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Introduction

The method of matched asymptotic expansions is a well-known and powerful
method for systematically calculating asymptotic approximations to solutions of
singularly perturbed problems. This method has been used successfully in a wide
range of applications (cf. [17], [18], [21], [29], [38], [50]), and its theoretical
foundations are rather well-developed.

However, there are certain classes of steady-state singularly perturbed bound-
ary value problems where a straightforward application of this method fails to
determine the solution uniquely. In particular, for problems where asymptotically
exponentially small terms need to be resolved, a failure to asymptotically resolve
such terms typically leads to a matched asymptotic approximation with undeter-
mined constants. Two classical examples where this indeterminacy occurs are for
linear turning point problems associated with boundary layer resonance [1] and for
certain nonlinear autonomous boundary value problems with shock-type or spike-
type internal layers [9].

From the viewpoint of matched asymptotic expansions, this indeterminacy sug-
gests that exponential precision is needed in the asymptotic estimates in order to
calculate a unique approximate solution to the differential equation. However, from
the viewpoint of spectral theory, this indeterminacy in the matched asymptotic ap-
proximation arises as a direct consequence of an exponential ill-conditioning of a
certain linearization of the full perturbed problem. By exponential ill-conditioning
we mean that the spectrum of the eigenvalue problem associated with the lin-
earization contains exponentially small eigenvalues. As a result of this exponential
ill-conditioning, the solution to the steady-state perturbed problem is typically very
sensitive to exponentially small changes in the coefficients of the differential oper-
ator. Moreover, for the corresponding time-dependent problem, this exponential
ill-conditioning can lead to the occurrence of a phenomenon known as dynamic
metastability whereby the time-dependent solution approaches a steady-state solu-
tion only over an asymptotically exponentially long time interval.

The goal of this paper is largely to illustrate and survey some results for
metastable behavior and exponential ill-conditioning for various classes of linear
and nonlinear singularly perturbed partial differential equations in one-spatial di-
mension. In each case, we show how this behavior can be analyzed asymptoti-
cally by using an asymptotic projection method, which supplements the method of
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matched asymptotic expansions with certain spectral information associated with
the linearized equation. This projection method exploits the existence of exponen-
tially small eigenvalues by imposing limiting solvability conditions on the solution
to the linearized equation.

The outline of this paper is as follows. In §1 we illustrate the basic ideas of
the projection method applied in various simple situations. We also illustrate the
typical features of metastable dynamics. In §2 we consider a linear convection-
diffusion equation with a turning point that has metastable behavior. In §3 we
consider some metastable nonlinear convection-diffusion equations with shock-type
solutions, including Burgers equation and an equation describing the propagation of
a flame-front interface in a vertical channel. In §4 we illustrate metastable behavior
for various phase separation models arising from materials science applications.
Finally, in §5 we analyze a nonlocal reaction diffusion equation arising from an
activator-inhibitor system modeling morphogenesis.

1. The Projection Method and Metastable Behavior

The imposition of solvability conditions is very often employed in perturba-
tion theory. In particular, solvability conditions are central to the calculation of
eigenvalues for differential operators in weakly inhomogeneous media, in the sup-
pression of secular terms in multi-scale expansions for oscillatory problems, and in
the derivation of modulation equations in water wave theory, optics etc. Solvability
conditions are associated with the usual Fredholm alternative condition arising in
linear algebra and in the theory of linear two point boundary value problems. The
projection method used throughout this paper is a limiting form of a solvability
condition.

We first consider a simple problem from linear algebra to illustrate the main
idea of the projection method. Let Ae¢ be an n X n symmetric matrix, depending
on a small parameter € > 0, and consider the linear system

(11) AeXe = be .

Here x¢ € R™ and be € R™”, depend on €. Assume that be depends on m unknown
parameters qi ,..,qm, with 0 < m < n. Let ¢;, A; for j = 1,..,n denote the
eigenpairs of Ae, which are normalized by (¢;,#;) = 1. Here the inner product
dentoes the usual dot product. Then, we can formally express xe¢ as a spectral
expansion
(1.2) Xe =) %> ¢ =($Pe) -

g=1""

Suppose that A; = 0 for j = 1,..,m for all values of ¢, and that the remaining
eigenvalues are non-zero for all values of e. Then, for (1.1) to have a solution it is
necessary and sufficient that the solvability conditions (¢;,be) =0 for j =1,..,m
are satisfied. These conditions then yield algebraic equations for the m unknown
parameters qi , .. , Gm-

Suppose, instead, that Ae¢ has m exponentially small eigenvalues of the order
Aj = O0(e7"i/€) as € — 0 for j = 1,..,m. Here r; > 0 is independent of . Then,
for (1.1) to have a solution that is defined in the limit € — 0 we require that the
following limiting solvability conditions be satisfied:

(1.3) (¢j,be) =0, as e—>0, j=1,.,m.



EXPONENTIAL ASYMPTOTICS AND CONVECTION-DIFFUSION-REACTION MODELS 3

These conditions then give asymptotic equations valid as € — 0 for the m unknown
parameters ¢ ,..,¢m- Thus, we must eliminate the projection of the residual b
against the eigenspace associated with the exponentially small eigenvalues.

In certain cases, a similar projection approach can be used to construct an
asymptotic solution to singularly perturbed differential operators. We now outline
the salient features of the method for

(1.4) ur = N(u) = €uge + Fz,u,u,), —1<z<1, t>0,
(1.5) ugy(£1,1) = 0; u(z,0) = uo(z) .

Here u = u(z,t), F is smooth, and € — 0F. Most of the problems below in §2-5
can be cast in this form. The corresponding equilibrium problem is to determine
U satisfying

(1.6) NU)=0, -1l<z<1; U.(£1) =0.

Typically, (1.6) is readily solved using the method of matched asymptotic ex-
pansions (cf. [17], [18], [21], [29], [38], [50]). However, in certain special cases
this method yields an approximate solution to (1.6) with undetermined coefficients
a = (¢1,--,qm), where q lies in some subset S of R™. We label this approximate
solution by

(1.7) Ulx) ~ @[r;q.
We assume that as € — 0 the residual satisfies

(1.8) N(@€) =0 (e—c/e) . uf[+1;q]=0 (e—c/f) :

uniformly for q € S and x € (—1,1), where ¢ > 0. Thus, we assume that @€ fails
to satisfy the equilibrium problem (1.6) by at most exponentially small terms for
any q € S. We refer to @€ as a quasi-equilibrium solution. Thus, it is clear that
exponential precision is needed in the asymptotic analysis to determine the correct
value of q corresponding to a true equilibrium solution.

Let q € S, and consider the linearization of (1.6) around @€. We write

(1.9) u(@) = @[o; o] + (@),

where v < @€, and obtain that v satisfies

(1.10) 0y + FQ v, + Flv = —N(@), -l1<z<l1
(1.11) ve(£1) = —u[£1;q].

Here F and F_ denote the partial derivatives of F' with respect to u and u,
evaluated at @€, respectively. The corresponding eigenvalue problem is

(1.12) Letp = Epue + FL ¢ + Flo=Xp, —-1<z<1

(1.13) ¢:(£1) =0.

This eigenvalue problem can be cast in self-adjoint form by introducing a Liouville
transformation to eliminate the ¢, term. This shows that the eigenvalues X; for

Jj > 0 are real and that A\; - —o0 as j = oo.
The associated linearized problem is very poorly conditioned. To see this, define

(1.14) ¢; =0y, uz;d], j=1,.,m.
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Here g; is the jth coordinate of q. We assume that these functions are independent.
Then, upon differentiating (1.6) with respect to g;, it is clear that Le(¢;) is expo-
nentially small and that the boundary conditions (1.13) fail to be satisfied by only
exponentially small terms as e — 0 for any q € S. Thus, zero is nearly an eigen-
value of multiplicty m for (1.12)-(1.13). For the problems considered below in §2-5,
this leads to the existence of m exponentially small eigenvalues for (1.12)-(1.13).
The corresponding eigenfunctions are given asymptotically by ¢; ~ éj. Typically,
however, we must enforce the condition that the true eigenfunctions ¢; satisfy the
boundary conditions in (1.13) exactly and not just asymptotically. Hence, we have
to insert boundary layer correction terms to <;~$j to determine ¢;. Having done
so, we can use the resulting asymptotically accurate eigenfunctions in a Rayleigh
quotient approach to give precise asymptotic estimates of the exponentially small
eigenvalues.

Next, we expand the solution to (1.10)-(1.11) in terms of the eigenfunctions of
(1.12)-(1.13) as

(1.15) u:iﬁ@.

The eigenfunctions are orthogonal in an inner product space with some weight
w > 0. This orthogonality condition can be used to derive an explicit formula for
the coeflicients ¢; in the form

(1.16) ¢j = = (¢;, N(@®)),, +b;

Here the bracketed term indicates a weighted inner product with weight w, and b;
denotes a boundary term arising from the boundary conditions at z = +1. Finally,
since there are m eigenvalues A; that are exponentially small as e — 0, we must
enforce the limiting solvability conditions that the corresponding coefficients ¢; — 0
as € — 0 for j = 1,..,m. This projection step, which is analogous to (1.3), yields
m coupled algebraic equations for the unknown parameter q € S.

Dynamic metastability occurs for the time-dependent problem (1.4)-(1.5) when
the exponentially small eigenvalues are the principal eigenvalues associated with the
linearization. In other words, we require that the eigenvalue problem (1.12)-(1.13)
has no O(1) positive eigenvalue. When this condition on the spectrum of the
linearized problem holds we can construct a solution to (1.4)-(1.5) of the form

(1.17) u(z, t) ~ az; q(t)],

where the vector parameter q € S now depends on t. To determine how q depends
on t, we first introduce the quasi-steady linearization of (1.4)-(1.5)

(1.18) u(z, t) = [z; q(t)] + v(z,t)

where v < i€ and v; < 8;4€. Next, we obtain that v satisfies (1.10)-(1.11) where
we must add the term q;.aq]. @€ (sum on j) to the right side of (1.10). We then
expand v as in (1.15) to derive formulae for the coefficients ¢;(¢). Imposing the
limiting solvability conditions then yields the following coupled system of differential
equations for the components of the vector parameter q:

(119) q; (6Qia€5¢j)w ~ (¢jaN(ﬁ€))w_bja .7 = 1;--am-
The right side of this expression is exponentially small and can be evaluated asymp-
totically.
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In §2-5 below, we give explicit details on how the projection approach can be
successfully used to characterize metastable phenomena for various specific prob-
lems. In these problems, typically, q is a parameter that we can readily inter-
pret in terms of the physical application under consideration. In particular, in
§4 it denotes the locations of internal layers for the Allen-Cahn equation when
F(z,u,u;) = 2(u — u?).

