Dynamic Metastability and Singular Perturbations

Michael J. Ward

ABSTRACT. Certain singularly perturbed time-dependent partial differential
equations exhibit a phenomenon known as dynamic metastability whereby the
time-dependent solution approaches a steady-state solution only over an an
asymptotically exponentially long time interval. This metastable behavior is
directly related to the occurrence of an asymptotically exponentially small
principal eigenvalue for the linearized equation. In this paper, we illustrate
metastable behavior for various classes of perturbed problems and we show how
this behavior can be analyzed asymptotically by supplementing the method of
matched asymptotic expansions with certain spectral information associated
with the linearized equation.

1. Introduction

The method of matched asymptotic expansions is a well-known and powerful
method for systematically calculating asymptotic approximations to solutions of
singularly perturbed problems. This method has been used successfully in a wide
range of applications (cf. [H], [HO], [KC], [LA], [O], [V]), and its theoretical
foundations are rather well-developed.

However, there are certain classes of steady-state singularly perturbed bound-
ary value problems where a straightforward application of this method fails to
determine the solution uniquely. In particular, for problems where asymptotically
exponentially small terms need to be resolved, a failure to asymptotically resolve
such terms typically leads to a matched asymptotic approximation with undeter-
mined constants. Some examples where this indeterminacy occurs are for linear
turning point problems associated with boundary layer resonance (cf. [AO]), for
certain nonlinear autonomous boundary value problems with shock-type internal
behavior (cf. [L]), and for a class of nonlinear elliptic equations with localized
spike-layer solutions (cf. [WN], [W95b]). In many cases, this indeterminacy in
the matched asymptotic approximation arises as a direct consequence of an expo-
nential ill-conditioning of a certain linearization of the full perturbed problem. By
exponential ill-conditioning we mean that the spectrum of the eigenvalue problem
associated with the linearization contains exponentially small eigenvalues. As a re-
sult of this exponential ill-conditioning, the solution to the steady-state perturbed
problem is typically very sensitive to exponentially small changes in the coefficients
of the differential operator. Moreover, for the corresponding time-dependent prob-
lem, this exponential ill-conditioning can lead to the occurrence of a phenomenon
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known as dynamic metastability whereby the time-dependent solution approaches
a steady-state solution only over an asymptotically exponentially long time inter-
val. For example, this metastable behavior is known to occur for various phase
separation models (cf. [CP], [FH], [ABF]) and for certain viscous shock problems
(cf. [KK], [LO94], [RW95a]).

The goal of this paper is largely to illustrate and survey some results for
metastable behavior and exponential ill-conditioning for various classes of linear
and nonlinear singularly perturbed partial differential equations. In each case, we
show how this behavior can be analyzed asymptotically by using an asymptotic pro-
jection method, which supplements the method of matched asymptotic expansions
with certain spectral information associated with the linearized equation. This pro-
jection method exploits the existence of exponentially small eigenvalues by imposing
limiting solvability conditions on the solution to the linearized equation.

The outline of this paper is as follows. In §2 and §3, the asymptotic projec-
tion method is used to study metastable behavior for various linear and nonlinear
convection-diffusion equations. In §4, the projection method is used to construct lo-
calized spike-layer solutions for a class of steady-state problems in both one and two
spatial dimensions. In §5 and §6, the projection method is used to study metastable
behavior for various phase separation models.

2. Linear Convection-Diffusion Equations

In this section we study exponentially ill-conditioned linear convection-diffusion
equations exhibiting metastable behavior in both one and two spatial dimensions.

2.1. One Spatial Dimension. We first consider the following convection-
diffusion equation for u = u(x, t):

(2.1) Uy = €Ugpy — \Ill(a:)ux + e”g(aj)e_a/eu, —“l<az<l, t>0,
(2.2) w(=Lt)=w, u(l,t)=1ur; u(z,0) = up(x).

Here @ > 0, v, u; and u, are constants, ¢ — 0% and g(z), ¥(z) and ug(z) are
smooth. We assume that the potential ¥(z) has a global minimum on [—1,1] at
z = 0 with ¥(0) = 0, \I!I(O) =0 and ‘IIH(O) > 0. Thus, the spatial operator in (2.1)
has a simple turning point at z = 0. We also assume that \Ill(x) # 0 for  # 0 and
thus ¥'(1) > 0 and ¥'(—1) < 0. Prototypical is ¥(z) = 22/2.

When g(z) = 0, the equilibrium problem corresponding to (2.1)-(2.2) and its
associated eigenvalue problem arises in determining the exit time distribution for a
Brownian particle confined by the potential well ¥. Such problems, and the related
multi-dimensional problems in §2.2 below, have been well-studied in [LU], [MAS],
[M80] and [MS], among much additional literature.

The eigenvalue problem associated with (2.1)-(2.2) when g(z) =0 is

(2.3) Ledp = €hpe — W (2)de = —Ad, —l<a<l;  ¢(£1)=0,

1
(2.4) (6,0), E/_1¢2wda:: 1, w=e Y€,

The eigenvalues A; for j > 0 are real with A; > 0 and the orthogonality relations
(¢j,0r),, = 6jx for j,k =0,1,.., hold. It is well-known (cf. [D], [LU], [M80], [MS],
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[LW]) that Ag is exponentially small as € — 0 and has the asymptotic estimate

2me

" 1/2
(2.5) Ao ~ (W (0)) [\If’(l)br(g)e—‘l’(l)/6 _q/’(_l)b,(g)e—\lf(—l)/e] .

Here b,.(¢) and b;(¢) have asymptotic expansions in powers of ¢ with leading terms
b,(0) = 5;(0) = 1. To leading order, the corresponding eigenfunction ¢g has the
boundary layer form

(2.6) g ~ My (1 - e=¥ O0+/€_ ¥ (-00-2/€)

where My is a normalization constant. Note that, as € — 0, ¢¢ is a constant away
from the boundary layer regions.
For € — 0, a leading order boundary layer analysis for the equilibrium solution

U(z;e) to (2.1)-(2.2) shows that U(z;e€) ~ @€ [; Ag.], where
(2.7) @€ [2; Aoe] = Aoe + (uy — Age) e~ ¥ DA=D/E 4 (4 _ Ag,) ¥ (-DO+a)/€

for some undetermined constant Ag.. Singular perturbation problems of this type,
where a conventional application of the method of matched asymptotic expansions
fails to select certain constants uniquely, were first identified in [AO] and later
studied extensively in [D], [K], [LW], [M75], [M80], [S], [SR], and [W] (and the
references therein). The relationship between this apparent indeterminacy and the
ill-conditioning of the underlying operator is emphasized in [D], [K] and [LW].
More specifically, since (2.3) has an exponentially small eigenvalue and Le¢a€ is
exponentially small away from the boundary layer regions near # = %1 for any
choice of Ag., it follows that the correct value of Ag. can only be determined by
incorporating the effect of exponentially small terms into the asymptotic analysis.
Methods for calculating Ag. are given in [GM], [LW], [MS] and [SR]. Since the
equilibrium solution is exponentially ill-conditioned, it is natural to expect that it
will be extremely sensitive to the exponentially small term in (2.1). This aspect
has been studied in [LW], [S], [SR] and [W].

These previous studies have focused mainly on the equilibrium problem for
(2.1)-(2.2). Since Ag > 0, the equilibrium solution is stable when a is sufficiently
large. However, since Ag is exponentially small, the evolution of an arbitrary initial
condition ug(z) to the equilibrium solution is exponentially slow. This metastable
motion is studied in [OW] using the projection method.

We now outline this method and some of the results obtained from it. Following
[OW], we seek a solution to (2.1)-(2.2) in the form

(2.8) u(z,t) = 4 [z; Ag(t)] + v(z, 1),

where @€ is defined in (2.7). Substituting (2.8) into (2.1)-(2.2), we obtain that
v(x,t) satisfies

(2.9) v =Lev—af+ Lea + g(x)e” Y (af +v), —l<az<l, t>0,
(2.10)  w(=1,t) = u; — @ [~1; Ap(t)] , v(1,t) = u, — @€ [1; Ap(1)] ,

together with the initial condition v(z,0) = ug(z) — 4 [z; Ag(0)]. We then expand
v(z,t) in terms of the eigenfunctions ¢; of (2.3)-(2.4) as

(2.11) v, t) = 3 e ()6 ().

j=0
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Using orthogonality, we find that ¢;(t) satisfies the differential equation
(2.12)

/ ~ e ~ v_—a ~
¢ + Ajcj = <¢j,Lgu€)w — ewv¢j ‘_1 — ((b],uf)w +€¢’e /€ (g¢j’u€ + v)w ,
and has the initial value
1
(2.13) ¢;j(0) = / (uo(z) — u[z; Ag(0)]) djwda .
-1

Since Ag > 0 and is exponentially small, it is necessary that ¢o(¢) = 0 in order
to ensure that v < u€ over exponentially long time intervals . Therefore, the right
sides of (2.12) and (2.13) must vanish when j = 0. Then, upon using v < @€ to
simplify the last term on the right of (2.12), we obtain

PRt
(2.14) (60, @), ~ (d0, Leil®) — cwvey ‘_1 e (g, @)

together with

w 3

1 1
(2.15) / a€[z; Ag(0)]pow dx = / up(z)dow du .
-1 -1

Equation (2.14) is a differential equation for Ag(¢) and (2.15) determines the initial
value Ag(0).

