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1 Introduction

Let F' be a totally real number field of degree d, and let B denote a quaternion
algebra over F'. For the purposes of this introduction, we assume that either:

e B is definite, meaning that B, = B ® F, is non-split for all real places
vof F, or

e B is indefinite, meaning that B, is split for precisely one real v.

We shall write G' to denote the algebraic group over Q whose points over a
Q-algebra A are the set (B ® A)*.

Now let K be an imaginary quadratic extension of . We suppose that
there is given an embedding K — B. Then associated to the data of B and
K, one can define a collection of points, the so-called CM points. The natural
habitat for these points depends on whether B is definite or indefinite: in the



former case, the CM points are just an infinite discrete set, whereas in the
latter, they inhabit certain canonical algebraic curves, the Shimura curves,
associated to the indefinite algebra B. Our goal in this paper is to study the
distribution of these CM points in certain auxiliary spaces. The main result
proven here is the key ingredient in our proof in [?] of certain non-vanishing
theorems for certain automorphic L-functions over F' and their derivatives.
The theorems of [?] may be regarded as generalizations of Mazur’s conjectures
in [?] when F' = Q.

Our original intention was simply to write a single paper proving the
non-vanishing theorems for the L-functions, using the connection between L-
functions and CM points, and proving a basic nontriviality theorem for the
latter. However, in the course of doing this, we realized that although the
CM points in the definite and indefinite cases are a priori very different, the
proof of the main nontriviality result on CM points runs along parallel lines.
In light of this, it seemed somewhat artificial to give essentially the same
arguments twice, once in each of the two cases. The present paper therefore
presents a rather general result about CM points on quaternion algebras,
which allows us to obtain information about CM points in both the definite
and indefinite cases. The former case follows trivially, but the latter requires
us to develop a certain amount of foundational material on Shimura curves,
their various models, and the associated CM points.

Since this paper is neccessarily rather technical, we want to give an
overview of the contents. The first part deals with the abstract results. The
main theorems are given in Theorem 2.9 and Corollary 2.10. Although the
statements are somewhat complicated, they are not hard to prove, in view
of our earlier results [?], [?], [?], where all the main ideas are already present.
As before, the basic ingredient is Ratner’s theorem on unipotent flows on
p-adic Lie groups.

The second part is concerned with the applications of the abstract result
to CM points on Shimura curves. We start with basic theory of Shimura
curves, especially their integral models and reduction. In Section 3.1.1, we
define the CM points and supersingular points, and establish the basic fact
that the reduction of a CM point at an inert prime is a supersingular point.
The basic result on CM points on Shimura curves is stated in Theorem 3.5.
Section 3.2 gives a series of group theoretic descriptions of the various sets
and maps which appear in Theorem 3.5, thus reducing its proof to a purely
group theoretical statement, which may be deduced from the results in the
first part of this paper.



The final two sections in the paper are meant to shed some light on
related topics: section 3.3.1 investigates the dependence of Shimura curves
on a certain parameter ¢ = +1, while section 3.3.2 provides some insight
on a certain subgroup of Gal(K®"/K) which plays a prominent role in the
statements of Theorem 3.5 and also appears in the André-Oort conjecture.

In conclusion, we mention that a fuller discussion of the circle of ideas and
theorems that are the excuse for this paper may be found in the introduction
of [?], where the main arithmetical applications are also spelled out.

2 CM points on quaternion algebras

2.1 CM points, special points and reduction maps

We keep the following notations: F' is a totally real number field, K is a
totally imaginary quadratic extension of F' and B is any quaternion algebra
over F' which is split by K. At this point we make no assumption on B at
infinity. We fix once and for all, an F-embedding ¢ : K — B and a prime P
of F where B is split. We denote by wp € F} a local uniformizer at P.

For any quaternion algebra B’ over F', we denote by Ram(B’), Ram(B’)
and Ram.(B’) the set of places (resp. finite places, resp. archimedean
places) of F' where B’ ramifies.

2.1.1 Quaternion algebras.

Let S be a finite set of finite places of F' such that
S1 Vv € S, B is unramified at v.

S2 |S| + |Ramg(B)| + [F : Q] is even.

S3 Vv € S, v is inert or ramifies in K.

The first two assumptions imply that there exists a totally definite quater-
nion algebra Bg over F' such that Ram;(Bg) = Ramy(B) U S. The third
assumption implies that there exists an F-embedding ts : K — Bg. We
choose such a pair (Bg, ts).



2.1.2 Algebraic groups.
We put

G = Resp/q(B*), Gs = Resp/q(Bg ), T' = Resp/q(K™) and Z = Resp/q(F7™).

