full numerical results. The solution u to
(1.1) in the limit ¢ — 0 has a strong concentration near the origin owing to the nearly singular behaviour of the
nonlinearity in (1.1). The singular perturbation analysis required to resolve this region of concentration and match
to an outer solution relies heavily on the systematic use of logarithmic switchback terms. Such term are notorious in
the asymptotic analysis of some PDE models of low Reynolds number flows (cf. [18], [19], [26], [27]).

Another modification of the basic membrane problem (1.2) in the unit disk in R?, which also destroys the infinite
fold-point structure for (1.2), is to pin the rim of a concentric inner disk in an undeflected state (cf. [24]). The

perturbed problem in the concentric annular domain 0 < § < |z| < 1 in R? is

A
u ATu?’ 0<d<r<l; u=0 on |z| and |z| =4 (1.4)

The introduction of a clamped inner disk has three main effects. It increases the pull-in voltage rather significantly
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(cf. [21]), it destroys the infinite fold-point structure associated with (1.2), and it allows for the existence of non-
radially symmetric solutions that bifurcate off of the secondary radially symmetric solution branch (cf. [24], [7]).
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FIGURE 4. Numerical solutions for |u|s versus A computed from the annulus problem (1.4) in the annulus § < r < 1. From
left to right the curves correspond to § = 0.00001, 0.001, 0.1.

For various values of d, a numerically computed bifurcation diagram for (1.4) obtained by using the numerical
approach of [21] is shown in Fig. 4. For ¢ > 0, this plot shows that the effect of the perturbation is to destroy the
infinite fold-point structure associated with the membrane problem (1.2), and it suggests the existence of a maximal
solution branch for which A — 0 as e = 1 —||u||x — 0. For a fixed § > 0, we use the method of matched asymptotic
expansions to calculate the limiting asymptotic behaviour of the maximal solution branch for (1.4) in the unit disk.

From a mathematical viewpoint, the problems (1.1) and (1.4) are singular perturbations of (1.2) in that they destroy
the infinite fold-point structure for the basic membrane problem (1.2) in R2. Our formal asymptotic approach, based
on introducing a small parameter ¢ = 1 — ||u|| < 1, leads to a nonlinearity that is nearly singular in a small region
of concentration inside the domain. By resolving this localized region of concentration using the method of matched
asymptotic expansions, explicit characterizations of the limiting asymptotic behaviour of the maximal solution branch
for (1.1) and (1.4), are obtained, which are beyond the current reach of rigorous PDE theory.

The outline of this paper is as follows. In §2 we develop a formal asymptotic approach to construct the asymptotic
behaviour of the bifurcation curve to (1.3) in the unit ball in the limit ¢ = 1 — ||ul|oc — 0T. For the unit slab,
in §3 we give an explicit characterization of the maximal solution branch for the biharmonic problem (1.1) in the
limit € = 1 — [|u||c — 0T. Similar results are given for (1.1) in the unit disk in §4. In §5 the limiting asymptotic
behaviour of the maximal solution branch to the annulus problem (1.4) is constructed. Finally, a few open problems

are discussed in §6.

2 Multiple Fold Points and Singular Asymptotics

In this section, we construct the bifurcation branch of radially symmetric solutions to the generalized membrane
problem (1.3) in the limit £ — 0" where ||u||c =1 — €.

First we consider the slab domain |z| < 1 with N = 1 for the parameter range o > ., where o, = —1/2+ (3/2)3/2
is the threshold above which an infinite fold-point structure exists (cf. [23]). By imposing the symmetry condition

u;(0) = 0, we consider

Ax®

in the limit u(0) +1 =& — 0T. The nonlinear eigenvalue parameter A and the outer solution for (2.1), defined away
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from x = 0, are expanded for € — 0 as
u=ug+eluy +---, A=X+eh+---, (2.2)

where g > 0 is to be found. In order to match to the inner solution below, the leading-order terms ug, Ao are taken

to be the singular solution of (2.1) for which ug(1) = 0 and up(0) = —1. This solution is given by

o+ 2
up = —1+2P, Xo=plp-1), p=—— (2.3)
By substituting (2.2) into (2.1), and equating the O(e?) terms, we obtain that u; satisfies
2X0 5
Lug =Uige + —5ur =Mz, 0<x <] u1(1) =0. (2.4)
x

By introducing an inner expansion, valid near x = 0, we will derive an appropriate singularity behaviour for u; as
x — 0, which will allow for the determination of A\; from a solvability condition.

In the inner region near = 0, we introduce the inner variables y and v(y) by
y==xa/vy, u=—1+¢v. (2.5)

Then, from (2.5) and (2.2) for A, (2.1) becomes v" = 4?7273y [\g + €9\ + - - -] /v?, which suggests the boundary
layer width v = ¢'/P, where p is defined in (2.3). We then expand v as

U:U0+E(IU1+"', (26)

and equate O(1) and O(g9) terms in the resulting expression to obtain that vy and vy satisfy

" Aoy”

=T 0<y<oo; w(0)=1, wv(0)=0, (2.7a)
5% My®

o + 1?:%1] v = 232/ , 0<y<oo;  wi(0)=2{(0)=0. (2.70)
0 0

The leading-order matching condition is that vy ~ yP as y — co. We linearize about this far field behaviour by writing
vo = yP +w, where w < yP as y — 00, to obtain that w satisfies w” 4+ 2X\gw/y? = 0. By solving this Euler’s equation

for w explicitly, we obtain that the far-field behaviour of the solution to (2.7 a) is

1
vg~yp—|—Ay1/2sin(wlogy—l—gzﬁ)7 as Yy — 00, wE§\/8)\0—1, (2.8)

where A and ¢ are constants depending on «, which must be computed from the numerical solution of (2.7 a) with
vg ~ yP as y — oo. We remark that 8\g — 1 > 0 when a > o, = —1/2+ (3/2)3/2. In contrast, the far-field behaviour

for (2.7 b) is determined by its particular solution. For y — co we use vy ~ y? in (2.7 b), to obtain

A
1)1~3—/\10yp7 as Yy — 00. (2.9)

Therefore, by combining (2.8) and (2.9), we obtain the far-field behaviour of the inner expansion v ~ vy + %v;.

The matching condition is that this far-field behaviour as y — oo must agree with the near-field behaviour as z — 0

of the outer expansion in (2.2). By using u = —1 4 ev and z = /Py, this matching condition yields
A
wn~ —1+ 2P + A~V @RI 261y <w logx — 2 loge + gb) +ef (3)\1) 2P, as x—0. (2.10)
p 0

Therefore, upon comparing (2.10) with the outer expansion for w in (2.2), we conclude that u; must solve (2.4),
subject to the singular behaviour

A
uy ~ Az/?sin (wlog x + pe) + jx”, as = —0, (2.11)
0
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where we have defined the exponent ¢ and the phase ¢¢ by ¢ =1 —1/(2p) and ¢z = —wp~'loge + ¢.
Next, we solve the problem (2.4) for uy, with singular behaviour (2.11). Since the first term in the asymptotic
behaviour in (2.11) is a solution to the homogeneous problem in (2.4), while the second term is the particular solution

for (2.4), it is convenient to decompose uy as

A
up = jxp + Az/?sin (wlog & + ¢e) + Ut » (2.12)
0
to obtain that Uj, solves
A
LU =0, 0<z<1; Ula(l):*ifAsingbg; Ue = o(z?), as z—0. (2.13)
0

To determine A\; we apply a solvability condition. The function ® = /2 sin(wlogx + kx) is a solution to L& = 0
with ®(1) = 0 for any integer k, and has the asymptotic behaviour ® = O(z'/?) and ®, = O(2~'/?) as z — 0. By
applying Lagrange’s identity to U, and ® over the interval 0 < o < z < 1, and by using (1) = 0, we obtain

1
0= / (LU, — U1aL®) dz = —Uya(1)y(1) — [BUsr — Ura®s],_, - (2.14)

Finally, we take the limit o — 0 in (2.14) and use Uy, = o(x'/?), Ujae = o(z~1/?), and ®,(1) # 0, as x — 0. This
yields Uy,(1) = 0, which determines A\; = —3A\¢ sin ¢¢ from (2.13). We summarize our asymptotic result as follows:

Principal Result 2.1: Fore =u(0)+1— 0" and a > a. = —-1/2+ (3/2)3/2 a two-term asymptotic expansion for

the bifurcation curve X\ versus € of (2.1) is given by

3
)\N)\0+3A)\05qsm<2_:jalog5—¢>—|—... , (2.15a)
where q, w, and X\g, are defined by
3 1 (a —1)(a+2)
=1—-—, =—v8\—1, A=—"". 2.150
1 2(cr + 2) YT gvet 0 9 (2.158)

The constants A and ¢, which depend on «, are determined numerically from the solution to (2.7a) with far-field
behaviour (2.8). These constants are given in the first row of Table 1 for a few values of . The asymptotic prediction
for the locations of the infinite sequence of fold points, determined by setting d)\/de = 0, is

(a+2) 2m —1)w
3w <¢ a 2

u(0) = —1 4 &, €mﬁ=eXp[ )], Am = Ao +3hAct (=1)™, m=1,2,.... (215¢)

These fold points are such that the difference uw(0) + 1 is exponentially small as e — 0.

We remark that the analysis leading to Principal Result 2.1 is non-standard as a result of two features. Firstly, the
correction term w1 in the outer expansion for u is not independent of €, but in fact depends on log €. However, although
uy is weakly oscillatory in e, it is uniformly bounded as € — 0. Secondly, the solvability condition determining A;

pertains to a countably infinite sequence of functions ® = z'/2 sin(wlog = + kr) where k is an integer.

2.1 Infinite Number of Fold Points for N > 1

Next, we use a similar analysis to determine the limiting form of the bifurcation diagram for radially symmetric

solutions of (1.3) in the N-dimensional unit ball. To this end, the solution branches of

N -1 Are
urr+( )ur: -

- e 0<r<lL uw(1) =0, u.(0)=0, (2.16)




8 A. E. Lindsay, M. J. Ward

will be constructed asymptotically in the limit u(0) + 1 = ¢ — 07, where @ > 0 and N > 2. For N = 2, the term r¢
represents a variable dielectric permittivity of the membrane (cf. [23], [10]).

