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1 Introduction

The method of matched asymptotic expansions is a powerful systematic an-
alytical method for asymptotically calculating solutions to singularly per-
turbed PDE problems. It has been successfully used in a wide variety
of applications (cf. Kevorkian and Cole (1993), Lagerstrom (1988), Dyke
(1975)). However, there are certain special classes of problems where this
method has some apparent limitations.

In particular, for singular perturbation PDE problems leading to infinite
logarithmic series in powers of v = —1/loge, where ¢ is a small positive pa-
rameter, it is well-known that this method may be of only limited practical
use in approximating the exact solution accurately. This difficulty stems
from the fact that v — 0 very slowly as € decreases. Therefore, unless
many coefficients in the infinite logarithmic series can be obtained analyti-
cally, the resulting low order truncation of this series will typically not be
very accurate unless € is very small. Singular perturbation problems in-
volving infinite logarithmic expansions arise in many areas of application
in two-dimensional spatial domains including, low Reynolds number fluid
flow past bodies of cylindrical cross-section, low Peclet number convection-
diffusion problems with localized obstacles, and the calculation of the mean
first passage time for Brownian motion in the presence of small traps, etc.

In this article we survey consider various singularly perturbed PDE prob-
lems in two-dimensional spatial domains where hybrid asymptotic-numerical
methods have been formulated and implemented to effectively ‘sum’ infinite
logarithmic expansions. Some of the problems considered herein directly re-
late to fluid mechanics, whereas other problems arise in different scientific



contexts. One primary goal of this chapter is to highlight how a common
analytical framework can be used to treat a diverse class of problems having
strong localized perturbations in two-dimensional domains.

2 Infinite Logarithmic Expansions: Simple Pipe Flow

We first consider the simple model problem of Titcombe and Ward (1999)
to illustrate some main ideas for treating PDE problems with infinite log-
arithmic expansions. We consider steady, incompressible, laminar flow in
a straight pipe containing a thin core. Both the pipe and the core have
a constant cross-section of arbitrary shape, and thus the problem is two-
dimensional. With these assumptions, the pipe flow is unidirectional and
the velocity component w in the axial direction satisfies (cf. Ward-Smith
(1980))

Aw=-0, xe&Q\Qe, (1la)
w=0, x€09N, (1b)
w=0, x€de. (1c)

Here Q € R? is the dimensionless pipe cross-section and (¢ is the cross-

section of the thin core. We assume that Q¢ has radius O(e) and that Q¢ —

xo uniformly as ¢ — 0, where xg € 2. We denote the scaled subdomain

that results from an O(e~!) magnification of the length scale of Q¢ by

01 = e 1. In (1a), B is defined in terms of the dynamic viscosity u of

the fluid and the constant pressure gradient dp/dz along the channel by
= —u~'dp/dz. In terms of w, the mean flow velocity w is defined by

_ 1 /
w=— wdx . 2
T b (2)

Here Agq is the cross-sectional area of the pipe-core geometry. For laminar
flow in pipes of non-circular cross-section, with or without cores, the friction
coefficient f is expressed in terms of w by f = —L(dp/dz)/(2pw?) (cf. Ward-
Smith (1980)). As a remark, the Reynolds number is defined by Re =
wLp/u, where p is the density of the fluid. Laminar flow occurs for Reynolds
numbers in the approximate range 0 < Re < 2000. In the definition of Re,
L is a characteristic diameter defined by L = 4Aq/Pq, where Py is the
wetted perimeter of the pipe and the core.

The asymptotic solution to (1) is constructed in two different regions:
an outer region defined at an O(1) distance from the perturbing core, and
an inner region defined in an O(e) neighborhood of the thin core Q¢. The



analysis below will show how to calculate the sum of all the logarithmic
terms for w in in the limit € — 0 of small core radius.
In the outer region we expand the solution to (1) as

w(xse) = Wo(x;v) +o(e)Wilx;v) +--- . (3)

Here v = O(1/loge) is a gauge function to be chosen, and we assume that
o < V¥ for any k > 0 as € — 0. Thus, Wy contains all of the logarithmic
terms in the expansion. Substituting (3) into (1la) and (1b), and letting
Qe — xg as € — 0, we get that Wy satisfies

AWy =-08, xe€N{xo}, (4a)
Wo=0, xe€df, (4Db)
Wy s singular as x — xg. (4c)

The matching of the outer and inner expansions will determine a singularity
behavior for Wy as x — xg.
In the inner region near Q¢ we introduce the inner variables

y=¢c¢'(x—x0), v(y;e) =W(xo+ey;e). (5)

If we naively assume that v = O(1) in the inner region, we obtain the
leading-order problem for v that Ayv = 0 outside ©q, with v = 0 on 9
and v — Wy(xg) as |y| — oo, where Ay denotes the Laplacian in the y
variable. This far-field condition as |y| — oo is obtained by matching v to
the outer solution. However, in two-dimensions there is no solution to this
problem since the Green’s function for the Laplacian grows logarithmically
at infinity. To overcome this difficulty, we require that v = O(v) in the
inner region and we allow v to be logarithmically unbounded as |y| — oo.
Therefore, we expand v as

v(y;e) = Voly;v) + po(@)Valy) + -+, (6a)

where we write V4 in the form

Vo(y;v) = vyve(y) - (6b)

Here v = v(v) is a constant to be determined with v = O(1) as v — 0, and
we assume that po < v* for any k > 0 as e — 0. Substituting (5) and (6)
into (1a) and (1c), and allowing v.(y) to grow logarithmically at infinity,
we obtain that v.(y) satisfies

DNyv. =0, y¢&Q; ve=0, ye€o, (7a)
ve ~logly|l, as |y|— . (7h)



The unique solution to (7) has the following far-field asymptotic behavior:

Py
ve(y) ~ logly| —logd + D +---, as |y|] — 0. (7c)

The constant d > 0, called the logarithmic capacitance of 1, depends on
the shape of 1 but not on its orientation. The vector p is called the
dipole vector. Numerical values for d for different shapes of €21 are given in
Ransford (1995), and some of these are reproduced in Table 1. A boundary
integral method to compute d for arbitrarily-shaped domains €2, is described
and implemented in Dijkstra and Hochstenbach (2008).

Table 1. The logarithmic capacitance, or shape-dependent parameter, d,
for some cross-sectional shapes of Q7 = e~ 1.

Shape of O =& 10, Logarithmic Capacitance d
circle, radius a d=a
ellipse, semi-axes a, b d= “T“’
1)3
equilateral triangle, side h d= % ~ 0.422h
: . . : 3347 (1)°n
isosceles right triangle, short side h d = —rm 55— ~ 0.476h
132
square, side h d= F};S)/Qh ~ 0.5902h

The leading-order matching condition between the inner and outer so-
lutions will determine the constant v in (6b). Upon writing (7c) in outer
variables and substituting into (6b), we get the far-field behavior

v(y;e) ~ v llog[x — xo| —log(ed)] +---, as [y[—o0.  (8)
Choosing
v(e) = —1/log(ed), 9)

and matching (8) to the outer expansion (3) for W, we obtain the singularity
condition for Wy,

Wo =~+vlog|x — xo| +0(1), as x—xg. (10)

The singularity behavior in (10) specifies both the regular and singular
part of a Coulomb singularity. As such, it provides one constraint for the
determination of . More specifically, the solution to (4) together with
(10) must determine =, since for a singularity condition of the form Wy ~



Slog |x — xg| + R for an elliptic equation, the constant R is not arbitrary
but is determined as a function of S, xg, and €.
The solution for Wy is decomposed as

Wo(x;v) = Wom (x) — 2myvGa(x; Xo) - (11)
Here Wy (x) is the smooth function satisfying the unperturbed problem
AWog = -0, x€Q; Wor =0, x€00Q. (12)
In (11), G4(x;x0) is the Dirichlet Green’s function satisfying
AGg=—-0(x—x0), X€EQ; Gg=0, x€09Q, (13a)

Ga(x;x0) = —% log |x — xo| + R4(X0;%0) +0(1), as x—xo. (13b)
Here Rgo0 = Ra(X0;X0) is the regular part of the Dirichlet Green’s function
Ga(x;%x0) at x = xg. This regular part is also known as either the self-
interaction term or the Robin constant (cf. Bandle and Flucher (1996)).

Upon substituting (13b) into (11) and letting x — x¢, we compare the
resulting expression with (10) to obtain that v is given by

Wor (%0)

= " 14
14 2nvRa00 ( )

Therefore, for this problem,  is determined as the sum of a geometric

series in v. The range of validity of (14) is limited to values of ¢ for which
27v|Raoo| < 1. This yields,

1
0<e<eg, Ee = 76XP [27 Raoo] - (15)

We summarize our result as follows:
Principal Result 1: For € < 1, the outer expansion for (1) is

2mvW,
w ~ Wo(x;v) = Worr (x) - %Gd(x;x@, for |x—xo = O(1),
(16a)
and the inner expansion with y = e~(x — x¢) is
Z/WOH(X())
~ Voly: — — Ve , T — =0 . 16b
we Vi) = 2 y), for x—xol = 0). (16b)

Here v = —1/log(ed), d is defined in (7c), v.(y) satisfies (7), and Woy sat-
isfies the unperturbed problem (12). Also Ga(x;x0) and Raoo = Ra(X0;X0)
are the Dirichlet Green’s function and its reqular part satisfying (13).



This formulation is referred to as a hybrid asymptotic-numerical method
since it uses the asymptotic analysis as a means of reducing the original
problem (1) with a hole to the simpler asymptotically related problem (4)
with singularity behavior (10). This related problem does not have a bound-
ary layer structure and so is easy to solve numerically. The numerics re-
quired for the hybrid problem involve the computation of the unperturbed
solution Wypy and the Dirichlet Green’s function Gg4(x;xo). In terms of Gy
we then identify its regular part R;(xo;X¢) at the singular point. From the
solution to the canonical inner problem (7) we then compute the logarithmic
capacitance, d. The result (16a) then shows that the asymptotic solution
only depends on the product of ed and not on ¢ itself. This feature allows for
an asymptotic equivalence between holes of different cross-sectional shape,
based on an effective ‘radius’ of the cylinder. This equivalence is known as
Kaplun’s equivalence principle (cf. Kaplun (1957), Kropinski et al. (1995)).

An advantage of the hybrid method over the traditional method of
matched asymptotic expansions is that the hybrid formulation is able to
sum the infinite logarithmic series and thereby provide an accurate approx-
imate solution. From another viewpoint, the hybrid problem is much easier
to solve numerically than the full singularly perturbed problem (1). For the
hybrid method a change of the shape of 2 requires us to only re-calculate
the constant d. This simplification does not occur in a full numerical ap-
proach.