These are algebraic groups over Q. We identify Z with the center of G and
Gs. We use ¢ and 1g to embed T as a maximal subtorus in G and Gg. We
denote by nr : G — Z and nrg : Gg — Z the algebraic group homomorphisms
induced by the reduced norms nr : B* — F* and nrg : By — F*.

2.1.3 Adelic groups.

We shall consider the following locally compact, totally discontinuous groups:

o G(Ay) = (BRqA)", Gs(Ay) = (Bs@qAy)*, T(Af) = (K@qAy)*
and Z(Ay) = (F ®q Ay)* with their usual topology.

o G(S5) = Ilugs Bs,, x Ilyes F,C where [[,¢5 Bg, is the restricted product
of the Bg,’s over all finite places of F' not in S, with respect to the

compact subgroups R} C B §7U, where R, is the closure in Bg, of some
fixed Op-order R in Bg.

These groups are related by a commutative diagram of continuous mor-

phisms: Gl .

/
HI'S

T<Af\ /G<s> % Z(Ay)
Gs(Ay) /

o T'(Af) — G(Ay) and T(Ay) — Ggs(Ay) are the closed embeddings
induced by ¢ and ¢g.

In this diagram,

o nr: G(Ay) — Z(Ay) and nrg : Gg(Ay) — Z(Ay) are the continuous,
open and surjective group homomorphisms induced by nr and nrg.



o nry : G(S) — Z(Ay) is the continuous, open and surjective group
homomorphism induced by nrg, : Bg, — F) for v ¢ S and by the
identity on the remaining factors.

® s GS(Af) = vaéS Bg,v X HUES Bg'(,v - G(S) = Hv&S B,g'(,v X HUES FUX
is the continuous, open and surjective group homomorphism induced by
the identity on [[,¢s Bg, and by the reduced norms nrg, : Bg, — F
on the remaining factors. It induces an isomorphism of topological
groups between Gg(Ay)/ker(rg) and G(S). Since ker(mg) ~ [I,es B,
is compact, mg is also a closed map.

The definition of
¢S : G(Af) = Hv%S Bi X HUES Bj - G(‘S) = Hv%S Bg,v X HUES FUX

is more involved. By construction, B, and Bg, are isomorphic for v ¢ S.
We shall construct a collection of isomorphisms (¢, : B, — Bgy)ugs such
that (1) Yo ¢ S, ¢, 0ot = 15 on K,, and (2) the product of the ¢,’s yields
a continuous isomorphism between [[,¢s B, and [[,¢s Bs,. Note that any
two such families are conjugated by an element of [[,¢g K,;°. Once such a
family has been chosen, we may define the morphism ¢g by taking J[,¢g ¢»
on [ly¢s B, and nr, : B — F on the remaining factors. It is then a
continuous, open and surjective group homomorphism which makes the above
diagram commute.

We first fix a maximal Op-order R in B (respectively Rg in Bg). For all
but finitely many v’s, (a) R, ~ My(Op,) =~ Rs, and (b) : " (R,) and 15" (Rs.,)
are the maximal order of K,. For such v’s we may choose the isomorphism
¢y 1 Ry — Rg, in such a way that ¢, 0t =15 on K,,. Indeed, starting with
any isomorphism ¢’ : R, — Rg,, we obtain two optimal embeddings ¢/ o ¢
and g of Ok, in Rg,. By [?, Théoreme 3.2 p. 44], any two such embeddings
are conjugated by an element of Rg : the corresponding conjugate of #! has
the required property.

For those v’s that satisfy (a) and (b), we thus obtain an isomorphism
¢» : B, — Bg, such that ¢,(R,) = Rs, and ¢, ot = g on K,. For the
remaining v’s not in S, we only require the second condition: ¢, ot = tg on
K,. Such ¢,’s do exists by the Skolem-Noether theorem [?, Théoréme 2.1 p.
6]. The resulting collection (¢, ).¢g satisfies (1) and (2).



2.1.4 Main objects.

Definition 2.1 We define the space CM of CM points , the space X(S) of
special points at S and the space Z of connected components by

CM = T(Q\G(Ay)

X(5) = G(5,QN\G(5)
Z = Z(Q)*\Z(Ay)
where T'(Q) is the closure of T(Q) in T'(Ay), G(S,Q) is the closure of

G(S,Q) = m5(Gs(Q)) in G(S) and Z(Q)T is the closure of Z(Q)* = F~Y in
Z(Ay).