2. A Linear Convection-Diffusion Equation

A very simple example where metastability occurs is for the following convection-
diffusion equation for u = u(z,1):

(2.1) U = Leu = €Ugy — TU,, —-1<z<b, t>0,
(2.2) u(-Lt)=w, u(bt)=u,; u(z,0) = uo(z) .

Here b > 0, u; and u, are constants, ¢ — 0% and wug(z) is smooth. The spatial
operator in (2.1) has a simple turning point at £ = 0. The equilibrium problem
corresponding to (2.1)-(2.2) and its associated eigenvalue problem arise in deter-
mining the exit time distribution for a Brownian particle confined by a potential
well. This problem, and related turning point problems, have been studied in [32],
[33], [34], and [35].

For € — 0, a leading order boundary layer analysis for the equilibrium solution
U(z;€) to (2.1)-(2.2) has the form

(2.3) U(z;e) ~ @€ [z; Aoe] = Age + (ur — Age) e PE72)/€ L (uy — Ag,) e~ (1F2)/€

for some undetermined constant Ag.. Since Lei€ is exponentially small away from
the boundary layer regions near x = —1 and x = b for any choice of Ag,, the correct
value of Ag. can only be determined by incorporating the effect of exponentially
small terms into the asymptotic analysis. Singular perturbation problems of this
type, where a conventional application of the method of matched asymptotic expan-
sions fails to select certain constants uniquely, were first identified in [1] and later
studied extensively in [11], [16], [23], [31], [34], and [35] (see also the references
therein).

This apparent indeterminacy in selecting Ag. is associated with an exponential
ill-conditioning of the underlying operator Le¢ (see [11], [23], and [31]). More
precisely, consider the eigenvalue problem associated with (2.1)-(2.2)

24)  Lep=ehu—ad. =X, ~1<z<bi  9(1)=9() =0,
b

(25) (¢a ¢)w = / ¢>2w dx = ]., ’w(gj) = e_$2/2€ i
-1

The eigenvalues A; for j > 0 are real with A\; < 0 and the orthogonality relations
(¢, Px),, = i for j,k = 0,1,.., hold. As discussed in §1, this problem has an
eigenfunction ¢ that is well-approximated by the derivative of @€ with respect to
Age- Since this derivative yields a function that is strictly of one sign on the interval
—1 < x < b, it must correspond to the principal eigenfunction ¢¢. Hence, to leading
order, ¢o has the boundary layer form

(2.6) ¢~ My (1 — e (+2)/€ _ e—b(b—z)/e) ’
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where My is a normalization constant. From (2.4), we can derive the identity

(27) A0 (17 ¢0)w = €1U¢01 ' 1 )

which is used to estimate Ag. Laplace’s method is then used to estimate the integral
(1, ¢o),,, whose dominant contribution arises from the region near z = 0. We get

(2.8) (1,0),, ~ (2me)*/? .

Substituting (2.6), (2.8) into (2.7), and using w = e~ /%€, we obtain that the
principal eigenvalue of (2.4)-(2.5) is exponentially small as € — 0 and has the
leading order asymptotic estimate

1 —b2/2 —1/2
(29) )\()N—W [be /€+e /2€

Asymptotic estimates for A for related turning point problems are given in (cf. [11],
[31], [32], and [35]).

For the time-dependent problem we follow [39]. We seek a solution to (2.1)-
(2.2) in the form
(2.10) u(z,t) = a[z; Ao ()] + v(z, 1),

where € is defined in (2.3). Substituting (2.10) into (2.1)-(2.2), we obtain that
v(z,t) satisfies

(2.11) vp = Lev — S + Leit®, —1<z<b, t>0,
(2.12) v(=1,t) = u —a€[-1; Ao (t)] , v(b,t) = u, — € [b; Ao (t)] .
(2.13) v(z,0) = ug(z) — @€ [z; Ao (0)]

We then expand v(z,t) in terms of the eigenfunctions ¢; of (2.4)-(2.5) as
(2.14) o, t) = 3 e (1))
7=0

Using the orthogonality properties of the eigenfunctions, we find that ¢;(t) satisfies
the differential equation

1 ~ ;b
(2.15) ¢; — Ajcj = (95, Leu®)  — ewvg;

-1

(¢]’ af) w
together with the initial value
b

(2.16) cj(0) = / (uo(z) — a[z; Ao(0)]) pjw dz .

-1

Since Ao < 0 and is exponentially small, it is necessary that co(t) = 0 in order

to ensure that v < %€ over exponentially long time intervals . Therefore, the right

sides of (2.15) and (2.16) must vanish when j = 0. This projection step yields the
following implicit differential equation for Ay(t):

, b

(2.17) (60, ),, ~ (0, Lei),, — ewvy |

The initial condition Aq(0) is obtained from

b

(2.18) /b i [z; Ao (0)]gow da =/ uo(z)pow dz .

—1 -1
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To obtain an explicit differential equation for Ag we use the form for ¢g given
in (2.6) to evaluate the various terms in (2.17)-(2.18) asymptotically for ¢ — 0.
Upon integrating by parts, we can show that

(2.19) (o, Lew®) , ~ € (ur — Ag) w(=1)¢oz (—1) — € (ur — Ag) w(b) oz (b) -

Since v is exponentially small at the endpoints, (2.19) dominates the second term
on the right side of (2.17). Next, (2.3) yields

(220) (¢0aﬂg)w ~ A;) (¢07 l)w .

Substituting (2.7) and (2.20) into (2.17) and neglecting the insignificant second
term on the right side of this equation, we get

1 €
(221) AO ~ Xodo + W (Ul’w(—l)(ﬁ()z(—].) — UTW(b)¢0z(b)) .
Finally, we calculate ¢, at the endpoints using (2.6) and we use (2.8) to estimate
(¢0,1),,- Substituting these formulae into (2.21) we obtain the main result:
Proposition: For t > 1, the solution u(x,t) to (2.1) is given by u(z,t) ~
@€ [x; Ao(t)], where 4€ is defined in (2.3). The function Ao(t), representing the
outer limit of 4€, satisfies the leading order asymptotic differential equation

(2.22) Ay ~ Ao Ao + (2me) /2 (ule_l/z6 + urbe_b2/2e) ,
together with the initial condition
(2.23) Ao(0) ~ (2me)"'/* (doua, 1), ~ uo(0),

where ug(x) = u(z,0). The exponentially small eigenvalue Ag < 0 is estimated
asymptotically in (2.9).
Since Ag < 0, the steady-state value Ag. = Ag(00) is stable and is given by

ug + u,be—(®?—1)/2€

(224) AOe - 1 + be_(bz_l)/Qe

Notice that Ag. is exponentially sensitive to perturbations in the endpoint location
x = b, when b is close to b = 1. More specifically, as b is varied in an O(¢) region
near b = 1, we sweep out all possible values of Ag. between w; and w,. This
extreme sensitivity arises from the exponential ill-conditioning of the underlying
spatial operator Le. In particular, for € — 0, we have

(2.25) Ape = u, for b<1
(2.26) Agpe = w for b>1
(2.27) Ape = (w+ur)/2 for b=1.

Hence, when b < 1, the limiting steady-state solution @¢[z; Ag.] does not have a

boundary layer at the right endpoint = b. Alternatively, when b > 1, the limiting

steady-state solution does not have a boundary layer at the left endpoint z = —1.
The solution to (2.22) with (2.23) is given by

(2.28) Ao(t) = Age + (uo(0) — Ag.) Mot .

where Ag. is given in (2.24). Thus, Aq(t) approaches its steady-state value Ag,
exponentially slowly as € — 0. This characterizes the metastable behavior. In
addition, since )\g is an exponential function of b and ¢, the time needed to approach
the steady-state solution depends very sensitively on the precise value of b when
€ < 1. This clearly illustrates the exponential sensitivity of a metastable problem.
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Starting from arbitrary initial data, the approach to the equilibrium solution is
exponentially slow. However, as shown in the finite element computational example
by Adjerid et al. [2] in these proceedings, certain initial conditions will relax very
quickly to the steady-state solution. To see this, suppose that u; = —u, and that
the initial data uo(z) is odd. Then, Age. = 0, uo(0) = 0, and hence Ay(t) = 0 in
(2.28). Thus, in this case, there is no metastable behavior.

3. Nonlinear Convection-Diffusion Equations

In this section we consider several different classes of nonlinear convection-
diffusion equations on a finite interval that exhibit metastable behavior. In §3.1 a
metastable shock-layer solution for Burgers equation is constructed using the Cole-
Hopf transformation. In §3.2 the Cole-Hopf transformation is also used to analyze
metastability for a forced Burgers equation. In §3.3, we use the projection method
to study metastable dynamics for a class of nonlinear viscous shock problems. Fi-
nally, in §3.4 we give some metastability results for a convection-diffusion model
that describes upward flame propagation in a vertical channel.

3.1. Burgers Equation on a Finite Interval. Consider the following initial
boundary value problem for Burgers equation in the limit € — 0:

(3.1) U +UUy = EUge, -l<z<1, t>0,
(3.2) u(z,0) = wo(x); u(-1,t) =a, u(l,t)=-a.

Here a > 0 is a constant.

This problem was solved numerically in [22] where metastable behavior was ob-
served. The computations of [22] showed that, starting from monotone decreasing
initial data, a shock layer of width O(e), connecting u = @ and u = —q, is formed
on an O(1) time scale. This shock layer is closely approximated by the stationary
wave solution of (3.1)-(3.2)

(3.3) u = —atanh [ae™! (z — 30(1))/2] .

The initial shock layer location z(0) depends on the initial data. Once the shock
layer has formed, it drifts towards the equilibrium solution, which has a shock
layer at the midpoint of the domain, at an exceedingly slow rate. This equilibrium
solution is stable. Thus we have two different time behaviors under (3.1)-(3.2): a
transient O(1) phase where the shock layer is formed, and an exponentially slow
phase where the shock layer drifts towards its equilibrium location.

The goal below is to calculate an ordinary differential equation for the slow mo-
tion of the center of the shock layer as it approaches its equilibrium state. We define
the center of the shock layer by the trajectory zo = zo(t) for which u[zo(t),t] = 0.
To derive an ODE for z((t) we use the Cole-Hopf transformation, which allows us to
solve (3.1)-(3.2) explicitly using the standard method of separation of variables. A
different approach is taken in §3.3, where the projection method is used to analyze
a general class of viscous shock problems.