We now outline how Principal Result 1 can be obtained by a direct
summation of a conventional infinite-order logarithmic expansion for the
outer solution given in the form

W~ Wom (x) + Z VI Woj(x) + po(e) Wi + -+, (17)

with po(g) < v* for any k > 0. By formulating a similar series for the inner
solution, we will derive a recursive set of problems for the Wy; for 7 > 0
from the asymptotic matching of the inner and outer solutions. We will
then sum this series to re-derive the result in Principal Result 1.

In the outer region we expand the solution to (1) as in (17). In (17),
v =0(1/loge) is a gauge function to be chosen, while the smooth function
Wom satisfies the unperturbed problem (12) in the unperturbed domain.
By substituting (17) into (1a) and (1b), and letting Qe — x¢ as € — 0, we



get that Wy; for j > 1 satisfies

AWOJ‘ =0, x¢€ Q\{Xo} s (18&)
Woj =0, x€0dN, (18b)
Woy; is singular as x — Xo . (18¢)

The matching of the outer and inner expansions will determine a singularity
behavior for Wy; as x — x¢ for each j > 1.
In the inner region near )¢ we introduce the inner variables

y=¢'(x—x0), v(yie) =Wi(xo+ey;e). (19)

We then pose the explicit infinite-order logarithmic inner expansion
o0
v(yie) =Y v e(y) (20)
§=0

Here ~y; are e-independent coefficients to be determined. Substituting (20)
and (1a) and (1c), and allowing v.(y) to grow logarithmically at infinity, we
obtain that v.(y) satisfies (7) with far-field behavior (7c).

Upon using the far-field behavior (7¢) in (20), and writing the resulting
expression in terms of the outer variable x — xy = €y, we obtain that

veo+ ) v e log [x — xol 4+ - (21)
j=1

The matching condition between the infinite-order outer expansion (17) as
x — xg and the far-field behavior (21) of the inner expansion is that

Wor (x0) + > _ 1/ Woj(x) ~ 50+ v/ [yj-1log|x —xo| + 7] . (22)
j=1 j=1
The leading-order match yields that

Yo = WQH(XQ). (23)

The higher-order matching condition, from (22), shows that the solution
Wo; to (18) must have the singularity behavior

Woj ~vj-1log|x —xo| +7;, as x—xo. (24)

The unknown coefficients «; for j > 1, starting with vo = Wor(x0), are
determined recursively from the infinite sequence of problems (18) and (24)



for 5 > 1. The explicit solution to (18) with Wy; ~ 7,_1log|x — x¢| as
X — Xo is given explicitly in terms of G4(x;%¢) of (13) as

Woj (X) = —QW’Yj,lGd(X; XQ) . (25)

Next, we expand (25) as x — xp and compare it with the required
singularity structure (24). This yields

1
—2my;-1 5 log |x — xo| + Raoo | ~ 7vj—1log|x — xo| +7; , (26)

where Rgoo = Ra(X0;X0). By comparing the non-singular parts of (26), we
obtain a recursion relation for the «;, valid for j > 1, given by

v = (=27 Raoo) vj-1, Yo = Wom (xo), (27)
which has the explicit solution
~j = [~27Raoo)’ Wor (%), j>0. (28)

Finally, to obtain the outer solution we substitute (25) and (28) into
(17) to obtain

w— Wom (x ZVJ (—2myj-1) Ga(x;%0) = —2mvGg(%;X0) Zl/j"/j
§=0

~ =21 Won (x0)Ga(x; X0 Z 27TI/Rd00
7=0
27TI/WOH (XQ)

: . 2
1+ 270 R G a(x0;%o0) (29a)

Equation (29a) agrees with equation (16a) of Principal Result 1. Similarly,
upon substituting (28) into the infinite-order inner expansion (20), we obtain

= j vWom (%
v(y;e) = vWom (xo0)ve(y Z —2m Ragov)” = %UC(}’% (30)
7=0

which recovers equation (16b) of Principal Result 1.

Next, we compare the results of the hybrid method with results obtained
either analytically or numerically from the full perturbed problem (1).

We consider flow in a circular pipe ) of cross-sectional radius rg that
contains a concentric core )¢ of various cross-sectional shapes centered at
the origin. We use Table 1 for the logarithmic capacitance d for a square



core, an elliptical core, and an equilateral triangular core. Using the no-
tation in the table, we set the major and minor semi-axes of the ellipse as
a =2 and b = 1, and both the side of the square and the equilateral triangle
as h = 1. To compute the hybrid method solution, we readily calculate that
the Green’s function is Gy = —(27) ! log(r/ro) and that the unperturbed
solution is Wog = ((r3 —r?)/4. The outer hybrid method solution, as
obtained from (16a) of Principal Result 1, is simply

r2 g2 _ g2 log(ro/7)
0 ®log(ro/led]) | °

From (31), we can compute the asymptotic mean flow rate using (2).

w(x;e) == r=[x]. (31)

4

——  Hybrid ---- Hybrid
+ + Full Numerical —_— Exact

Equilateral Triangle |
T

(a) Concentric Geometry: w vs. € (b) Eccentric Geometry: w vs. €

Figure 1. The mean flow velocity w versus the cross-sectional ‘radius’ of
an inner core pipe located inside a circular pipe of cross-sectional radius
ro = 2. Left figure: (Concentric annulus geometry). Plots of w vs. ¢ for
three different cross-sectional shapes of the inner core pipe. The discrete
points are the full numerical results. Right figure (Eccentric Geometry).
Plots of w versus the circular pipe core cross-sectional radius € when the
inner pipe is centered at xo = (—1,0). The hybrid and exact results are the
dotted and solid curves, respectively.

To validate the asymptotic results for w, we compare them with corre-
sponding direct numerical results computed from the full problem (1) using
the PDE Toolbox of MATLAB (1996). For a circular pipe of radius ro = 2
containing a concentric core and with 5 = 1, Fig. 1(a) contains curves of
mean flow velocity, w, versus €, a measure of the size of the core, for three



different cross-sectional shapes of the core. In the hybrid method solution,
the change in shape and size of the core requires only that we vary the
product ed, which allows us to compute the entire € curve very easily. In
contrast, for each change of shape and size of the core in the direct nu-
merical solution, we had to re-create the solution geometry and re-mesh
the solution grid when using the PDE Toolbox of MATLAB (1996). For a
core of elliptic cross-section, the figure shows that the hybrid method re-
sults agree very well with those of the direct numerical solution. The slight
discrepancy in comparing the results for the other two core cross-sectional
shapes, the square and equilateral triangle, could be due to the inability of
the numerical method to resolve the non-smooth boundary of the core.

Next, we consider flow in a circular pipe Q of radius ¢ > 1 that contains
a circular core Q¢ of radius e centered at xo = (—1,0). For this case,
the exact mean flow velocity wg for this eccentric annulus geometry can
be written as a complicated infinite series as in Ward-Smith (1980). In
contrast, we need only calculate three specific quantities for our hybrid
formulation in (16). Firstly, the unperturbed solution is again given by
Wou (1) = B(r3 — r?)/4. Next, since the inner core cross-section is a circle
of radius ¢, then the logarithmic capacitance is d = 1, so that v = —1/loge.
Finally, using the method of images, we solve (13) analytically to obtain
the Green’s function

Ga(x:xp) = _% log <7|X —Xolro ) . (32)

[x = x| [xol

Here the image point x{, of xo in the circle of radius r¢ lies along the ray
containing xo and satisfies |x}||xg| = r3. Comparing (32) with (13b), we
can then calculate the self-interaction term as

1 To

Raoo = Ra(x0;X0) o log |:|XO — X6||Xo|} : (33)
Substituting (32), (33), v = —1/loge, and Wy (r), into (16a) we obtain
the outer solution for the hybrid method. This solution is then used in (2)
with Ag ~ 772 to compute the mean flow velocity for the hybrid method.
The integral in (2) is obtained from a numerical quadrature. For an eccentric
annulus with pipe radius o = 2, and with g = 1, in Fig. 1(b) we plot the
mean flow velocity @ versus the circular core radius € as obtained from
the exact solution and from the hybrid solution. This plot shows that the

hybrid method results compare rather well with the exact results.
We remark that for an inner pipe core of an arbitrary shape centered at
xo = (—1,0), the hybrid method solution as obtained above for the eccentric
annulus still applies, provided that we replace v = —1/loge in (16a) with
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v = —1/log(ed), where d is to be computed from (7). In particular, if there
is an ellipse with semi-axes € and 2¢ centered at xo = (—1,0) instead of the
circle of radius e, then from Table 1 we get d = 3/2. Hence, the plot in
Fig. 1(b) for the hybrid solution still applies provided that we replace the
horizontal axis in this figure by 3¢/2.

3 Some Related Steady-State Problems in Bounded
Singularly Perturbed Domains

In this section we extend the analysis of §2 to treat some related steady-
state problems. The problem in 3.1, which concerns the distribution of
oxygen partial pressure in muscle tissue, involves multiple inclusions in a
two-dimensional domain. In §3.2 we show how to extend the method of §2
to a nonlinear problem.

3.1 Oxygen Transport From Capillaries to Skeletal Muscle

The analytical study of tissue oxygenation from capillaries dates from
the original work of Krogh (1919). In the oxygen distribution process of the
micro-circulation, oxygen binds to its carrier, haemoglobin, in red blood
cells, which transports it through the arterioles, branching to the capillary
networks, to the collecting venules. In the capillaries, the oxygen is released
from its carrier and diffuses into the surrounding tissue. The reviews of
Popel (1989), Fletcher (1978), and the references in Titcombe and Ward
(2000), provide substantial information on theoretical research in this area.

Capillary
Cross-section

2-D cut

Figure 2. Mathematical idealization of capillary blood supply in skeletal
muscle tissue
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In this section, we show how to determine the steady-state oxygen partial
pressure distribution in a two-dimensional domain representing a transverse
section of skeletal muscle tissue that receives oxygen from an array of cap-
illaries of small but arbitrary cross-sectional shape (see Fig. 2). Following
the approach of many authors (e.g. Popel (1989)), we model the transport
of oxygen from capillaries to tissue by a passive diffusive process. Assuming
Fick’s law, J = — DV, relating the oxygen flux J to the gradient of oxygen
concentration ¢, and Henry’s law, ¢ = ap the dimensionless steady-state
oxygen partial pressure p satisfies

N
Ap:Ma XGQ\QP QZDEQ

Ohp=0, x€N. (34b)
€0np + Kj(p —pej) =0, x€0,, j=1,...,N. (34c¢)

The condition (34c) models the capillary wall as a finitely permeable mem-
brane, where k; > 0 is the permeability coefficient of the ith capillary and
pei is the oxygen partial pressure within the ith capillary (assumed con-
stant). In (34c) and (34b), 0, is the outward normal derivative to the
tissue domain. In deriving (34) we have assumed that the oxygen diffusiv-
ity is spatially constant, and so the oxygen consumption rate M has been
normalized by this constant value. To incorporate skeletal muscle tissue het-
erogeneities, such as localized oxygen-consuming mitochondria, we assume
that M is spatially-dependent and has the form

M(x) = Mo + ij\/li exp (—'X;%ip) , (35)

i=1 (

for some positive constants Mg and M; for i =1,...,m.