These are locally compact totally discontinuous Hausdorff spaces equipped
with a right, continuous and transitive action of G(Ay) (with G(Ay) acting
on X(S) through ¢s and on Z through nr). By [?, Théoreme 1.4 p. 61],
X(S) and Z are compact spaces.

Definition 2.2 The reduction map REDg at S, the connected component map
¢s and their composite

REDg

c: CM X(S)-=>z.

are respectively induced by

nr: G(A) —2 G(S) 5 Z(A)),

Remark 2.3 Since ¢5(7(Q)) = 75(T(Q)) C 7ms5(Gs(Q)) = G(S,Q), ¢s
maps T(Q) to G(S, Q) and indeed induces a map CM — X(S). Similarly,
cs is well-defined since nrg(G(S,Q)) = nrg(Gs(Q)) = Z(Q)* (by the norm
theorem [?, Théoreme 4.1 p.80]).

It follows from the relevant properties of nr, ¢g and nrly that ¢, REDg and
cs are continuous, open and surjective G(A y)-equivariant maps. Since X'(S)
is compact, cg is also a closed map.

Remark 2.4 The terminology CM points, special points and connected com-
ponents is motivated by the example of Shimura curves: see the second part
of this paper, especially section 3.2.



2.1.5 Galois actions.

The profinite commutative group T(Q)\T(A;) acts continuously on CM,
by multiplication on the left. This action is faithful and commutes with
the right action of G(Af) Using the inverse of Artin’s reciprocity map
recr : T(Q)\T(A;) — Gal %, we obtain a continuous, G(A f)-equivariant
and faithful action of Gal on CM.!

Similarly, Artin’s reciprocity map recr : Z(Q)*\Z(Af) — Gal? allows
one to view Z as a principal homogeneous Gal}b—space. From this point of
view, ¢: CM — Z is a Gal??—equivariant map in the sense that for x € CM
and o € Gal?

c(o-x) =0 |pa -c(z).

2.1.6 Further objects

For technical purposes, we will also need to consider the following objects:

e X5 =Gs(Q)\Gs(Ay), where G5(Q) is the closure of G5(Q) in Gs(Ay).
o g5 : Xg — X(9) is induced by ms : Gs(Ay) — G(S).

The composite map cg o gs : Xs — Z is induced by nrg : Gs(Ay) — Z(Ay).
By [?, Théoreme 1.4 p. 61], Xs is compact. Note that gg is indeed well
defined since 75(Gs(Q)) = G(S, Q). In fact, 75(Gs(Q)) = G(S, Q) since g
is a closed map: the fibers of gg are the ker(mg)-orbits in Xs. In particular, gg
yields a G(S)-equivariant homeomorphism between Xg/ker(mg) and X' (.S).

2.1.7 Measures

The group G*(S) = ker(nry) (resp. G5(A;) = ker(nrg)) acts on the fibers
of cg (resp. cs o qs). In section 2.4.1 below, we shall prove the following
proposition. Recall that a Borel probability measure on a topological space
is a measure defined on its Borel subsets which assigns voume 1 to the total
space.

!This action extends to a continuous, G(A)-equivariant action of Gal(K®"/F) as
follows. By the Skolem-Noether theorem, there exists an element b € B* such that
x — 2 = b~ xb induces the non-trivial F-automorphism of K. In particular, b> belongs
to T(Q). Multiplication on the left by b induces an involution ¢ on CM such that for all
z € CM and o € Gal?, i(ox) = o'sx where o — o is the involution on Gal which is
induced by the nontrivial element of Gal(K/F).
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Proposition 2.5 The above actions are transitive and for each z € Z, (1)
there exists a unique Gg(A f)-invariant Borel probability measure i, on (cg o
qs)*(2), and (2) there exists a unique G*(S)-invariant Borel probability mea-
sure 1, on cg'(2).

The uniqueness implies that these two measures are compatible, in the sense
that the (proper) map gs : (cg o gs)~*(2) — cg'(2) maps one to the other:
this is why we use the same notation? p, for both measures. Similarly, for any
g € GL(Ay) (resp. G(S)), the measure p1..4(xg) equals p, on (cg o gs) *(2)
(resp. on cg'(2)).

2.1.8 Level structures

For a compact open subgroup H of G(Ay), we denote by CMy, Xy (S) and
Zy the quotients of CM, X (S) and Z by the right action of H. We still
denote by ¢, REDg and cg the induced maps on these quotient spaces:

Note that Xy (S) and Zy are finite spaces, being discrete and compact. We
have

Zy=Z/nr(H) and Xy(S)=X(S)/H(S)~ Xs/Hs
where H(S) = ¢s5(H) C G(S) and Hg = 7g'(H(S)) € Gs. The Galois
group Gal3® still acts continuously on the (now discrete) spaces CMy and
Zy, and cis a Gali}?—equivariant map.