In the limit ¢ — 0, (2.16) is a singular perturbation problem with an outer region, where O(v) < r < 1 with
u = O(1), and an inner region with r = O(v) and u = O(e). Here v < 1 is the boundary layer width to be found in

terms of €. The nonlinear eigenvalue parameter A and the outer solution are expanded as
UNUo+€qU1+"', )\N>\0+5q)\1+"', (217)

for some ¢ > 0 to be determined. For the leading-order problem for wy and Ag, a singular solution of (2.16) is

constructed for which u(0) = —1. This singular solution is given explicitly by
ug = —1+17, Mo =p°>+ (N -2)p, pE(a—3'_2). (2.18)
The substitution of (2.17) into (2.16), together with using (2.18) for ug, shows that u; satisfies
Lyuy =uf + (N_l)ull—l—%ul:)\lrp_z, 0<r<1; ui(1) =0. (2.19)

The required singularity behaviour for uy as » — 0 will be determined below by matching u; to the inner solution.

In the inner region near r = 0, we introduce the inner variables v and p and the inner expansion by
u=—-1+¢ev, v=uvg+elv +---, p=r/v, y=¢el/P, (2.20)

By substituting (2.20) into (2.16), we obtain that vo(p) and vy (p) satisfy

N-1 Aop®
v(’f+( P )”6: 2’2 0<p<oo;  w(0)=1, v5(0)=0, (2.21a)

0

N-1 2X0p" ALp®
vi’+( - )v,1+ 03/) o= < p<oo; wi(0) = vl(0) =0. (2.21b)

Yo Yo
The leading-order matching condition is that vy ~ pP as y — oco. We linearize about this far field behaviour by writing

vg = pP + w, where w < pP as p — 0o, to obtain that w satisfies

N -1 2\
( )w/_’_i()

w” + p >w=0. (2.22)
A solution to this Euler equation is
N -2 V(N —2)2 — 8\
w=p", u:—( ) L VA ) 9 (2.23)

2 2
This leads to two different cases, depending on whether (N — 2)% > 8Xg or (N — 2)? < 8.

We first consider the case where (N — 2)? < 8\, for which p is complex. As shown below, this is the case where
the bifurcation diagram of A versus e has an infinite number of fold points. For this case, the explicit solution for w

leads to the following far-field behaviour for the solution vy of (2.21 a):
1
vo = pP + Ap N %sin (wy log p+ @) +o(1), as p— oo; wN =5 8\ — (N —2)2. (2.24)

Here the constants A and ¢, depending on N and «, must be computed numerically from the solution to (2.21 a)
with far-field behaviour (2.24). In Table 1 numerical values for these constants are given for different o and N for
the parameter range where (N — 2)2 < 8. The results for A and ¢ are also plotted in Fig. 5(a). In particular, for
N=2and a=0,

A =04727, ¢ = 3.2110. (2.25)
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a=0 a=1 a=2 a=3 a=14

N| A é A é A b A b A &

1 - - - - 1.1678 3.9932| 0.8713 3.7029| 0.7563 3.5816
2| 04727 3.2110| 0.4727 3.2110| 0.4727 3.2110| 0.4727 3.2110| 0.4727 3.2110
3| 0.2454 25050 | 0.2864 2.7231| 0.3152 2.8351| 0.3363 2.9042| 0.3528 2.9519
4| 0.1935 1.8789| 0.2193 2.2932| 0.2454 2.5048 | 0.2676 2.6347| 0.2862 2.7224
5| 0.1972 1.2755| 0.1935 1.8790| 0.2101 2.1886| 0.2284 2.3775| 0.2454 2.5050
6| 0.2586 0.7008| 0.1909 1.4743| 0.1935 1.8790| 0.2056 2.1262| 0.2194 2.2927
71 04859 0.1945| 0.2095 1.0803| 0.1896 1.5746| 0.1935 1.8790| 0.2029 2.0852

Table 1. Numerical values of A and ¢ for different exponents v and dimension N computed from the far-field
behaviour of the solution to (2.21 a) with (2.24).

For N =2 and a = 0, in Fig. 5(b) the numerically computed far-field behaviour of vy is plotted after subtracting off
the O(p?/3) algebraic growth at infinity. Indeed, this far-field behaviour is oscillatory as predicted by (2.24).
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(a) A(a) and ¢(a) for N =2,...,7. (b) vo(p) for p>1

FIGURE 5. Left figure: numerical results for the far-field constants A and ¢ in (2.24) for different N and «. Right figure: Plot
of vg — p2/ 3 versus log p as computed numerically from (2.21 a) for N = 2 and « = 0. The far-field behaviour is oscillatory.

For vq, the far-field behaviour for (2.21 b) is determined by its particular solution. For y — oo we use vg ~ yP in

(2.21b), to obtain

A
~ %Pp7 as

Therefore, by combining (2.24) and (2.26), we obtain the far-field behaviour of the inner expansion v ~ vy + €%v;.

vy p— 00. (2.26)

The matching condition is that this far-field behaviour as p — oo must agree with the near-field behaviour as z — 0
of the outer expansion in (2.17). By using v = —1 4 ev and r = e!/Pp, and by choosing the exponent ¢ in (2.17)

appropriately, we obtain that u; must solve (2.19) subject to the singular behaviour

A
uy ~ Art N2 gin (wy logr 4 ¢e) + irp, as r—0, (2.27)
0
where ¢ and ¢¢ are defined by
3(N-2 Swn
=1+ — =— 1 . 2.28
q +2<a+2>7 e =—_—loge+9¢ (2.28)
Next, we solve the problem (2.19) subject to the singular behaviour (2.27). To do so, we decompose u; as
A
uy = 1P 4+ Ar' =N 2sin (wy logr + ¢¢) 4 Uty , (2.29)

3o
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to obtain that U, solves
A
LyUi, =0, 0<r<1; U1a(1)=—3T1—Asin¢g; Ulazo(rl_N/z)7 as r—0. (2.30)
0

Since the solution to the homogeneous problem is ® = 71=N/2

sin (wy logr + k7)) for any integer k£ > 0, then
Green’s second identity is readily used to obtain a solvability condition for (2.30). The application of this identity to

Ui, and @ on the interval o < r <1 yields

1 r=1
0= / N PLN Uiy = Ure £y ®) dr = —rN 71 (@0,U1, — U140,9) | . (2.31)
Since ®(1) = 0, the passage to the limit ¢ — 0 in (2.31) results in
U1a0r®|r=1 = — lim o280, U1y — U140,®) |r—o - (2.32)

Now since Uy, = o(r'=N/?), 0,U1a = o(r—N/?), & = O@r'*N/2), and 9,® = O(r—N/?) as r — 0, there is no
contribution in (2.32) from the limit o — 0. Consequently, U1,(1) = 0, which determines A; as Ay = —3X\gAsin ¢¢
from (2.30). We summarize our asymptotic result as follows:

Principal Result 2.2: For e = u(0) + 1 — 0 assume that 2 < N < N, and o > 0, where

N. =2+

Hat?) 27\/6(@ +2). (2.33)

3

Then a two-term asymptotic expansion for the bifurcation curve \ versus € for (2.16) is given by

. 3wy
A~ A TAN 1 — 2.34
0+ 3¢ 051n(a+20g5 (b), (2.34 a)

where q is defined in (2.28). The constants A and ¢, depending on N and «, are given in Table 1 and Fig. 5(a), and
were computed numerically from the solution to (2.21a) with far-field behaviour (2.24). The asymptotic prediction
for the locations of the infinite sequence of fold points, determined by setting d)\/de = 0, is

(a+2) 2m - 1)
< B 2

u(0) = =1 +¢&pm, emexp[ )] A = Ao+ 3XAcd (-1)™, m=1,2,..., (2.340D)

Swn
where wy is defined in (2.24).

The condition on N in (2.33) is both necessary and sufficient to guarantee that 8\g > (N — 2)2. For a = 0, (2.33)
yields that the dimension N satisfies 2 < N < 7. For any N > 8, it follows from (2.33) that (2.16) has an infinite
number of fold points if o > .y, where a.y is defined by
3(N —2)
4+42v6
From Table 1 and Fig. 5(a) it appears that A and ¢ are independent of @ when N = 2. This result follows

a.N = —2+ (235)

analytically by using a change of variables motivated by that in [3]. We introduce the new variables p = y**+*/? and
Vo(y) = vo [y*T2/2]. Then, (2.21 a) and (2.24) transform to the following problem for Vp(y):

Xo

v 0<y<oo; Vo(0)=1, VI(0)=0; Vo~ y*?+ Asin

, as Yy — oo,

1 2v/2
Vo' + =V = 7\[10gy+¢>
Y 3

with Ao = Ao/ (1 4 «/2)?. This problem is precisely (2.21 a) and (2.24) for the special case where a = 0. Thus, when
N = 2 and for any « > 0, the constants A and ¢ are given by their numerically computed values obtained for oo = 0.

Next, we consider the case where 8\g < (N — 2)2, for which N > N,. For this case, the solution vy to (2.21 a) has
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the far-field behaviour

N N —2)2 -8\
vo ~ pP + Apht, as p— oo H+El—§+ ( 2) 2,

(2.36)

for some constant A, depending on N and «, which must be calculated numerically. A simple calculation shows that

p > p4. In addition, the far-field behaviour of the solution vy to (2.21 b) has the asymptotic behaviour in (2.26).

Then, by using u = —1 + ev and r = £'/Pp, where v = vy + €%v;, and by choosing the exponent ¢ in (2.17)
appropriately, we obtain that u; must solve (2.19) subject to the singular behaviour
A1
up ~ Art+t + =P as r —0, (2.37)
3o

where ¢ =1 — 3u4 /(2 + «). Upon decomposing uy as

A
g = Arft + 2P L UL (2.38)
3o
we obtain from (2.19) that Uy, solves
A
LanUia =0, 0<r<1; Uy,(l)= —i —A; Ug=o(r"), as r—0. (2.39)
0
The solvability condition for this problem determines A\; as \; = —3Ag.A. We summarize our result as follows:

Principal Result 2.3: Fore = u(0)+1 — 0" assume that N > N.., where N, is defined in (2.33). Then, a two-term

asymptotic expansion for the bifurcation curve \ versus e for (2.16) is given by

’LL(O) =—-1+ g, A~ AO — 3€qA)\0 s (240)

where ¢ = 1 —3u4/(2+ «) and puy is defined in (2.36). The constant A, which depends on o and N, must be
computed numerically from the solution to (2.21 a) with far-field behaviour (2.36).