The model (34) is an extension of the well-known Krogh cylinder model
Krogh (1919), which consists of one capillary of circular cross-section con-
centric with a circular cross-section of muscle tissue. For this concentric
annulus geometry € < |x| < 1, the exact radially symmetric solution p, is

2 _ .2 2_q
pe(r)zpc1+% ! 26 —I—Eﬁl + log (;)] . (36)
This shows that p. = O(loge) as € — 0, as induced by the Neumann
boundary condition in (34b) on the boundary of the cross-section. In the
extended model (34), formulated originally in Titcombe and Ward (2000),
one allows for multiple capillaries of arbitrary location, of arbitrary cross-
sectional shape, and for the tissue domain to be arbitrary.

12



Most previous attempts to study the oxygenation of muscle tissue an-
alytically have assumed that the capillaries can be represented as point
sources for (34). However, by using the method of matched asymptotic
expansions, we show that this type of rough simplification represents only
the leading-order term in an infinite asymptotic expansion of the oxygen
partial pressure in powers of —1/loge, where ¢ is a measure of the capillary
cross-section. From a physiological viewpoint, this type of point-source ap-
proximation ignores the effect of the shape of the capillary cross-section and
the effect of the interaction between the capillaries. When many capillaries
are present, the effect of the capillary interaction should be significant.

Our goal here is to extend the hybrid method of §2 to calculate the
asymptotic solution to (34) with an error that is smaller than any power of
—1/loge. Such an approach, which effectively sums the infinite logarithmic
series, takes into account the effect of the capillary interaction.

In the outer region we expand the solution to (34) as

p(x;e) = Po(x;v1,...,un) +o(e)Pr(x;v1, .., UN) + -0 (37)

Here v; = O(1/loge) for j = 1,..., N are gauge functions to be chosen,
and we assume that o < VJ’? for any k > 0 as ¢ — 0. Thus, Py contains all
of the logarithmic terms in the expansion. Substituting (37) into (34a) and
(34b), and letting Q¢;, — x; as ¢ — 0, we get that P satisfies

APOZM, XEQ\{Xl,...,XN}, (38&)
0,Py=0, xedfn, (38D)
Py is singular as x — x; . (38¢)

The matching of the outer and inner expansions will determine singularity
behaviors for Py as x — x; for j =1,..., V.
In the inner region near the jth

variables

capillary e, we introduce the inner
y=c'(x-x)), ply;e) = qi(x; +eyie), (39)

together with the local expansion
4 = pej +q0;(Y;v1s .- UN) g (Yiva, o vN) oo (40)
Here we assume that y < VJ’? for any k£ > 0. We then write go; in the form
q05 = Ajqe;(y) (41)

where A; = A;(v1,...,vN) is an unknown constant to be determined, and
¢cj(y) ~ log|y| as y — co. By substituting (39), (40), and (41), into (34a)

13



and (34c), we readily derive that g.; is the solution to

qucj = 07 y ¢ Qj ; achj + Rjqc = 0, AARS an ) (42&)
qu ~ IOg |y| ) as ‘y‘ — 00, (42b)

where ; = e7'Q¢,. The unique solution to (42) has the following far-field
asymptotic behavior:

1
4es(y) ~ logly| — log d; + O (M) >t (42¢)

In comparing (42) with (7) for the pipe problem of §2, we observe that here
d; = d;j(k;). For a particular cross-sectional shape of the capillary and
for a given value of x;, one must compute d; = d;j(x;) numerically from a
boundary integral method applied to (42). For a circular capillary of radius
g, for which ¢.; can be found analytically, we readily calculate that

d; =exp (—1/k;j) . (43)

Moreover, by comparing (6b) with (41) we observe that here we have intro-
duced a slight change in the definition of the inner solution. In the analysis
below, we will show that A; = O(1) as ¢ — 0 in (41), which is a direct
consequence of the Neumann boundary condition in (34b).

By using (40) and (42c), we re-write the far-field form for |y| > 1 of the
inner solution in terms of the outer variables as

A,
qj ~ Dej + Ajlog|x — x;| + V—j (44a)
j

Here we have introduced the logarithmic gauge function v; by

1

The matching condition is that the far-field form (44a) of the inner solution
must agree with the near-field behavior of the outer solution for p. Thus,
P, satisfies (38) subject to the following singularity behavior

A
Py ~pej+ Ajloglx — x|+, as x—x;, j=1,...,N. (45)
vj

As remarked in §2, we emphasize that the singularity behavior in (45)
specifies both the regular and singular part of a Coulomb singularity at
each x;. As such, the singularity behaviors (45) for j = 1,..., N will
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provide N equations for the determination of the unknown constants A; for
j=1,...,N. By using the divergence theorem, it readily follows that (38),
together with (45), has a solution if and only if

N
1
ZAJ»——%/QM(x)dX. (46)

j=1

This provides one equation for the determination of A; for j = 1,..., N,
and shows that A; = O(1) ase — 0.
Next, we decompose the solution to (38) and (45) in the form

N
PQ :PR(X)—QWZAiGN(X;Xi)—FX. (47)
i=1

Here x is an unknown constant, and Pg(x) is the unique solution of
1
APR:M—@/M(x)dx, xe€Q; 0,PrR=0, xe€0Q, (48)
Q

with [, Pr(x)dx = 0. Here Q] denotes the area of Q. When M is a
spatially independent, then Pr = 0 for each x € Q. In (47), Gy (x; &) is the
Neumann Green’s function, defined as the solution to

1
AGN:ﬁ—zs(x—E), xe€Q; 0,Gy=0, x€9Q, (49a)

Gn(€) ~ —5-Toglx — €] + Rn(€:€) +o(1), s x—&  (49)

with [, Gn(x;€)dx = 0. The constant Ry (&;€) is called either the self-
interaction term or the regular part of Gy. Since Gx and Pr have zero
spatial averages, then x in (47) is the spatial average of Pp.

Finally, we expand the solution (47) as x — x; and we compare the
regular part of the resulting expression with the regular part of the required
singularity structure in (45). In this way, we obtain N algebraic equations
for the unknowns x and Aq,..., An:

N
A .
PR(Xj)—QW AjRnj; + ZAiGNji +x = V—?—I—]k;» j=1,...,N. (50)
i j
i2)
Here we have defined Ryj; = Rn(x;;%x;) and Gyji = Gn(x;;%;). The

remaining equation relating these unknowns is (46). We summarize our
asymptotic construction as follows:
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Principal Result 2: For e — 0, the asymptotic solution to (34) near the jth

capillary, is

P~ Pej + Ajqei(y) y=¢'(x—x;)=0(1), (51a)

where q.; satisfies (42). In the outer region, defined at O(1) distances from
the centers of the capillaries, we have

N
p~ Pr(x) — 27TZA¢GN(X;XZ') +x. (51b)

=1

Here Pr(x) satisfies (48), and Gy is the Neumann Green’s function, as
defined by (49). The constants A; for j =1,...,N and x satisfy the N +1
dimensional linear algebraic system defined by (50) and (46).

To implement the hybrid method, we must compute the Neumann Green’s
function Gy and its regular part Ry. This can be done explicitly for the
unit disk (see equation (4.3) of Kolokolnikov et al. (2005)) and for a rectan-
gle. In particular, upon representing points as complex numbers, we obtain
for the unit disk that

vlxi€) = 5 (~toglx — €] - og

el — S|4 Lo 2_§>
- |+ 50+ 1P - 3
(52a)

w66 = oo (~tosfeiel - S| +1ep - 2) (520)

For more general domains, Gy and its regular part can be computed numer-
ically from a boundary integral method (see Pillay et al. (to appear, 2010)).
Then, after specifying M, we can compute the smooth function Pr numer-
ically from (48), and evaluate it at each capillary location x;. Finally, the
effect of the cross-sectional shape of the capillary and the permeability of
the capillary wall enters only into the determination of the shape-dependent
parameters d; to be used in v; = —1/log(ed;) in (50). This information,
required in (50) and (46), represents the numerical part of the hybrid al-
gorithm. The numerical solution to the linear system (50) and (46) then
determines the strengths, A;, of the singularities and the average pressure
x as functions of ¢.

As an illustration of the theory, we consider N = 4 capillaries of cir-
cular cross-section, each of radius e, located inside a circular tissue do-

main  of unit radius. Therefore, d; = 1 for i« = 1,...,4. For each
fixed j, with j = 1,2, 3, the capillaries are centered at the locatlons xj =
j/4 (cos ((2¢ — 1)7r/4) sin ((2¢ — 1)w/4)) for ¢ = 1,...,4 (see Fig. 3(a) for
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(a) Three arrangements of (b) Pyin vs. € for the three
four traps in the unit disk arrangements

Figure 3. Left figure: Locations of four identical circular capillaries, each of
radius e, centered at (+j/4 cos(n/4), £j/4sin(n/4)) for j = 1,2, 3 inside the
unit disk. Right figure: Minimum oxygen partial pressure p;;, versus the
capillary radius € for the three arrangements shown in the left figure. The
parameter values are M = 0.3, with p,; = 5 and x; = oo fori = 1,...,4.
The solid curves for j = 1,2, 3 are from the hybrid-method solution, while
the discrete points are the full numerical results.

the geometry). For simplicity we choose a constant oxygen consumption
rate M = 0.3, with capillary permeability coefficients x; = oo, and intra-
capillary oxygen partial pressure p.; = 5, for i = 1,...,4. In Fig. 3(b) we

plot the minimum oxygen partial pressure py i, = I%I\I}Z p(x) versus ¢ for
xe D

each of the three arrangements of four traps as calculated from the hybrid
formulation (51), (50), and (46). In this figure we also show that the full
numerical results for p,;,,, as computed directly from (34) using the PDE
Toolbox of MATLAB (1996), agree very well with the hybrid results.