2.2 Main theorems: the statements
2.2.1 Simultaneous reduction maps.

Let G be a nonempty finite collection of finite sets of non-archimedean places
of F' not containing P and satisfying conditions S1 to S3 of section 2.1.1. That
is: each element of & is a finite set .S of finite places of I’ such that Vv € S, v
is not equal to P, K, is a field, and B, is split, and |S|+ |[Ram(B)|+[F : Q]
is even. For each S in &, we choose a totally definite quaternion algebra Bg
over F' with Ram¢(Bg) = Ram;(B) U S, an embedding 15 : K — Bg and a
collection of isomorphisms (¢, : B, — Bg,)s¢s as in section 2.1.3.

2explain the ‘star’ notation: it looks weird to me.
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For each S in &, we thus obtain (among other things) an algebraic group
Gs over Q, two locally compact and totally discontinuous adelic groups
Gs(Ay) and G(S), a commutative diagram of continuous homomorphisms
as in Section 2.1.3, a special set X(S) = G(S,Q)\G(S), a reduction map
REDg : CM — X(S) and a connected component map cg : X(S) — Z with
the property that each fiber c5'(2) of cs has a unique Borel probability mea-
sure p, which is right invariant under G*(S) = ker(nr) (we refer the reader
to section 2.1 for all notations).

Let R be a nonempty finite subset of Gal%’ and consider the sequence

CM 2% X(6,R) <> Z(6,R)
where
o X(6) =Ilses X(5) and X (6, R) = [len X(6) = 15, X (5);
o Z(6) = [Isee Z and Z(6,R) = [l,en 2(6) =15, Z;
o C: X(6,R) — 2(6,R) maps x = (vs,,) to C(x) = (cs(s,));

e RED : CM — X(6,fR) is the simultaneous reduction map which sends
x to RED(z) = (REDg(0 - 2)).

We also put G(6,R) = [I5,G(S) and G'(6,R) = [I5,G"(S), so that
G(6,R) acts on X (S, R) and Z(6,R), C is equivariant for these actions and
its fibers are the G'(&, R)-orbits in X' (S, R). For z = (z5,) in Z(6,R), the
measure [, = [[g, flzg, 1S @ G'(G, R)-invariant Borel probability measure
on C71(2) = [, 5 (250)- If g € G(6,R) and z € Z(&,R), fiog(*g) = 11
on C71(z2).

The Galois group Gal3® acts diagonally on Z(&,R) = [Is, Z (through
its quotient Gal3’) and the composite map C' o RED : CM — Z(&,R) is
CalZ -equivariant. For z € CM, we shall frequently write 7 = C' o RED(z).
Explicitly:

z=CoRED(z) = (c-c(z))s, € Z2(6,R) =[] Z.
S,o

10



2.2.2 Main theorem.

In this section, we state the main results, without proofs. The proofs are
long, and will be given later.

Definition 2.6 A P-isogeny class of CM points is a Bp-orbit in CM. If
H C CM is a P-isogeny class and f is a C-valued function on CM, we say
that f(z) goes to a € C as x goes to infinity in H if the following holds: for
any € > 0, there exists a compact subset C'(¢) of CM such that |f(z) —a| <€
for all x € H \ C(e).

Remark 2.7 This definition can be somewhat clarified if we introduce the
Alexandroff “one point” compactification CM = CM U {oo} of the locally
compact space CM. It is easy to see that the point co € CM lies in the
closure of any P-isogeny class H (simply because P-isogeny classes are not
relatively compact in CM). Our definition of “f(z) goes to a € C as = goes
to infinity in H” is then equivalent to the assertion that the limit of f |4 at
oo exists and equals a.

Definition 2.8 An element o € Cal is P-rational if ¢ = recg(\) for some
A € K* whose P-component A\p belongs to the subgroup K* - Fj of K.
We denote by Galk ™" € Gal2 the subgroup of all P-rational elements.

In the above definition, reck : K* — Gal3? is Artin’s reciprocity map. We
normalize the latter by specifying that it sends local uniformizers to geometric
Frobeniuses.

Theorem 2.9 Suppose that the finite subset R of Gali® consists of elements

which are pairwise distinct modulo Galf;*rat. Let H C CM be a P-isogeny

class and let G be a compact open subgroup of Gals with Haar measure dg.

Then for every continuous function f : X(6,R) — C,
xr—>/f o RED(g - x)dg — /dg/ fdug.f

goes to 0 as x goes to infinity in H.