The Cole-Hopf transformation is

(3.4) u=—2e—.
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In terms of 9, (3.1)-(3.2) becomes

(3.5) Ve = €Yo, -l<z<1l, t>0,
(B86)  wa(-L0) = —S %=L, (L) = %L1,
(3.7 b@,0) = (@)= e, § (@) = —uo(a)/a.

Next, we look for a separation of variables solution to (3.5)-(3.7) in the form
(3.8) bz, t) =Y cje?i vy(x).
=0
The normalized eigenpairs v;, o; for j > 0 are obtained from the Sturm-Liouville

eigenvalue problem

"

(3.9 ev —ov = 0, -1<z<1,
(3.10) v (~1) = _2361;(_1), v (1) = %U(l).

The eigenvalues o; are ordered by o; > 041 with 0; - —oo as j — oc. Using
orthogonality, we find that the normalized eigenfunctions v;(z) and the coefficients
c; satisfy

1
(311) (vj,vk) = / Uj(.CL')Uk (a:) dx = 5jk; Cj = (¢0,1)j) .

-1

In terms of these eigenfunctions, the solution to (3.1)-(3.2) is
[cové)(w) + 352 cje(af_ao)tv;- (x)]
[cOvo(:v) + 3052 cjelim Tty (»’E)] '

Thus the temporal behavior of v is determined by the difference o; — o, where
0j —og < 0 for j > 1. In addition, the shock layer trajectory zg = z¢(t) defined
by u[zo(t),t] = 0 satisfies

(3.12) u(z,t) = —2¢

(3.13) covolza(t)] = =D c;el5 Ty [mo (1)) .

i=1

We now calculate o; and v;(z) explicitly. The first two eigenvalues and eigen-
functions of (3.9)-(3.10) are given by

(3.14) wo(x) = Agcosh(uor), where oo =epd, tanh(uo)= 2‘; ,
€fio
. 2 26/11

(3.15) vi(z) = A;sinh(uz), where o1 =epy, tanh(ui) = .

Here Ay and A; are normalization constants. For ¢ — 0, we can solve the transcen-
dental equations for ug and p1 to obtain

(3.16) po ~ 2% [1+2e‘0‘/6} , oo~ Z—e [1+4e_a/€] ,
(3.17) o~ % [1—2e—a/€] . o1~ j—: [1—4e—a/6] .
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The higher eigenvalues and eigenfunctions of (3.9)-(3.10) are given by
(3.18)  won(x) = Asp cos(pant), Oon = —€pa,, n=12 .,
(319) ’1)2714_1(3}) = A2n+1 sin(ugn_,_la:) y O2n+1 = —€ ,ugn_H , N = ]., 2, e s

Here, po, is the nth positive root of tan(z) = —a/(2ez) and p2ny1 is the nt
positive root of tan(z) = 2ez/a. For € — 0, with en < 1, it follows that

(3.20) Oan ~ —(2n — 1)*7%€/4, Oanp1 ~ —n’mle.

h

Finally, the normalization coefficients A; for j > 0 are found to be

2 o 2y
3.21 A = — T, A=
(3:21) 0 sinh(2p0) + 20 b7 sinh(2u1) — 2

2 pion 2 pion
(322) Agn = o ’ A§n+1 = Hon1

225 + sin(2p2,) 2pom g1 — SIn(2p2ng1)

The critical property of the spectrum of the Sturm-Liouville problem (3.9)-
(3.10) is that for € — 0,

(3.23) 01— 09 ~ —20% e Y€, oj—00=0(e), j=2,..

Thus, o1 — 0¢ is exponentially small as € — 0, and the Sturm-Liouville problem is
nearly degenerate. We refer to (3.23) as the spectral gap property.

As a consequence of the spectral gap property, when et > 1 we can neglect all
the terms in the infinite sums in (3.12) and (3.13) starting from j = 2. This allows
us to easily characterize the metastable dynamics describing the slow approach of
the time-dependent solution u(z,t) towards the equilibrium solution u.(z) defined
by

_ Ué)(m) _ g1 _ az
(3.24) ue () = 261}0($) = —2¢™ " po tanh(pox) atanh(ge) .

When et > 1 and € < 1, we neglect the terms in (3.13) corresponding to j > 2
to get that the shock layer trajectory zo = xo(t) satisfies

(3.25) coAopo sinh (poxo) = —c1 Ay et cosh(py o)

where i is given by

1 €
3.26 ts = — ~ — /€
( ) g1 — 09 2@26

Thus, the time scale ¢, for metastable motion is determined by the reciprocal of
the exponentially small gap width o1 — 0¢. Using (3.16), (3.17) and (3.21) for po,
u1, Ao and Ay, we find that (3.25) reduces for € < 1 to
axo C1 —t/t
2 b (9% o G —t/t.
(3.27) tan ( 5 ) Coe

Here c¢1/cp is the ratio of the inner products

a (sinh [Zx] ,10())
co  (cosh [&z],1o(x))

Finally, to determine an approximation for u(x,t) when et > 1 and € < 1, we
neglect the terms in (3.12) starting from j = 2 and use pg ~ p1 ~ ae~!/2 and

Ag ~ A;. In this way we get the following result as obtained previously in [42] (see
also [26]):

(3.28)
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Proposition: (Metastability) For et > 1 and € < 1 the solution u(z,t) to
(3.1)-(3.2) satisfies
~1

(3.29) u(z,t) ~ —atanh [0‘6 (z — 20 (t))] ,
where xo(t) satisfies (3.27).

By differentiating (3.27) with respect to ¢t we get the following ODE for z(¢):
Corollary: (Metastability) For et > 1 and € < 1, the shock layer trajectory
o = xo(t) defined by ul[zo(t),t] = 0 satisfies the nonlinear asymptotic ordinary
differential equation

(3.30) Ty ~ (e—a(lm)/e _ e—a(l—zo)/e) _

The initial condition 3 = x0(0) for (3.30) is given by
a g C1

(3.31) tanh [26:170] ==

where ¢1/co, which satisfies —1 < ¢1/co < 1 is defined in (3.28). This result was

obtained in [26] and [42]. Notice that zo(t) — 1/2 as t — oo for any initial

condition z € (—1,1).

In §3.3 below, we will use the projection method to derive a similar differential
equation for the shock layer trajectory of a general class of viscous shock problems.
However, we will not be able to determine an analytical formula for the initial
condition for the differential equation as was obtained in (3.31) for the special case
of Burgers equation.

We now use (3.31) to evaluate z for € < 1 in terms of the initial data uo(z).
Substituting 1o(z) = exp [ae~'6(z)/2] into (3.28), we can write ¢ /co as

C1 1-1_ /I+
.32 = T T
(33) Co 1+If/I+’
where
Loy o
(3.33) I E/ MO dr,  ha(r) =0@) +z, A= o>l
-1 €
Here we recall that 6’ (z) = —uo(z)/e. We consider initial data ug(z) with ug(—1) =

a, ug(1) = —a and uy(z) < 0 for z € [—1,1]. Thus 6(x) satisfies 6’ (1) = —1,
0'(1) =1 and 6" (z) > 0 for z € [-1,1]. Since |’ (z)| < 1 for z € (—1,1), it follows
that hl+(x) >0on (—1,1]and " (z) < 0 on [-1,1). Therefore, for A\ — oo (€ — 0),
the dominant contributions to I, and I_ arise from the regions near z = 1 and
x = —1, respectively. Since hl > 0, we can then evaluate the two integrals I
asymptotically as A — oo (¢ — 0) by using integration by parts. We obtain that

(3.34)

0/’ (1) 0’/ (_1)
1+ N + 1+ N +

A A
& e I VIES )
L~ o3¢ T~ gxe

Substituting (3.34) into (3.32) and noting (3.31), we obtain that z{ is determined
in terms of the initial data ug(x) by

1 ! €2

(3.35) ) = uo(z) dz + 203 [u;](l) — u;)(—l)] +---, e—0.

2a ),
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3.2. A Forced Burgers Equation. Now consider the forced Burgers equa-
tion

(3.36) Up + ULy = €Upy + € 2f(T), -l<z<1, t>0,
(3.37) u(z,0) = wuo(x); u(=1,t) =0, wu(l,t)=0.

Here f(x) satisfies

(3.38) fO)=f(£1)=0, f(z)=—-f(-=z) for —1<z <1,
(3.39) f(-1)>0, f(z)>0 for —1<z<0.

Thus f_ll f(z)dz = 0. The numerical study of [22] showed that (3.36)-(3.37) forms

a shock layer in finite time and that this layer drifts slowly towards x = 0 as t — co.
To analyze (3.36)-(3.37) we use the Cole-Hopf transformation u = —2 e, /1),

which transforms (3.36)-(3.37) to

(3.40) Y = €ty —€ 2F(2)0, -l1<z<1, t>0,

(341)  the(=1,t) = 0, 1(1,t)=0,

(3.42) ¥(@,0) = dole) =P, 6 (2) = ~uo(a)/a.

Here F(x) is defined by

1 x

(3.4 F@) =5 [ foan.
-1
Next, we look for a separation of variables solution to (3.40)-(3.42) in the form
(3.44) Pz, t) = Z cj e~ At/ v;(z) .
7=0

The normalized eigenpairs v;, A; for j > 0 are obtained from the Sturm-Liouville
eigenvalue problem
(3.45) v+ [)\ — 6_2F(w)] v=0, -l<z<1,
(3.46) v(=1) = 0, v (1)=0.

Using (3.38), (3.39) and (3.43), it follows that F(z) is an even function (i. e. F(z) =
F(—z)), which also satisfies

(3.47) F(£1)=F (+1) =0,
(3.48) F'(x1)=28, B=f(£1)/4
(3.49) FO) = max F)=F = % [ fa)da.