Additional illustrations of the asymptotic theory are given in Titcombe
and Ward (2000). It is an open problem to extend the asymptotic method-
ology to analyze more biologically realistic models of oxygen transport in
muscle tissue by considering the local fluid flow inside each capillary and to
allow for nonlinear saturation effects on the oxygen consumption rate. More
elaborate mathematical models addressing some of these issues are given in
Mikeli¢ and Primicerio (2006).
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3.2 A Nonlinear Elliptic Problem

Next, we show how the method of §2 can be extended to treat a nonlin-
ear elliptic second-order problem on a bounded two-dimensional domain €2,
which contains a small hole Q¢, formulated as

Aw+ F(w) =0, xe€\Qe, (53a)
Opw +blw—wp) =0, x €090, (53b)
w=a, XE€EOo. (53c)

Here « is constant, F'(w) is a smooth function of w, 9, denotes the out-
ward normal derivative, b > 0, and Q¢ is a small hole of radius O(e) with
Qe — x¢ € Q uniformly as ¢ — 0. Nonlinear problems of this type arise in
many applications, including steady-state combustion theory where F(w)
is an exponential function (cf. Ward et al. (1993)). The primary difference
between the linear problem (1) and the unperturbed problem correspond-
ing to (53) is that, depending on the form of the nonlinearity F(w), the
unperturbed problem may have no solution, a unique solution, or multiple
solutions. We shall assume that the unperturbed problem has at least one
solution, and we will focus on determining how a specific solution to this
problem is perturbed by the presence of the subdomain Q.

In the outer region we expand w as in (3). The leading-order term
Wo(x;v) in this expansion satisfies

AWo+ F(Wy) =0, x€Q\{x0}, (54a)
OnWo +b(Wy —wp) =0, x€0Q, (54b)
Wy is singular as x — Xg . (54c)

The analysis of the solution in the inner region is the same as that in §2
since the effect of the nonlinear term in the inner region is O(?), which is
transcendentally small compared to the logarithmic terms. Hence, Wy must
have the following singular behavior (see equation (10)):

Wo=a+vy+vlog|x —xo| +0(l), as x—xg. (55)

Here v = y(v) is to be found and v is defined in terms of the logarithmic
capacitance d of (7) by v = —1/log(ed).

At this stage, the analysis of (53) differs slightly from its linear counter-

part (1). We suppose that for some range of the parameter S we can find a
solution to (54) with the singular behavior

Wo ~ Slog|x —x¢|, as x—Xg. (56)
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Then, in terms of this solution we define the regular part R = R(S;xg) of
this Coulomb singularity by

R(S;x0) = lim (Wp — Slog|x — xo]) - (57a)

X—X(

In general R is a nonlinear function of S at each x(. Therefore, we have
Wy ~ Slog|x — xo| + R(S;%0) + 0(1), as x—Xg. (57b)

By equating (57b) to (55) we get S = vy and R = « + v, where v =
—1/log(ed). For fixed ed and «, these relations are two nonlinear algebraic
equations for the two unknowns S and ~. Alternatively, we can view these
relations as providing a parametric representation of the desired curve v =
~(v) in the form v = v(S) and v = v(5), where

S
’y—R(S,Xo)-O&, V—m. (58)

The equation for v in (58) is an implicit equation determining S in terms
of ¢ from v = —1/log(ed). Therefore, we can analytically sum all of the
logarithmic terms in the expansion of the solution to (53) provided that we
compute the solution to (54), with singular behavior (56), and then identify
R(S;x0) from (57a). In general this must be done numerically. However, we
now illustrate the method with an example where R(S; x¢) can be calculated
analytically.

Let €2 be the unit disk, and take b = co, wp = 0, F(w) = e¢*, and assume
that Q¢ is an arbitrarily-shaped hole centered at the origin. Then, (54) and
(56) reduce to a radially symmetric problem for Wy(r), given by

1
W5’+;W5+6W°:0, 0<r<1; Wy=0, on r=1, (59)
Wo ~ Slogr, as r—20, (59b)

where r = |x|. This problem (59) can be solved analytically by first intro-
ducing the new variables v and 7 defined by

v=Wy—Slogr, n=rit92, (60)

When S > —2, we then obtain that v = v(n) is smooth and satisfies

1 —2
U”—i——v'—i-(l—i—g) e’=0, 0<n<1l; v=0, on n=1. (61)
n
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The well-known solution v = v(n) to (61) (see Ward et al. (1993)) can be
written in parametric form as

The maximum of the right-hand side of the implicit expression for p(S) in
(62) is 2 and occurs when p = 1. Therefore, for the existence of a solution
to (59) we require that (1 +5/2)° > 1/2, which yields S > v/2 — 2. When
S > /2 — 2, then p(S) from (62) has two roots for p, and hence (59) has
two solutions. Let us consider the smaller root, labeled by p_(S), given by

p(S)=(S+1)(S+3)—(S+2)[(S+2)*-2]"*. (63)
Setting 7 = 0 in (62), and using (60), we compare with (57a) to obtain
v(0) = R(S;0) = 2log(1 4+ S/2) + log [8p—(5)] . (64)

Substituting (64) into (58) gives a parametric representation of the curve
v =~(v) in the form v = v(S) and v = v(5).

4 Slow Viscous Flow Over a Cylinder

Next, we consider the classical problem of slow, steady, two-dimensional flow
of a viscous incompressible fluid around an infinitely long straight cylinder.
For simplicity, we assume that the cross-sectional shape of the cylinder is
symmetric about the direction of the oncoming stream, but otherwise is
arbitrary. By slow we mean that the Reynolds number ¢ = U, L/v is small,
where Uy, is the velocity of the fluid at infinity, v is the kinematic viscosity,
and 2L is the diameter of the cross-section of the cylinder.

For ¢ — 0, the method of matched asymptotic expansions was used
systematically in Kaplun (1957) and in Proudman and Pearson (1957) to
resolve the well-known Stokes paradox, and to calculate asymptotically the
stream function in both the Stokes region, which is near the body, and in
the Oseen region, which is far from the body. These pioneering studies
showed that, for ¢ — 0, the asymptotic expansion for the drag coefficient
Cp of a circular cylindrical body starts with Cp ~ 4re~1S(e), where S(g)
is an infinite series in powers of 1/loge. The coefficients in this series are
determined in terms of the solutions to certain forced Oseen problems. For
a cylinder of arbitrary cross-section, it was shown in Kaplun (1957) that
Cp ~ 4me~1S(edys), where dy is an ‘effective’ radius of the cylinder. This
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result establishes a certain asymptotic equivalence for C'p between cylin-
ders of various cross-sectional shapes and is known as Kaplun’s equivalence
principle.

In an effort to determine Cp quantitatively, analytical formulae for the
first three coefficients in S(e) were derived in Kaplun (1957). However, as a
result of the slow decay of 1/loge with decreasing values of €, the resulting
three-term truncated series for C'p agrees rather poorly with the experimen-
tal results of Tritton (1959) unless € is very small. Owing to the complexity
of the calculations required, it is impractical to obtain a closer quantitative
determination of the drag coefficient by calculating further coefficients in
S(e) analytically. As a result of these fundamental long-standing difficul-
ties, the problem of slow viscous flow around a cylinder has served as a
paradigm for problems where a matched asymptotic analysis fails to be of
much practical use, unless ¢ is very small. A comprehensive recent survey
of asymptotic and renormalization group methods applied to slow viscous
flow problems is given in Veysey and Goldenfeld (2007).

In Kropinski et al. (1995), this problem was re-examined and a hybrid
asymptotic-numerical method was formulated and implemented to effec-
tively sum the infinite logarithmic expansions that arise from the singular
perturbation analysis of slow viscous flow around a cylinder. Our approach
differs from the hybrid method employed in Lee and Leal (1986) in which
numerical methods are used within the framework of the method of matched
asymptotic expansions to calculate the first few coefficients in the logarith-
mic expansions of the flow field and the drag coefficient. Instead, we show
that these entire infinite logarithmic series are contained in the solution to
a certain related problem that does not involve the cross-sectional shape of
the cylinder. The overall framework of our approach is similar to that done
in §2 and §3, and is outlined below.

The model formulation is as follows. Consider steady, incompressible,
viscous flow around a cylindrical body with a uniform stream of velocity
Uy in the z direction at large distances from the body. We assume that
the cross-section ) of the cylinder is symmetric with respect to the oncom-
ing stream. Then, in terms of polar coordinates centered inside the body,
it follows from the Navier-Stokes equations that the dimensionless stream
function 1 satisfies

N tedy [, APl =0, for p> py(6), (65a)
Y =0, =0, on p=py(0), (65b)
by, as p= (2 +y°)? - o0, (65¢)

Here ¢ = U L/v < 1 is the Reynolds number based on the radius L of
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, lengths are in units of L, 0, denotes the normal derivative, A and A2
denote the Laplacian and Biharmonic operators, respectively, and J, is the
Jacobian defined by J,[a,b] = p~' (8,a9pb — dpa d,b). The boundary of
the scaled cross-section is denoted by p = pp(6) for —m < 6 < 7, and the
symmetry condition py(6) = pp(—0) is assumed to hold. In terms of ¢, the
dimensionless negative vorticity w is w = A, and the x and y components
of the fluid velocity, v and v, are
0059 0o, v=—0,9 =—cost0,)+ # Op .
(66)

We first outline the conventional singular perturbation analysis of (65)
for € — 0 (cf. Kaplun (1957) and Proudman and Pearson (1957)). We then
formulate the hybrid method for summing the infinite-order logarithmic
expansions that arise from the analysis.