11



2.2.3 Surjectivity.

Let H be a compact open subgroup of G(Ay). Replacing CM, X and Z by
CMpy, Xy and Zpy in the constructions of section 2.2.1, we obtain a sequence

CMp —> X (6, R) — = Z (6, M)
where
o Xy (6,R) =15, Xu(S) = X(6,R)/H(S,R) and
o Zy(6,R) =1ls, Zu = Z2(6,R)/H(6,R) with
o H(6,R) =1ls, H(S), a compact open subgroup of G(&,R).

Applying the main theorem to the characteristic functions of the (finitely
many) elements of Xy (&, R), we obtain the following surjectivity result. Let
‘H be the image of H in CMy.

Corollary 2.10 For all but finitely many = in H,
RED(G-2) =C HG-7) in Xy (6,R)

where T = C o RED(z) € Z(6,R).

2.2.4 Equidistribution.
When H = R* for some Eichler order R in B, we can furthermore specify
the asymptotic behavior (as x varies inside H) of

Prob {RED(G - z) = s} = {9 z; RED(g-2) = 5, g € G}|

IQ z|
where s is a fixed point in Xy (6,R). To state our result, we first need to
define a few constants.

Let N = [Io @™ be the level of R. By construction, the compact open
subgroup Hg = 75 ¢s(H) of Gs(Af) equals R¥ for some Eichler order Rg C
Bg whose level Ny is the “prime-to-S” part of N: Ny = [[ggs Q@"?. For
g € Gs(Ay) and x = Gg(Q)gHs in

Xi(S) ~ Xs/Hs = Gs(Q)\Gs(Ay)/Hs = Gs(Q)\Gs(Ay)/Hs

12



put O(g) = gRsg™' N Bg. This is an Op-order in Bg whose Bg-conjugacy
class depends only upon z. The isomorphism class of the group O(g)* /O
also depends only upon = and since By is totally definite, this group is finite
7, p. 139]. The weight w(zx) of x is the order of this group: w(z) = [O(g)* :
Or]. The weight of an element s = (zg,) in Xy (&,MR) is then given by
w(s) = [ls, w(Ts,e)-

Finally, we put

IR
tTag (H Q(Bs) - Q(A@))
where
o Q(F) = 217907 07°) |Gr(~1)|
* QBs) = Igeram, 5 (1Q] = 1),
o QNG) = [Nl Tgu (1Q] " + 1) and

e Q(G) is the order of the image of G in the Galois group Gal(F;"/F) of
the narrow Hilbert class field Fjf of F.

Corollary 2.11 For all € > 0, there exists a finite set C(e) C H such that for
all s € Xy (S,R) and z € H\ C(e),

Q
w(s)
if s belongs to C™1(G - 7) and Prob{RED(G - z) = s} = 0 otherwise.

Prob{RED(G - z) = s} — <e

The remainder of this first part of the paper is devoted to the proofs of
Proposition 2.5, Theorem 2.9, Corollary 2.10, Corollary 2.11.

2.3 Proof of the main theorems: first reductions
Notations.

For a continuous function f : X(6,R) — C and = € CM, we put
Alfa) = [ foReD(g-a)dg and B(f.x) = B(f.%)= [ I(f.g-)dg

13



where 7 = C' o RED(z), with I(f, 2) = Jo-1(,) fdu. for z € Z(6,R).
Then the theorem says that for all € > 0, there exists a compact subset
C(e) € CM such that,

VeeH,z¢C(e): |A(f,z) — B(f,z)| <e

We claim that the functions x — A(f,z) and x — B(f,z) are well-
defined. This is clear for A(f,x), as g — f o RED(g - z) is continuous on G.
For B(f,x), we claim that g — I(f, g-Z) is also continuous. Since g — ¢-Z is
continuous, it is sufficient to show that z — I(f, z) is continuous on Z(&, R).

Note that for u € G(&,R),

I(fzu)=1(f.2) = |

C—(zu

) fdluzu_/c_l(z) fdp, = /C—l(z) (f(*u) - f) dfis.

Since f is continuous and X (&,R) is compact, f is uniformly continuous. It
follows that I(f,z-wu) — I(f,z) is small when u is small and z — I(f,2) is
indeed continuous.