To obtain an explicit differential equation for Ay we use the form for ¢ given
in (2.6) to evaluate the various terms in (2.14)-(2.15) asymptotically for ¢ — 0
(see [OW] for details). To leading order as ¢ — 0, the analysis in [OW] shows that

Ag(t) satisfies the limiting differential equation
(2.16)

A; ~ — ()\0 — e”g(O)e_a/E) Ag+ [ur\Ill(l)e_‘I'(l)/€ — ulqll(—l)e_q'(_l)/e] ,

1/2

with the initial condition A¢(0) ~ ug(0). Here § = \IIH(O)/(QWG)] / , and Ag
is given in (2.5). The metastable dynamics for u(z,t) is then given by wu(z,t) ~
u¢ [z; Ao(t)], where @€ is defined in (2.7). A higher order asymptotic differential
equation for Ag(?) than (2.16) is given in [OW]. In [OW] the asymptotic theory is
also favorably compared with full numerical results for some specific examples. We
remark that, when g(z) = 0, the result (2.16) can also be obtained by an extension
of the method used in [MS] (cf. [M95]).

If a is sufficiently large, it follows that Ag(t) — Ag. as t — oo, where Ag, is
obtained by setting A:) = 0 in (2.16). This equilibrium result, which shows the
extreme sensitivity of the equilibrium solution to the exponentially negligible term
in (2.1), is obtained in [W] (see [LW] for a higher order asymptotic result).

2.2. Two Spatial Dimensions. We now generalize (2.1)-(2.2) to the case of
two spatial dimensions. To this end we consider the following convection-diffusion
equation in a closed and bounded two-dimensional domain D with a smooth bound-
ary 0D:

(2.17) upg = GAU—V‘IFVU—i—G"g(a:)e_a/eu, reD, t>0,

(2.18) u = w(x), xz€09D; u(z,0) = up(x).

Here u = u(z,t) with # = (21,23), v and a > 0 are constants, ¢ — 0%, and g(x),
up(z) and ug(x) are smooth. Let D = D U JD. We assume that the potential



DYNAMIC METASTABILITY AND SINGULAR PERTURBATIONS 5

¥(x) has a unique global minimum on D at some interior point zy € D. At this
minimum point we assume that

(2.19) U(zo) =0,  VU(zo)=0,  H[¥(x0)]>0,
where H(V) = W, 4, Vp,e, — W2 . is the Hessian. We also assume that V¥(z) # 0

for # # zg and that V¥ -7 > 0 on 0D, where n is the unit outward normal to §D.
In place of (2.3)-(2.4), the eigenvalue problem associated with (2.17)-(2.18)

when g(z) = 0 is
(2.20) Lep=eAg — VU -Vo=—-Ap, z€D; =0, z€dD,

(2.21) (6,9)., E/qu2wd.7:: 1, w=e Y€,

The eigenvalues A; for j > 0 are real with A; > 0 and (¢;, ¢x), = &x for j k =
0,1,... Suppose that the minimum value of ¥ on 9D is taken at N distinct points
y; € 0D for j = 1,.., N, and that these minima are non-degenerate. Then, as is
shown in [MS], the principal eigenvalue Ag of (2.20) is exponentially small as e — 0
and has the asymptotic estimate

N
(222)  Xo~ (2me) T (H [Wo)]) e[Vl

J
ji=1

Here ¥* = ¥(y;) for j=1,..,N, and

’
T=Y;

(223) rj = |V\II|_2 [\I/xlxlqli2 - Q\Ijl‘l»@&\ljl‘lq’lé + \II1‘21‘2\II3‘1 + K]|V\II|3]

where x; < 0 is the curvature of 0D at y;. In terms of a normalization constant
My, the corresponding eigenfunction ¢ has the boundary layer form

2.24 ~ My (1 —e/€ f = =VV. .
(2.24) o 0( e ), or  y=9(s)=VE-A| >0

Here s denotes arclength along 0D and —n is the distance from « € D to dD. Since
v >0, ¢g — My as n/e — —oo.

For ¢ — 0, a leading order boundary layer approximation for the equilibrium
solution U(z;e€) to (2.17)-(2.18) is given by

(2.25) U(z;e) ~ i [2; Aoe] = Aoe + (up(s) — Age) 7€,

in an O(e) neighborhood near 9D, for some undetermined constant Ag.. Here
we have written up in terms of the arclength s. The outer limit of €, valid for
n/e — —oo, is Ag.. For similar reasons as given in §2.1, to determine the correct
value of Ag, requires exponential precision. Methods to calculate Ag, when g(z) =0
are given in [GM] and [MS]. The equilibrium solution for (2.17)-(2.18) is stable
when a is sufficiently large, and is very sensitive to the exponentially small term in
(2.17). As in §2.1, the approach to the equilibrium solution is exponentially slow
when a 1s sufficiently large.

To study this metastable motion analytically we extend the projection method
as outlined in §2.1 to a multi-dimensional setting. In (2.17)-(2.18) we set u(x,t) =
u¢ [z; Ao(t)] + v(z,t) and obtain that v(z,t) satisfies

(2.26) vy = Lev — a6 + Lei 4+ ¢“g(x)e” V(@ +v), zeD, t>0,
(227) wv=w—af, z€dD; v(z,0)=uo(x)—a[z;A0(0)], z€D.
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We then expand v in terms of the eigenfunctions ¢; of (2.20)-(2.21) as in (2.11). In
place of (2.12), we obtain that the coefficient ¢;(¢) in (2.11) satisfies

(2.28)

c;» + Aje; = (¢j, Lg’&g)w — / ewv On¢j ds — ((b]-, ﬁf)w + Vo€ (gqﬁj,ff + v)w ,
aD

with the initial value

(2.29) ¢ (0) = /D (uo(z) — @€ [2; Ao(0)]) ¢jwdz .

Here w = ¢~ ¥/€ and, in (2.28), 0, denotes the outward normal derivative to 9D.

As in §2.1, to ensure that v < @® over exponentially long time intervals it is
necessary that c¢g(t) = 0. Thus, we require that the right sides of (2.28) and (2.29)
vanish when j = 0. This leads to the following differential equation for Ag()

(230)  (d0,7S), ~ (b0, Lei€), — / cwv B o ds + '~/ (o, i)
oD

together with the initial condition

(2.31) /D i€ [z; Ao(0)] pow dx = / uo(z)pow dx .

D

To obtain an explicit ODE for Ag(¢), the form (2.24) is used to evaluate the
various terms in (2.30)-(2.31) asymptotically as € — 0. To leading order, it is found
in [SW96b] that Ag(¢) satisfies the limiting differential equation

N
232) Ay~ — (ho — “gle0)e™) Ao+ B 1S w(yy) V(I

ji=1

w bl

with the initial value Ag(0) ~ ug(xg). Here, Ag is given in (2.22), xg is the global
minimum of ¥ in D, and 3 = (H[\Il(ajo)]/(%re))l/2 where H is the Hessian. More-
over, y; € 0D, for j =1,.., N, are those points where ¥ is minimized on 0D (with
a non-degenerate minimum) with minimum value ¥* = ¥(y;) for j = 1, .., N. Also,
r; is defined in (2.23). This result for Ao(¢) is analogous to the result (2.16) for the
one-dimensional case.

In summary, the metastable dynamics for (2.17)-(2.18), away from an initial
time layer, is given by u(z,t) ~ a¢ [z; Ao(t)], where @€ is defined in (2.25) and Aq(2)
satisfies (2.32). If a is sufficiently large relative to ¥*, we obtain from (2.32) that
Ao(t) — Ag. as t — oo, where

-1

N N
|V ¥(y;)l V()| €9(x0) _(a—u
(2.33) Ao = us(y) 15;) 3 152]) 3 éo)e (a—w")/€
j=1 Ty =t T

When g(z) = 0, this result for Ag. is given in [MS] (see also [GM] for a specific
example). From (2.33) it is clear that Ag. is very sensitive with respect to changes
in the value of a for a &~ ¥*.