In the Stokes, or inner, region defined by p = O(1), the stream function
has an infinite logarithmic expansion of the form

u = 0y =sinf 0,y +

ws(p79)zzyj¢j(p79)+'“ . (67)
j=1

Here, we define v = v(eds) = —1/log (edse'/?), where dy is a shape-
parameter that is specified below in terms of the far-field behavior of a
Biharmonic problem. For a circular cylinder of radius one then dy = 1.
Upon substituting (67) into (65a), we obtain that ¥; = a;1., where the a;
for j > 1 are undetermined constants and ¥. = ¥.(p, ) is the solution to
the following canonical inner or Stokes problem:

A2wc - Oa for P > Pb(e) 3 wc(pv 9) = _wc(pa _9) ) (688“)
Ye=0 and O9,v.=0, on p=py(6). (68b)

The asymptotic form of 1. as p — oo involves linear combinations of
{p3, plogp, p,p~t}sinf. However, to match 15 with the Oseen expansion
below we require that the coefficient of p must vanish. Then, to specify
1. uniquely, we impose that the coefficient of plogp is unity. Therefore,
we define ¢, as the unique solution to (68a) and (68b), with the far-field
asymptotic behavior

e ~ (plogp —plog {dfel/QD sinf, as p— oco. (68c¢)

The constant dy, depending on the specific shape of the body, is determined
uniquely by the solution to (68). This exterior Biharmonic problem (68) is
analogous to the exterior Laplace problem (7) for the pipe problem of §2.
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Upon substituting ¢; = a;1. into (67), the Stokes expansion becomes
Vs(p,0) =Y v ajibelp,0) + - . (692)
j=1
Then, by using (68c), we obtain the following far-field behavior of (69a):

Ys(p,0) ~ iuj a; (logp— log [dfel/2]) psinf, as p—oo. (69b)
j=1

Next, we consider the outer or Oseen region defined for p = O(¢!). In
this region, we introduce the new Oseen, or outer, length-scale r by r = ep
with r = O(1). We then re-write the far-field behavior of the Stokes solution
(69b) in terms of the outer Oseen variable r to obtain

1 —
g ~ - ayrsinf + E v [ajlogr 4+ ajqq]rsing | . (69c¢)
Jj=1

This expression (69c) yields a singularity structure for the outer Oseen so-
lution as r» — 0. This behavior suggests that we introduce the new variable
U by U(r,0) = (e~ r,0), and that we expand ¥ as

\IJ(T,H)zrsin9—|—1/\I/1(7',9)—|—Zuj\11j(r,9)—|—--- , (70)

j=2

in order to satisfy the free-stream condition as r — oo in (65c). Upon
substituting (70) into (65a), and matching ¥ as r — 0 to the required
singular behavior (69c), we find that a; = 1 and that ¥; and ¥}, for j > 2,
satisfy the following Oseen problems on 0 < r < oo:

Los Uy = N%0, + (7“*1 sinf 0y — cos@@r) AV, =0, (71a)

Uy ~ (logr +ag)rsinf, as r—0; 0,¥;1 —0, as r—oo, (71b)
j—1

LosWj ==Y Jp [Wg, AT;_4] (71c)
k=1

U; ~ (ajlogr+aji1)rsing, as r—0; 0,¥; -0, as r—oo.
(71d)

Here Lg, is referred to as the linearized Oseen operator, and ¥, is the
linearized Oseen solution.
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The limiting conditions (71b) and (71d) are the required singularity be-
haviors of ¥y and ¥; for j > 2, respectively, as r — 0. For (71b) the
strength of the singular part rlogrsin 6 is set to unity. In terms of the solu-
tion to (71a) with ¥y ~ rlogrsind as r — 0, we then calculate the constant
az of the regular part of the singularity structure from the limiting process
U, —rlogrsinf ~ aorsinf as r — 0. Then, with as determined in this
way, we solve for ¥y from (71c) with singular behavior ¥y ~ agrlogr sin
as r — 0, The constant as in the regular part of (71d) is then determined
from the limiting process ¥y — agrlogrsinf ~ agrsinf as r — 0.

Hence, the coefficients a; for j = 2,3, .., which are independent of € and
of the shape of the body, are determined recursively from (71), in a similar
way as in §2. The first two coefficients are (cf. Kaplun (1957), Proudman
and Pearson (1957))

az =y, —log4 —1~ —1.8091, (72a)

az —a3 = — /0 h [P~ 1 (2r) + 1 — 4K 1 (r) 11 (r)] Ko(r)K1(r) dr ~ —0.8669 .
(72b)

Here K1, Ky, Iy and I; are the usual modified Bessel functions, and -, is
Euler’s constant. This formula for ay was obtained in Kaplun (1957) and
Proudman and Pearson (1957), while the expression for az was given in
Kaplun (1957). The expression for as was obtained in Proudman and Pear-
son (1957) in terms of the explicit solution to (71a) with singular behavior
WU, ~ rlogrsinf as r — 0 given by

Ui(r0)=—Y c"(;/ 2) s sin(nb),  en(s) = 2 [K1(3)Tn(s) + Ko(s)I,(s)] -
n=1

(73)
As7 — 0, then ¢, (r/2) = O(r"~1) forn > 1, and ¢1(r/2) ~ 1—log(p/4) —"e,
where 7, is Euler’s constant. Therefore, we conclude that ¥ —7rlogrsinf —
r (e —log4 — 1)sinf as r — 0. Hence, from the regular part in (71b), we
obtain that as = 7. —log4 — 1. In contrast, the derivation in Kaplun (1957)
of the explicit formula for ag given in (72b) is considerably more involved.
Explicit analytical formulae for a; when j > 4 are not available.

A formula for the drag coefficient Cp is given in Imai (1951) in terms of
an arbitrary closed contour around the body. From this formula, and from
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the symmetry of the flow, it follows that

g 1 P
Cp = p/ [coso (wﬁ - ?1@ - ;smewm} df
0

—2p/ w¢gsin9d9—25*1p/ (pwp, —w) sinfdd, (74)
0 0

where v satisfies (65) and w = A1. Here p, in terms of the Stokes length-
scale, is the radius of an arbitrary circular contour that encloses the body.
To derive an asymptotic formula for the drag coefficient, we substitute the
far-field form (69b) into (74) and evaluate the resulting expression on a
large circle p = pg > 1. In this way, we obtain for ¢ — 0 that the drag
coefficient Cp for a cylinder of arbitrary cross-section is given in terms of
the coefficients a; by

1
~log [edgel/?]
(75)
Kaplun’s (see Kaplun (1957)) approximation for Cp results from substi-

tuting a1 = 1 and (72) for as and ag into (75). The resulting three-term
expansion, in equivalent asymptotic form, is

Cp ~ dme 1v(edy) Z ajp1v(edp) +--- |, vliedy) =
§=0

Cp ~ gﬁ(adf) [1-0.86690%(eds)] ,  ©(2) = [log (3.7027/2)] ' .

(76)
For a circular cylinder, the explicit form (76) provides a rather poor
determination of the experimental drag coefficient unless ¢ is rather small
(cf. Dyke (1975)). Ome way to overcome this difficulty would be to com-
pute numerically further coeflicients a;, for j > 4, from the the infinite
sequence of PDE’s (71c) with singularity structures (71d). This would still
require truncating the series (75) at some finite j. As an alternative to series
truncation, we now follow Kropinski et al. (1995) and formulate a hybrid
asymptotic-numerical method that has the effect of summing all the terms
on the right-hand side of (75), but which avoids computing the coefficients
a; for j > 1 individually.
To do so, we let A*(z) denote a function that is asymptotic to the sum
of the terms written explicitly in the brackets on the right-hand side of (75):

o0

A*(z) ~ Zl/j_l(z) aj, z = edy. (77)

Jj=1
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Then, the Stokes expansion (69a) is asymptotic to
Ys(p,0) = v(2)A*(2)e(p,0) + - -, z=-¢edy. (78)

Substituting (68c) into (78), and writing the resulting expression in terms of
the Oseen variable r = ep, we obtain the far-field form in the Stokes region,

Vs ~e P A*(2) [1 +v(2) logr] rsinf. (79)

This expression yields the singularity structure for the outer solution.

In the Oseen, or outer region, we do not expand the solution in powers
of v as in (70). Instead, we solve the full problem (65a) and (65¢) for r > 0
subject to the singularity structure (79), which is to hold as r — 0. There-
fore, in analogy with the approach used in §3.2 (see equations (54)—(58) of
§3.2) to treat nonlinear elliptic problems in perforated domains, we intro-
duce the parameter-dependent auxiliary streamfunction ¥y = Ug(r,6; 5),
with Uy (r,0;5) = =V (r,—0;S), satisfying

A2y 4 J, Uy, AU =0, >0, (80a)
Uy ~rsing, as r— oo, (80b)
Uy~ Srlogrsinf, as r—0. (80c)

In Kropinski et al. (1995) (see also Keller and Ward (1996)), this parameter-
dependent problem is solved numerically for a range of S values, and in
terms of this solution we identify the regular part R = R(S) of this singu-
larity structure by the following limiting process

Uy — Srlogrsinf = R(S)rsind +o(r), as r—0. (81)

A plot of the numerically computed function R = R(S) is shown in Fig. 4.
Given that the hybrid problem (80) is posed on 0 < r < oo, it is an inter-
esting open problem to investigate whether it is possible to find an exact
solution of (80), in a similar way as was found in (59)—(64) for the nonlinear
elliptic problem of §3.2. In this regard, the class of exact solutions to the full
2-D incompressible Navier-Stokes equations found in Ranger (1995) may be
useful.
Finally, since the required singularity behavior from (79) is that

Uy =A"[1+v(z)logr] rsinf +o(r), as r—0, (82)
we conclude that A*(z) and v(z), with z = edy, are given parametrically in
terms of the singularity strength S and its regular part R(S) by

1 S

ve) = - ] = ) A*(2) = R(S). (83)
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Figure 4. Plot of R = R(S) computed numerically from the hybrid formu-
lation (80) and (81).

The problem (80) is a hybrid asymptotic-numerical formulation of the
full problem (65). More specifically, the cylinder in (65) is replaced by the
singularity structure (82) that was derived by exploiting the far-field form
of the infinite-order logarithmic expansion in the Stokes region. Instead of
having to compute solutions to the infinite sequence of problems (71), the
hybrid method requires the solution of the parameter-dependent problem
(80), with singular behavior (80c) given in terms of the parameter S. Then,
the regular part R = R(S) of this singularity behavior is calculated from
(81). Finally, (83) determines A*(z) in terms of z = edy implicitly.

In terms of A* and dy, the asymptotic formula for the drag coeflicient,
valid to within all logarithmic correction terms, is given by

Cp =T @A () +-],  w(e)= ——

- :W, Z:6df. (84)

Kaplun’s equivalence principle follows from the fact that the curve A*(z)
versus z can be used for a cylinder of arbitrary cross-section. To determine
A*(edy) for a body of a specific shape, we need only compute the single
constant d; from the numerical solution to the canonical Stokes problem
(68). This feature provides a significant advantage over a direct numerical
approach on the full problem (65).

For a few simple cross-sectional shapes, the constant dy can be deter-
mined analytically from (68). In particular, for a circular cross-section,
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where py(6) = 1, then the solution to (68) is

p 1\ .
e = (plogp 2+2p> sinf, (85)
so that dy = 1. Next we consider an elliptical domain defined by (z/a)? +
(y/b)? = 1 where max(a,b) = 1. In the case where a = 1, for which the
major axis is aligned parallel to the oncoming stream, the solution to (68)
can be found by introducing elliptic cylinder coordinates (see Kropinski
et al. (1995)). In this way, we obtain that

s (P)mlis] e

This formula for dy also holds for the case when b = 1 (the major axis is
is aligned perpendicular to the oncoming stream). A plot of d; for various
ellipses is shown in Fig. 5.