To prove the theorem, we may assume that f is locally constant. In-
deed, there exists a locally constant function [’ : X(&,9) — C such that
Ilf — f'll <e¢/3. If the theorem were known for f’, we could find a compact
subset C(e) C CM such that |A(f',z) — B(f',z)| < ¢/3 for all z € H with
x ¢ C(€), thus obtaining

|A(f,z) = B(f, )]
< ’A(f,&?) _A(f/7$)| + |A(f/,$(7) —B(f/,il})| + |B(f/,$) —B(f,l’>|
< €/34+¢€¢/3+¢€/3=c¢c

A decomposition of G - H - H.

From now on, we shall thus assume that f is locally constant. Let H be a
compact open subgroup of G(A ) such that f factors through X(&,R)/H (6, R),
where H(6,R) = [Is, H(S) with H(S) = ¢g(H). Then

o v — A(x) = [; f o RED(g - x)dg factors through G\CM/H,
o 2= I(z) = [o-1,) fdp. factors through Z(&,R)/H(6,R), hence
e v — B(x) = B(r) = [;I(g9-Z)dg factors through G\CM/H

14



(where Z = C' o RED(z) € Z(6,9R) as usual).

For a nonzero nilpotent element N € Bp, the formula u(t) = 1 +tN
defines a group isomorphism u : Fp — U = u(Fp) C B5. We say that
U = {u(t)} is a one parameter unipotent subgroup of Bj.

Proposition 2.12 There exists: (1) a finite set Z, (2) for each i € Z, a point

X

x; € H and a one parameter unipotent subgroup U; = {u;(t)} of Bp, and (3)
a compact open subgroup k of Fp such that

1. G-H-H=UerUy>09 - 75 - ui(kn) - H, and
2.VieZ andVn>0,G-x;-ui(ky) - H=G zu;,- -H,

where k, = wp"k C Fp and u;, = u;(wp") € wi(ky).
Proof. Section 2.6.

Unipotent orbits: reduction of Theorem 2.9

This decomposition allows us to switch from Galois (=toric) orbits to unipo-
tent orbits of CM points. To deal with the latter, we have the following
proposition. We fix a CM point x € ‘H and a one parameter unipotent sub-
group U = {u(t)} in Bp. We also choose a Haar measure A = dt on Fp.
Then Theorem 2.9 follows from Proposition 2.12 and

Proposition 2.13 Under the assumptions of Theorem 2.9, for almost all g €
Gal®?,

1
n— oo )\(Hn)

LfoRED(g.x.u(t))dt:/C | Jdga

(g

Proof. Section 2.5.

To deduce Theorem 2.9, we may argue as follows. By taking the integral
over ¢ € G and using (a) Lebesgue’s dominated convergence theorem to
exchange [; and lim,,, and (b) Fubini’s theorem to exchange [; and [, , we

obtain: )
JLHQOWL Az - u(t))dt = B(x).

This holds for all z and .
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Then for x = z; and u = u;, we also know from part (2) of Proposition 2.12
that t — A(x; - u;(t)) is constant on k,, equal to A(z;u;,). In particular,

Viel: lim A(zu,)=B(z;).
Fix € > 0 and choose N > 0 such that
Vn>N,Viel: |A(zu,)— Blx;)| <e.

Put C(e) = Uier UN_ G - 5u;(ky) - H, a compact subset of CM.
For any x € H, there exists i € Z and n > 0 such that x belongs to
G - xuinH, so that A(x) = A(zswi,) and B(z) = B(xu,) = B(z;). If

x ¢ C(e),n> N and |A(z) — B(x)| <€, QED.

Reduction of Corollaries 2.10 and 2.11.

Let H be a compact open subgroup of G(Ay) and let f : X(&,R) — {0,1}
be the characteristic function of some s € Xg(S,R), say s = 5 - H(S,R)
with § € X(6,R). The function z — I(f,2) = Jo-1(,) fdu. factors through
Zy(6,9R) and equals 0 outside C(s) = C(3) - H(G,9R). Let I(s) be its value
on C(s).

For z € CM, we easily obtain:

e A(f,z) =Prob{RED(G - z) = s} where x is the image of ¥ in CMp,
e B(f,7) =0if £ = C o RED(x) does not belong to G - C(s), and

o B(f,x) = 1(s)/UG, H) otherwise, where Q(G, H) is the common size
of all G-orbits in Z(&,R)/H(6,R) ~ [[s, Z£/nr(H), which is also the
size of the G-orbits in Z /nr(H).

If nr(H) is the maximal compact subgroup O} of Z(A ;) (which occurs when
H = R for some Eichler order R C B), Z/ur(H) ~ Gal(F; /F) and Q(G, H)
is the order of the image of G in Gal(Fy"/F): Q(G,H) = Q(G).