1.0 1.09
0.8 1 0.8
0.6 1 0.6
|u(0)] |u(0)]
0.4 1 0.4
0.2 1 0.2
0'0 i T T T T T T T 1 0.0- T T T T T T T T T 1
00 05 10 15 20 25 30 35 4.0 0.0 1.0 2.0 3.0 40 5.0 6.0 7.0 80 9.0 10.0
A A
(a) N=1,...,7and a = 0. (b) N=8and a =0,1,2.
FIGURE 6. Left figure: numerical bifurcation curves |u(0)| versus A for N =1,...,7 and a = 0. Right figure: numerical

bifurcation curves for N = 8 and o = 0, 1,2. The results were computed numerically from (2.16).

In Fig. 6 plots are shown for the bifurcation diagrams of |u(0)| versus A, as computed numerically from (2.16) for
N =1,...,7and a =0 (see Fig. 6(a)) and for N = 8 with « = 0,1,2 (see Fig. 6(b)). For representative values of N
and «, in Fig. 7 it is observed that the asymptotic results for the bifurcation diagram as obtained from either (2.34)

or (2.40) closely approximate the numerically computed bifurcation curves of (2.16).
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1.01
1.0 1 1.0
0.81
0.8 0.8
0.6 A X 0.6 1u(0)| 061 %
\ \ \ . 7/
|u(0)] I I | [u(0)] 0.4 el
0.4 1 | ] ] 0.4 - -
1 1 ’ // 2
0.2 1 0.2 4 g 0.
0.0 = . . . . . . 0.0 —_—— 0.0 —
00 05 1.0 1.5 20 25 30 35 0.0 04 08 1.2 1.6 20 0.0 1.0 2.0 3.0 40 5.0
A A A
(a) N=2and a =0,1,2. (b) N=4 and a = 0. (¢) N=8and o =0.

FIGURE 7. Comparison of bifurcation curves for N = 2 with a = 0, 1,2 (left figure), N = 4 and « = 0 (middle figure), and
N = 8 with o = 0 (right figure). The solid curves are the full numerical results and the dashed curves are the asymptotic
results obtained from either (2.34) or (2.40).

We remark that the thresholds N, and a.ny of (2.33) and (2.35) were previously identified in the rigorous studies
of [12], [8], and [5], of the the infinite fold-point structure for (2.16). The results in Principal Results 2.1 and 2.2,
determined in terms of two constants that must be computed, provide the first explicit asymptotic representation of

the limiting form of the infinite fold-point structure.

3 Asymptotics of the Maximal Solution Branch as A — 0: The Slab Domain

In this section we use the method of matched asymptotic expansions to construct the limiting asymptotic behaviour
of the maximal solution branch for the biharmonic problem (1.1) in a slab domain. To illustrate the analysis, we first
consider the pure biharmonic nonlinear eigenvalue problem

A

Aroz —Loo<li ulFE)=u(x) =0, (3.1)

—Uggzx =
in the limit where ¢ = u(0) + 1 — 0%. We assume that A\¢ — 0 as ¢ — 07, so that in terms of some v(¢) < 1,

Ae ~ v(E)Ag + - . (3.2)

Since uge is even in x, we restrict (3.1) to 0 < z < 1 and impose the symmetry conditions ,(0) = %z, (0) = 0.

In the outer region for 0 < x < 1, we expand the solution as
ug ~up +v(e)ug + -+ . (3.3)

From (3.3) and (3.1), we obtain on 0 < z < 1 that

Uggzee = 0, 0 <o <1; UO(l) = uO:v(]-) =0, (34 (1)
Ao
Ulpppr = — 77—, 0O0<x<1; (1) = u1,(1) =0. 3.40
1 et (1) = (1) (340)
For (3.4 a), we impose the point constraints u(0) = —1 and ug,(0) = 0 in order to match to an inner solution below.

This determines ug(x) as

ug(r) = —1 + 32 — 223 (3.5)



Asymptotics of Nonlinear Figenvalue Problems Modelling a MEMS Capacitor: Singular Asymptotics 13

Since uozz.(0) # 0, ug does not satisfy the symmetry condition .., (0) = 0. Thus, we need an inner layer near z = 0.

Upon substituting (3.5) into (3.4 b), we obtain for < 1 that

o o 22\ 72 Mo dr 1222
TTTT — 75 o9 & 20 o~ 1-—— ~———>11 — .
“ (322 — 22%)2 0z ( 3 ) i T3 T

Then, by integrating this limiting relation, we obtain the local behaviour

A 2A
Uy ~ 5—Zlog:£ - Z—;mlongrcl + bz + O(x?logz), as x—0, (3.6)

in terms of constants ¢; and b; to be determined. By determining these constants, which then specifies the homoge-

neous solution for uy, the solution u; can be found uniquely. From (3.3), (3.5), and (3.6), we obtain that

A 2
ue ~ —1+ 322 —22% + v (5210gw - T;xlogx—i-cl + bz + O(a? logw)) +---, as x—0. (3.7)
By introducing the inner variable y = /7, we have to leading order from (3.7) that u ~ —1 + 37?y? + .-+ as
x — 0. Since u = —1 4+ O(e) in the inner region, this motivates the scaling of the local variables y and v defined by
y=ua/et/?, u=—1+ev(y). (3.8)

Next, we balance the cubic term —2z? in (3.7) with the O(v) term in (3.7) to get v = £3/2. Then, we substitute (3.8)
and \e ~ €%/2)g into (3.1), to obtain that v(y) satisfies

Ao o -
—v””zel/z%, 0<y<oo; v(0)=1, '(0)=2"(0)=0. (3.9)

To determine the correct expansions for the inner and outer solutions, we write the local behaviour of the outer

expansion in (3.7) in terms of the inner variable z = e!/2y, with v = £3/2, to get

A A A
ue = —1 4 3ey® + (53/2 logs) ﬁ +3/2 <2y3 + 5—2 logy + 01) + (—&?loge) 2—$y

2\
+ €2 {—270ylogy +biy| + O ?loge). (3.10)

The terms of order O(3/2loge) and order O(s? loge) can be removed with a switchback term in the outer expansion.
In addition, from the O(e) term in (3.10), we conclude from (3.9) that v ~ vg + o(1), where v, satisfies
vy" =0, 0<y<oo; v(0) =1, wvy=0v)(0)=0; wvy~3y* as y— oo, (3.11 a)
which has the exact solution is
vo=3y* +1. (3.110)
The constant term in (3.11 b) then generates the unmatched term e in the outer region, which can only be removed

by introducing a second switchback term into the outer expansion.

This suggests that A¢, and the outer expansion for ue, must have the form
Ug = up + €Uy + (53/210g5) u3/2+53/2u1+~-~ , )\5253/2)\0+52)\1+-~- . (3.12)
Upon substituting (3.12) into (3.1), and collecting similar terms in e, we obtain that u;/, satisfies
Ut j2ezee = 0, 0<z<1; u1/2(0) =1, u1/2,(0) = b1ja, u1ya(l) = uy/.(1) =0, (3.13 a)
where by /5 is a constant to be found. The condition u, /2(0) = 1 accounts for the constant term in vg. The solution is
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Similarly, ugs() satisfies u3/2p42, = 0. To eliminate the O(%/?1oge) and O(e%loge) terms in (3.10), we let ug /2

satisfy
Ao Ao
U3/2zzar =0, 0<x<1; uz/2(0) = 108 u3/2,(0) = o7 uz/2(1) = uz/o.(1) = 0. (3.14a)
The solution for ugz, is
1 T 52 3
Ay [ —— = 2 ) 3.14 0
3/2 0( 108 27 108+54) (3.14)

We then substitute (3.5), (3.6), (3.13b), (3.14b), for ug, u1, ui/2, and uz/ respectively, into the outer expansion
(3.12), and we write the resulting expression in terms of the inner variable x = £'/2y. This yields the following

behaviour for ug as z — O:
2 3/2 3, Ao 2 2 2Xo
un~—1+¢e(3y° +1)+e —2y° + £1 logy + b1 oy +c1 )+ | =(3+2b12)y” — 2—7ylogy +biy+--- ] . (3.15)
The local behaviour (3.15) suggests that we expand the inner solution as

U:1)0+51/2?)1 +evg - (316)

Upon substituting (3.16) and (3.12) for A¢ into (3.9), we obtain that vy satisfies (3.11), and that v, satisfies

vg”’:—v—g, 0<y<oo;  v(0)=0v1(0) =v{"(0) =0, (3.17a)
v1~—2y3+2—210gy+b1/2y+01, as Yy — 00, (3.17b)

while vy satisfies
”A 0<y<oo;  wy(0) = vh(0) = v'(0) =0, (3180)
v2~—(3+2b1/2)y2—%ylogy+b1y+~--, as Yy — 00. (3.18b)

27
The solution to these problems determine Ag, A1, by /2, ¢1 and by, as we now show.
To determine \g we use vy = (3y? + 1) and integrate (3.17 a) for vy from 0 < y < R to get

R > 1 )\0 e 1 AO 33/271' \/gﬂ' )\0
o (By2+1) 9 Jo (y2+1/3) 9 4 12

lim 0"
R—o00

Then, by using the limiting behaviour v; ~ —2y> as y — oo, we determine Ay as \g = 48\/5/71

Next, we calculate by /o directly from (3.17). To do so, we use Green’s second identity to obtain

R
lim (vov)" —v1vy") dy = lim (vovy" — viv] + viv] — vy v1) ‘
R—oo Jg R—oo

Then, upon using vo(y) = 3y* + 1, together with the problem (3.17) for v;, we obtain that

R
Jim [ wgui”dy = lim [(3R? +1) (—12) = 6R(=12R) +6 (—6R* + by /o) + -] ,
— 00 0 — 00
N lim [ L A /0071 d 12 +6b (3.19)
— 1m _ = — = — . .
0 o 0 Y 0 0 3241 Y 1/2

Upon evaluating the integral, and then using Ao = 48v/3/7, we obtain from (3.19) that bijp = —2.