1.0

.0

ol
=0
(

0.0 0.5
o] ]

Figure 5. The shape-parameter dy of (86) for an ellipse with a semi-major
axis of unity.

In Kropinski et al. (1995) a numerical conformal mapping method was
used to calculate dy numerically from (68) for other simple cross-sectional
shapes that can be mapped to the unit disk. In particular, such an analytical
conformal mapping is known for the family of symmetric Karman-Trefftz
(KT) airfoils (cf. Milne-Thomson (1958)). The mapping function, z = z(o),
for the boundary of these profiles is

(E+o*+(E—0o)f

€roF—(€—oF]" §= +c—1, (87a)

z(o) = Boke
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Table 2. Numerical values for d; corresponding to the KT airfoils (87).
The tail angle (in degrees) is 67, and the thickness ratio is . The last
column gives the value of b for an ellipse, with a = 1, that has the same
value of dy as the corresponding airfoil.

0 Or k c dy b
.050 | 0° | 2.000 | 0.961 | 0.328 | 0.040
080 | 5° | 1.972 | 0.952 | 0.344 | 0.066
100 | 13° | 1.928 | 0.960 | 0.354 | 0.082
120 | 16° | 1.910 | 0.954 | 0.364 | 0.098
120 | 20° | 1.889 | 0.968 | 0.363 | 0.096
200 | 25° | 1.861 | 0.915 | 0.410 | 0.170

where o = € with 0 < 6 < 27. By fixing the length of the airfoil to be 2,
we find that the mapping constant §y is given in terms of k and ¢ by

[1-(1- )] .

o = o

(87h)
A parametric representation for the airfoil profile is obtained by setting
o = ¢ in (87a). In (87), the parameters k and ¢, where 1 < k < 2 and
0 < ¢ < 1, determine the thickness ratio d of the airfoil and the tail angle
Or, given by 67 = (2 — k)m. Numerical values for ds for some KT airfoils,
as computed in Kropinski et al. (1995), are given in Table 2.

For each of the KT airfoil examples given in Table 2 there is an equivalent
ellipse with @ = 1 that has the same value of df. The values of b for
these equivalent ellipses, which are computed using (86), are given in the
last column of Table 2. By Kaplun’s equivalence principle each of these
equivalent ellipses has the same asymptotic drag coefficient, to within all
logarithmic correction terms, as the corresponding KT airfoil. However, it
is clear that the transcendentally small terms in the expansion of the drag
coeflicient, which are smaller than any power of v, will not satisfy the same
equivalence principle. Such terms are not accounted for in our analysis.

We now compare the hybrid results for the drag coefficient of a circular
cylindrical body for which df = 1 and z = . In Fig. 6(a) we plot the
hybrid drag coefficient Cp versus ¢, given by (84) with dy = 1. In this
figure we compare our hybrid results with Kaplun’s three-term expansion
(76), with full numerical results computed directly from (65) (see Kropinski
et al. (1995)), and the experimental results of Tritton (1959). We observe
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that the hybrid method provides a significantly better determination of C'p
over the range 0.50 < € < 2.0 than does the three-term expansion (76).

ellipse: a = 1.0, b = 0.5

15.0

Cp 10.0

5.0 -

(a) Cp vs. e: Circular cylindrical (b) Cp vs. e: Two other shapes
cross-section

Figure 6. The drag coefficient Cp versus the Reynolds number . Left
figure: for a circular cylinder the hybrid result (84) (solid curve), the full
numerical results (heavy solid curve), the three-term result (76) (dotted
curve), and the experimental results of Tritton (1959) (discrete points), are
compared. Right figure: the hybrid result (84) is compared with the three-
term result (76) for a cylindrical body of either an elliptical or a KT airfoil
cross-section.

Finally, we consider flow around other cylindrical bodies. In Fig. 6(b)
we plot the hybrid drag coefficient for flow around certain cylinders having
either elliptical or KT airfoil cross-sections. In this figure, we compare, for
an ellipse and an airfoil, the hybrid results for C'p with Kaplun’s three-term
asymptotic result (76). These results were obtained from (83) and (84), and
by using the data from the plot of R = R(S) in Fig. 4. The value of dy,
needed in (83), is given in (86) for the ellipse, and in Table 2 for the KT
airfoil.

We now make several remarks concerning some extensions of the analy-
sis. We first remark that our hybrid method does not incorporate the effect
of the transcendentally small inertial terms arising from the Stokes region.
Therefore, the asymmetry in the flow field near the body, which becomes
more prominent as the Reynolds number is increased, is not captured by our
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analysis. For a circular cylinder, the leading-order effects of these inertial
terms on the flow field and on the drag coefficient were analyzed in Skinner
(1975). In §3 of Keller and Ward (1996) an extension of the hybrid approach
of Kropinski et al. (1995) was used to calculate these transcendentally small
terms for a circular cylinder, and to predict the asymmetry in the flow field
near the body.

Secondly, we remark that a similar hybrid method was developed in Tit-
combe et al. (2000) to calculate the drag and lift coefficient for slow viscous
flow over a cylindrical body of arbitrary cross-sectional shape. For this
problem, the hybrid method solution involves a 2 x 2 matrix, depending on
the shape of the body, which replaces the single shape-dependent parameter
dy for symmetric cylindrical bodies. In Titcombe et al. (2000) the hybrid
results were compared with those of Shintani et al. (1983).

Finally, we remark that our hybrid method can also be adapted to treat
some new microfluid flow problems. In Matthews and Hill (2009) (see also
Matthews and Hill (2006)) the drag coefficient for steady slow viscous flow
over an infinite nanocylinder was analyzed by asymptotically calculating two
terms in the infinite logarithmic series for the flow field and drag coefficient.
The novel feature of this microfluid flow problem is that, due to the small
scales involved, the usual no-slip boundary condition on the cylinder is
replaced by the Navier boundary condition, which takes into account the
effect of boundary surface roughness. An analysis of this related problem
by a hybrid asymptotic-numerical method will, essentially, only require the
modification of the boundary condition in (68b).

4.1 Summing Logarithmic Expansions: A Linear Biharmonic
Problem

In this subsection we consider a linear Biharmonic problem on a concen-
tric annular domain with a small inner radius ¢, formulated as

Nu=0, e<r<l1, (88a)
w=sinf, wu,=0, on r=1, (88b)
u=u,=0, on r=c¢. (88¢)

We will calculate the exact solution to this problem, and then show how a
hybrid method similar to that used for the low Reynolds number flow prob-
lem can be readily formulated and implemented to calculate an approximate
solution to (88) that contains all logarithmic correction terms.
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The exact solution of (88a), which satisfies (88b), is

u= ( Ar® + Brlogr + —214—1—1—E r+ l—|—A—|—E 1 sind,
2 2 2 2)r
(89)

for any constants A and B. Then, imposing that « = u,, = 0 on r = ¢, we
get two equations for A and B:

1 B 1 B
Ae® + Beloge + <—2A+§—§)6+ <§+A+ 5) et =0, (90a)

1 B 1 B
3A€2+B+Blog€+<—2A+§—E> - <§+A+§)62:0 (90b)

By comparing the O(¢71) and O(¢72) terms in (90), it follows that

1 B

4 A4+ = = ge? 1

5 + A+ 5 = ke, (91)
where k is an O(1) constant to be found. Substituting (91) into (90), and
neglecting the higher order Ae® and 3A4e? terms in (90), we obtain the
approximate system

1 B 1 B
Blogs+(—2A—|—§—5)z—/§, B+Blogs+(—2A+§—5)zf<¢.
(92)

By adding the two equations above to eliminate x, we obtain that
B+2Bloge+ (-4A+1—-B)=0. (93)
From (93), together with A ~ —(1 + B)/2 from (91), we obtain that

v A:l—i where v = 1

BN2—1/’ 2—v’ log [ee!/2]

(94)

Finally, substituting (94) into (89), we obtain that the outer solution has
the asymptotics

U~ ((1 — A + vArlogr + flr) sinf, r> 0O(e). (95a)

where A is defined by

wo
|
—_

A

VE ———. (95b)

[\
I
<
—
o
o]
™
(9]
—
~
)
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We remark that (95) is an infinite-order logarithmic series approximation
to the exact solution. However, it does not contain transcendentally small
terms of algebraic order in € as € — 0.

Next, we show how to derive (95) by employing the hybrid formulation
used in the low Reynolds number flow problem of §4. In order to sum the
infinite logarithmic series we formulate a hybrid method by following (77)—
(79). In the inner region, with inner variable p = e ~!r, we look for an inner
solution in the form (see (78) and (85))

~ 1
v(p,0) = ulep,0) ~ evA(v) (plogp — g + 2_p> sinf. (96)
Here v = —1/ log [ee!/?] and A = A(v) is a function of v to be found. The
extra factor of € in (96) is needed since the solution in the outer region is
not algebraically large as ¢ — 0. Now letting p — oo, and writing (96) in
terms of the outer variable r = £p, we obtain that the far-field form of (96)
is
v~ (flm‘ logr + flr) sinf. (97)
Therefore, the approximate outer hybrid solution wy to (88) that sums all
the logarithmic terms must satisfy

Alwpg =0, 0<r<l1, (98a)
wyg =sinf, wg,=0, on r=1, (98Db)
wy ~ (flm“ logr + flr) sinf, as r—0. (98¢)

The solution to (98a) and (98b) is given explicitly by
1 1 1
wHg = (ar3 + Orlogr + (—2a+ —— E) r+ <— +a+ E) —) sinf.
T

2 2 2 2
(99)
The condition (98c) then yields the three equations
o 1 B 1 B
8= Av, 2a+2 Z_A’ 2+a+2—0, (100)
for o, 3, and A. We solve this system to obtain
- - 3 -
B=Av, o a (101)

Upon substituting (101) into (99), we obtain that the resulting expression
agrees exactly with the result (95) obtain from the exact solution.
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4.2 A Convection-Diffusion Problem

Convection-diffusion problems in two dimensional regions with obstacles
in the low Peclet number limit can be analyzed in a similar way. A recent
analytical study of such problems in both the low and high Peclet number
limit using a different and highly innovative approach is given in Choi et al.
(2005). The following analysis is related to the work in Titcombe and Ward
(1997).