3. Nonlinear Convection-Diffusion Equations

In this section we consider two different classes of nonlinear convection-diffusion
equations in a finite interval that exhibit metastable behavior. In §3.1 metastable
viscous shock-layer solutions are considered. In §3.2 we give some metastability
results for the Burger-type equation of [RAS] and [MIS] modeling flame-front
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propagation in a vertical channel. For each of these problems, the metastable
behavior is directly related to the existence of an exponentially small principal
eigenvalue for a linearized equation that is similar in form to the exit problem

(2.1).
3.1. Viscous Shocks. We first consider the viscous shock problem

(3.1) ur + [f(u)], = €uer, —“l<az<l, t>0,

(3.2) w(-Lt)=a_ >0, wu(l,t)=ay<0; u(z,0) = uo(z).

Here oy are constants, ug(z) is monotone decreasing with ug(+1) = ay, € — 01,

and f(u) is a smooth convex function that satisfies f(ay) = f(a-), f(0) = fI(O) =

0 and ufl(u) > 0 for u # 0. Two examples are f(u) = u?/2, which yields the well-

known Burgers equation (cf. [WH]), and f(u) = (u—1)+1/(u + 1), which arises in

the study of one-dimensional transonic gas flow in a straight channel (cf. [ HOW]).
The key condition f(ay) = f(a_) ensures that (3.1) has a stationary wave

solution u.(z/€) on the infinite line connecting oy and a_. Here u.(z), called the

viscous shock profile, is the unique solution to

(3.3) u(2) = fluc(2)] — flay), —o0<z<o00; u(foo)=as, u(0)=0,
with ulc < 0. This solution has the far-field behavior
(3.4) uc(z) ~ay faget’** | as z — +oo; vy = ?fl(ai) >0,

for some positive constants ax > 0 (cf. [RW95a]). In particular, for Burgers
equation with ey = F1, we have u.(z) = — tanh(z/2), v+ = 1 and ax = 2.

A matched asymptotic expansion analysis shows that (3.1)-(3.2) has an equi-
librium shock-layer solution U(z; €) of the form U(z;€) ~ u. [(¢ — xoc)/€], for some
undetermined zg. € (—1,1). Since u.(z) decays exponentially as z — +oo, it fol-
lows that u. [(z — zge)/€] satisfies the boundary conditions at # = +1 to within
exponentially small terms as ¢ — 0 for any shock-layer location zg. € (—1,1).
This suggests that the problem of determining 2. is exponentially ill-conditioned.
When f(u) is even, it is clear by symmetry that 2o, = 0. For more general f(u),
the correct value zo. = (v4 — v_)/(v4 + v_) + O(¢€) can be obtained analytically
by using either an integral identity (cf. [HOW]), a spectral projection method
(cf. [RW95a]), or an extension of the method of matched asymptotic expansions
(cf. [LO94]).

Metastable behavior for the time-dependent problem (3.1)-(3.2) was first ob-
served numerically in [KK] for the special case of Burgers equation. Their numerical
computations showed that a thin shock-layer, which connects v = a4 and v = a_,
is formed quickly in time from the initial data ug(z). This shock-layer, which is
closely approximated by the viscous profile tanh [(;7:8 — r)/?e] for some 29 depend-
ing on wug(2), then translates exceedingly slowly towards the equilibrium shock-layer
solution centered at x = 0. As a partial explanation of these results, it is shown in
[KK] that the equilibrium solution is linearly stable, but that the principal eigen-
value Ag associated with the linearization around this solution is exponentially small
of the order Ay = O(e‘c/g) as € — 0 for some ¢ > 0. Motivated by these results of
[KK] for Burgers equation, a qualitatively similar metastable shock-layer motion
for (3.1)-(3.2) is analyzed in [RW95a] using a spectral projection method, and in
[LO94] using an extension of the method of matched asymptotic expansions. A
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detailed asymptotic study of metastability for Burgers equation is given in [LO95]
and [RW95a].

We now outline the projection method used in [RW95a]. In order to make
a clear analogy with the analysis in §2.1, the discussion below differs somewhat
from that given in [RW95a]. The method in [RW95a] is based on a quasi-steady
linearization of (3.1)-(3.2) around the viscous shock profile, where the shock-layer
trajectory &g = xo(t) is to be determined. Thus, in (3.1)-(3.2), we set

(3.5) u(e, 1) = u ([ — 20(t)] /€) + vla, 1)

where v < u, and v; € Jyu.. Linearizing (3.1)-(3.2) around u., and using (3.4),
we obtain the following quasi-steady problem for v(z,?):

(3.6) Lev = €vge — {fl(uc)v]x = —e_lmgu; ,
(3.7) v(=1,t) ~ a_e ?=(FT)/€ (1 1) ~ —aqemv+mTO/E
Let 2g € (—1,1) be fixed and consider the corresponding eigenvalue problem
(3.8) Led=—-X¢p —1<z<]l; é(£1)=0.
The eigenvalue problem for the adjoint operator LI is readily seen to be
(3.9) Lo =ch,, — 0o, =-AD, —l<a<l; ®H1)=0,
(3.10) (®,®), = /1 Plwdr=1, w=eY/E,

-1

Here ' = W' (z;¢) and the weight w = w(x;¢) > 0 are defined by

(3.11) U (zye) = f (ue[(z — 20)/€]) | w(z;e) = —u, [(x — 20)/€] .

The eigenvalues A; for j > 0 are real with A; > 0 for j > 0 and (®;, @), = 6;x
for j,k =0,1,... Let (A;,¢;) and (A;,®;) for j > 0 be the eigenpairs of (3.8) and
(3.9), respectively. Then, it easy to show that we can relate these (un-normalized)
eigenpairs by

(3.12) 6;(z) = —u, [(z —xo) /€] @j(x), A =A;, j=0,1,..

We now outline a key property of the spectrums of (3.8) and (3.9). From the
properties of f(u) and u(z), it follows that ¥ in (3.9) has a global minimum on
[-1,1] at the point # = zg, where ¥ = 0and ¥ > 0. Therefore, (3.9) is very
similar in form to the eigenvalue problem (2.3) for the linear convection-diffusion
equation considered in §2.1. Thus, with this analogy, we have that Ay and, hence
Ag, are exponentially small as € — 0. The corresponding eigenfunction ®y has the
boundary layer form given by the right side of (2.6). Since U~ —fl(ozi) =dvy
at = %1, we find that

(3.13) By ~ My (1 _ emv-(eHn)/e _ e—”+<1—x>/€)

as € — 0, where My is a normalization constant. Then, Ay can be estimated as
€ — 0 from the identity

;1
3.14 Ao (@0,1), = —ce~ ¥/
( w 0

-1
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From (3.12) and (3.13), we observe that ¢y is proportional to Oy u.[(z — ©o)/€]
away from the boundary layer regions near # = £1. Thus, away from these bound-
ary layers, ¢ is asymptotically close to the translation eigenfunction associated
with (3.1) on the infinite line. The finite domain in (3.1) breaks the translation
invariance and, together with the exponential decay behavior (3.4), leads to the
exponentially small eigenvalue Ag.

A subtle, but important, difference between the two eigenvalue problems (3.9)
and (2.3) is that ¥ in (3.9) satisfies ¥' = +vy + O(e~%/€) as ¢ — 0 in O(e) regions
near ¢ = 1, where ¢ > 0 is some constant. This result follows from the exponential
decay behavior of u.(z) as z — oo given in (3.4). Therefore, in contrast to (2.6),
there are no higher order boundary layer correction terms for @y in powers of € near
¢ = £1. This implies that the result ®y(+1) ~ Frs /e, which is used in (3.14) to
estimate Ag, is accurate to within exponentially small terms as € — 0. The following
asymptotic estimate is then obtained from (3.13) and (3.14) (cf. [RW95a]):

1
r———
In contrast to the result (2.5) where the pre-exponential factors have power series
in €, the pre-exponential factors written in (3.15) are correct to within exponen-
tially small terms as € — 0. Hence, (3.15) is highly accurate even when ¢ is only

moderately small (cf. [RW95a]).
Next, we expand the solution v(z,t) to (3.6)-(3.7) as

(3.15)  Ap= Ao~

a+V-2[- 6—1/+(1—:cg)/€ —|—Cl_1/z e—l/_(1+:c0)/€

(3.16) o= 3 Loyte

j=0

Using Green’s identity and the orthogonality condition (¢;, ®;) = 0 for j # k, we
obtain

1 ’ ’ 1
3.17 ;i =¢ tzy (P5,u,) —eb;v
J 0 7 %e j

-1

Since Ag — 0 exponentially as ¢ — 0, we must impose the limiting solvability
condition that ¢ — 0 as ¢ — 0. In this way, the following ODE for z(t) is
obtained by substituting (3.7) and (3.13) into the condition ¢y = 0 (see [RW95a]):

1
(a- —ay)
This result is also derived in [LO94] using a different method. The initial condition
for zo(t) can be obtained by studying the transient period describing the formation

of the shock-layer from initial data (cf. [RW95a], [LO94]). Clearly z¢(t) — zge,
where

(3.19) poe= =4 og (“‘”‘) .

vy tve vyt v_ apvy

(3.18) 2y ~ [a_;/_ V- (H0)/€ _ gy omv+(1=w0)/€

In summary, the metastable shock-layer dynamics for (3.1)-(3.2) is given by u(z,t) ~
ue ([# — zo(t)] /¢€) for large t, where zo(t) satisfies (3.18).