Next, to determine ¢ in (3.17), we first must calculate v{'(0) and then write (3.17) as an initial value ODE problem
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for v1. To do so, we multiply (3.17) by v(, and integrate over 0 < y < R, to get

R n R
Jm [ttty = gim ot et ||+ g [ ool a,
R /
—Xo Rlim —2 dy = v (0)vy (0) + Rlim [6R(—12) — 6(—12R) +---] ,
—oo Jo 0 0o
1 oo
Ao Jim | oo = 607(0).- 3.20
0 Rgnoo (U(]) vo=1 Ul( ) ( )

Since vp(0) = 1, this yields that v{(0) = —Ao/6. Then, with the initial values v1(0) = v{(0) = v{’(0) = 0, and

vY(0) = =g /6, we can solve the initial value problem (3.17) for v; to obtain
/\ )\0 )\ )\0 _
v = tan~1(V/3; 2—1——10 1+3 tan~1(v/3y) . 3.21
1 12[1/ "(V3y) - Tog loa(1+3y%) — 2v3 " (V3y) (3.21)
Upon using the large argument expansion tanfl(z) ~ )2 — 271+ (323)7! for 2 — oo in (3.21), we calculate that
A A A 2 Ao log 3
1~ = " 43+ 2210 l 0 008 as Yy — 00. (3.22)

2137 50 %Y T Y TR T 108
Since \g = 48+/3/7, we compare (3.22) with the required far-field behaviour for v; in (3.17 b), to determine ¢; as

2 log3 48V/3
/\0<81+108>’ Ao=——

(3.23)

Next, we calculate A from the problem (3.18) for vy. We integrate (3.18 a) over 0 < y < oo, and use v4’ — 0 as
y — 00, to obtain that Ay [;° vy 2dy = 2)\o 15" (v1/v3) dy. Then, since vy = 3y? + 1, we get

8vV3Xo [ u
AL = dy . 3.24
= B [y (3:24)
This integral can be directly evaluated by using (3.21) for v;. In this way, we obtain that
8v/3\0 [ Ao Ao Ao Ao }
ME——|—F=h——L+—I 3.25
1 - 12\/51 362 T 10873 12\[ (3.25)
where, upon repeated integration by parts, we calculate
_ ® tan " (v/3y) 1 2y tan”" (v/3y) V3y?
L = A W= 2)2 avs | W
0 (1+3y) 12 (1+3y?) (1+3y2)?
ot [ e e e s () 2 (550) -
B 12f (1 +3y T3 1+3y%)°  12v/3 \4v3/) 43 \48v3/ 576’
[ yPdy m [ log(1 + 3y?) m(12log2 —7)
IQ = 2\3 = 9 I3 - 2\3 dy = )
o (1+3¢72)° 48V3 o (1+3y%) 32V3
1= (1+3y) YT ), sy 12\ 16 ) 64
Upon substituting these results for I, for j =1,...,4, into (3.25), we obtain that
/\2
A= 22 (3log2 —4) &~ —12.454. (3.26)

108
Finally, we calculate b from (3.18). We multiply (3.18 a) by vy and integrate the resulting expression to get

R R R q
/ vovy dy = 2/\0/ —dy — M\ / —dy. (3.27)
0 o Yo o Yo
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Since v; ~ —2y? and vy ~ 3y? as y — oo, then vy /v ~ —2/(9y) as y — oo. Therefore, since the first integral on the

right-hand side of (3.27) diverges as R — oo, we must re-write (3.27) as
R R

+ / vy vy dy
0 0

Then, by using vy = 3y? + 1 and the asymptotic behaviour of v, in (3.18 b), we take the limit R — oo to get

i
— VyUy

R R
2 AN 1
:2)\0/ (“1+> dy——olog(RH)—Al/ —dy.  (3.28)
0 9 o Yo

R
"
[UO% 0 vh o 9y +1)

. 20 200 2o 200 4
1 241 —6R(2-2%) 46 (2R - 2logR— 22 4 by | + 22 log(R+1) + -+
im {(SR ) o 12 6R ( 27R> 6 ( R o7 og R o b1> 9 og(R+1) ]

e (%) 2 *1
=2 -+ ———]d —)\/ —d 3.29
o[ (3tarn) v ) o
Substituting [, vy b dy = 7/(2V/3) together with (3.24) for \; into (3.29), we calculate b; as

)\0 )\0 & U1 2 2)\0 i U1
by =-220 4 28 S )ay -2 Dy, 3.30
BT o<%+wwuo ST T (3:30)

We summarize our asymptotic result as follows:

Principal Result 3.2: For ¢ = u(0) + 1 — 07, the maximal solution branch of (3.1) has asymptotic behaviour

48+/3£3/2 ( 4g1/2 )
e~ ——— 1+ 3log2—4) +--- ). 3.31a
¢ ™ 3\/377( & ) ( )

In the outer region, defined away from x =0, a four-term expansion for ue is

g = —1+ 322 — 223 + ¢ (1 —2x+x2) + (53/210g5) U3 /2 + &3 %uy 4. (3.31b)

Here 3,9 is given in terms of Ao = 483/ by (3.14b), and uy is defined uniquely in terms of ¢; and by of (3.23)
and (3.30), respectively, by the boundary value problem (3.4b) with singular behaviour (3.6).
A very favourable comparison of numerical and asymptotic results for |u(0)| versus A is shown in Fig. 8. The
two-term approximation for A in (3.31 a) is shown to be rather accurate even for A not too small.
1.0
0.9
0.8
u(0)]
0.7

0.6

0.5

0.0 1.5 3.0)\4.5 6.0 7.5

FIGURE 8. The full numerical result (solid line) for |u(0)| = 1 — ¢ versus A for the biharmonic problem (3.1) is compared
with the one-term (dotted curve) and the two-term (dashed curve) asymptotic result given in (3.31 a).

A similar analysis can be done for the more general mixed biharmonic problem, formulated as

A
—Uggaa T 6uwx = (

REEHER o[ <13 u(£l) =us(£1) =0, (3.32a)

where we have defined § and A in terms of § = O(1) by

B=d0", A=0\ (3.32b)
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For a fixed 6 = O(1), we will construct the limiting behaviour of the maximal solution branch ue, Ae in the limit
ug(0) +1=¢ — 0. We will consider (3.32a) on 0 < z < 1 with symmetry conditions wu;(0) = tz.,(0) = 0.

As for the pure biharmonic problem (3.1), the expansion for Ae and the outer expansion for ue is (see (3.12)),
u5~u0+5u1/2+53/210g5 u3/2+53/2u1+-~, e ~ 32X+ 2N + - . (3.33)
Upon substituting (3.33) into (3.32), and imposing the point constraints u¢(0) = —1 and ug,(0) = 0, we obtain that
—Uogzaz + Puoze =0, 0<z<1; up(0)=—1, up(0) =0, up(l) =0, up(1) =0, (3.34a)
Ao

—Ulgzzs + ﬂulzz =
Moreover, the two switchback terms u; /o and uz/, are taken to satisfy

—U1/2zxx2 + 6“1/23& = Oa 0<z< 1; ul/Q(O) = ]-7 u1/2x(0) = b1/27 u1/2(1) = 0, U1/2x(1) = Oa (335 a)
—U3/2zxx2 + ﬁu3/2x9c =0 0<x<l1; U3/2(0) =C3/2, u3/2x(0) = b3/2 ) U3/2(1) =0, u3/2x(1) =0, (335 b)

for some constants c3/2, b3/2, and by /3, to be found.

The solution to (3.34 a) for ug is given by

ug(z) = —-1+C [cosh(\/ﬁa:) - 1} +D {\/Bx — sinh (\/Bx)} , (3.36 a)

where C' and D are defined in terms of § by

C = {\/Ecoth (?) —2}_1, D= [\/B—ztanh (\fﬂ_l (3.36 b)

From (3.36), we calculate the local behaviour
2 3, B 4
ug ~ —1+azx” +yx +Ex +.o, as z—0, (3.37 a)

where a and «y are given by

%UOM(O) = <§) [\/Bcoth <\/f> - 2] B , 7= éUOmrx(O) == <5;/2) [\/3 2 tanh <\/QB>} B :
(3.37D)

As § — o0, corresponding to  — 0, we obtain that & — 3 and v — —2, which agrees with the result for uy given in

«

(3.5) for the pure biharmonic case. As required for the analysis below, we can readily show from (3.37 b) that « > 0
and v < 0 for all 6 > 0.

Next, from the problem (3.34 b) for u;, the local behaviour as x — 0 for u; is
Ao
62

A
U~ logx—i—%xlogx—i—cl—i—blx, as = —0, (3.38)

where ¢; and by, representing unknown coefficients associated with the homogeneous solution for u;, are to be
determined. Next, we use the local behaviours (3.37 a) and (3.38) for uy and uy, respectively, together with the local

behaviour for u; /5 and us/, from (3.35), to obtain the following near-field behaviour as 2 — 0 of the outer expansion
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n (3.33):

22
u~—1+ax2+7x3+1—§x4+ <1+b1/2x+u1/2m(0)2+-~-)

A A
+ 3% loge (cayp + bajax + -+ ) + %2 (604021ng+ %xlogw—i—cl +b1x+~-~> . (3.39)

In terms in the inner variable y, defined by = = ¢'/2y, (3.39) becomes

Ao
) + &%/2 (Wy +bi2y+

Ao
12a

u~—1+5(ay2+1)+(53/210g5) ( 6o

5 logy + Cl)

A A
+ (e?loge) <b3/2y+ ;agy> + & <u1/2x$(0)y2 + uylogy+ Tﬂy +b y) . (3.40)

To eliminate the O(3/?loge) and O(e? loge) terms, which cannot be matched by the inner solution, we must choose

5\0 '75\0
202’ byjp=—5 3 (3.41)

C3/2 = —
With c3/, and b3/, given by (3.41), we can then calculate the solution ug/, to (3.35b) explicitly.
In the inner region, we let y = z/¢'/? and v(y) = u(¢'/?y), and we expand v as in (3.16). Then, from (3.32) and

(3.33) for 5\5, we obtain that the leading-order inner solution is vo = ay? + 1, and that v, satisfies

A
A== 0<y <o w(0)=v(0) =0{'(0) =0, (3:420)