Thus, F(x) is a symmetric double-well potential. The eigenvalues A; are ordered by
Aj < Ajp1 with A; = oo as j = co. Using orthogonality, we find that the relation
(3.11) holds and that the solution to (3.36)-(3.37) is given by

[cov(l] () + 352, cje()“’*)‘f)t/ev;- (w)]

(3.50) u(z,t) = —2¢ i
[COUO (@) + Y52, cjePo—At/ey; (x)]
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The shock layer trajectory zo = xo(t), defined by u[zo(t),t] = 0, satisfies

(3.51) covolzo(®)] = = Y ¢jePo A€y [ (2)].
7j=1

The eigenvalue problem (3.45)-(3.46) for a symmetric double-well potential
arises in quantum mechanics and is associated with the tunneling of a particle
through a large symmetric barrier. The asymptotic properties of the eigenvalue
problem are well-known (e. g. see [46]). The eigenspace of (3.45) can be decomposed
into even and odd eigenfunctions. In particular, vg is even and vy is odd, and the
gap width Ao — A; < 0 is exponentially small as ¢ — 0. By modifying the analysis
in [46] to account for the Neumann boundary conditions in (3.45) at the minima
of the potential wells, we can readily derive the following spectral gap property as
e—0:

1631/2 1 [0 1/2
(3.52) Ag—A1~-— 6?/2 e % exp (——/ [F(.TL‘) - 462,81/2] d;t:) ,
™ z1(€)

(353) )\0 - )\j = O()\o - )\1), J Z 2.

Here 1 (e€) is the root of F(z) = 4¢23'/? for which z1(¢) — 2¢8~/* as € — 0.
Hence for t sufficiently large, we can neglect the terms in the sums in (3.50)

and (3.51) starting from j = 2 to get the following main result:

Proposition: (Metastability) For t sufficiently large and € < 1 the solution

u(z,t) to (3.36)-(3.87) is given by

(3.54) u(z,t) ~ —2e dd [1og (vl (o ()0 (z) —ug(xo(t))ul(x))] .
The shock layer trajectory xo = zo(t) satisfies
Uo[xo(t)] _C i,
(3.55) ]~ el
where ts and c1 [co are defined by
o o (@) ()
(3.56) b Ao — AL’ co  (vo(®),%o())’

Here 1o (x) is defined in (3.42) and vy and vy are the first two normalized eigenpairs
of (3-45)-(3.46.

Since vy is even it follows that z¢(t) — 0 as t — 0o. The key observation is that
the metastable time scale ts is determined by the reciprocal of the exponentially
small gap width between the first two eigenvalues of (3.45)-(3.46).

3.3. A Viscous Shock Problem. Next, we consider the more general viscous
shock problem
(3.57) ug + [f(u)], = €Uqga, -l<z<1, t>0,
(3.58) u(=1,t) =a- >0, u(l,t)=a; <0; u(z,0) = uo(z).

Here a4 are constants, ug(x) is monotone decreasing with ug(£1) = a4 and € —
0*. Here f(u) is a smooth convex function that satisfies

(359 flap)=fla), fO)=f(©)=0, uf(u)>0 for u#0.
The special case f(u) = u?/2 yields Burgers equation, which was studied in §3.1.
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The key condition f(ay) = f(a—) ensures that (3.57) has a stationary wave
solution u.(x/€) on the infinite line connecting a4 and a_. Here u.(z), also called
the viscous shock profile, is the unique solution to

(3.60)

I

u(2) = fluc(2)] = flay), —00<z<o00; we(koo)=ax, u(0)=0,
with u, < 0. This solution has the far-field behavior
(3.61) U(2) ~ay aret:? ) as 2 = too; vi=Ff (ag) >0,

for some positive constants ayr > 0 (cf. [42]). In particular, for Burgers equation
with ay = F1, we have u.(z) = — tanh(2/2), v+ =1 and ay = 2.

A matched asymptotic expansion analysis shows that (3.57)-(3.58) has an equi-
librium shock-layer solution U(z;€) of the form U(z;€) ~ u. [(x — zo.)/ €], for some
undetermined . € (—1,1). Since u.(z) decays exponentially as z — +oo, it fol-
lows that u.[(z — zo.)/€] satisfies the boundary conditions at £ = +1 to within
exponentially small terms as ¢ — 0 for any shock-layer location zg. € (—1,1).
This suggests that the problem of determining z¢. is exponentially ill-conditioned.
When f(u) is even, it is clear by symmetry that zo. = 0. For more general f(u),
the correct value zg, = (v —v_)/(v4 +v_) + O(e) can be obtained analytically
by using a spectral projection method (cf. [42]), or an extension of the method of
matched asymptotic expansions (cf. [25], [27]).

The time-dependent problem (3.57)-(3.58) admits metastable shock-layer so-
lutions that have the same qualitative features as for Burgers equation described
following (3.1)-(3.2) above. A thin shock layer, which connects u = a4 and u = a_,
is formed quickly in time from the initial data ug(z). This shock layer, which is
closely approximated by the viscous profile us[(z — z3)/€] for some z depending
on ug(x), then translates exceedingly slowly towards the equilibrium shock layer
solution centered at x = 0. This equilibrium solution is stable, but the principal
eigenvalue )¢ associated with the linearization around this solution is exponentially
small as € — 0. Metastable shock layer motion for (3.57)-(3.58) is analyzed in [42]
using a spectral projection method and in [25] using an extension of the method of
matched asymptotic expansions. The extreme sensitivity of the metastable shock
layer motion to small changes in the coefficients of the differential operator or to
the boundary conditions is analyzed in [27] and [44]. A related class of metastable
viscous shock problems is studied in [53].

We now outline the projection method used in [42]. We first construct the
quasi-steady linearization of (3.57)-(3.58) around the viscous shock profile, where
the shock-layer trajectory xo = xo(t) is to be determined. Thus, in (3.57)-(3.58),
we set

(3.62) u(z,t) = ue ([x — 2o ()] J€) + v(z, 1),

where v < u. and vy < Gyu.. Linearizing (3.57)-(3.58) around u., and using (3.61),
we obtain the following quasi-steady problem for v(z,t):

(3.63) Lev = evgy — [f’ (uc)v] = —e_la:;)ulc,

x

(3.64) v(=1,t) ~a_e v=(F=)/€ L y(14) ~ —aye vH(TmO)/E
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Here z, = dzo/dt. Let zo € (—1,1) be fixed. The corresponding eigenvalue problem
is

(3.65) Lep=Xp —1<z<1; ¢(£1) =0.

The eigenvalue problem for the adjoint operator Lz is readily seen to be
(3.66) Lo=eb,, — 0o, =A, —l<z<l; &(1)=0,
(3.67) (®,9), = /11 Pwdr=1, w=e Y€,

Here U’ = ¥ (z;¢) and the weight function w = w(z;€) > 0 are defined by

(3.68) U (z€) = —f (uc[(x—20)/e),  wlzse) = —u.[(z—z0)/e .

The eigenvalues A; for j > 0 are real with A; > 0 for j > 0 and (®;, ), = djk
for j,k=0,1,... Let (\;,¢;) and (A;, ®;) for j > 0 be the eigenpairs of (3.65) and
(3.66), respectively. Then, it easy to show that we can relate these (un-normalized)
eigenpairs by

(3.69) $i(@) = —u [ = w0) /] Bj(z), A =4;, j=0,1,...

We now outline a key property of the spectra of (3.65) and (3.66). From the
properties of f(u) and w.(z), it follows that ¥ in (3.66) has a global minimum on
[—1,1] at the point z = zo, where ¥ = 0 and ¥" > 0. Therefore, (3.66) is very
similar in form to the eigenvalue problem (2.4) for the linear convection-diffusion
equation considered in §2.1. Thus, with this analogy, we expect that Ay and, hence
Ao, are exponentially small as € — 0. The corresponding eigenfunction ®, has a
boundary layer approximation similar in form to that given by the right side of
(2.6). Since ¥' ~ —f (ag) = w4 at & = 1, we find that

(3.70) Bo ~ My (1 _ e v-(at/e e*”+<1*1>/6) ,

as € = 0, where M) is a normalization constant. Then, upon integrating by parts
in (3.66), we find that Ag can be estimated as € — 0 from the identity

;11
(3.71) Ao (B9, 1), = e ¥/ <1>0| .

Finally, substituting (3.70) and (3.71) we obtain the following estimate for the
exponentially small eigenvalue as derived in [42]:

1 ) |ia+y_2i_ e_"+(1—10)/€ + a,Uz e—V_(l-‘rZo)/e] .

.72 Apg=Xro~——"F7—"—"=
I O R r=ron

From (3.69) and (3.70), we observe that ¢g is proportional to O u. [(x — zg)/€]
away from the boundary layer regions near x = £1. This was anticipated from the
discussion in §1. Thus, away from these boundary layers, ¢ is asymptotically close
to the translation eigenfunction associated with (3.57) on the infinite line. The
finite domain in (3.57) breaks the translation invariance and, together with the
exponential decay behavior (3.61), leads to the exponentially small eigenvalue Ag.

Next, we expand the solution v(z,t) to (3.63)-(3.64) as

(3.73) (@, 1) = i % (2.

/\.
j=o0 "
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Using Green’s identity and the orthogonality condition (¢;, ®x) = 0 for j # k, we
obtain

1
(3.74) ¢ = —e 'z, (Qj,u;) + e<I>IjU ‘
Since A\g — 0 exponentially as ¢ — 0, we must impose the limiting solvability
condition that ¢ — 0 as € — 0. In this way, the following metastability result was
obtained in [42]:

Proposition: (Metastability) For ¢ > 1 and € < 1 the solution u(z,t) to
(8.57)-(3.58) is given by

(3.75) w(@,t) ~ ue (& —2o(t))/e] ,

where the shock-layer trajectory xo = xo(t) satisfies the nonlinear asymptotic dif-
ferential equation
(3.76) . 1
. Lo~ ——
0 (e —ay)

Here ay and vy are defined in (3.61).
This result is also derived in [25] using a different method. Clearly zo(t) — o
as t = 0o, where

(3.77) Boe= Y= 4 log (‘”’) .
vy +v_ vy+tuv_ aypvy
As a remark, consider the special case of Burgers equation where f(u) = u?/2.
Then, from (3.68) we obtain

(3.78) u. = —atanh [ae H(z — 20) /2] = U (z3¢) .

[a_u_ e—v-(1+z0) /€ _ apvy e—u+(1—z0)/6] ‘

We transform the eigenvalue problem (3.66) using the Liouville transformation
(3.79) ¢ ="y U (z;€) = 2elog [cosh (e (z — 3)/2)] .

This yields the following equivalent eigenvalue problem:
2

(3.80) Lyth = 2thpy + & (—1 + 2sech? [3(33 - 2:0)]) b=ehp, —l<z<l
4 2€

(3.81) ¢(=1)=0, ¢(1)=0.