We close this section with a few remarks. The metastability result (3.18) ap-
plied to Burgers equation, where ¥4 = 1 and ax = 2, can be verified analytically by
expanding a certain exact solution for € — 0 (cf. [LO95], [RW95a]). Such an ex-
act solution is obtained by using the Cole-Hopf transformation on (3.1)-(3.2) when
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f(u) = u?/2. For other forms of f(u), the result (3.18) has been favorably com-
pared with corresponding numerical results in [RW95a]. The extreme sensitivity of
the metastable shock-layer motion and the corresponding equilibrium solution with
respect to exponentially small changes in either the boundary conditions of (3.2)
or the differential operator of (3.1) has been studied in [LO94], [LO95], [RW95c]
and [RW95a]. Finally, we remark that other classes of metastable viscous shock
problems are considered in [WO] and [LW].

3.2. Metastable Flame-Front Propagation in a Vertical Channel. As
discussed in [RAS], under certain conditions flame-front interfaces for upward flame
propagation in vertical channels can assume a parabolic-type shape. Under vari-
ous physical assumptions, a model equation describing the evolution of such a
parabolic-shaped interface was derived in [RAS] using a weakly nonlinear analysis.
In dimensionless variables, this model for the flame-front interface y = y(z,t) is
given by

1
(3.20) yt—%yizeym—l—y—/oydx, 0<z<l, t>0,
(3.21) ye(0,8) = ye (L) =05 y(z,0) = yo(z),
where 0 < € < 1 is a small parameter. The substitution u(z,t) = —yz(x,t) in
(3.20)-(3.21) leads to the following problem for u(z,t) (cf. [MIS]):
(3.22) Uy + UUp — U = €Uy, 0<ze<l, t>0,
(3.23) u(0,t) = u(l,t) =0; u(z,0) = up(x).

As shown in [BKS], this problem has several equilibrium solutions. For ¢ — 0,
the leading order boundary layer analysis of [SW96a] shows that the equilibrium
solution U (x; €) for (3.22)-(3.23) corresponding to a concave parabolic-shaped flame-
front interface Y (z;¢€) has the form

(3.24) U(z;e) ~ a[z; xoe] = & — zoe + wi[z/€ x0e] + ur[(1 — z)/€; 0]

for some undetermined o, € (0,1). Here the boundary layer functions u; and u,
are defined by

(3.25)
w(y; @) = a(l —tanh (ay/2)), u-(y;a)=(a—1)(1 —tanh[(1 —a)y/2]) .

In Fig. 1, we plot 4¢[z; zq.] for a fixed zg. € (0,1). Since U(zge;€) = O(e‘c/g) for
some ¢ > 0 and Y, = —U, it follows that z;. asymptotically represents the tip,
or nose, location for the parabolic-shaped equilibrium interface Y = Y (z : €). By
symmetry we expect that the correct value for g, is zg. = 1/2. However, this value
for zg. still cannot be determined by the method of matched asymptotic expansions
even after one performs a higher order boundary layer analysis near the endpoints
z = 0 and z = 1. To explain this apparent indeterminacy in zg., we note that
a& — 1 = O(e*/) in the outer region O(¢) < & < 1 — O(¢). Thus, in this region,
the equation €ugyy — u(uy — 1) = 0 is satisfied by 4€ to within exponentially small
terms as ¢ — 0 for any choice zg. € (0,1). Hence, this problem is exponentially
ill-conditioned and exponential precision is required to determine xg,.

For the time-dependent problem, the computational results of [MIS] showed
that a concave parabolic-shaped flame-front interface can develop for some initial
data. Their results showed that the location 2¢ = 2¢(t) of the tip, or nose, of this
interface drifts very slowly in time towards one of the endpoints of the interval.
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FiGURE 1. Plot of ¢ versus  when zg. = 0.3 and € = 0.01.

The analysis of [BKS] proved that this interface is dynamically metastable in the
sense that the tip location #¢(t) remains in a small neighborhood of its initial value
for an asymptotically exponentially long time interval as ¢ — 0. In [SW96a], this
metastable behavior is analyzed asymptotically using the projection method, and
an explicit ODE for (%) analogous to (3.18) is derived.

We now very briefly outline the analysis and the results given in [SW96a]. The
metastable dynamics for (3.22)-(3.23) is represented by

(3.26) u(z,t) = a[z; xo(t)] + v(z, 1),

where ¢ is defined in (3.24) and v < @° and v; < 9;a¢. The quasi-steady lin-
earization of (3.22)-(3.23) around a¢ yields

(3.27) Lev = €vge — (ﬂcv)x +v=—Re(z;20)+ xé@xoff , 0l<e<l1,
(3.28) v(0,t) = —a[0; o], v(1,t) = —a[1; zq],

where the residual Re is defined by

(3.29) Re(z;20) = €0ppt® — @ (0,05 — 1) .

Let 2 € (0, 1) be fixed, and consider the associated eigenvalue problem

(3.30) Lgfb = —/\qb, I<e<1; qb(O) = (b(l) =0,

¢ 4) 1¢2Md1,_1 _ < 1/” ~€[z ];]dz)
331 = Jar = w = ex —€ u 3 .
( ) ( ) )w /0 ) p o0 y %0
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The eigenvalues A; for j > 0 are real and the orthogonality relations (¢;, ¢1), = 6;&
for j,k =0,1,.., hold. Note that Le (95,4¢) is uniformly small on [0, 1] and 9, u¢
is of one sign. Thus, we have that ¢g ~ Myd,, @, where My is a normalization
constant (cf. [SW96a]). In [SW96a] it is shown that the corresponding eigenvalue
Ao is exponentially small as € — 0 and has the estimate

(3.32)
1 2 2
Ag ~ - [1‘0 (mo - 61/26) e™T0/2€ L (1 — &) ((1 — &g) — el/zc) e~(I-zo)™/2¢)

where ¢ = /8/.

To derive an equation of motion for zg(t), we expand v(z,t) in terms of the
eigenfunctions ¢; of (3.30)-(3.31) as in (3.16). In place of (3.17), the coefficient ¢;
is now given by

1 I 1
(3.33) ¢j = =20 (65, 00,1°),, + (85, Re), — ewve; |

where w and the inner product are defined in (3.31). Since Ag — 0 exponentially as
€ — 0, we impose the limiting solvability condition ¢y — 0 as ¢ — 0. This condition
yields a differential equation for zo(t). After a lengthy calculation of evaluating the
inner product (¢g, Re),, as € — 0, the following explicit ODE for the tip location
zo(t) is obtained in [SW96a]:

/ 2 1/2 72 2 72 2
@30 o~ (2) 7 [(0e0 o 50 ) e (s 57 ) e

The initial condition (0) for (3.34) is found from a transient analysis describing
the formation of the interface from initial data. The ODE (3.34) differs significantly
in form from the corresponding result (3.18) for the viscous shock problem. From
(3.34), the (unstable) equilibrium value for g is #o. = 1/2. Also note that z(t)
will collapse against the endpoint # = 1 (z = 0) on an exponentially long time
interval when 20(0) > 1/2 (20(0) < 1/2). This qualitative behavior is observed in
the computational results of [MIS]. In [SW96a], the asymptotic results (3.32) and
(3.34) are favorably compared with full numerical results.

4. Spike-Layer Solutions for Reaction-Diffusion Equations

In this section we use a projection method to construct equilibrium spike-layer
solutions for a class of reaction-diffusion equations in both one and two dimensions.
The characteristic feature of these solutions is that they are localized in an O(e)
region near some peak location zg and that they tend to zero away from the peak.
Although these solutions are exponentially ill-conditioned, they are not metastable
for the corresponding time-dependent problem.

4.1. One Spatial Dimension. We first construct a spike-layer solution for
the following nonlinear boundary value problem in one spatial dimension:

(4.1) Cu +Qu)=0, —l<a<l; u' (1) =0.