The main theorem asserts that for all € > 0, there exists a compact subset
C(€) of CM such that for all z € H \ C(e) (where H and C(e) are the images
of H and C(e) in CMp),

|Prob{RED(G - z) = s} — I(s)/QG, H)| < e
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if s € C7(G - z) and Prob{RED(G - x) = s} = 0 otherwise. Note that C(e)
is finite, being compact and discrete. To prove the corollaries, it remains to
(1) show that I(s) is nonzero and (2) compute I(s) exactly when H arises
from an Eichler order in B.

Write s = (Igﬁ) with TS o = [AE/SVUHS in X(S)/H(S) ~ XS/HS (S € G,
o€ Rand Ty, € Xg). Then I(s) = [Ig, 1(s)s,, with

I(s o :/ f ad 25.o
(8)s, (csoas)-1(ssg) " 7 HES

where zg, = c50qs(Tsy) € Z and fg, : Xs — {0,1} is the characteristic
function of zg,.

Proposition 2.14 (1) For all S € & and o € R, I(s)s, > 0.
(2) If H= R* for some Fichler order R C B of level N,

1 o)
w(rse) QBs) - QNs)

with w(x), Q(F), Q(Bs) and Q(Ng) as in section 2.2.4.

I(S)S’U =

Proof. See section 2.4.2, especially Proposition 2.18.

In particular, I(s) > 0 and if H = R* with R as above,

IR
IR S
ey (H (Bs) - Q(Ns>> ‘

Thus we obtain Corollaries 2.10 and 2.11.

2.4 Further reductions

The arguments of the last section have reduced our task to proving Proposi-
tions 2.5, 2.12, 2.13, and 2.14. In this section, we make some further steps in
this direction. Section 2.4.1 gives the proof of Proposition 2.5. Section 2.4.2
gives the proof of Proposition 2.14. Finally, Section 2.4.3 is a step towards
Ratner’s theorem and the proof of Proposition 2.14.

Throughout this section, S is a finite set of finite places of F' subject to
the condition S1 to S3 of section 2.1.1.
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2.4.1 Existence of a measure and proof of Proposition 2.5

These are compact spaces with a continuous right action of G§(Aj) =
ker(nrg) and G'(S) = ker(nrl) respectively.
We shall repeatedly apply the following principle:

Lemma 2.15 [?, Lemme 1.2 page 105] Suppose that L and C' are topological
groups with L locally compact and C compact. If A is a discrete and cocom-
pact subgroup of L x C, the projection of A to L is a discrete and cocompact
subgroup of L.

By [?, Théoreme 1.4 page 61|, G5(Q) diagonally embedded in G§(A;) X
GL(AL) is a discrete and cocompact subgroup. Since GE(A) is compact,
G5(Q) is also discrete and cocompact in G§(A ). Since the sequence

1 — ker(ms) — Gg(Ay) — G'(S) — 1

is split exact with ker(mg) compact, G* (S, Q) = ms(GL(Q)) is again a discrete
and cocompact subgroup of G*(S).

Lemma 2.16 The fibers of cs o qs are the Gg(Ay)-orbits in Xs. For g €
Gs(Ay) and x = Gs(Q)g in Xs, the stabilizer of x in G§(Ay) is a discrete
and cocompact subgroup of G5(Ay) given by Stabgy (a ) (7) = g 'GL(Q)g.

Proof. Fix 2 = Gg(Q)g in Xs and put z = cg o qs(z) = Z(Q)*nrs(g) € Z.
The fiber of cg o g5 above z is the image of L = nrg' (Z(Q)+nr5(g)> in Xg
and the stabilizer of z in G§(Ay) equals M = G{(A;) N g 'Gs(Q)g. We
have to show that L = G5(Q)gG5(Ay) and M = ¢ 'G5(Q)g.

We break this up into a series of steps.

Step 1: G5(Q)gGE(Ay) is closed in Gs(Ay). This is equivalent to saying
that the G§(A)-orbit of z is closed in Xs. Since M contains ¢ 'G5(Q)g
which is cocompact in G§(Ay), M itself is cocompact in G§(A ). It follows
that z - G§(Ay) is compact, hence closed in Xg.

Step 2: L = Gs(Q)gGL(Ay). Since nrg : Gg(Ay) — Z(Ar) is open,
L is the closure of nrg' (Z(Q)nrs(g)) in Gs(A;). The norm theorem [?,
Théoreme 4.1 p. 80] implies that nrg' (Z(Q)*nrs(g)) = Gs(Q)gGL(Ay) and

then L = Gs(Q)gGy(Ay) by (1).
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Step 3: G5(Q) = Z(Q)Gs(Q) . This is easy. See for instance the proof
of Corollary 3.10.