0

Ao
v ~y° +b1/zy+ slogy+ci, as y— oo, (3.420)
while vy is the solution of

22 )

vy = 7301;1 ; +0Bv), 0<y<oo; v2(0) = v5(0) = v5"(0) =0, (3.43 a)
0
Ao

vy ~ Tgy + u1/2za:(0)y2 + Lylogy +biy +- as Y — o0. (3.430)

By repeating the analysis of the pure biharmonic case in (3.19)—(3.30), we can determine Ao, A1, bi/2, c1, and by,
from (3.42) and (3.43). We remark that in determining A; and by from (3.43), we first must write vy = o2 + 3y*/12,
and obtain a problem for 9y without the Svj = 2a3 term in (3.43 a). From the problem (3.42) for v1, we calculate

< 24/ VB Xo (2 loga
N = — by o = =1 th = (= . 44
0 paa 1/2 = \fCO < a=2\9 + 19 (3.44)
By using a simple scaling relation to transform (3.42) to (3.17), with solution (3.21), the solution to (3.42) for vy is
o o b o e
v = “ava y®tan~! (Vay) — oY + 202 log(1 + ay?) — 1032 ytan~'(Vay). (3.45)
In terms of vy, we calculate from the problem (3.43) for vo that

N 85\0\/& o V1 5\0’}/ 5\0 /oo V1 Yy 25\0 /
A= gy, =200 20 DT Vay-20 Dy 3.46
! T 0o U 4 1T 203 + aJo \vi a?(y+1) L 0 vs Y (3.46)

where vy = ay? + 1. The integral term in \; above can be evaluated explicitly as was done for the pure biharmonic
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case in (3.25)-(3.26)). The exact expression is A\; = A2 (3log2 — 4) /(12a?). We summarize our result for (3.32) as
follows:

Principal Result 3.3: For e = u(0) + 1 — 0%, the mazimal solution branch of (3.32) has the asymptotic behaviour

< 24y/ae?/? 2yel/?
Ae v == T (3log2—4) +--- ), (3.47 a)

where a and v are defined in terms of 3 = 61 by (3.37b). In the outer region, defined away from x = 0, a four-term
expansion for ug is

Ug ~ Ug + €Uy /2 +&321oge ug/o + 3 2uy 4. (3.47b)
Here ug is given explicitly in (3.36), while uy /o and ug/, are the solutions of (3.35) in terms of the coefficients c3/o
and by /o, defined in (3.41), and the coefficient by /o given in (3.44). Finally, uy satisfies (3.34 ), subject to the local
behaviour (3.38), where ¢; and by are defined in (3.44) and (3.46), respectively.

We conclude this section with a few remarks. First, we note that since o > 0 and v < 0 for all § > 0, the limiting
behaviour in (3.47 a) satisfies Ae > 0, and is defined for all § > 0. For § — oo, for which o — 3 and v — —2, (3.47 a)
agrees with the result in (3.31 a) for the pure biharmonic problem. Alternatively, for 0 < § < 1, we calculate from
(3.37b) that o ~ [2\/5} - and v ~ — [66]"'. The expansion for Az in (3.47 a) is not uniformly valid as § — 0 when
the second term in (3.47 a) is comparable to the first term. This occurs when e'/2y/a%/2 = O(1). Using a = O(67/?)
and v = O(6~'), we obtain that '/2y/a3/2 = O(1) when § = O(?). Hence, (3.47 a) holds only when § > O(g?).
Finally, we remark that the two switchback terms can be written explicitly in the form w,/o(x) = w(w;1,b,/2) and
ug/2(x) = w(z;cs/2,b3/2), where w(z;wo.wy) is the solution to —wgaze + Bwze = 0 with w(0) = wo, w,(0) = w,

w(1) = w,(1) = 0, which is given explicitly by

w(z) =wo +wiz+C [cosh (ﬂx) — 1] +D [\/Eac — sinh (\/Bm)] , (3.48 a)

where C and D is the unique solution to the 2 x 2 linear algebraic system
C {cosh (\/B) - 1] +D [\/B — sinh (ﬁ)} = —(wo +w1), (3.48b)
C+/Bsinh (\/B> +Dy/p {1 — cosh (\/B)} =—w. (3.48 ¢)

In Fig. 9 we show a favourable comparison between the two-term asymptotic result (3.47 a) and the full numerical
result for Ae = 6Ae when § = 0.1 and § = 1.0. We observe that the two-term asymptotic result agrees remarkably

well with the full numerical result even when ¢ is only moderately small.

4 Asymptotics of Maximal Solution Branch as A\ — 0 for the Biharmonic Problem: Unit Disk

In the unit disk in R?, we now construct the limiting asymptotic behaviour of the maximal solution branch of the
pure biharmonic nonlinear eigenvalue problem
A
2, _ . — _
where Au = 4, + 7 u,.. For 6 > 0, we will also consider the mixed biharmonic problem

A
5A2u—Au:—m, 0<r<l1; u(1) = u,(1) =0, (4.2)
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FIGURE 9. The full numerical result (solid line) for |u(0)| = 1—¢ versus A for the mixed biharmonic problem (3.32) is compared
with the one-term (dotted curve) and the two-term (dashed curve) asymptotic result given in (3.47 a). Left figure: § = 0.1.
Right figure: 6 = 1.0.

In each case, we set u(0) + 1 = ¢ and construct a solution ug, Ae such that Ae ~ v(e) \g as e — 0T, where v(g) < 1
is a gauge function to be determined. One of the main challenges in constructing the asymptotic solution of (4.1) as
u(0) — —17 is determining v(e) and the correct expansion of u. This is achieved by matching an inner solution valid
in a small neighbourhood of the origin to an outer expansion valid elsewhere. Since the analysis for (4.1) and (4.2)
is very similar, we will only provide a full analysis for the pure biharmonic case, and simply state the main results
for the mixed problem.

We first pose naive expansions for A and the outer solution in the form
u=wuo+v(Ee)u +---, Ae=v(E) Ao+ . (4.3)

Upon substituting (4.3) into (4.1), we obtain on 0 < r < 1 that ug and u; satisfy

Ao

A%ug =0 1) = ug, (1) = 0; A2y = 20
up =0,  up(l) = uopr(1) =0; U AT ug’

ur(1) = w1 (1) =0. (4.4)
By imposing the point constraints uo(0) = —1 and ug,-(0) = 0, the solution to (4.4) for ug is
ug = —1+72 —2r?logr, (4.5)

while u; satisfies
Ao
r4(1 —2logr)?’

Note that ug,-(0) = 0, while ug,.-(r) diverges as r — 0. This shows that we need a boundary layer near r = 0 in order

APy = 0<r<l1; ui (1) =uj(1) =0. (4.6)

to satisfy the required symmetry condition u,...(0) = 0.
To determine the behaviour of u; as r — 0, we introduce the new variables n = —logr and w(n) = u (e~ "), so

that n — oo as r — 0. From (4.6), we get that w(n) satisfies

w"" +4wlll —|—4’LUH _ _L = —ﬁ 1+ i - (4 7)
(I+2n)2 42 ) '

By using (1+h)™2 ~1—2h +3h%+---, for h < 1, we readily calculate from (4.7) that

Ao Ao 3o 13\
w~ —logn— o— — ——— —

16 327 1282 384 0 M T ee
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Therefore, upon setting 7 = —logr, we obtain that u; has the near-field asymptotic behaviour
Ao Ao 3o 13X
u; ~ — log(—logr) + — + +a; +azlogr+---, as r—0, 4.8
TS 8l gr) 32logr  128log*r  384log®r ! 2708 (4.8)

where a; and as are constants related to the solution of the homogeneous problem for u;. By determining these
constants below, and then by satisfying the two boundary conditions u1(1) = u1,(1) = 0, the solution u; to (4.6)
can be found uniquely. For r — 0, the two-term outer expansion for u, given by (4.3), has the limiting behaviour

n /\0 _ 3)\0 13/\0
32logr 128 1og2 r 384 1og3 r

u~—1—|—r2—2r210gr+1/(/1\glog(—logr) +a1+a210gr>+-~-. (4.9)
In the inner region for (4.1) near the origin, we introduce the inner variables v and p defined by
u=—-1+cv(p), p=r/v, (4.10)
where v < 1 is the boundary layer width to be found. Upon setting r = 7 p in (4.9), we obtain

u=—1+7~%p* —29% p*(logy +log p) + O [vlog(—log )] , (4.11)

for v <« 1. The largest term in (4.11) must be O(e) if the outer and inner expansions are to be successfully matched.
In addition, since ug,(0) is infinite, we expect that u,..(0) = (¢/4%)v"”(0) is not finite as e — 07. These considerations

show that the boundary layer width is determined implicitly in terms of & by

v 1
—%logy=-"—=¢, and o=— , (4.12)
o log v
Next, we write (4.9) in terms of p, €, and o, as
A A A o
~ —1 420 —9,%1 2 20 24061 —ologp) — 2T
u +2p°e +oe(—2p ogp+p)+V( 16 1080 + 7¢ log(1 — o'log p) 320 —olozp)
3/\00'2 13/\00’3 as
- - — 2 4l el (413
1281 —ologp)?  384(1—ologppp M~ 5 Ta2lEr) T (4.13)
Expanding terms in (4.13) for 0 < 1, and collecting terms at each order, we obtain that
A a A A
~ 142|202 + o(—2p%1 24 Y20 ~ 2 g 0, 20
u +€[p +o(=2plogp +p7) + — | =g logo +ar = = +azlogp o | —Jplogp — o
A A 3\ A A 3\ 13\
2 0 2 0 0 3 0 3 0 2 0 0
——1 ——1 - — ——1 ——1 ——1 — el (414
+U(320gp 32 87 128>+U(480gp 3208 P 5q 8P 384)+ ” (4.14)

To determine the scaling of v, we first substitute the local variables (4.10) into (4.1) to obtain the inner problem

_0‘2V Ao+---]
—=

Al = 0<p<oo; v0)=1, o'(0)=2"(0)=0, (4.15)

€ v
where Af, is the biharmonic operator in terms of p. The largest term in (4.14) is O(e), which suggests that we expand

2

v as v = vy + ovy + O(c?). Therefore, the only feasible scalings for v are v = e072 or v = eo~ L. If we choose

v =e072, then Aivo = —\o/v3 with vy ~ 2p? as p — oo, which has no solution. Therefore, we must choose

1
9
v=g = ey ( ) =" (log)* . (4.16)

log vy
Substituting (4.16) for v into (4.14), and recalling u = —1 + ev, we obtain from the matching condition that the
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asymptotic expansion of the solution v to (4.15) must have the following far-field behaviour as p — oo:

1 logo A 1 A A
v = —5ar = 8720 4 ~ (a1 +azlog p) + (202 ~ Zlogp — 0)

o 16 o 16 32
Ao Xo 3)o Ao Ao 3o 130
—2p21 2 20002 p— L0pg p — 220 2 (200663 p— 002 p— "o 0g p —
+U( PriOBP T 5y 08T P 3y 108D T g | T\ TR 08 P T gy 0BT P gy 08P gy |
(4.17)

Since we will expand (4.15) with v = vy + ovy + O(c?), the O(c72), O(c™!), and O (¢~ 'log o), terms in (4.17)
are too large, and they can only be removed by adjusting the outer expansion by introducing switchback terms. The
modified outer and nonlinear eigenvalue expansions, in place of the naive original expansions (4.3), is

elogo

u=ug+ uy /2 + Eul +elogoug)s +eus +eologous +eous +50210g0u7/2+502u4+-~- , (4.184a)
o
A= oo+ 0PN+ (4.18b)
o

Such a lengthy expansion is required in order to completely specify the inner solution v(p) up to terms of order O(o).