Here Q(u) is smooth and has exactly two roots at u = 0 and u = uy > 0 with
QI(O) < 0 and Ql(u+) > 0. In addition, we assume that there exists a value u,,
with u,, > uy such that foum Q(u) du = 0. Prototypical is Q(u) = —u + u?/2.
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Under these assumptions on Q(u) there exists a unique solution u,(p) to
(42) u, +Qu) =0, —co<p<oo;  u(£o0)=0, ug(0)= .

This solution, which is a homoclinic orbit, satisfies pu; < 0 for p # 0 and has the
far-field asymptotic behavior

. 11/2
(4.3) ug(p) ~ a1l as |p| — oo; v= [—Q (0)] ,

for some a > 0. In particular, if Q(u) = —u + u?/2, then u,(p) = 3sech?(p/2),
v=1and a=12.

We now look for a solution to (4.1) with exactly one interior spike. Such a
solution is given asymptotically by u(z) ~ u; [(z — zg)/€], where zg € (—1,1) is to
be determined. However, since u,(p) decays exponentially as p — 00, the problem
of determining z( using asymptotic methods requires exponential precision. This
ill-conditioning results from the fact that u; [(z — zo)/€] satisfies the differential
equation in (4.1) exactly and satisfies the boundary conditions in (4.1) to within
exponentially small terms as ¢ — 0 for any choice of zg € (—1,1). There have been
several asymptotic methods used to calculate the correct value zy = 0; explicit
matching of exponentially small terms (cf. [L]); a variational method (cf. [KKM]);
a spectrally-based projection method (cf. [W92]).

There are three key steps in the projection method of [W92]. First, we linearize
(4.1) around u; [( — zo)/€]. Then we show that the eigenvalue problem associated
with this linearization has an exponentially small eigenvalue. The final step is to
enforce a limiting solvability condition on the solution to the linearized problem.
This condition, which ensures that the solution to the linearized problem is or-
thogonal to the eigenfunction associated with the exponentially small eigenvalue,
yields an algebraic equation for 3. This last step relies heavily on constructing
this critical eigenfunction using a boundary layer analysis.

We now give a few details of the analysis. We first linearize (4.1) around
us [(z — x0) /€] by substituting

(1.4) u(z) = s [(z — 20/ + o(a),
into (4.1), where v < us. Using (4.3), we obtain that v satisfies the linearized
problem

(4.5) Lev=év + Ql(us)v =0, —l<a<1,

(4.6) v (1) ~ ave=r(I=m0)/€ v (=1) ~ —ave?(1te0)/€

Next, we study the following eigenvalue problem associated with (4.5)-(4.6):

1
(4.7) Lep=—-Xp, —l<z<l; ¢ (£1)=0; ((/),QS)E/ #?dr=1.
-1

The eigenvalues A; for j > 0 are real and (¢;, ¢x) = &1 for j,k=0,1,...

To study (4.7) it is instructive to compare it with the related eigenvalue problem
Led = —A¢ defined on the infinite line —co < # < co with ¢ — 0 sufficiently rapidly
as |z| — oco. Let (Aj,¢;) for j = 0,..,J be the discrete eigenpairs of this related
problem. The parameter € in this related problem can be eliminated by scaling
the x axis. Thus, we conclude that 5\]' is independent of €. Next, by translation
invariance, it is clear that Le¢ = 0, where (&(.1:) = uls [(z — x¢)/€]. Note that ¢ —0
exponentially as |z| — oo and q; has exactly one zero-crossing located at z = zg.
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Therefore, it follows that the second eigenpair of the related eigenvalue problem is
given by ¢, = ¢ and Ay = 0. Since ¢; is localized near = ¢ and ¢ € (-1, 1),
it is clear that the second eigenfunction ¢; of (4.7) is approximated closely by q/;
in the interior of the interval (—1,1). However, boundary layer correction terms
of exponentially small amplitude must be added to q; near the endpoints z = %1
in order to satisfy the boundary conditions ¢;(£1) = 0. This slight break in the
translation invariance, together with the exponential decay behavior (4.3), leads to
an exponentially small second eigenvalue A; for (4.7). For ¢ — 0, the boundary
layer analysis of [W92] shows that

(48) ¢1 ~ My (UIS [(-Z’ — .Z‘o)/{] + (1]6_1/(1+x)/€ + are—ll(l—x)/e) ]

Here a; = al/e_”(l‘”“)/e, a, = —alje_”(l_“)/g, and Mj 1s a normalization constant.
Moreover, A; has the asymptotic estimate

(4.9) Ay~ —2021135_1 [6—2V(1+a:0)/€+€—2V(1—:c0)/€] ’ 55/ [U;(P)]Z dp.

The results (4.8) and (4.9), which quantify the exponential ill-conditioning of (4.5)-
(4.6), are analogous to the results (2.6) and (2.5), respectively, obtained for the
linear convection-diffusion equation.

Since the principal eigenvalue Ao of the related eigenvalue problem is non-
degenerate and A; = 0, it is clear that Ay < 0 and is independent of ¢. In particular,
if Q(u) = —u+u?/2, it is easy to show that A = —5/4 and that ¢, is proportional to
sech® [(x — x0)/2¢]. Since the corresponding eigenfunction @ is localized near z =
zg, it follows that the principal eigenvalue Ag of (4.7) is exponentially close to Ao.
Thus, as ¢ — 0, we have the strict inequality that Ag < 0 as ¢ — 0. A consequence
of this result is that spike-layer solutions for the corresponding parabolic time-
dependent problem are dynamically unstable and, thus, do not exhibit metastable
behavior.

The final step in the projection method is to expand the solution to (4.5)-(4.6)
in terms of the eigenfunctions of (4.7) as

s
(4.10) @) =3 Lo(e).

j=0

The coefficients ¢; for j > 0 are given by

(4.11) ¢ =€ [qu(l)v'(l) —6j(~1)v'(-1)

Since A\; — 0 exponentially as € — 0, it is necessary that the limiting solvability
condition ¢ — 0 as € — 0 be satisfied. Setting ¢; = 0, and using both (4.6) and the
asymptotic form for ¢; given in (4.8), we derive the following algebraic equation
for zg:

(4.12) e~ w(1-z0)/€  ~2v(1+zo)/€

This yields the correct value 29 = 0. Geometrically, this shows that the spike is
located at that point in (—1,1) which is furthest from the endpoints at z = +1.
We remark that similar ideas can be used to construct multi-spike solutions to
(4.1) and to study the extreme sensitivity of such solutions to exponentially small
perturbations (see [W92]).
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4.2. Two Spatial Dimensions. We now construct spike-layer solutions for
the following multi-dimensional analogue of (4.1):

(4.13) EAu+Qu) = 0, zeD,
(4.14) €0pu+bu = 0, x€0D.

Here € — 0%, §,, denotes the outward normal derivative, b is a constant, and Q(u)
satisfies the conditions given following (4.1) above. For simplicity, we let D be a
closed, bounded and convex two-dimensional domain.

Spike-layer solutions to (4.13)-(4.14) where the spikes are located on 9D have
been constructed in [GU], [NT91] and [NT93] for the case b = 0 in (4.14).
In [W95b] the projection method is used to construct a spike-layer solution for
(4.13)-(4.14) where the spike location is not on D but, instead, is strictly con-
tained within D. For the case b = oo, some related work for an interior spike is
given in [WN] using very different methods.

A spike-layer solution to (4.13)-(4.14) with an interior spike has the form u(z) ~
uc [|& — xo]/€], where the spike location ¢ satisfies dist(xq,0D) = O(1) as ¢ — 0.
Here u.(p) is the unique, positive, radially symmetric solution to (4.13) in all of
R?, which satisfies

i 1 ’
(4.15) u, + ;uc + Q(us) =0, p>0; u(0)=0,

(4.16) uc(p) ~ap~%e7P | as p— oo v= [—Q

for some constant @ > 0. The exponential decay behavior (4.16) is analogous to
(4.3), except that there is a geometrical spreading factor of p=!/2 in R? which is
not present for the one-dimensional problem. Since u.(p) decays exponentially as
p — 00, it follows that u, [| — z¢|/€] fails to satisfy (4.14) by only exponentially
small terms for any zy € D. Thus, once again, the problem of determining zg is
exponentially ill-conditioned.

We now outline the projection method used in [W95b] to determine zg. We
first linearize (4.13)-(4.14) around wu. [|& — o|/€] by substituting

(4.17) u(z) = ue [|x — zol|/€] + v(z),

into (4.13), where v < u,. In place of (4.5)-(4.6), the linearized problem for v is
(4.18) Lev = 2Av + Ql(uc)v =0, x €D,

(4.19) €dpv+bv=—(c0n+b)u,, xedD.