Consider the steady-state convection-diffusion equation for T'(X), with
X = (X1, X32) posed outside two circular disks ; for j = 1,2 of a common
radius a, and with a center-to-center separation 2L between the two disks:

kAT =U-VT, X € R?\ Uj—1 Q;, (102a)
T=T;, Xe09;, j=12, (102b)
T=T, |X]| — 0. (102c¢)

Here x > 0 is constant, T for j = 1,2 and T, are constants, and U = U(X)
is a given bounded flow field with U(X) — (U, 0) as |X| — oo, where U
is constant. We introduce the dimensionless variables x, u(x), and w(x) by

x=X/v, T=Tow, ux)=U"x)/Usx, Y=(/Ux. (103)

We also define the dimensionless centers of the two circular disks by x; for
J = 1,2, and their constant boundary temperatures o; for j = 1,2, by

Xj:Xj/’}/, aj:wj/Too, j:172. (104)

Then, (102) transforms in dimensionless form to

Aw=u-Vuw, x € R*\ U7, D¢j, (105a)
w=qj, x€0Dg, j=12, (105b)
w~ 1, x| — o00. (105¢)

Here Dgj = {x | |x — x;| < £} is the circular disk of radius ¢ centered at x;.
The center-to-center separation is

|xo — x1| = 2le, l=L/a. (106)

The dimensionless flow has limiting behavior u ~ (1,0) as |x| — co. There
are two interesting limiting cases of (105), which can be analyzed.

Case 1: We assume that [ = O(1) as € — 0, so that [x3 — x1| = O(e). This
is the case where the bodies are close together. It leads below to a different
inner problem, not considered in §2.

34



We assume without loss of generality that x;+x2 = 0. We then introduce
the inner variables y and v(y) by

y =¢ 'x, v(y) = w(ey). (107)

Then, we obtain that (105a) and (105b) transform to

Ayv=cug-Vyv, yeR\U_ D;, (108a)
v=aqj, yeoD;, j=1,2. (108b)

Here D; = {y | |y —y;| < 1} is the circular disk centered at y; = x;/e of
radius one, and ug = u(0). The inter-disk separation is

|YQ - y1| =2l. (109)
We then look for a solution to (108) in the form
v =1y + vAv,, (110)

where v = O(—1/loge) and A = A(v) is to be found. Here vy solves

Dyvg =0, y € R?\ U?:1 Dy, (111a)
Vo = Oy, ye@Dj, 71=12 (111b)
v bounded as |y| — c©. (111c)

Moreover, v.(y) is the solution to

Ayve=0, yeR\Ui_, D;, (112a)
ve=0, yedD;, j=1,2, (112b)
ve ~logly|, as |y| — oco. (112¢)

Since D; for j = 1,2 are non-overlapping circular disks, the problem
(111) can be solved explicitly using conformal mapping and the introduction
of symmetric points. In this way, we can derive that

Vo ~ Voo +0(1), as |y| — 0. (113)

The simple calculation of vgs, is omitted. When oy = as = a,, then
clearly vpoo = 1. Next, we can solve (112) exactly by introducing bipolar
coordinates as in Appendix B of Coombs et al. (2009). In this way, we
calculate that

ve(y) ~ logly| —logd+o(1), |y|— oo, (114)
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where d is given by

efmgc

L | o
logd =log (28) — ~ + Z
2 A= mc

rrooshmED (115)

Here § and &, are determined in terms of [ by
B=VE—1; £ =log [z+\/z2_1} : (116)

We remark that in this analysis we have neglected the transcendentally

small O(g) term in (108), representing a weak drift in the inner region.
Upon substituting (113) and (114) into (110), and writing y = e~ 'x, we

obtain in terms of outer variables that the far-field behavior of v is
—1

log (ed)

v~ Voo + A+ vAlog|x|, v= (117)

The behavior (117) is the singularity behavior for the infinite-logarithmic
series approximation Vp(x; 1) to the outer solution as x — 0. This approx-
imation satisfies

AVo=u-VVy, xecR*\{0}; Vo~1, |x|— o0, (118)

with singularity behavior (117) as x — 0. To solve (118), we introduce the
Green’s function G(x; &) satisfying

AG=u-VG—-§(x—¢), xcR?, (119a)
1
Gx€) ~ —5-loglx — &l + REE) +o(), x—&  (119b)
with G(x;€) — 0 as |x| — oco. Here R(&;€) is the regular part of this

Green’s function at x = &.
The solution to (118) with singular behavior Vg ~ vAlog|x| as x — 0 is

Vo =1-21mvAG(x;0). (120)

By expanding (120) as x — 0, and equating the regular part of the result-
ing expression with that in (117), we get 1 — 2avARy = A + vpoo. This
determines A = A(v) by

1— V0oo -1

" 1+ 27vRoo g log(ed) ’

(121)

where Rgp = R(0;0). The outer and inner solutions are then given in
terms of A. Finally, one can calculate the Nusselt number, representing
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the average heat flux across the bodies, by using the divergence theorem
together with the form (117) of the far-field behavior in the inner region.
We leave this simple calculation to the reader.

Case 2: We assume that [ = O(e7!) as ¢ — 0, and define | = ly/e with
lo = O(1), so that |x2 — x1| = 2lp. This is the case where the small disks of
radius € are separated by O(1) distances in (105). In the analysis there are
two distinct inner regions; one near x; and the other at an O(1) distance
away centered at xo. Since each separated disk is a circle of radius ¢, it has
a logarithmic capacitance d = 1. Therefore, the infinite-logarithmic series
approximation Vp(x; p) to the outer solution satisfies

AVy=u-Vp, x € R*\{0}; Vo~1l, |x|— o0, (122a)
—1
%Naj+Aj+VAj10g|X_xj|7 VE@. (122b)
The solution to (122) is given explicitly by
2
Vo=1-2m) AG(xx;). (123)

i=1

We then let x — x; for j = 1,2 in (123) and equate the nonsingular part
of the resulting expression with the regular part of the singularity structure
in (122b). This yields that A; and As satisfy the linear algebraic system

A (1 + 27TVR11) +271vAsG12 =1 — gy, (124)

Ao (1 + 27T1/R22) +27mvA1Go1 =1 — as. (125)
Here G;; = G(x;;%;) and Rj; = R(x;;x;) are the Green’s function and its
regular part as defined by (119).

Finally, we remark that for the case of a uniform flow where u = (1,0),
then the explicit solution to (119) is

[561 - &

G(x:€) = ieXlo

2w

. ]K (1x—€)) (126a)

where x = (z1,22) and & = (&1, &2). By letting x — &, and using Ko(r) ~
—logr +log2 — 7., as r — 0%, where ~, is Euler’s constant, we readily
calculate that

R(£,€) = % (log2 —e) - (126b)

These results for G and its regular part can be used in the results of either
(121) or (125) for Case I or Case II, respectively.
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5 The Fundamental Neumann Eigenvalue in a Planar
Domain with Localized Traps

In this section we follow Kolokolnikov et al. (2005) and consider an op-
timization problem for the fundamental eigenvalue of the Laplacian in a
planar bounded two-dimensional domain with a reflecting boundary that is
perturbed by the presence of K small holes in the interior of the domain.
The perturbed eigenvalue problem is

Au+du=0, xeOQ\Qp; / u?dx =1, (127a)
AN\Q,
Ou=0, x€0Q; u=0, x€09Q,=UE 00, . (127b)

Here €2 is the unperturbed domain, €2, = U{ingi is a collection of K small
interior holes Q¢,, for i = 1,..., K, each of ‘radius’ O(¢), and J,u is the
outward normal derivative of u on 02. We assume that the small holes in
Q are non-overlapping and that Qg, — x; as¢ — 0, fori =1,..., K. A
schematic plot of the domain is shown in Fig. 7.

wandering particle

O

o)

reflecting
walls

Figure 7. A schematic plot of the perturbed domain for the eigenvalue
problem (127).

We let A\g(e) denote the first eigenvalue of (127), with corresponding
eigenfunction u(x,¢). Clearly, Ao(¢) — 0 as ¢ — 0. Our objective is to
determine the locations, x; for i = 1,..., K, of the K holes of a given
shape that maximize this fundamental eigenvalue. Asymptotic expansions
for the fundamental eigenvalue of related eigenvalue problems in perfo-
rated multi-dimensional domains, with various boundary conditions on the
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holes and outer boundary, are given in Ozawa (1981), Ward et al. (1993),
Ward and Keller (1993), Davis and Llewellyn-Smith (2007), and Lange and
Weinitschke (1994) (see also the references therein).

As an application of (127), consider the Brownian motion of a particle
in a two-dimensional domain €2, with reflecting walls, that contains K small
traps Qg,, for i = 1,..., K, each of ‘radius’ ¢, for ¢ = 1,..., K. The traps
are centered at x;, for i = 1,..., K. If the Brownian particle starts from
the point y € Q\, at time ¢ = 0, then the probability density v(x,y,t,¢)
that the particle is at point x at time ¢ satisfies

ve=Av, x€W\Q,; =0, x€dd; v=0, xe€0Q,, (128)

with v = 0(x —y) at time ¢ = 0. By calculating the solution to (128) in
terms of an eigenfunction expansion, and by assuming that y is uniformly
distributed over Q\€,, it is easy to show that the probability Py(¢,¢) that
the Brownian particle is in Q\€, at time ¢ is given by

Py(t,e) = e MO 1+ 0O®W)] . (129)

Therefore, the expected lifetime of the Brownian particle is proportional to
1/Ao(e). In this context, our optimization problem is equivalent to choosing
the locations of K small traps to minimize this expected lifetime.

We first consider (127) for the case of one hole. In Ward et al. (1993)
(see also Ward and Keller (1993)) it was shown that as ¢ — 0 the first
eigenvalue g of (127) has the asymptotic expansion:

Ao(€) = Aoo + v(e)Ao1 + v2(e) Aoz + - - -

Here, v(e) = —1/ log(ed) where d is the logarithmic capacitance of the hole.
For the unperturbed problem with € = 0, we have Ago = 0. In the O(v)
term, A1 is independent of the location of the hole at x = x¢ (cf. Ward
et al. (1993)). Therefore, we need the higher-order coefficient Az in order
to determine the location of the hole that maximizes Ag.

For the case of one hole, an infinite logarithmic expansion for A\g(g) has
the form

X € o 1
Ao(g) = A (z/)+(9<10g€> , y:—m.