Notice that Lytbo = 0, where ¢o = sech [&(z — z,)]. In addition, 1)y is of one sign
and fails to satisfy the boundary conditions (3.81) by only exponentially small terms
as € — 0. Hence, we expect that the principal eigenfunction 1o of (3.80)-(3.81) is
exponentially close to 4 as € — 0. The principal eigenvalue Ay of this problem is
exponentially small and has the estimate (3.72) where a+ = 2 and v4 = 1. Thus,
for the case of Burgers equation, the eigenvalue problem (3.66) can be transformed
into a more conventional eigenvalue problem involving a sech? potential. Eigenvalue
problems, involving a sech? potential well that are very similar in form to (3.80)-
(3.81) are central to the metastability analysis given in §4 and §5 below.

3.4. Metastable Flame-Front Propagation in a Vertical Channel. As
discussed in [40], under certain conditions flame-front interfaces for upward flame
propagation in vertical channels can assume a parabolic-type shape. Under var-
ious physical assumptions, a model equation describing the evolution of such a
parabolic-shaped interface was derived in [40] using a weakly nonlinear analysis.
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In dimensionless variables, this model for the flame-front interface y = y(z,t) is
given by

1 1
(3.82) yt—iyizeym+y—/ ydx, 0<z<l1l, t>0,
0
(383) yw(oat) = yz(lat) = 0; y(:v,O) = yO(x)a

where 0 < € < 1 is a small parameter.

For the time-dependent problem, the computational results of [36] showed that
a concave parabolic-shaped flame-front interface can develop from initial data that
are concave. Their results showed that the location zg = zo(t) of the tip, or nose,
of this interface, defined by y.[zo(t),] = 0, drifts very slowly in time towards one
of the endpoints of the interval. A plot of the numerical solution to (3.82)-(3.83) at
different times for a particular value of € is shown in Fig. 1. Experimental results
showing a seemingly stable flame-front interface in a vertical channel are shown in
[30].

01

(c) (d)
FIGURE 1. Plots of y(z,t) versus  with € = .0115 computed
numerically from (3.82)-(3.83). (a) initial condition y(z,0) with
tip location at zo = 0.45; (b) solution at ¢ = 90.05 where o =
0.4; (c) solution at t = 113.69 where o = 0.3; (d) final stable
equilibrium solution at ¢ > 117.07.

The analysis of [7] proved that this interface is dynamically metastable in the
sense that the tip location z¢(t) remains in a small neighborhood of its initial
value for an asymptotically exponentially long time interval as e — 0. In [47], this
metastable behavior was analyzed asymptotically using the projection method and
an explicit ODE for ¢ (t) was derived.
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To analyze (3.82)-(3.83) it is very convenient to introduce the new variable u
by u(z,t) = —y.(z,t). This leads to the following problem for u(z,t) (cf. [36]):

(3.84) Up + Uy — U = €Ugg , 0<z<l1l, t>0,
(3.85) u(0,t) = u(1,t) = 0; u(z,0) = uo(z) .

As shown in [7], this problem has several equilibrium solutions. However, only
the equilibrium solution that corresponds to a concave interface is metastable. For
€ — 0, the leading order boundary layer analysis of [47] showed that the equilibrium
solution U (z; €) for (3.84)-(3.85) corresponding to a concave parabolic-shaped flame-
front interface Y (z;€) has the form

(3.86) U(z;€) ~ @6[m; Toe] = T — Toe + wi[r/€;0e] + ur[(1 — z) /€ Toe]

for some undetermined zo. € (0,1). Here the boundary layer functions u; and u,
are defined by

(3.87)
w(y;0) = a (1l —tanh (ay/2)) , u-(y;0) =(a—1) (1 —tanh[(1 - a)y/2]) .

We refer to @€[z; zo] as the quasi-equilibrium solution.

In Fig. 2, we plot @€[x; xo.] for a fixed zg, € (0,1). Since U(zg.;€) = O(e~*/€)
for some ¢ > 0 and Y, = —U, it follows that xg. asymptotically represents the tip,
or nose, location for the parabolic-shaped equilibrium interface Y = Y (z : €). By
symmetry we expect that the correct value for zo. is £g. = 1/2. However, this value
for xg. still cannot be determined by the method of matched asymptotic expansions
even after one performs a higher order boundary layer analysis near the endpoints
x = 0 and x = 1. To explain this apparent indeterminacy in zg., we note that
@€ — 1 = O(e~°/€) in the outer region O(e) € x < 1 — O(e). Thus, in this region,
the equation eu,, — u(u, — 1) = 0 is satisfied by 4€ to within exponentially small
terms as € — 0 for any choice z¢. € (0,1). Hence, this problem is exponentially
ill-conditioned and exponential precision is required to determine ..

We now briefly outline the analysis and the results given in [47]. The metastable
dynamics for (3.84)-(3.85) is represented by

(3.88) u(z,t) = @[z; o (t)] + v(z, 1),

where @€ is defined in (3.86) and v < @€ and vy < 8;4u€. Here zo = zo(t) is
the unknown trajectory of the tip of the flame-front interface. The quasi-steady
linearization of (3.84)-(3.85) around @€ yields

(3.89)  Lev = evar — (@) +v = —Re(x;20) + 20y i€ 0<z<1,
(3.90) v(0,t) = —a€[0; zo] , v(1,t) = —a€[1; 0] .

Here 3:;) = dxo/dt and the residual Re is defined by

(3.91) Re(;20) = €0,00 — € (8,a€ — 1) .

Let zo € (0,1) be fixed, and consider the associated eigenvalue problem
(3.92) Lep=Xp, 0<z<1; #(0)=¢(1) =0,

1 T
(3.93) (0,0) =/0 Pwdr =1, w = exp (—6_1/ @€[2; w0 dz) .

0
The eigenvalues A; for j > 0 are real and the orthogonality relation (¢;, ¢x),, = Jjx
for j,k =0,1,.., holds.
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FIGURE 2. Plot of @€ versus £ when zg. = 0.3 and € = 0.01.

As discussed in §1, since @¢[z; zo] almost satisfies the equilibrium problem for
any zg € (0,1), then Le (9,4°) is uniformly small on (0,1). Hence, (3.92)-(3.93)
should have an eigenfunction that is close to 9,,4€. Since 9,,u€ is of one sign, the
principal eigenvalue of (3.92)-(3.93) has the form ¢¢ ~ Myd.,u€, where My is a
normalization constant (cf. [47]).

Using this form for ¢ as an asymptotically accurate trial function for a Rayleigh
quotient, it was shown in [47] that the corresponding eigenvalue g is exponentially
small as € — 0 and has the estimate

(3.94)
Ao ~ % [wo (xo — 61/2C) e~T0/2€ + (1 —zo) ((1 — ) — 61/20) e_(1_$°)2/2€] ,

where ¢ = /8/.

To derive an equation of motion for zo(t), we expand v(x,t) in terms of the
eigenfunctions ¢; of (3.92)-(3.93) as

oo

(3.95) (@, t) =3 %qu .

j=0 "7

Upon integrating by parts, we find that the coefficient c; is given by

I I 1
(3.96) ¢; =, (¢j;6woﬂ€)w — (¢, Re) ,, + ewvo; o
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where w and the inner product are defined in (3.93). Here z, = dao/dt. Since \g —
0 exponentially as € — 0, we impose the limiting solvability condition ¢ — 0 as e —
0. This condition yields a differential equation for z¢(t). After a lengthy calculation
of evaluating the inner product (¢o, Re),, as € = 0, the following metastability result
was obtained in [47]:

Proposition: (Metastability) For initial data corresponding to a concave inter-
face and for t > 1, € € 1 the solution u(x,t) to (8.84)—(3.85) is given by

(3.97)  wu(z,t) ~ @¢[z;z0(t)] = = — 2o (t) +wi[z/€; 20 (t)] + ur[(1 — ) /€; 2o (1)],

where u; and u, were defined in (3.87). The tip xo = xo(t) of the flame-front
interface satisfies the nonlinear asymptotic differential equation

/ 2 1/2 w2e 2 w2e 2
@09 s~ (2] (a7 et (s 5 ) ]

The initial condition z(0) for (3.98) is found from a transient analysis de-
scribing the formation of the interface from initial data. The ODE (3.98) differs
significantly in form from the corresponding result (3.76) for the viscous shock prob-
lem. From (3.98), the (unstable) equilibrium value for zq is zg. = 1/2. Also note
that zo(t) will collapse against the endpoint z = 1 (z = 0) on an exponentially
long time interval when z¢(0) > 1/2 (29(0) < 1/2). This qualitative behavior is
observed in the computational results of [36]. In [47], the asymptotic results (3.94)
and (3.98) are favorably compared with full numerical results.

4. Phase Separation Models

In §4.2 we consider some reaction-diffusion problems in one spatial dimension
modeling the phase separation of a binary material. Here the main feature is the
occurrence of metastable dynamics of a collection of interfaces, or internal layers.
The projection method is used to derive a coupled system of differential equations
characterizing the slow dynamics of the interfaces. In §4.1 we consider a nonlinear
differential equation introduced in [9] known as the Carrier-Pearson (CP) problem.
The metastable dynamics of the phase separation problems is shown to be very
closely related to the CP problem.

4.1. The Carrier-Pearson Problem. One of the first examples of a nonlin-
ear singular perturbation problem having a matched asymptotic expansion solution
with undetermined coefficients is the CP problem for 4 = u(z) introduced in [9]

(4.1) u +2u-u?)=0, -l<z<l
(4.2) w(=1)=u'(1)=0.

A phase plane analysis shows that (4.1)-(4.2) has many types of solutions when
€ <€ 1. We first try to construct a solution for which u ~ —1 for —1 < x < 29
and u ~ 1 for zg < =z < 1. Here z, called the shock-layer location, satisfies
—1 < g < 1. In the neighborhood of zy the solution changes very quickly on a
scale of O(e). In this region we let z = e} (x — x¢) and u ~ u4(z) where the shock
layer profile u,(z) satisfies

(4.3) uls'+2(us—u§):0, —00 < 2 < 00; us(too) = £1, ws(0)=0.
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The solution is us(z) = tanh(z). Therefore, the matched asymptotic approximation
to a one-shock layer solution to (4.1)-(4.2) is

(4.4) u(z) ~ @[z; 20] = tanh [e ' (z — z0)] -

Notice that @€ satisfies (4.1) exactly, but fails to satisfy the boundary conditions
(4.2) by exponentially small terms as e — 0 for any zq € (—1,1). Thus, determining
the correct value zy = 0 within the framework of the method of matched asymptotic
expansions requires exponential precision.