The eigenvalue problem associated with (4.18)-(4.19) is

(4.20) Led = —Aé, zeD,

(4.21) €hdo+bo = 0 z€ED; (¢,¢)E/¢2da::1.
D

The eigenvalues A; for j > 0 are real and (¢;, ¢x) = 6;5 for j,k=0,1,...

Next, we study the spectral properties of (4.20)-(4.21). These properties are, in
a sense, rather similar to those of (4.7). Define (% by (ﬁj = Oz, uc(r/e) for j = 1,2,
where r = |& — z¢|. By translation invariance, it follows that quASj =0forj=1,2.
Thus, in all of R?, there are two zero eigenvalues of (4.20) with corresponding
eigenfunctions (ﬁj for j = 1,2. Since u.(p) decays exponentially as p — oo, (ﬁj fails
to satisfy the boundary condition (4.21) by exponentially small terms as ¢ — 0.
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This slight break in the translation invariance as a result of the finite domain,
together with the exponential decay behavior (4.16), leads to the existence of two
exponentially small eigenvalues A;, for j = 1,2. The corresponding normalized
eigenfunctions ¢; have the boundary layer form ¢; ~ M; [&Kjuc(r/e) + (/)Lj] for
J =1,2. Here ¢r; is a boundary layer function, localized near 9D, which allows
the boundary condition in (4.21) to be satisfied. This boundary layer structure is
analogous to the corresponding form (4.8) for the one-dimensional problem. Since
fZ’j for j = 1 and j = 2 has exactly one nodal line, it follows, for similar reasons
as outlined in the one-dimensional case, that the principal eigenvalue Ag for (4.20)-
(4.21) satisfies the strict inequality Ag < 0 as € — 0.

A boundary layer analysis and Green’s identity leads to the following asymp-
totic estimates for ¢; on 9D and for A;, for j = 1,2 (see [W95b]):

2
(4.22)  ¢; ~ — (efm) /2 “j’rb( —woy)r? eI L+ 7 4], xe€dD,
14

2 3 2 I
. . b )
(4.23) Aj ~ aﬁ: / <$] Tmoj) ple2vrle (7}/ Vrb n) [1+7-7n]ds.
T Jop +

Here 8 = [ p[u,(p)]*dp, a and v are given in (4.16), r = |x(s) — x| where
z(s) € 0D, 7 = (;1:(5) — zo)r~!, 7 = n(s) is the outward normal to 9D, z; is the
j" component of z, and s is arclength along D. A more precise estimate for Aj
can be obtained by evaluating the integral in (4.23) using Laplace’s method. The
resulting asymptotic formula for A; is similar to (2.22).
The final step in the projection method is to expand the solution to (4.18)-
(4.19) in terms of the eigenfunctions of (4.20)-(4.21) as in (4.10). In place of (4.11),

the coefficient ¢; in (4.10) is given by

(4.24) ¢ = —e/aD &; [€0n + bluc(r/e)ds

Since A; — 0 exponentially as ¢ — 0 for j = 1,2, it is necessary that the limiting
solvability conditions ¢; — 0 as ¢ — 0 for j = 1,2 be satisfied. Setting ¢; = 0 for
J=1,2 and using (4.16) and (4.22), we obtain that z, satisfies

(4.25) I(zo) =0, for I(xo) 5/ rlem €[ 47 ) <w) P ds.
oD v+b
This equation for ¢ is analogous to (4.12).

Suppose that there exists a unique largest inscribed circle B for D, such as

is the case when D is strictly convex. Let r;, and x;, denote the radius and
center of B. Then, as shown in [W95b], there is a root to I(zg) = 0 satisfying
|g — #in| = O(€) as € — 0. This result, which is geometrically analogous to the
corresponding one-dimensional result, is obtained by using Laplace’s method on
(4.25). A similar conclusion is obtained in [WN] for the case b = co. The following
more precise result appears in [W95b]:
Proposition (Spike-Layer Location): Assume that B is uniquely defined and
that B makes exactly three-point contact with 0D at x(s;) € D for i = 1,2,3.
Suppose that b £ v and that riri, > —1 for ¢ = 1,2,3, where x; < 0 is the
curvature of 0D at x(s;). Then, the spike-layer location xq = xo(€) satisfies

(4.26) zo(€) = in + €xf + O(€?),
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where z} is the solution to the linear system

(427) (TAL3 — ﬁl) . $(1) = (21/)_1 {log (Al/A;g) + log (—'fll . tAQ/TAL;g . tAg)} s
(428) (ﬁl — 'ﬁz) . $(1) = (21/)_1 {log (Ag/Al) + log (—ﬁg . 1?3/7%1 . 1?3)} .
Here A; = (14 ffirm)_l/Q. Also, n; and t; are the unit outward normal vector

and the unit tangent vector at x(s;) € 0D, respectively (oriented in the counter-
clockwise sense). A similar result is given in [W95b] for the case where B makes
exactly two-point contact with §D. Further work is needed to construct spike-
layer solutions to (4.13)-(4.14) having several interior peaks and to investigate the
extreme sensitivity of these solutions to small perturbations.

5. Phase Transition Models in One Spatial Dimension

The viscous Cahn-Hilliard equation, introduced in [NO], is a model of slow
phase separation in binary alloys accounting for viscoelastic effects. In dimension-
less form, this model is

(5.1) (l—a)ut:—(ezum—}—Q(u)—aKm)m , —“l<ae<l, t>0,

(5.2) ug(£1,t) = Ugpe(£1,1) = 0; u(z,0) = ug(z),

where u(z,t) is the concentration of one of the two components in the alloy. Here
k > 0 is the viscoelastic parameter, ¢ — 0% is the interfacial energy parameter, o
with 0 < o < 1 is a homotopy parameter, and Q(u) = —Vl(u) where V(u) is a

double-well potential with wells of equal depth. More specifically, we assume that
Q(u) has exactly three zeros at u =s_ <0, u=sy >0 and u = 0, with

(5.3) Q(s52)<0, Q(0)>0, V(sg)=0.
Prototypical is Q(u) = u — u?, for which sy = 41 and V(u) = (1 — u?)?/4. Since
Q(u) is non-monotone, the reduced equation (1 — a)u; = —[Q(u)],, is ill-posed

for some range of u. The terms —€?Ugzer and Kugge in (5.1) represent a gradient
energy regularization and a viscoelastic regularization, respectively, of this ill-posed
reduced equation. Note that the massm = f_ll u(z,t) dz is conserved for (5.1)-(5.2).
We assume below that ug(z) is such that 2s_ < m < 2sy4.

Some related phase separation models are obtained by letting « take on limiting
values in (5.1). The well-known Cahn-Hilliard model corresponds to o« = 0. If
a = 1, we can integrate the right side of (5.1) twice, explicitly impose a mass
constraint, and re-scale ¢ to obtain the constrained Allen-Cahn equation introduced

in [RS]
(5.4) U = g, +Qu) —o, —l<z<l, t>0,

1
(5.5) ugp(£1,t) =0; u(z,0) = up(x); / u(z,t)de =m.

-1
Here o = o(t) is determined by the constant mass m. The well-studied uncon-
strained Allen-Cahn equation is obtained by setting ¢ = 0 in (5.4) and disregard-
ing the mass constraint. For an overview of mathematical problems and results for
phase separation models see [F].

There has been much recent work analyzing the dynamics associated with (5.1)-
(5.2) and related models. These studies have revealed that the dynamics proceeds
in two stages when ¢ is small. The first stage, occurring on an O(1) time interval,
involves the transient formation of a pattern of internal layers from initial data.
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F1GURE 2. Schematic plot of a metastable pattern of internal layers.

The layers have width O(¢) and separate the two phases s; and s_ (see Fig. 2 for
a schematic plot of a four layer pattern). This transient process is very intricate
for (5.1)-(5.2), but is significantly less complex for the unconstrained Allen-Cahn
equation. During the next stage of the dynamics, known as the coarsening process,
the internal layers move exponentially slowly in time until, typically, they collapse
together in pairs. For the unconstrained Allen-Cahn equation this process termi-
nates when no layers remain. However, for models where mass is conserved, this
process terminates when a pattern with only one layer, which is consistent with the
mass, is attained.

The coarsening process for the unconstrained Allen-Cahn equation has been
well-studied in [CP], [FH], [N] and [W94]. The existence of metastable internal
layer motion has been proved in [ABF], [BH], [BX], and [G] for the Cahn-Hilliard
equation and in [KEM] for a system very similar in form to the constrained Allen-
Cahn equation. An explicit characterization of metastability for the Cahn-Hilliard
equation is given in [BX] using a dynamical systems approach. In [RW95b] and
[RW94] an asymptotic projection method is used to obtain similar results for
the viscous Cahn-Hilliard equation (5.1)-(5.2) and for the constrained Allen-Cahn
equation (5.4)-(5.5), respectively.
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We now outline the metastability analysis in [RW95b]. To begin, it is conve-
nient to re-write (5.1)-(5.2) as a coupled system for u(x,t) and o(z,1)

(5.6) akuy = Eugy + Qu) — o, ug(£1,t) =0,
(5.7) (1 —a)uy = —04s, ox(£1,1) =0.