Upon substituting (4.18) into (4.1), we obtain for j = 1,...,4 that on 0 < r < 1 the switchback terms satisfy

A2U(2j—1)/2 =0; u(2j—1)/2(0) = f(2j—1)/27 aru(Qj—l)/Z(O) =0, U(zj—1)/2(1) = aru(Qj—l)/Z(]-) =0, (4-19)

which has the solution

U(Qj,]_)/g(’l") = f(gj,l)/Q (1 — 7"2 + 27"2 lOgT) s ] = 1, ‘e ,4, (420)
where f(2;_1)/2 for j =1,...,4 are constants to be determined. Moreover, for j = 2,3,4, u;(r) satisfies
Ai1 .
A2uj:f(1£7u())2, 0<r<l; uj(1) = 0uj(1) =0,  j=234. (4.21)

The asymptotic behaviour of the solution for u; as r — 0 for j = 2,3,4 is (see equation (4.8)),

u2 )\1 b1 bQ

log(—1 1 3 13
ws |~ | A ( og( 160g7“) i _ — + - ) ca |+ | c Jlogr+---. (4.22)
s As ogr 128log”r  384log”r dy ds

Here b1, b5, c1,c2,d;, and ds, are constants pertaining to the homogeneous solution. These constants are fixed in the
matching process below, which then determines u; for j = 2, 3,4 uniquely.
From (4.18), (4.20), and (4.22), together with w = —1 + ev, the matching condition between the outer and inner

solutions leads to the following far-field behaviour for the inner solution v as p — oo:

1 log o Ao A A2 9 A3
S + (f1/2 - 16) +logo (f3/2 - 16) +ologo (f5/2 - 16) +o”logo (f7/2 - 16)

g

1 A A
+ — (a1 —ba+azlogp) + b1—f0+02+2p2+ bg——o log p
o 32 16

Ao Ao M A 3o
_ 9,2 2 _ 20, 2 _20 M _ g M SA0
+ 0’( 2p°logp+p 3 log p—l—(cz 3 16)10gp+cl da

Ao A Ao X A 3k de o 3\ 13X
2 _71 3 _ L v 1 2 (g 72 AL <0 1 _ A At
oo ( 18 87 (32 +32) o8 pt (g T gy TG )BT T T g T T 3w
+ O(0?).

(4.23)
The constant ey in the order O(c?) term above arises from the homogeneous component to the solution us of the

eo3us term in the outer expansion, not explicitly written in (4.18 a).
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Since the expansion of the inner solution v(p) is

2
v=2v9+0ovy+0v2+ -,

(4.24)

the constant terms in (4.23), which are larger than O(1), and the O(o” log o) terms in (4.23), must all be eliminated.

In this way, we obtain that
Aj .
a; =bs, az=0; f(2j71)/2:77 J=1,...,4,

so that (4.23) becomes

A A
v~ {b1—0+02—|—2p2+ (bg—lo)logp]

32 6
Ao Ao M A 3N
_9,2 2 _ Y 2 _ v _ 27y
+ a{ 2p°logp+p 32log p+<02 3 lﬁ)logp-i-q do 3 128]
Mo A o de A 3o Ae 3N
2| 20 0g8 5 (2L 4 20 ) 102 g (dy — 22 - 2L 220 1) ey (22
T [ 18 B F (32+32) og pt\d2 =95 g5 gy Jloer T dimeam g g
+ 0(?)

From (4.24), (4.15), and (4.26), we obtain that v, satisfies

Alvg =0, 0<p<oo; vo(0) =1, y(0) =v]"(0)=0; wy~2p*, as p— 0.

The solution is vy = 2p? + 1. Then, from the first line in (4.26) we determine the constants b; and by as

Ao Ao
= — = 1 - .
by 16 b + 39 + co
From the O(o) terms in (4.15), (4.24), and (4.26), we obtain that v; satisfies
A2y =20 ; 0) = v1(0) = v1"(0) = 0
=2 0<p<oor mi(0) = v (0) = of'(0) =0,

0
with the far-field behaviour

A
v~ =2plogp+p* — “2log? p+xilogp+ X2, as p— oco.

32
Here we have defined x; and xo by
e, M e —dy 13N
MZ2 T 1 TR T 1y
From the O(0?) terms in (4.15), (4.24), and (4.26), we obtain that v, satisfies
A1 2A
Aivgz—vf;—l—vf;m, 0<p<oo; v2(0) = v5(0) = v4"(0) =0,
0 0

with the following far-field behaviour as p — oco:

A AtA A2 A1 3A A2 3 13X
vy ~ =2 log® p — <1+0>log2p+(d2—2—1—0>logp+d1—eg—2—1— 0 4

48 32 32 16 32 64 32 128 384

(4.25)

13X
384

(4.26)

(4.27)

(4.28)

(4.29 a)

(4.29b)

(4.29 ¢)

(4.30 a)

-, (4.300)

The problem (4.29) determines the constants Ao, x1, and x2. Thus, (4.29 ¢) fixes co in terms of A\g and A;, and

(4.28) determines b;. However, (4.29 ¢) only provides one of the two required equations to determine ¢;. As shown

below, the additional equation is provided by the problem (4.30) for vs. To determine Ao, we apply the divergence
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theorem to (4.29 a) to get

R
A d A
. 2 0 1 “ 70 _

R Uo (A”Ul Ta +2p2)2> pdp] A {p 2 Ao |t ) =0 (4.31)
We then use the leading-order term in the far-field behaviour (4.29 b) to obtain A, v; ~ —8log p as p — co. Therefore,
(4.31) yields A\g = 32, so that a; = 2 and by = 2, from (4.25) and (4.28), respectively. We remark that A¢ is determined
solely by the leading-order behaviour v; ~ —2p? log p, while the correction term p? in (4.29 b) specifies v; uniquely,
and allows for the determination of x1 and x2 in (4.29 b) as we now show.

To determine x; and x2, we first integrate (4.29 a) to obtain
A, vy = —4log(l +2p%) + C, (4.32)

with the value C' = 4(log2 — 1) obtained by using the far-field behaviour (4.29b) in (4.32). Next, by integrating
(4.32) with v} (0) = 0, we obtain the ODE initial value problem

v1, = —2plog(p® +1/2) — p~'log(1 + 2p?), v1(0) =0. (4.33)

A further integration of (4.33) yields

1 1 1 ? log(1 + 2y*
vy =p® — =log2— ( p?>+ = |log [ p* + = —/ Mdy. (4.34)
2 2 2 o y
In order to identify the constants y; and ys in (4.29 b), we must determine the asymptotic expansion of (4.34) as

p — 00. To do so, we must calculate the divergent integral in (4.34), by re-writing it as

Iz/p log(1 + 2y2) dy:1/2p2 log(1 + x) dle [/1 log(1 + z) dx+/2p2 log(1 + z) dx]
0 0 0 1

Y 2 T 2 T T
a2 1 [ log(1 + ) 2 1 20 log(1+z) logz 2p° log =
= 4= T = = - d d
24+2/1 x Tty /1 ( x @ ) x+/1 e )
2 1 o 1 [ log(1+1/x)
= — + — [log (2p° = — 17y
24+4[°g(p)]+2/1 = v

where we have used fol x71log(1 + x) dz = w2 /12. Therefore, (4.34) becomes

2

1 ™ 1 1 (% log(1+1/x
v1:—(p2+1/2)log(p2+1/2)+p2—§log2—ﬁ—log2p—log2logp—Zlog22—§/ %dw, (4.35)
1

where the integral term in (4.35) is finite as p — oo. Therefore, for p — 0o, we obtain

1 1 1 21 [®log(l+1
1}1——2p210g,0—|—,02—log2p—(1—|—log2)logp—<2—|—210g2~&—410g22—|-7r—l—/1 Md

i3 x) +o(1),

where [~z log(1+ 27 !) dz = fol u~'log(1+ u) du = 72/12. Upon comparing this asymptotic result with (4.29 b),
we identify x; and x» as

11 21,
x1=-1-1log2, Xg——§—§10g2—ﬁ—zlog 2. (4.36)
Therefore, from (4.29 ¢) and (4.28), we obtain that
Ao M 1
=—+—=—1—log2 = — —log2. 4.
Co 3 + 16 og2, by 16 (/\Q—F)\l) og ( 37)

By proceeding to the next order problem (4.30) for vy we will determine \; and obtain additional equations
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relating the unknown constants di, da, and ey. The value of A; is obtained by multiplying (4.30 a) by p, integrating
the resulting expression over 0 < p < R, and then using the divergence theorem. In passing to the limit R — oo, we
note that since vy = o(p?log p) as p — oo from (4.30 b), there is no contribution from the flux of A vy across the big

circle p = R. In this way, we obtain that
o0
U1
o Yo
where vy = 2p% + 1 and vy is given in (4.35). This expression can be evaluated explicitly upon integrating it by parts,
and then using (4.33) for vi,. In this way, we obtain

o 1 o0 p /°° log(1 + 2p?)
A=A — s dp =2)glog2 ———dp— — T dp,
' 0/0 [(1 + 2P2)2] fe P = 208 /0 A+2022 770 fy o207 7

A N [ log(1 A 2
A0y 20 [Floglltw) Ao o TN 15009,
2 2 Jo u(l4+w) 2 6

In the final step, the result [ log(1 + u)/(u + u®)du = fol logy/(y — 1) dy = 7% /6 has been used.