One method to resolve this indeterminacy in selecting xg is to use the projection
method as was done in [51]. Other methods to calculate zo are found in the
references of [51]. We first linearize (4.1)-(4.2) about %€ by writing

(4.5) u(z) = @[z; 2] + v(x),

where v < @€. We obtain that v satisfies

(4.6) vge + (—4 + 6sech’ [e 7! (z — m)]) v = -1<z<1,
(4.7 vz (—1,t) = =& (—1;x0) , vz (1,t) = —a (1; o) .

The corresponding eigenvalue problem is

(4.8)  Led = ¢py + (—4+6sech® [e Lz —0)]) p= Ap, —-1<z<1,
(49)  G(E) =0, ($¢) = / P do=1.
-1

Notice that this eigenvalue problem is very similar in form to the eigenvalue problem
(3.80)-(3.81) derived in §3.3 for Burgers equation.

Let 20 € (=1,1) and define ¢y = 95, tanh [e~!(z — z0)]. Since Le(do) =
0, ¢0 is of one sign and ¢0 fails to satisfy the boundary conditions in (4.9) by
only exponentially small terms, then the principal eigenvalue A\g of (4.8)-(4.9) is
exponentially small and the corresponding eigenfunction ¢g is asymptotically close
to do. A boundary layer analysis is then used to satisfy the boundary conditions
n (4.9) and we obtain

(4.10)
do ~ Mo (&0 41267 (1—0) 267 (1—2) _ 46716726_1(1+zo)6726_1(1+w)) 7

where M is a normalization constant. To estimate Ay we use the following identity,
which is readily derived by integration by parts:

(4.11) Ao (450;&0) ~ —€> ooz '

The dominant contribution to the inner product arises from the region near r = xg.
We calculate,

(4.12) (¢0, 550) ~ Moe™! / ” Isech(2)]* dz = 4Moe=1/3.

—00

Finally, substituting (4.12) and (4.10) into (4.11) we obtain the estimate for Ag

(4.13) Ao ~ 48 (6—46‘1(1—20) + 6—46—1(1+z0)) ‘
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Next, we expand the solution v to (4.6)-(4.7) in terms of the normalized eigen-
functions of (4.8)-(4.9) as

(4.14) v= i
7=0

Using orthogonality, we obtain the coefficients

|<

>

.
¢ -
J

1
(4.15) Cj = —62(,25]"112 3

Since A9 — 0 exponentially as ¢ — 0, we require that the limiting solvability
condition ¢y — 0 be satisfied. This condition yields

(4.16) ¢o(1)ag [1; z0] ~ do(—1)ag [~1;zo] -
Substituting (4.10) and (4.4) into (4.16) we get that zo satisfies
(4.17) e4€ (120 (67 (hne)

Therefore, zo = 0 and the equilibrium solution is u(z) ~ tanh(e~1z).

Now consider the corresponding time-dependent problem associated with (4.1)-
(4.2)

(4.18) U = Upy + 2(u — u?), -1<z<1l, t>0,
(4.19) ugy(£1,1) =0; u(z,0) = uo(z),

This is a special case of the Allen-Cahn equation. For a certain class of initial data,
this problem leads to the formation of a one-shock layer solution of the form

(4.20) u(z,t) ~ @€[z;z0(t)] = tanh [e 7 (z — z0(t))] .

The motion of zo(t) is metastable since the principal eigenvalue Ao of (4.8)-(4.9),
as estimated in (4.13), is exponentially small. To derive an equation of motion for
zo(t) we linearize (4.18)-(4.19) about 4€ by writing

(4.21) u(z,t) = @[z; o (t)] + v(z, 1),

where we assume that v < @€ and vy < 8,4€. We then obtain that v satisfies
(4.6)-(4.7) where the right side of (4.6) is replaced by 8;4u€. We then expand v as
in (4.14) in terms of coefficients ¢;(t). Imposing the limiting solvability condition
¢g = 0 as € — 0, we obtain the following differential equation for z(t):

(4.22) (8,6, ¢o) ~ —€” poiis 1_

To evaluate the terms in (4.22) we use (4.10) and (4.12) to get the following non-
linear asymptotic differential equation for xq(t):

(4.23) zy ~ 24 <e—4€_1(1—20) _ 6—45_1(1+w0)) -

Notice that zo(t) will collapse against the right wall (left wall) at z =1 (z = —1)
when the initial data zo(0) satisfies z¢(0) > 0 (z¢(0) < 0).

The simple calculations illustrated above can be extended to construct an
asymptotic solution to (4.1)-(4.2) with n internal layers located at z = z; for
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i=0,.,n—1, where |z;| < 1. Here z; < x;41 for ¢ = 0,..,n — 1. In place of (4.4),
%€ now has the form u(z) ~ @¢[z; zo, .., Tn—1], where

(4.24)
03 20, - 2n] = tamh [ (@ = 20)] + 3 (tanh [(=1)'e ™ (@ = 20)] = (=1)7) .
=0

Here the x; for i = 0, ..,n—1 are to be determined. When the x; are widely separated
in the sense that z;11 — z; > O(e) for ¢ = 0,..,n — 1, the first n eigenvalues of the
corresponding linearized eigenvalue problem are exponentially small as e — 0. By
imposing n limiting solvability conditions we then obtain a set of algebraic equations
for the z; as in [51]. In a similar way, by letting z; = z;(t) we can quantify the
metastable dynamics of a collection of internal layers for the corresponding time-
dependent problem (4.18)-(4.19). The analysis is given in [52].

4.2. The Viscous Cahn-Hilliard Equation. The viscous Cahn-Hilliard equa-
tion, introduced in [37], is a model of slow phase separation in binary alloys ac-
counting for viscoelastic effects. In dimensionless form, this model is

(4.25)  (1-)ur = — (Cuea + Qu) — aruy)__, —-l1<z<1, t>0,
(4.26)  ux(E1,t) = Upaa(£1,t) = 0; u(z,0) = uo(z),

where u(z,t) is the concentration of one of the two components in the alloy. Here
k > 0 is the viscoelastic parameter, ¢ — 07 is the interfacial energy parameter, o
with 0 < & < 1 is a homotopy parameter, and Q(u) = —V' (u) where V(u) is a
double-well potential with wells of equal depth. More specifically, we assume that
Q(u) has exactly three zeros at u =s_ <0, u = s4 > 0 and u = 0, with

(4.27) Q(s) <0, Q(0)>0, V(sx)=0.
Prototypical is Q(u) = 2(u — u?), for which sy = +1 and V(u) = (1 —u?)?/2.
Since Q(u) is non-monotone, the reduced equation (1 — a)u; = —[Q(u)],, is a

backward heat equation for some range of u and consequently is ill-posed. The
terms —€2Ugpppy aNd Kltgpy D (4.25) represent a gradient energy regularization and
a viscoelastic regularization, respectively, of this ill-posed reduced equation. Note
that the mass m = fi1 u(z,t) dr is conserved for (4.25)-(4.26). We assume below
that ug(z) is such that 2s_ < m < 2s.

Some related phase separation models are obtained by letting a take on limiting
values in (4.25). The well-known Cahn-Hilliard model corresponds to o = 0. If
a = 1, we can integrate the right side of (4.25) twice, explicitly impose a mass
constraint, and re-scale ¢ to obtain the constrained Allen-Cahn equation introduced
in [45]

(4.28) U = €Uz +Qu) —0, —-l<z<1, t>0,
1

(4.29) ug(£1,t) =0; u(z,0) = ug(x); / u(z,t)dx =m.
-1

Here 0 = o(t) is determined by the constant mass m. The well-studied uncon-
strained Allen-Cahn equation is obtained by setting o = 0 in (4.28) and disregard-
ing the mass constraint. For an overview of mathematical problems and results for
phase separation models see [12].
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FI1GURE 3. Schematic plot of a metastable pattern of internal layers.

There has been much recent work analyzing the dynamics associated with
(4.25)-(4.26) and related models. These studies have revealed that the dynam-
ics proceeds in two stages when e is small. The first stage, occurring on an O(1)
time interval, involves the transient formation of a pattern of internal layers from
initial data. The layers have width O(e) and separate the two phases sy and s_
(see Fig. 3 for a schematic plot of a four layer pattern). This transient process
is very intricate for (4.25)-(4.26), but is significantly less complex for the uncon-
strained Allen-Cahn equation. During the next stage of the dynamics, known as the
coarsening process, the internal layers move exponentially slowly in time until, typ-
ically, they collapse together in pairs. For the unconstrained Allen-Cahn equation
this process terminates when no layers remain. However, for models where mass
is conserved, this process terminates when a pattern with only one layer, which is
consistent with the mass, is attained.

The coarsening process for the unconstrained Allen-Cahn equation has been
well-studied in [10], [13], [52]. The existence of metastable internal layer motion
has been proved in [3], [6], [8], and [15] for the Cahn-Hilliard equation and in
[24] for a system very similar in form to the constrained Allen-Cahn equation. An
explicit characterization of metastability for the Cahn-Hilliard equation is given
in [6] using a dynamical systems approach. In [28], [41], and [43] an asymptotic
projection method is used to obtain similar results for the viscous Cahn-Hilliard
equation (4.25)-(4.26) and for the constrained Allen-Cahn equation (4.28)-(4.29),
respectively.
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We now outline the metastability analysis in [43]. To begin, it is convenient to
re-write (4.25)-(4.26) as a coupled system for u(z,t) and o(x,1)

(4.30) KUy = EUge + Qu) — o, uy(£1,t) =0,
(4.31) (1-a)uy = -0z, o.(£1,t) =0.

For the equilibrium problem, ¢ is a constant and is asymptotically exponentially
small as € = 0. In [43] it is assumed that o(z, t) is also asymptotically exponentially
small as € — 0 for a metastable pattern with widely separated internal layers.
Therefore, each layer is closely approximated by the stationary wave solution of
the generalized CP problem €?u,, + Q(u) = 0 on the infinite line, which connects
the two states u = sy and u = s_. Thus, we generalize (4.3) and introduce the
heteroclinic orbit us(z), which is the unique solution to

(4.32) uZ+Q(us):0, -0 <2< 0] us(oo) = s+, us(0)=0,

with u, () > 0. This solution has the far-field asymptotic behavior

Y

1/2
(4.33) us(z) ~ s+ FareT"*? as z — too; vy = [—QI (si)] /
for some explicit constants ax > 0. When Q(u) = 2(u — u3), we have vy = 2 and
a+ = 2.