For the equilibrium problem, o is a constant and is asymptotically exponentially
small as € — 0 (cf. [CGS]). In [RW95D] it is assumed that o(z, 1) is also asymptot-
ically exponentially small as ¢ — 0 for a metastable pattern with widely separated
internal layers. Therefore, each layer is closely approximated by the stationary
wave solution of €?uz; + Q(u) = 0 on the infinite line, which connects the two
states v = sy and u = s_. Thus, we introduce the heteroclinic orbit us(z), which
is the unique solution to

(5.8) uy + Quy) =0, —o0o<z<o00; ug(too) =54, u(0)=0,

with uls(z) > 0. This solution has the far-field asymptotic behavior

)

1/2
(5.9) us(z) ~ sy Faget"** | as z — 4oo; vy = [—Ql(si)] /
for some explicit constants ax > 0.

An n-layer metastable pattern is represented as a superposition of translates of
this heteroclinic connection. Let ®; = #;(¢) for ¢ = 0,..,n — 1 be the internal layer
locations for such a pattern, satisfying the ordering ;41 > z;. Let x—; = —1 and
zn = 1 be the endpoint locations. Assume that the layers are widely separated at
time ¢, so that z;41 — ¢; > O(e) for i = 0,..,n — 1. Then, an n-layer metastable
pattern for (5.1)-(5.2) is represented by

(5.10)
u(z,t) ~ wz; zg, .., Tn_1] = us [Eo(z — 20)/€] + E (us [&i(x —x5) /€] — 83)

where z; = z;(t) for i = 0,..,n — 1 are to be determined. Here & = (—1)!&y, where
& = +1 or &g = —1 is the orientation of the first layer. In addition, s; = s, when
& = —1 and s; = s_ when & = +1. For instance, in Fig.2 we have n = 4, §; = 1
and & = (—1)! for i = 1,2,3.

The projection method used in [RW95b] provides an explicit differential-
algebraic system of ODE’s for the z;(¢), i = 0,..,n — 1, in (5.10). To derive this
system, we first perform a quasi-steady linearization of (5.6)-(5.7) around @ by
substituting

(5.11) u(z,t) = 4 [z; zo(t), .., 2n_1(t)] + v(z, 1)
into (5.6)-(5.7), where v < u* and vy < 0;u¢. From (5.7) we get
n—1 r
(5.12) o~ (1—a) E J:; Mi(z)+o., M(z)= /1 (us [&i(n — x;) /€] — s;) dn,
i=0 -

provided that the mass constraint m = f_ll @ dz holds. In (5.12), o, = o.(t) is to
be determined. Then, from (5.6), we find that v satisfies

(513)  Lev = Pvpe 4+ Q (i) = 0 4 E + ak 8,0,
(5.14)  wp(—1,¢) = —aS (=1; 20, .., 2n_1) , ve(1,t) = —aS (1; 20, .., 1) -
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Here F represents the exponentially weak interactions between neighboring layers,

and is defined by

n—1
(5.15) E = E(x; 2o, .., 2no1) = 3 Q (u, [&i(x — 2:)/d) — Q (@) .
i=0
Let z; for i = 0,..,n — 1 be fixed and consider the associated eigenvalue problem

1
(5.16) Led = —A¢, —l<az<l; ¢ (£1)=0; (¢,¢)5/ dr =1,
-1

where L¢ is defined in (5.13). The first n eigenvalues A;, for ¢ = 0,..,n — 1, of
(5.16) are exponentially small as ¢ — 0 and the corresponding (un-normalized)
eigenfunctions are given asymptotically by ¢;(z) ~ uls [&i(x —a;)/e]fori=0,.,n—
1 (cf. [CP], [W92]). This key property arises as a result of the combined effects of
u; > 0, the decay behavior (5.9), and the near translation invariance of the system.

Next, we expand the solution to (5.13)-(5.14) in terms of the eigenfunctions of
(5.16) as in (3.16). Since A; for i = 0,..,n — 1 are exponentially small, we must
impose n limiting solvability conditions. This projection step, together with the
mass constraint, provides a differential-algebraic (DAE) system of degree n for the
n unknowns o.(t) and ;(¢), for i = 0,..,n—1 (cf. [RW95b]). This system has the
form

1
1 _(Ea¢l)1

n—1

(517) (1 - Oé) Z x;c (Mk; QSZ) + (Uca¢i) + ak <8ta€;¢i) ~ €2¢ivx
E=0

forte=0,..,n— 1, together with,

1
(5.18) / ac [x; 0, .., Tn_1) de =m.
-1

Here M; and E are defined in (5.12) and (5.15), respectively. Finally, a lengthy
calculation of asymptotically evaluating the various terms in (5.17)-(5.18) as e — 0
leads to the following explicit result (cf. [RW95b]):

Proposition (Metastable Motion): For ¢ — 0, an n-layer metastable pattern
for (5.1)-(5.2) with widely separated internal layers is represented by (5.10), where
zi(t) fori=0,..,n—1, and o.(t) satisfy the explicit DAE system

n—1
(5.19) Ozh‘/ﬁG_ll‘;—i—(l—(l)El‘;bikNchi(5+—S_)+HZ', i=0,.,n—1,
k=0

(5.20) Y sk (wk — wp_1) =m+O(e) .

k=0
In (5.19) the exponentially weak forces H; for i = 0,..,n — 1 and the coupling
coefficient by, for i,k =10,..,n—1 are defined by

(5.21) H;, =2 (a22+11/i2+1 e~ (UHbin—1)viprdipa/€ _ aiv? 6_(1+‘5’”)”’d’/€) ,

622 ba= [ (e - z0/d - s (w6 — )/ siga) da

1
where b;3, is the Kronecker symbol, 3 = ffooo [u;(z)]2 dz,d; =x;—z;_1 fori=0,..,n
are the inter-layer separations, and the triplet (s;,a;,v;) is defined by (s;, a;,v;) =
(s1,ax,vy) when & = F1. Here ay and vy are defined in (5.9). To obtain a more



DYNAMIC METASTABILITY AND SINGULAR PERTURBATIONS 21

explicit result, the coefficients b;; in (5.22) can easily be evaluated asymptotically
as € — 0 (cf. [RW95b]).

There are various special cases of (5.19)-(5.20). The constrained Allen-Cahn
equation corresponds to &« = 1 and & = 1, and the Cahn-Hilliard equation corre-
sponds to o = 0. Note in (5.19) that there is a distinguished limit when a = O(e).
The unconstrained Allen-Cahn equation is obtained by setting o = ¥ = 1 and
0. = 0in (5.19) and disregarding the mass constraint (5.20). This leads to the
well-known dynamics :L‘; ~ €8 1H;, for i = 0,..,n — 1, which was proved in [CP]
and [FH]. For the special case of a two-layer evolution (i. e. n = 2), the re-
sult (5.19)-(5.20) has been favorably compared in [RW95b] with full numerical
results for different values of . Starting from initial conditions z;(0) = z?, with
di =2 — 22 | >0fori=0,.,n, the dynamics (5.19)-(5.20) is valid until the first
time t = ¢, where dj(t.) = O(e) for some I € {0,,.,n}. Thus, the metastability
result does not hold when a layer collapse event is initiated. Further work is needed
to characterize these events, and, hence, to obtain a complete description of the
coarsening process for (5.1)-(5.2).

Finally, we remark that the projection method described above is closely related
to a similar method used in [B], [BIS] and [EMS] to analyze weakly interacting
pulse-type solutions for other classes of nonlinear evolution equations. In many
of these other problems, the localized pulse solution is a translate of a homoclinic
orbit, which has exponentially damped oscillations at infinity. For a train of well-
separated pulses, this damped oscillatory far-field behavior can lead to chaotic
dynamics between neighboring pulses (cf. [BIS], [EMS]). A very interesting survey
of results for this class of problems is given in [B].

6. A Phase Transition Problem in a Multi-Dimensional Domain

In a multi-dimensional setting, dynamic metastability can occur for phase sep-
aration models that conserve mass. For such models, the motion of radially sym-
metric internal layer solutions, referred to in [AF94a] as bubble solutions, exhibit
metastable behavior (cf. [AF94a], [AF94b], [W95a]). These solutions are char-
acterized by an exponentially slow drift of the center of the bubble towards the
boundary of the domain. The bubble maintains its spherical shape during this evo-
lution. For the Cahn-Hilliard equation, the existence and some qualitative proper-
ties of this metastable bubble motion have been studied in [AF94a] and [AF94b].
Results concerning the spectrum of the linearization around the bubble solution for
the Cahn-Hilliard equation are given in [AFS].