In terms of the known values of x1, Ag, and A1, we can obtain cs from (4.29 ¢). However, the expression for o in
(4.29 ¢) gives only one equation for the two further unknowns ¢; and ds.

The solution vy of (4.30) is uniquely defined, and so provides the far-field behaviour

AO 3 )\1 AQ 2
=—2%10g% p— [ 22 + 22 ) log® p + x5 log p + x4 + o1 -
vy 15 108 P (32 35 ) 08" P+ xslogp+xa o(l), as p— o0,

for some constants x3 and x4 determined in terms of the solution. Upon comparing this behaviour with (4.30 b) we

get two equations

g o2 M3k g — ey 23N 13X
X3 =@7 96730 gar  XMTUTE2T R0 T I08 T 384

Therefore, dy is fixed in terms of Ay, which then determines ¢; from (4.29 ¢) for x2. The equation for x4 gives one

equation for d; and ey in terms of 5. Similarly, we can continue this process to higher order to determine a further
equation for d; and e;. We summarize the preceding calculation as follows:

Principal Result 4.1: In the limit ¢ = u(0) + 1 — 0T, the limiting asymptotic behaviour of the maximal radially

symmetric solution branch of (4.1), away from a boundary layer region near r = 0, is given by
u:uo—i-ilogaul/g—i— EUl+€10g0’U3/2+€U2+O(5010g0)7 A=S Ao+ oA +0(0?)] , (4.39a)
o o o

where 0 = —1/log~y and the boundary layer width ~ is determined in terms of ¢ by —y*logy =¢. In (4.39a),

A A
up = —1+7r>=2rlogr, ujp = 1—8 (1—r*+2r°logr) , wuz = 1—(15 (1—r*+2r°logr) , (4.39b)
while uy and ug are the unique solutions of
PP R P u1(1) = uy,-(1) =0 (4.39 ¢)
1 (1 +u0)2 ’ ) 1 1r ) .
_ Ao Ao —1
uL = 7o log(—logr) + 6 +O(log™"7r), r—20, (4.39d)
A

2 — . — —

AUQ__W’ 0<r<l1; uz(1) = uz-(1) =0, (4.39¢)
A1 1 Ao 1

u2 = 7¢ log(—logr) + T (Mo + A1) —log2+ 16 logr+ O(og™ " r), r—0. (4.39f)
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Finally, \g and A1 are given by

)\ 2
=32, A= (10g2 — ”) . (4.39 g)

In Fig. 10 we show a favourable comparison between the two-term asymptotic result for A given in (4.39 ) and
the corresponding full numerical result computed from (4.1).
1.00 7
0.99
0.981
u(0)]
0.974

0.96

0.95 T T T . :
0.0 0.5 1.0)\1.5 2.0 25

FIGURE 10. The one-term (dotted curve) and two-term (dashed curve) asymptotic results for |u(0)] = 1 — € versus A from
(4.39 a) of Principal Result 4.1 are compared against the full numerical result (solid curve).

A very similar asymptotic analysis can be done for the mixed biharmonic problem (4.2). The main difference, as

compared to the pure biharmonic case, is that now the leading-order outer solution u, satisfies
—6A%up+Aug =0, 0<r<l; uo(l) = ug-(1) =0, (4.40 a)
subject to the local behaviour
ug = —1 4+ ar?logr + or? + o(r?), as r—0, (4.400)
for some « and ¢, which depend on . The general solution of (4.40 a) is
ug = A+ Blog r + CKo(nr) + DIg(nr),  n=1/V5, (4.41)

where Ky(z) and Iy(z) are the usual modified Bessel functions. By satisfying the boundary conditions in (4.40 a),

together with imposing the local behaviour (4.40 b) via the point constraints uo(0) = —1 and ug,(0) = 0, we obtain

A= [Io(n) (1 +nKy(n) —nlg(MEKo(m)]Gn),  B=C=nly(mGn), D=—[1+nKsn)]G(n), (442a)

where G(n) is defined by

G(n) = [nLj(n) (Ko(n) +log (n/2) +~e) + (L +nK(n)) (1 — Io(n)] " (4.420)

Here ~, ~ 0.5772 is Euler’s constant. By using (4.40 b) and (4.42), we can then explicitly calculate the functions a(n)
and ¢(n) in (4.40 b) as

a=— (L) B@O0). o=~ W) Qos(/2) +. — )+ KL IGW . (@)

In deriving (4.43) and (4.42), we have used the well-known small argument expansions Iy(z) ~ 1+ 22/4 and Ko(z) ~
—[log (2/2) + ve] In(2) + 2%/4 as z — 0.
This explicit solution for a and ¢ has two key properties. Firstly, the limit § — oo, or equivalently n — 0,

corresponds to the pure biharmonic case. In this limit, we use the asymptotic behaviour of Ky and I to calculate
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from (4.42b) that G ~ 16/n* as n — 0. Upon using this result in (4.43), we can readily verify that « — —2 and
¢ —1lasn— 0 (0 — o0), in agreement with the pure biharmonic case result (4.5). Our second remark pertains to
the sign of a(n). The asymptotic analysis leading to Principal Result 4.2 below requires that o < 0 for all n > 0.
This is readily verified numerically from the explicit formula for a(n) given in (4.43) (see Fig. 11(a) below). The

main result characterizing the limiting form for the bifurcation diagram of (4.2) is as follows.

Principal Result 4.2: In the limit ¢ = u(0) + 1 — 0T, the limiting asymptotic behaviour of the maximal radially

symmetric solution branch of (4.2), away from a boundary layer region near r = 0, is given by

de

g

u=ug+ £ log o uy 2 + Cun ¥ elogougss + eus + O(eclog o), A Ao+ oA +0(0?)] , (4.44 a)
g ag

where 0 = —1/log~y and the boundary layer width v is determined in terms of ¢ by —y*log~y =¢. In (4.44 a),

A A
ug = A+ Blog r+ CKy(nr) + DIy(nr), ul/gz—r.;uo, U3/2=—ﬁuo, (4.440)
where A, B, C, and D are defined in (4.42). Moreover, u; and ug are the unique solutions of
A?uy —n*Auy :—L, 0<r<l1; ur(l) = uy(1) =0, (4.44 ¢)
(1+wup)?
U ~ 2o log(—logr) + 2o +O(log™'r), as r—0 (4.44 d)
402 402 ’ ’
A
Auy —PAug=——21 0 0<r<1;  us(l)=us(1)=0, 444 ¢
2 n 2 (1+u0>2 2( ) 2 ( ) ( )
A A A A
Uz ~ r.?z log(—logr) + r.?z logr + 2?0?2 (1 + g) + r.jz —log(—a) 4+ O(log™'r), as r—0, (4.44 1)
where n = 6~ Y/2. Finally, Ao and \, are given by
9 o [m2 2¢

Since @ < 0 for all n > 0, the formulae in Principal Result 4.2 are well-defined. In Fig. 11(a) we plot the
coefficients v and ¢ versus 0, defined in (4.43), while in Fig. 11(b) we plot the coefficients dAg and dA\; in the
expansion (4.44 a) versus d, where A\g and A\ are defined in (4.44 g). For various fixed values of 4, in Fig. 12 we show a
very favourable comparison between our asymptotic result for the limiting behaviour of the maximal solution branch

and the corresponding full numerical result computed from (4.2).
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(a) a(d) and p(§) vs. § (b) Mo and dAq vs. §

FIGURE 11. Left figure: a(d) and ¢(4), defined in (4.43), are plotted for 0 < § < 2.5. Notice that (a, ¢) — (—2,1) as § — oo
in agreement with the pure biharmonic case. Right figure: 6\¢ and d\; versus §, where Ao and A1 are defined in (4.44 g).

1.0 1 1.0 1
0.99 - 0.99 -
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(a) |u(0)] vs. A (smaller ¢) (b) |u(0)] vs. A (larger 9)

FIGURE 12. The two-term asymptotic results (dashed curves) for |u(0)] = 1 — & versus A from (4.44 a) of Principal Result 4.2
are compared with full numerical results (solid curves). Left figure: smaller values of 4. Right figure: larger values of 4.

5 The Annulus Problem in the Unit Disk

In this section we construct the limiting asymptotic behaviour of the maximal solution branch for the annular MEMS

problem (1.4) in a concentric annular domain in R? formulated as

A
(1+u)*’

with 0 < § < 1 and 6 = O(1). We seek a solution of (5.1) for which A — 0 as u(rg) + 1 = ¢ — 0, where r¢ is a

Ay = §<r<1; (5.1)

free-boundary point to be determined. This problem, which is analyzed by formal asymptotic methods, is related to
the problem studied rigorously in [9].