As suggested in (4.24) above, an n-layer metastable pattern is represented
as a superposition of translates of this heteroclinic connection. Let z; = x;(¢) for
1 =0, ..,n—1 be the internal layer locations for such a pattern and define z_; = —1
and z,, = 1. We assume that the layers satisfy the ordering z;,1 > z;, and that
the layers are widely separated at time ¢ in the sense that z;1; — z; > O(e) for
i =0,..,n— 1. Then, an n-layer metastable pattern for (4.25)-(4.26) is represented
by

(4.34)
u(z,t) ~ @6[z; 20, -, Tno1] = us [Co(z — m0) /€] + Z (us [&i(x — x3) /€] — s3)

where x; = x;(t) for i = 0,..,n — 1 are to be determined. Here & = (—1)%,, where
& = +1 or & = —1 is the orientation of the first layer. In addition, s; = s
when & = —1 and s; = s_ when & = +1. For instance, in Fig. 3 we have n = 4,
& = 1land & = (—1)f for i = 1,2,3. Notice that the trajectories z; = x;(t) are
asymptotically exponentially close to the zeroes of u(x,t) as a function of z.

The projection method used in [43] provides an explicit differential-algebraic
system of ODE’s for the z;(t), i = 0,..,n — 1, in (4.34). To derive this system, we
first perform a quasi-steady linearization of (4.30)-(4.31) around @¢ by substituting

(4.35) u(z,t) = @€ [z; o (t), .., Tn—1(t)] + v(z,1)
into (4.30)-(4.31), where v < u* and v; < 0;a€. From (4.31) we get

(436) o~ (1=a) 3w Mi(o) +oe, M) = [ (ualalo—5/d 59 di,

i=0 -1
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provided that the mass constraint m = f_ll @€ dzx holds. In (4.36), 0. = o.(t) is to
be determined. Then, from (4.30), we find that v satisfies

(4.37) Lev= Vpn + QI (@) =0+ E + ar i,
(4.38)  v.(=1,t) = =S (=1;20, .., Tn_1) » vz (1,t) = —aS (1; 20, .., Tn_1) -

Here E represents the exponentially weak interactions between neighboring layers,
and is defined by

n—1
(4.39) E = B(®; 20, 3n-1) = 3 Q (uy [&:(x — ) /e]) — Q (&) .
=0
Let x; for i = 0,..,n — 1 be fixed and consider the associated eigenvalue problem

1
(440) Lep=Ad, —1<z<l; ¢ (£1)=0; (¢,¢)z/1¢2dw=1,

where Le is defined in (4.37).

This eigenvalue problem generalizes (4.8)-(4.9) to the case of n internal layers.
The first n eigenvalues A;, for i = 0,..,n—1, of (4.40) are exponentially small as € —
0 and the corresponding (un-normalized) eigenfunctions are given asymptotically
by ¢i(z) ~ u,[&(x —x;)/€] for i = 0,..,n — 1 (cf. [10], [51]). This key property
arises as a result of the combined effects of u, > 0, the decay behavior (4.33), and
the near translation invariance of the system.

Next, we expand the solution to (4.37)-(4.38) in terms of the eigenfunctions of
(4.40) as

C; (t)

(4.41) v(z,t) = X

¢i(z) .

K

i=0

Using orthogonality, we obtain from (4.37)-(4.38) that the coefficients are given by

(4.42) ci=(o,¢0:) + (E,¢;) + ak (Btﬂe,cﬁi) - €2¢i1}m 1_

Since A; for i = 0,..,n — 1 are exponentially small, we must impose the n limiting
solvability conditions that ¢; — 0 as € — 0 for ¢ = 0,..,n — 1. By enforcing this
projection condition and by substituting (4.36) into (4.42), we obtain a differential-
algebraic (DAE) system of degree n for the n unknowns o.(t) and z;(t), for i =
0,..,n — 1 (cf. [43]). This system has the form

1
1 _(Ea(bl) )

n—1
(443) (1 - Ot) Z mlk (Mkw ¢1) + (UC, ¢Z) +ak (ataea ¢z) ~ €2¢ivz

k=0

for i =0,..,n — 1, together with the mass constraint

1
(4.44) / A€ [7; 20, .oy Tn1] dz = m..
~1

Here M; and E are defined in (4.36) and (4.39), respectively. Finally, a lengthy
calculation of asymptotically evaluating the various terms in (4.43)-(4.44) as € — 0
leads to the following explicit result (cf. [43]):

Proposition (Metastable Motion): For ¢ — 0, an n-layer metastable pat-
tern for (4.25)-(4.26) with widely separated internal layers is represented by (4.34),



EXPONENTIAL ASYMPTOTICS AND CONVECTION-DIFFUSION-REACTION MODELS 27

where z;(t) for i =0,...,n — 1, and o.(t) satisfy the explicit DAE system

n—1

(4.45) akfe ! x; +(1-a) Zx’k bir ~0c&i(sy —s_ )+ H;, i=0,.,n—1,
k=0

(4.46) > sk (@ — xx—1) =m+O(e) .

k=0

In (4.45) the exponentially weak forces H; for i = 0,..,n — 1 and the coupling
coefficient b, for i,k =0,..,n — 1 are defined by

(447) H, =2 (az?—i-lyz?—i-l e (IHdin—1)vit1diy1/€ _ agl/? e (143 O)Vidi/e) )

1
(4.48) bir. = / (us [Sk (@ — zk) /€] — k) (us [§i(@ — 2i) /€] = si41) da,
-1
where 8;, is the Kronecker symbol, 3 = [ [u,(2)]2dz, d; = z;i—zi_y fori=0,..,n
are the inter-layer separations, and the triplet (s;,a;,v;) is defined by (s;,a;,v;) =
(s+,a+,vy) when & = F1. Here ar and vy are defined in (4.33). To obtain a more
explicit result, the coefficients b;, in (4.48) can easily be evaluated asymptotically
as € — 0 (cf. [43]).

There are various special cases of (4.45)-(4.46). The constrained Allen-Cahn
equation (4.28)-(4.29) corresponds to @ = 1 and k = 1, and the Cahn-Hilliard
equation corresponds to @ = 0. Note in (4.45) that there is a distinguished limit
when @ = O(e). The unconstrained Allen-Cahn equation is obtained by setting
a =k =1and o, = 0 in (4.45) and disregarding the mass constraint (4.46).
This leads to the well-known dynamics a:; ~ €87 1H;, for i = 0,..,n — 1, which
was proved in [10] and [13], and which generalizes the one-layer result (4.23). For
the special case of a two-layer evolution (i. e. n = 2), the result (4.45)-(4.46) has
been favorably compared in [43] with full numerical results for different values
of a. Starting from initial conditions z;(0) = z?, with d; = 2? — 29 ; > 0 for
i = 0,..,n, the dynamics (4.45)-(4.46) is valid until the first time ¢ = ¢. where
dr(t.) = O(e) for some I € {0,,.,n}. Thus, the metastability result does not hold
when a layer collapse event is initiated. A quantitative analysis of the coarsening
process for (4.25)-(4.26), which describes both the metastable dynamics and the
sudden collapse events, is given in [48].

Finally, we remark that the projection method described above is closely related
to a similar method used in [4] and [5] to analyze weakly interacting pulse-type
solutions for other classes of nonlinear evolution equations. In many of these other
problems, the localized pulse solution is a translate of a homoclinic orbit, which has
exponentially damped oscillations at infinity. For a train of well-separated pulses,
this damped oscillatory far-field behavior can lead to chaotic dynamics between
neighboring pulses (cf. [5]). A very interesting survey of results for this class of
problems is given in [4].

5. An Activator-Inhibitor Problem

In 1957 Turing [49] proposed a mathematical model for morphogenesis that
describes the development of complex organisms from a single cell. He speculated
that localized peaks, or spikes, in the concentration of a chemical substance, known
as an activator, could be responsible for a group of cells developing differently from
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the surrounding cells. From a simplified linear analysis he showed how a coupled
system of reaction-diffusion equations could generate isolated peaks in the activator
concentration. To model morphogenesis, a general and highly nonlinear activator-
inhibitor system, known as the Gierer Meinhardt model of morphogenesis, was
developed in [14]. The numerical finite difference computations of [14], and more
recently those of [19], showed that such a system can indeed support spike solutions
for the full nonlinear problem.

In the limit for which the inhibitor diffuses much more quickly than the acti-
vator, the dimensionless activator concentration a(z,t) and the inhibitor field h(t)
were found in [20] to satisfy the following nonlocal reaction-diffusion model in one
spatial dimension:

P
5.1 @ = g —a+ L, —l<z<1, t>0,
( i
1 1 3-19-1

2 h = — ™d
(5:2) (2€N ~/71 ¢ 1‘) ’
(5.3) as(£1,8) =0
Here the exponents (p, g, m, s) satisfy

p—1 m

5.4 1 0 0 >0 0<—— .
(5.4) p>1, ¢>0, m>0, s2>0, < <ird

In [20], a one-spike solution to (5.1)-(5.3) was shown to be metastable in the
limit € — 0. There are several key steps in the analysis. Firstly, a quasi-equilibrium
solution to the steady-state problem corresponding to (5.1)-(5.3) was constructed.
The center of the spike for this quasi-equilibrium solution is at an arbitrary loca-
tion g € (—1,1). Secondly, the stability of this solution was determined by ana-
lyzing the spectrum of the linearization of (5.1)-(5.3) about this quasi-equilibrium
solution. The eigenvalue problem associated with this linearization is a nonlocal
Sturm-Liouville problem, and it has one exponentially small eigenvalue. It was
shown in [20] that the nonlocal term is essential for ensuring that this exponen-
tially small eigenvalue is the principal eigenvalue associated with the linearization.
This exponentially small principal eigenvalue leads to a dynamic metastability for
the spike solution. To characterize the metastable spike dynamics, the projection
method was then used to provide a limiting ODE for the location of the center of
the spike. This ODE shows that the spike drifts exponentially slowly towards the
endpoint of the domain that is closest to the initial location of the spike.