In [W95a] the projection method is used to give an explicit asymptotic de-
scription of metastable bubble motion for the constrained Allen-Cahn equation
introduced in [RS]

(6.1) u = EAu+Qu)—o, teDCRN, N=23,
(6.2) Opu = 0, r€dD; /u(aj,t)dr:m.
D

Here u = u(z,t), o = o(t), e — 0%, D is a bounded convex domain in two or three
dimensions, and the mass m is constant. As in §5, we assume that Q(u) = —Vl(u),
where V' (u) is a double-well potential with equal minima at u = sy where V(sy) =
0. In Fig. 3 we give a sketch of the geometry for this problem. A thin internal layer
of width O(€) separates the phases u ~ s; and u ~ s_ that are outside and inside
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FiGURE 3. Schematic plot of a bubble of radius r; in a two-
dimensional convex domain.

the bubble, respectively. The radius r; of the bubble is determined by the mass
m, and is assumed to be sufficiently small so that the bubble is contained within
D at t = 0. In [W95a] the bubble is shown to drift exponentially slowly across
the domain, without change of shape, towards the closest point on dD. Also, an
explicit ODE for the motion of the center of the bubble is derived. The geometric
criteria determining the (unstable) equilibrium location for the center of the bubble
is found to be very similar to that of the spike-layer solution for (4.13)-(4.14).
There are three basic steps in the projection method used in [W95a]. The
first step i1s to construct a radially symmetric equilibrium bubble solution of ra-
dius 7 in all of R? and then to linearize (6.1)-(6.2) around this solution. This
step is significantly more difficult than for the spike-layer problem in §4.1 in that
the bubble must be constructed asymptotically using the method of matched as-
ymptotic expansions. The second step is to analyze the spectrum associated with
this linearization. As a result of the slight break in translation invariance, this
spectrum contains exponentially small eigenvalues. Asymptotic estimates for the
corresponding eigenfunctions on the boundary of the domain are derived using a
boundary layer analysis. The final step is to ensure that mass is conserved and that
the solution to the quasi-steady linearized problem is orthogonal to the eigenspace
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associated with the exponentially small eigenvalues. This projection step yields an
ODE for the center zg = o(t) of the bubble. We now outline some of the details
of this analysis and give the main result obtained in [W95a].

The equilibrium bubble solution u = Us(r; €), 0 = op(¢) satisfies

N -1

(6.3) e <U,§’ +

(6.4) Up(r;e) — Si(e), as e *(r—r) — Fo0; Up(rp;€) = 0.
Here S4 (€) are the roots of @ [S+(€)] = op(€) for which Sy (€) — s1 and op(e) — 0

as € — 0. The function Uy(r;€) varies rapidly in an O(e) neighborhood near r =
rpy and it varies slowly away from this region. A matched asymptotic expansion
analysis for the region r > r shows that (cf. [W95a])

- vk r—ry
(6.5) Up(r;e) = { Si(€) —aq (7“/7’6)(1 N2 g=va(r=ro)l € for 1 > T,

U;>+Q(u,,):a,,, 0<r<oo,

us [(r —rp)/e] + O(e) for r —ry = O(e),
and oj(€) = ey + O(e?). Here,
(6.6)  Si(e) =54 —eorvi®+ O(e?), v = vy + %Uly;3Q11(5+) +0(e?),
CBN-Y [
(67) o= ﬁ—/_w [ s(p)] dp,

and ay, v4 are defined in (5.9) in terms of the one-dimensional profile u,(p), which
satisfies (5.8). The exponential decay behavior of Uy for r > r; is similar to that
for the spike-layer problem given in (4.16).

The quasi-steady linearization of (6.1)-(6.2) is obtained by substituting

(68)  u(e)=Ule—zo(®ld+v(at),  olt) = oule) +ult),

into (6.1)-(6.2), where v <« U, vy < 0;Up and p < op. Here zg = x¢(t) is the
unknown trajectory of the center of the bubble. This leads to the following problem
for v and pu:

(6.9) Lev=EMv+Q (U)v=0,Us+pu, x€D,
D

Let (Aj, ¢;) for j > 0 be the eigenpairs of the associated eigenvalue problem
(6.11) Lepg=-X¢p, 2z€D; 0,0=0, z€0D; (¢,¢)E/ ¢?dr=1.
D

The principal eigenvalue satisfies Ag < 0 with Ay = O(¢?) as ¢ — 0, and the
corresponding eigenfunction ¢g has the form ¢g ~ My (U,; + quo). Here My is a

normalization constant and ¢ is a boundary layer function of exponentially small
amplitude, localized near D, which allows 0,09 = 0 on D to be satisfied. In
addition, as a result of the near translation invariance and the exponential decay
behavior (6.5), there are N exponentially small eigenvalues A; for j =1,.., N. The
corresponding eigenfunctions are given asymptotically by ¢; ~ M; ((‘3xj Uy + qSLj)
for some boundary layer functions ¢r;, 7 = 1,..,N. A boundary layer analysis
determines ¢r; for j = 0, .., N and hence we can obtain explicit asymptotic formulas
for ¢; on 0D for j =0,.., N (see [W95a]).
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Next, we expand the solution v(z,t) to (6.9)-(6.10) in terms of the eigenfunc-
tions ¢; of (6.11) as in (3.16). The coefficients ¢; = ¢;(¢) for j > 0 in (3.16) are
found to be

(6.12) Cj :—(8tUb,¢>j)—,u(1,¢j)—62/8D¢j8nUde,

where (f,g9) = fD fg dx denotes the inner product. Since U and ¢;,for j =0, .., N,
are known when € < 1, we can calculate the inner products and the surface integral
in (6.12) asymptotically to determine ¢; for j =0,.., N.

The conditions to determine u(?) and o(t) are as follows. First, we must ensure
that fD wdz = 0 in order to conserve mass. For ¢ — 0, this condition requires that
co(t) = 0, which then determines u (see [W95a]). Thus, in contrast to the spike-
layer problem considered in §4, the existence of the negative eigenvalue Ag for (6.11)
does not lead to an instability of the bubble solution. We remark that if mass was
not conserved, the bubble would shrink to a point under a mean curvature flow on
a time scale |A\;'| = O(¢=?). Next, since Aj for j =1,.., N are exponentially small
as € — 0, we must also require that the limiting solvability conditions ¢; — 0 as
e — 0 for j =1,.., N be satisfied. These conditions yield a differential equation for
zo(t) that governs the metastable bubble motion. In this way, the following main
result is obtained in [W95a]:

Proposition (Slow Bubble Motion): When the bubble is strictly contained in-
side D, its center location xg = xo(t) satisfies the asymptotic ODE

/ eNa2v?
6.13 Ly~ —++
(6.13) 0 QnB  Jop

Herer = |z(€) — zo(t)], 7 = [2(€) — xo(2)] /7, n = 7(€) is the unit outward normal
to 0D, Qn is the surface area of the unit N-ball and & = (&1, ..,En—1) parameterizes
dD. Also, 3 and v§ are defined in (6.6)-(6.7) and ay and vy are given in (5.9).

The (unstable) equilibrium location zq, for the bubble center is obtained by
setting .7;;) = 01in (6.13). Then, by comparing (6.13) and (4.25), it is clear that a
result very similar to (4.26) also holds for #¢. when N = 2. Next, an asymptotic
evaluation of the surface integral in (6.13) yields the following explicit result:
Corollary (Explicit Motion): Assume that at t = 0, x(&) is the unique point
on OD that is closest to the initial center location xo(0) = z. Then, fort > 0 and
€ — 0, the motion of the center of the bubble is in the direction of x(&) — z and
the distance rm(t) = |2(€o) — zo(t)| satisfies the asymptotic ODE

P1=Ne=2WE(r=r)/€ 5 1 4 5] 77 dS .

o\ (V72 .

6.14 o~ = | —
A C
together with the initial condition rp(0) = |2(&0) — 23| > ry. Here ( and H(rp,) are
defined by

IN a2 2
6.15 =+ +
615) (=g

where R; > 0 for i = 1,.., N — 1, are the principal radii of curvature of 0D at
z(&) € 0D. The result (6.14), which is asymptotically valid only when 7, (¢) > r,
shows that the bubble will collapse against 9D on an exponentially long time scale.

x\ V-1/2 N1 1
<E) , H(rm) =1L (1 — rp/Ry) ,
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