In the outer region, defined away from r¢, we try an expansion for the outer solution w and for A in the form

u=1ug+rvu+---, A=v(Ao+pA+-1), (5.2)

where v < 1 and p < 1 are gauge functions to be determined. As shown below, this expansion must be adjusted by
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inserting a certain switchback term in the outer expansion. From (5.2) and (5.1), we obtain that wy and u; satisfy

Aug=0, d<r<re, re<r<l; uo(0) = up(l) =0, (5.3a)
A
Aulzm, d<r<re, re<r<l; u1(d) =u1 (1) =0. (5.3b)
Upon imposing the point constraint that ug(re) = —1, we obtain from (5.3 a) that ug satisfies
—log(r/d)/log(re/9), d<r<re
ug = (54)
—logr/logre, re<r<l1,

and is not differentiable at r¢. Then, since ug ~ —1 + ug, ('rgi) (r —re) as r — rZ, we obtain from (5.3 b) that u,
satisfies Auy = \o(r — 1) 72/ [UOT (Tét)]z as r — re¢. Therefore, uq; must have the near-field behaviour
A
ulw—%logh—r&-\—i—al—ko(l), as r— 71>, (5.5)
[wor (r)]
where a; is a constant associated with the homogeneous solution to (5.3 b). From (5.2), (5.4), and (5.5), we obtain

that the outer expansion has the limiting behaviour

Uorr (7"?) (

A
u~ =14 ug, (rE)(r —re) + r—re) v |- 0 5 log|r —re|+a1 +o(l)| , as r—rE. (5.6)

[wor (Z)]

In the inner region near re, we introduce the inner variables v and p by

u:—l—l—E’U(p), pZ(T—TE)/Wa

where v < 1 is the internal layer width to be determined The leading-order term in the local behaviour (5.6) of the
outer expansion gives u ~ —1 + Yug, (rgi)p, which must match with the inner expansion ©w = —1 + ev. Therefore, we
must take v = &, and to leading order we must impose that v ~ ug,(rZ)p as p — £o0. With A ~ v/ [Ag + pA; + - -]
and v = ¢, the inner problem for v(p) from (5.1) is

” ev’ _ZP‘O_F:U/\I"""']

= 5.7
ret+ep € v? ’ (5:7)

which suggests that v = €. The scale of p relative to € is at this stage unknown. Therefore, to leading order, we set

re ~ 19+ 0(1) and v ~ vy to obtain that

A
vg’:v—;’, —00 < p < 00; v(0) =1, v((0)=0; vo ~ ugr(r)p, as p— +oo. (5.8)
0

The condition v9(0) = 1 and vy(0) = 0, with v{(0) > 0, is a necessary and sufficient condition for u to have its
minimum value of —1+¢ at r¢ = rg+0(1). From (5.8) we conclude that vy is even in p, and consequently ro satisfies
uor(ry) = —uor(ry ). From (5.4), this equation for ro reduces to logrg = —log(re/d), which yields 7y = V5. To
determine \g, we first multiply the equation (5.8) for vy by v, and then integrate it from 0 < y < oo to get

1 , 9 0o U6 /oo d?]o 1 o)
Z =\ Ody =\ =\ == ‘ = \. 5.9
5 [vg(00)] 0/0 o2 Y=o . 2 o\ "w ) i 0 (5.9)

Then, by using v)(00) = ug,(rg) = [rologre] > and ro = v/3, we conclude from (5.9) that Ao = 2 [§(log 6)?] -
To construct a higher-order expansion for A, the free boundary location r¢, and the inner and outer expansions
for (5.1), we first must calculate further terms in the far-field behaviour of vy as p — 400. To do so, we integrate

the first integral of (5.8) for vy to obtain an implicitly-defined exact solution of (5.8), given by

vVvo(vg — 1) + log (\/vT)Jr Vg — 1) =/2X\p, for p>0. (5.10)
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Since v/2Xg = uo,(r7) = —uo(ry ), and vo(p) = vo(—p), the far-field far-field behaviour for vy as p — +o00, obtained
from (5.10), is

A
'UONZEUO(T(T)P* O+ slogp+x, as p— +oo; X =
[UOT(TO)}

Next, we substitute r — re = €p into the local behaviour of the outer expansion (5.6) to obtain

1
—log2 — 1 log(2Xo) - (5.11)

DO | =

2
% +e uo(rE)p - % logp+ar | + Suo(rE)p?. as r—rE.  (5.12)
[wor (r2)] [wor (rZ)] 2

The constant O(eloge) term in (5.12) cannot be accounted for by the inner expansion. Thus, we must adjust the

u~—1—cloge

outer expansion for ug in (5.2) by inserting a switchback term. The modified outer expansion, in place of (5.2), is
u=ug+ (—eloge)uyjo +euy + - ; A=c(Xo+pAi+---). (5.13)
Upon substituting (5.13) into (5.1), we obtain that u; /o(r) satisfies
Auyjp =0, d<r<re, re<r<1l; ups(d)=muys(l)=0. (5.14)

By enforcing the point constraint uy /2(rs) = —Xo/ [uor (Tét)] ? we can eliminate the constant term of order O(eloge)

in (5.12). In this way, the solution to (5.14) can be written in terms of ug as

Ao
——up(r) . 5.15

In addition, we must seek a higher-order expansion for the free-boundary point as

U1/2 (T) =

re=rog+ory+---, (5.16)

where 7o = /8 and the gauge function o < 1 is to be found.
To determine the matching condition between the inner expansion u = —1 + (vg + pv1 + - - - ) and the modified
outer expansion (5.13), we add the local behaviour of (—eloge)uy/; as 7 — re to (5.12) and use (5.16) for re. In

addition, we use the far-field behaviour (5.11) for vg. The matching condition, written in terms of p, is

—1+e¢ |ug(rd)p — Oi slogp+ar| +eoriuoe (ry)p + (—eloge) uy 2, (ry ) p + O(€?)
[UOT(TO )}
+ Ao
~ —=1+¢ |ug(ry)p— T logp+ x| Fepvr+ - (5.17)
[uor (r5)]
This matching condition determines p, o, and a1, as
1 1
uw=—cloge, o= —cloge, a1:X:§—10g2—Zlog(2)\0), (5.18)
Since p = —¢eloge > O(e), we conclude from (5.7) and (5.17) that the inner correction vy satisfies
2\ A
Evlzv’{—i——;vl:—;, —00 < p <00, (5.19a)
Yo Yo
v1(0) =0; vy~ [uOM(rOi)rl + Ul/g,,«(’rg:)] p, as p— Foo. (5.19b)

Since ugyr (7“3[) = Fug,(rg)/ro from (5.3 @), and ul/gr(roi) =)/ [uOT (7“6")], as obtained from the explicit solution
(5.15), the far-field condition (5.19 b) becomes

_ N + Ao
vp ~+TAp, as pEoo; = ——wuo(rg ) + .
o "'( O) uOr(ra,»)

(5.19¢)
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Since vy is an even function, the general solution to (5.19 a) must be the sum of an even and odd function. The condition
v1(0) = 0 enforces that v; is odd, and consequently we must have A = 0 in (5.19 ¢). Since Ay = [uOT(ra')]Q /2, the
condition that A = 0 determines r; as r; = r9/2. Finally, we determine A; from a solvability condition. We multiply
(5.19 a) by v(), and use Lo} = 0, to obtain

oo o0 /
/ voLvy dp = A / v—g dp = Avj(0). (5.20)
0 o Y

However, since A = 0, we get A\; = 0. We summarize the preceding calculation as follows:

Principal Result 5.1: In the limit € = u(re) +1 — 0T for some free-boundary point re, the limiting asymptotic

behaviour of the maximal radially symmetric solution branch of (5.1), away from the internal layer region near

r=re, 1S

A

u ~ ug(r) + (—eloge) 0 suo(r) +eur(r) +---. (5.21a)
[uor(o)]
Here, ug is given in (5.4) and uy satisfies (5.3b) subject to
A
u1~770210g|7"77’0|+x+0(1), as r—r1g, (5.210)
[uor (ro)]

where x is defined in (5.11). Finally, A and the free-boundary point re are given for e — 0 by

)\NLQ+0(5210g5)7 TgN\/gl-i-@-i-"' . (5.21¢)
0 [log 4] 2

In Fig. 13 we compare the asymptotic prediction for A given in (5.21 ¢) with the corresponding full numerical
result computed from (5.1). Notice that, owing to the small error term in (5.21 ¢) for A, the asymptotic result for A
accurately predicts the full numerical result for A\ even when ¢ is not too small.

1.0 1

0.8 4 <=~

0.6 1
llulloo

0.4 1

0.2 1

0.0

00 02 04 06 08 1.0 1.2 14 1.6
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FIGURE 13. Comparison of numerical solution for ||u||s versus A (heavy solid curve) computed from the annulus problem
(1.4) in 6 < r < 1 for 6 = 0.1 with the limiting asymptotic approximation (5.21 ¢) (dashed curve) valid for A — 0.

6 Discussion

In this paper we have developed a systematic asymptotic approach for constructing the limiting asymptotic behaviour
of the infinite fold-point structure for (1.3), and we have calculated the asymptotic behaviour as A — 0 of the maximal
solution branch for the biharmonic MEMS problem (1.1) and the annulus problem (1.4). The common feature in the
analysis has been the use of a small parameter ¢ = 1 — ||u||o, that renders the nonlinearity (14 u)~2 nearly singular

as € — 0 in some narrow spatial zone of concentration. The results from the asymptotic analysis have been shown to
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compare very favourably with full numerical results. Our formal asymptotic analysis is one of the first explicit studies
of concentration phenomena for a biharmonic problem nonlinear eigenvalue problem. We conclude by remarking on
three directions that warrant further study.

Firstly, it would be interesting to provide a quantitative asymptotic theory describing the precise mechanism for
the destruction of the infinite fold-point structure for (1.2) when (1.2) is perturbed for 0 < § < 1 to either the
biharmonic problem (1.1) or the annulus problem (1.4). In particular, can one predict analytically the number of
fold points for each of these perturbed problems as § — 07

Secondly, it would be interesting to extend the analysis in §4 for the biharmonic nonlinear eigenvalue problem in
the unit disk to an arbitrary two-dimensional domain. In particular, can one construct the limiting asymptotic form
of the maximal solution branch in terms of the biharmonic Green’s function for solutions exhibiting either single
or multiple concentration points? Solutions with concentration phenomena have been well-studied for quasilinear
elliptic problems in arbitrary two-dimensional domains, but there are only a few results to date for corresponding
nonlinear biharmonic problems. Work in this direction is given in [17].

Finally, it would be interesting to give a precise description of the asymptotic behaviour of the bifurcation curve
of radially symmetric solutions to the following so-called fringing-field problem in the unit disk in R?:

"
(1+wu)?

This model with § > 0 was derived in [25] upon including the effect of a fringing electrostatic field of a MEMS

Au = 1+6Vul®), z€Q; u=0, z€dN. (6.1)

capacitor that has a finite spatial extent. It would be interesting to give a detailed quantitative analysis showing
both how the infinite-fold point structure of the unperturbed problem (1.2) gets destroyed when 0 < § < 1, and
deriving the limiting behavior of the maximal solution branch for (6.1) corresponding to A — 0 as € = u(0)+1 — 07
with § > 0 fixed. The destruction of the infinite fold-point structure for (6.1) when § > 0 was studied numerically

using a dynamical systems approach in [25], and some rigorous results were obtained in [28].
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