We now outline some of the details of the analysis in [20]. We first construct
a one-spike quasi-equilibrium solution ag for (5.1)-(5.3) in the form

(5.5) a=ag(r;20) = W ufe (z — z0)], vy=¢q/(p—-1).
Here zg, with |zg| < 1, is the center of the spike. The function u.(y), called the

canonical spike solution, satisfies

”

(5.6) U, —ue+ul =0, 0<y<oo,
u'c(O) =0; uc(y) ~ ae” ¥, as y — o0,



EXPONENTIAL ASYMPTOTICS AND CONVECTION-DIFFUSION-REACTION MODELS 29

where a > 0 is a constant. It is easily seen from phase plane considerations that
such a solution u.(y) exists. In terms of this solution, h = hg, where

8\ TFG==am o0 -
(5.8) hi ~ (—) ,  B= / [uc(y)]™ dy .
w 0
For the special case p = 2, we have
_ 32 (Y _
(5.9) uc(y) = isech (5) , a=26.

For other values of p, the function u.(y) and the constant a are readily computed
numerically.

We note that, for any zo with |z¢| < 1, the solution ag(z;z¢) will satisfy the
steady-state problem corresponding to (5.1), but will fail to satisfy the boundary
conditions in (5.3) by only exponentially small terms as € — 0. From the viewpoint
of the method of matched asymptotic expansions, this indeterminacy in selecting
the correct value of xg results from a need of exponential precision in the asymptotic
analysis to resolve the exponentially weak interactions between the tail of the spike
and the boundaries at 2 = +1. From the viewpoint of ill-conditioning, this indeter-
minacy results from a near translation invariance of the underlying problem. More
specifically, this means that that the spectrum of the eigenvalue problem associated
with the linearization about ag will contain an exponentially small eigenvalue.

5.1. A Nonlocal Eigenvalue Problem. Let 2y € (—1,1) be fixed and lin-
earize (5.1)-(5.3) around ag, hg, by introducing ¢ < 1 and n < 1 by

(5.10) a(@,t) = ap(z;z0) +eMo
(5.11) ht) = hg+eMy.

Substituting (5.10)-(5.11) into (5.1)-(5.3) we obtain the following nonlocal eigen-
value problem of Sturm-Liouville type on [—1,1]:

B . mge tuf [t B
(512) L€¢ = 62(2533@ + (—1 +puc 1)¢ - m ‘/;1 U, 1¢d.’l§' = )\¢,

(5.13) ¢o(£1) =0.

Since u. is localized near z(, we will only seek eigenfunctions that are localized near
x = 9. These eigenfunctions have the form

(5.14) d(y) = d(wo + €y) y=e'(z—m).
Therefore, we can replace the finite interval by an infinite interval in the integral
in (5.12) and impose a decay condition for ¢(y) as y — +oo. This gives us the
nonlocal eigenvalue problem for the infinite domain —oo < y < oo:
po_ g g maul [T
1 L = -1 Pl 1 dy =\
(6:15) L = du+ (1 ep - i [ wrigay=2a,

(516) ¢ — 0 as y— +oo.

For the special case where p = 2, the coefficients in this eigenvalue problem are
known explicitly using (5.9). For this case, we again get an eigenvalue problem
that has a sech? potential.

We now outline the key properties of the nonlocal eigenvalue problem as deter-
mined in [20]. The first property is that if we know an eigenpair of (5.15)-(5.16) for
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which the corresponding eigenfunction decays exponentially as |y| — oo, then there
is an eigenpair of the (5.12)-(5.13) that is exponentially close to this pair. This ob-
servation is used to show that (5.12)-(5.13) has an exponentially small eigenvalue.
To see this we note that Leu, = 0. This follows from translation invariance and
from the fact that the integrand in (5.15) is odd. Hence, (5.15) has a zero eigenvalue.
It then follows that (5.12)-(5.13) has an eigenfunction and eigenvalue exponentially
close to u; and zero, respectively. Label this exponentially small eigenvalue by A;.
To estimate A\; we proceed as in [20]. We construct an eigenfunction ¢, for Le
that is exponentially close to u;, but that has boundary layers near = +1. These
boundary layers are needed to satisfy the boundary conditions at z = +1 in (5.13).
This eigenfunction ¢; has the form

(5.17)

p1(z) ~ <“Ic [e7(z — z0)] + ae™€ " (1Hw0) g€ (14e) _ ae_e_l(l_z")e_e_l(l_"’)) )
To estimate A\; we first derive Lagrange’s identity for (u,Lcv), where (u,v) =
fil uv dz. Upon integration by parts we derive

(5.18) (v, Leu) = € (upv — vau) || + (u, Liv),

where L¢ is the adjoint operator

-1, m—1 1
_ mgetu
5.19 L = vy + (=1 + put™ v—ic/ wPvdx.
619 Lv=év (-l - e [
Applying this identity to ¢; and u,[e~(z — z0)], we get
(5.20) M (ug, 1) = —egrug |y + (61, Liuy) -

The various terms in (5.20) can be estimated asymptotically as e — 0 as in [20] to
get the following key estimate:

Proposition: (Exponentially Small Eigenvalue) For € — 0, the ezponentially
small eigenvalue of (5.12)-(5.18) satisfies

(5.21) A~ 2a2371 (6*2(1+w0)/€ + 6*2(17100)/6) _
Here a is given in (5.7) and B is defined by
(5.22) b= [ W .

The estimate (5.21) holds for p, ¢, m and s satisfying (5.4). Since A; > 0 the
quasi-equilibrium solution is unstable. However, since it is exponentially small, the
spike is metastable and will persist for extremely long times. For the special case
when p = 2 where u, is known, we can calculate 3 = 6/5 and a = 6. This gives us
an explicit estimate for A; in this case.

The second key property of the spectrum of (5.12)-(5.13) is that the exponen-
tially small eigenvalue )\, is the principal eigenvalue for (5.12)-(5.13). To show this,
a homotopy method was employed in [20] to calculate the principal eigenvalue of
(5.12)-(5.13). Let ¢ be a continuation parameter and consider the infinite domain
problem

(5.23) Lo E$w+eum@*ﬁ—£%¥%l u" lhdy = \p

(524) ¢ — 0 as y— +oo.
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When § = 0, we have a local eigenvalue problem with principal eigenpair A = /\(()0)

and ¢ = <;~5(()0). When § = 1, we have our operator Le. It is easy to show that

)\((,0) > 0, and hence in the absence of the nonlocal term the spike would be unstable
on an O(1) time interval. In particular, the special case p = 2 yields the well-known
eigenvalue problem associated with the scattering by a sech? potential well, and we
have

(5.25) NV =574, 3 =sech®(y/2).

Since Ls has a positive eigenvalue when & = 0, we must consider what happens
to this eigenvalue as d ranges from 0 to 1. If this eigenvalue remains positive then,
since the eigenvalues of Ls at § = 1 and Le will differ by only exponentially small
amounts as € = 0, we can conclude that the one-spike quasi-equilibrium solution is
unstable. However, as shown in the numerical computations of [20], this eigenvalue
crosses through zero at some finite value §y < 1, it then become complex at some
0. with &g < §. < 1, and remains in the left half-plane Re(A) < 0 when § = 1.
Hence, the nonlocal term in (5.23) has pushed the positive eigenvalue /\(()0), which
exists when & = 0, into the left half-plane when § = 1. This ensures that the
principal eigenvalue of Le is exponentially small and that the one-spike solution is
metastable.

5.2. Spike Motion. The quasi-equilibrium solution fails to satisfy the steady-
state problem corresponding to (5.1)-(5.3) by only exponentially small terms for any
value of zg in |zo| < 1. Moreover, the linearization about this solution admits a
principal eigenvalue that is exponentially small. Therefore, we expect that the
one-spike quasi-equilibrium solution evolves on an exponentially slow time-scale.

To derive an equation of motion for the center of the spike corresponding to
the quasi-equilibrium solution, we linearize around a moving spike by introducing

(5.26) a(z,t) = ag(z; 20 (t)) + w(z,t),

where ag is defined in (5.5) and zg = zo(¢) is the trajectory of the spike. Since
(5.12)-(5.13) does not have an O(1) positive eigenvalue, we may assume that w <
ap and wy < O;ap. Substituting (5.26) into (5.1)-(5.3), we get

(5.27) Lw = Obuag, -l<z<l1l, t>0
(5.28) wg(£1,1) —0zap(+1;x3) .

Next, we expand w in terms of the eigenfunctions ¢; of L¢ as

The solvability condition for w is that w is orthogonal to the eigenspace of Lf
associated with the exponentially small eigenvalue. Let ¢} be the ith eigenfunction
of Lg. Then, since (¢;, ¢}) = d;;, we integrate by parts to show that

(530 Dift) = (w,67) = 5z [(Lew,67) — uwadl']

where Li¢r = i ¢F. Using (5.27)-(5.28), we have

(5.31) Dift) = = [(@raz, 67) + €50.az],]

3
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When € < 1, it was shown in [20] that the nonlocal term in the eigenvalue problem
(5.12)-(5.13) is insignificant in the asymptotic estimation of the eigenspace associ-
ated with the exponentially small eigenvalue of Le. Therefore, we can replace ¢}
and A] by ¢ and A; in (5.31), where ¢ and A; are given in (5.17) and (5.21),
respectively.

Since A\; — 0 exponentially as € — 0, we must impose the limiting solvability
condition that D; = 0. This projection step yields the following implicit differential
equation for zo(t):

(5.32) (Bram, 1) = —€$10.ap|L; .

The dominant contribution to the left side of (5.32) arises from the region near xg.
For € — 0, we calculate from Laplace’s method that

(5.33) (Brag, 1) ~ —hLzofBe,

where x, = dzo/dt. Finally, we can evaluate the right side of (5.32) using our esti-
mates for ¢1(£1) in (5.17) and for u.(y) as |y| — oo. This yields the metastability
result of [20]:

Proposition: (Metastability) A metastable spike solution for (5.1)-(5.3), is
represented by a(x,t) = ag(z;x¢(t)), where ag is defined in (5.5) and zy(t) satisfies

(5.34) 2y~ 223 '€ [6_2(1_“”0)/6 — e 2(Fz0)/e|

Here a and B are defined in (5.7) and (5.22), respectively.

For a given initial condition zq(0) € (—1,1), this ODE shows that the spike
drifts towards the endpoint that is closest to the initial location z0(0). However, it
takes an exponentially long time for the spike to collapse against the wall at © = 1
or x = —1. For the special case where p = 2, we have a = 6 and B = 6/5. Thus,
we get the explicit result

(5.35) o ~ 60€ [6’2(1*%)/e - 6*2(1“”0)/6] .
This equation can be integrated explicitly to give
€ 1+ fOet/ts
(536) Io (t) = 5 log (HW ,
where
1

(5.37) f° = tanh(z0(0)/e), ts = mewe.
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