To calculate A*(v) we use the hybrid method of Kolokolnikov et al. (2005).
Near the hole, we identify an inner (local) region in terms of a local spatial
variable y = e7!(x—xg), and where the hole is rescaled so that Q¢ = ¢ Q.
Denoting the inner (local) solution by v(y,e) = u(xo + €y,¢), we then
expand v(y,€) as

v(y,e) =Avo(y)+--- . (130)
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Here, A = A(v) ~ O(1) as € — 0, and v.(y) is the solution of the canonical
inner problem (7), re-written here as

Ayve =0, y&Qo; v.=0, yeiQ, (131a)
vc~10g|y|—logd+%, as |y| — oco. (131Db)

In (131b), the logarithmic capacitance d and the dipole vector p = (p1,p2)
are determined from the shape of the hole.
We expand the eigenvalue Ag and the outer (global) solution as

Xo(e) =A"(v) +pri+-- -, u(x,¢e) = u*(x,v) + pui(x,v)+---, (132)

where 1 < O(V*) for any k > 0. Substituting (132) into (127a) and the
boundary condition (127b) on 02, we obtain the full problem in a domain
punctured by the point xq,

Au' 4+ Xu" =0, ze€N{xo}; /(u*)gdx:l; opu* =0, x€dN.
Q

(133)
The singularity condition for (133) as x — xo given below arises from
matching u* to the inner solution. Substituting (131b) into (130), and
expressing the result in global variables, we obtain

-(x—x0)+

v(y, ) ~Aylog|x—xo|+A—|—5A1/p|X_X0|2 -, as y —oo. (134)

Here, we have used v = —1/log(ed). To match u* to (134), we require that
u* has the singularity behavior

u (x,v) ~ Avlog|x —xo| + A, as x—Xg. (135)

Comparing the terms in (134) and (132) at the next order, we see that
w=0O(ev).

Next, we must determine v*(x,v) and A\*(v) satistying (133) and (135).
To do so, we introduce the Helmholtz Green’s function, Gy, (x;x0, A*), and
its regular part, Ry, (xo;X0, A"), satisfying

AGEL+ NGy =—-6(x—x0), x€; 0,G,=0, xe€0, (136a)

1
Gh(x;%x0, \") ~ o log |x — x| + Rp(%0; %0, A*) +0(1), as x —Xg.
(136b)
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In terms of this Green’s function, u*(x, ) is given by
u*(x,v) = =21 Av Gpr(x;x0, \").
By using (136b), we expand u* as x — X¢ to obtain
u*(x,v) ~ Av log |x — xo| — 27 Av Ry, (X0; X0, A*), as x—xg. (137)

The matching condition is that the expressions in (135) and (137) agree.
The log |x — x| terms agree automatically, and from the remaining terms,
we obtain a transcendental equation for \*(v) given by

1
Rh(XQ;XO,)\*) = —271_—” (138)

To obtain the asymptotic behavior for Ao, we need the solution A\* of (138)
that tends to zero as v — 0.

Equation (138) can, in general, only be solved numerically as a function
of v. Below, we only determine an expression for A* that is correct to terms
of order O(v?). To obtain this expression, we expand the Helmholtz Green’s
function, G}, (x; %0, A*), in terms of \* <« 1, as

1
G(x;x0,\") = FGO(X;XQ) + G1(x;%0) + A" Ga(x;%x0) + -+ - (139)

Substituting (139) into (136), we get a series of problems for the G;(x;xo),
j=0,1,2,.... At order O(1/A*), Gy satisfies AGy =0 in Q and 9,Go =0
on 0f), from which we obtain that Gy is a constant. The higher-order
corrections G; for j > 1 are readily found to satisfy

AG; = { :g(;‘_;XO)_GO’ j;} X €Q; 9,G;=0, x€dQ,
(140)
with fQ Gjdx =0 for j > 1. Applying the Divergence Theorem, we obtain
that Go = —1/|Q|, where || is the area of Q. The function G1(x;xg)

(which we shall henceforth call G ) is the Neumann Green’s function, with
regular part Ry (xo;%o) defined by (49).

From (139) and (49b), we write the two-term expansion for G when
A" <K 1as

1
|€2| A
A similar two-term expansion for the regular part Rj of the Helmholtz

Green’s function in terms of the regular part of the Neumann Green’s func-
tion is

Gr(x;x0,\") = + Gn(x;%x0) + O(NY). (141)

Ry (x0;%0,A*) = + Ry (x%0;%0) + O(N"). (142)

1
€A
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Substituting this expression into (138), we get the following two-term asymp-
totic result:

Principal Result 3:(One Hole) For ¢ — 0, the first eigenvalue Ao of (127)
has the two-term asymptotic behavior

2Ty 21y 4my?
A = OoW)="-"" R ; ow?).
" T 2R G O T Ty e HO
(143)
Here v = —1/log(ed), and d is the logarithmic capacitance determined from

the inner problem (131). An infinite-order logarithmic expansion for Ao is
given by Ao ~ \*, where \* is the first positive root of (138).

Next, we extend the asymptotic framework to the case of K holes. Much
of the analysis above remains the same, except that now the single hole xq
is replaced by x;, for i = 1,..., K. The hybrid formulation for K holes is

Au +XN'u" =0, z€Q\{x1,...,xK}; Opu*=0, x€IN, (144a)

u* ~ A loglx — x|+ 4;, as x—x;, i=1,...,. K,
(144b)

with normalization condition [,(u*)?dx = 1. Here, v; = —1/log(ed;),
where d; is the logarithmic capacitance of the it hole. In this formulation,
we have the K unknowns, A;, for ¢ = 1,..., K, and one normalization
condition for u*. The normalization condition effectively sets one relation
between the A;, fori=1,..., K.

We write «* in terms of the Helmholtz Green’s function defined in (136),
and then take the limit x — x; to get

K
u* = —QWZAJ'VJ'G}L(X; X, \") ~ A;v; (log |x — xi| — 271 Ry (%4 X4, A™))
j=1
K
- 271'2 AjviGr(xi;xj, %), (145)
i
The matching condition is that the expressions in (144b) and (145) agree.

The logarithmic terms agree, and from the remaining terms, we obtain a
K x K homogeneous linear system to solve for the A;, given by

K
A; (14 27w Ry (x5 %x4, AY)) +27TZAjVth(X¢;Xj,/\*) =0, i=1,...,K.

=L
J#i
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A solution to (146) exists only when the determinant associated with the
linear system (146) vanishes. This condition provides an expression for
A (v1,...,vk) that sums all the logarithmic terms in the asymptotic ex-
pansion of Ag(e).

As with the case for one hole in the domain, we can derive an asymptotic
formula for \* that has an error of O(v?). This formula is again determined
in terms of the Neumann Green’s function G and its regular part Ry,
defined in (49). By using (141) and (142) in (146), we obtain a homogeneous
linear system for the A; for i =1,..., K, given by

21y, 1
A |14 270 Ry (x5;%5) — |Q|)\*:|+27TZA vj {—W + Gn(x55%;)| =0.
(147)
It is convenient to write (147) in matrix form as
2
Ca=—"_Bva, C=1I+2rGyV, (148a)
€A
where
41
Ay
V= 0 0 , B= 1 1 , a= :
: Ax
0 O VK 1 1 1
(148b)

In (148a), the Neumann Green’s function matrix Gy is the K x K symmetric
matrix with entries

(On)y; =Gn(xisx;), i#7;  (Gn);; = Rn(x5i%5). (148c)

Let v, = max ;. Then, for v, sufficiently small, we can invert C ap-
j=1l,.
proximately, to obtain that A\* is an eigenvalue of the matrix eigenvalue

problem

Aa=Xa, A= @C 1BV (149)

By using this representation of A* we obtain the following result:
Principal Result 4:(K Holes) For e — 0, the first eigenvalue Ao of (127) has
the explicit two-term asymptotic behavior

Xo(e) ~ A", A" |Q| ZVJ 271'22”1”1 Nij +O0(vy,) -

j=11:i=1

(150)
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Here (Q)Nij are the entries of the Neumann Green’s function matriz Gy
defined in (148c).

Proof. We first notice that the matrix BY has rank one, since V is diagonal
and B = epe), where €}, = (1,1,...,1). This implies that A has rank one,
and so A* is the unique nonzero eigenvalue of A. Hence, A* = TraceA. By
using the structure of A in (149), we readily calculate that

)\* = |2Q—7T| Zl/j <Z Cij> s Cij = (C_l)ij . (151)

Finally, we use the asymptotic inverse C~! ~ I —27GNxV + --- for v, < 1
to calculate ¢;;. Substituting this result into (151) we obtain (150). O

As a Corollary to this result, we obtain the following simplification for
the case of K identical holes:
Corollary 5:(K Identical Holes) Suppose that the K holes are identical, in
the sense that ed; is independent of j. Then, (150) can be written as the
explicit two-term expansion

_ orKv  4n?u?

~ A* e —— — — 3 152

where v = —1/log(ed), and the function p(x1,...,Xxk) is defined by

K K K
p(X1,...,XK) = ZZ (G nij = Z Ry (xi;%;) + Z Gn(x5;%;)
j=1i=1 i=1 =1
J#i
(153)
Here (G),; are the entries in the matriz Gy in (148c). For K circular
holes of radius €, then dj =1 for j=1,...,K, and so v = —1/loge.
When €2 is the unit disk, the optimal spatial configurations of the cen-
ters {x1,...,xx} of K distinct traps of a common radius ¢ were com-
puted numerically in Kolokolnikov et al. (2005) by optimizing the function
p(X1,...,Xx) in (153). For the unit disk, the Neumann Green’s function
Gy (x;€) and its regular part Ry (&; &) are explicitly available (see equation
(52)). By using this Green’s function, it is readily shown that the prob-
lem of minimizing the function p(x1,...,Xx) is equivalent to the discrete
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variational problem of minimizing the function F(x1,..., Xk ) defined by

K K K K K
F(x1,...,XK) = — ZZlog |Xj—xk|—ZZIOg|l—ink|+KZ Ix;|?,
j=1 k=1 j=1k=1 j=1
k3
(154)
for |zij] = 1 and x; # x, when j # k. Here X, denotes the complex
conjugate of xj.
An interesting open problem is to determine the optimal arrangement of
K > 1 traps in the dilute fraction limit Ke? <« 1. In particular, does the
optimal arrangement approach a hexagonal lattice structure with a bound-
ary layer near the rim of the unit disk?

6 Conclusion

In this article we have surveyed the development and application of a hybrid
asymptotic-numerical method for solving linear and nonlinear PDE mod-
els in two-dimensional domains that have small inclusions or obstructions.
Related theoretical approaches have also been developed to treat similar
strongly localized perturbation problems including, an eigenvalue perturba-
tion problem in a three-dimensional domain (cf. Ward and Keller (1993)),
cell-signaling problems in mathematical biology (cf. Bressloff et al. (2008),
Straube and Ward (2009)), the narrow escape problem from a sphere or a
disk that has small absorbing windows on its boundary (cf. Cheviakov et al.
(to appear, 2010), Pillay et al. (to appear, 2010)), and the mean first pas-
sage time in a three-dimensional domain with interior traps (cf. Cheviakov
and Ward (to appear, 2010)).
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