Step 4: M = g 'G4(Q)g. Suppose that v belongs to M = GL(Ay) N
g 'Gs(Q)g. By (3), v = g7'Agqg for some A € Z(Q) and gq € Gs(Q)
with nrg(y) = 1. Then a = A* = nr(gq') belongs to Z(Q)2 NZ(Q)"T C
Z(Af)*NZ(Q)". Since a belongs to Z(Q)* C F'*, we may form the abelian
extension F(y/a) of F. Since « also belongs to Z(A)?, this extension splits
everywhere and is therefore trivial: o = A2 for some \g € F'*. Then \/) is
an element of order 2 in Z(Q) N OF. Since Z(Q) N OF = OF is isomorphic
to the profinite completion of Oy (a finite type Z-module), A\/\y actually
belongs to {£1}, the torsion subgroup of Oj. We have shown that A belongs

to Z(Q), hence v = g *Agqg belongs to ¢ 'Gs(Q)gNGL(A ;) = g 'GL(Q)g.

Since (1) gg identifies Xg/ker(rs) with X(S) and (2) Gg(Ay) ~ G*(S) x

ker(mg) with ker(mg) compact, we obtain:

Lemma 2.17 The fibers of cs are the G'(S)-orbits in X(S). For g € G(95)

and x = G(S,Q)g in X(S), the stabilizer of x in G'(S) is a discrete and
cocompact subgroup of G*(S) given by Stabgi(g)(z) = g 'G*(S, Q)g.

For z € Z and = € (cs 0 qs) (2), the map g — z - g induces a Gg(Aj)-
equivariant homeomorphism between Stab(z)\G%(A;) and (cs o gs)7'(2).
Similarly, any @ € cg'(2) defines a G(S)-equivariant homeomorphism be-
tween Stab(z)\G'(S) and cg'(z). Proposition 2.5 easily follows.

2.4.2 A computation.

Any Haar measure p' on Gg(Ay) induces a collection of G§(A f)-invariant
Borel measures ;! on the fibers (cs o gs)7'(2) of cs 0 qs : Xs — Z. These

measures are characterized by the fact that for any compact open subgroup
H{ of G5(Ay) and any z € (cs 0 gs) 7 (2),

o ) = LB
Staby (x)|

(Staby (z) = Stabgy(a ) (z) N HY is indeed finite since Stabg(a () is dis-
crete while Hg is compact). One easily checks that y} (xg) equals pl on
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(cs0qs) ! (z) for any g € Gs(Ay). It follows that these measures assign the
same volume A to each fiber of cg o g, and pul = Ap, on (cg 0 q5)7(2).

We shall now simultaneously determine A (or find out which normalization
of u! yields A = 1) and compute a formula for

0. () = 1, (:L‘Hs N (cg o qg)_l(z)> (x € Xg,z € Z)

where Hg is a compact open subgroup of Gg(Ay). The map z +— ¢,(z)
factors through Z/nrg(Hg) and equals 0 outside cg o gs(vHg) = ¢s 0 qg(x) -

HI”S(Hs).
Let zq,- -, z, be a set of representatives for Z/nrg(Hg) and for 1 <i < n,
let @1, -+ , 2, be a set of representatives in (cg o gs)~'(z;) of

(cs o qs)”'(znrs(Hs))/Hs = (cs 0 qs) ' (z) - Hs/Hs.

The z; ;’s then form a set of representatives for Xs/Hg and
S0 (i) = Capte (Ui Hs O (s 0 gs) ™ (21)) = Ll =n (1)

since (z;;Hg)jZ, covers (cs o qs) ™" (2).

To compute @,(z), we may assume that z = c¢g o gs(z). Choose g €
Gs(Ay) such that z = G5(Q)g and put H = HsNG5(Ay). By Lemma 2.16,
the map b +— x - b yields a bijection

97'Gs(Q)9\(97'Gs(Q)g - Hs) N Gy(Ay)/Hy — wHs N (cs 0 qs) ™' (2)/ Hy.

_ (2)
Note that ¢7'Gs(Q)g - Hs = g 'Gs(Q)g - Hs. Let (apby)i, be a set of
representatives for the left hand side of (2), with a; in ¢7'Gs(Q)g, by, in Hg
and nrg(agby) = 1. Since x - a;, = x and by normalizes H{,

. 1H1)
)= Z b HLY) - m XM( S
pul@) = Xpe (v~ axbilly) = e ey X Ty

On the other hand, the map agby +— nrg(az) = nrg(b,) ™! yields a bijection
between the left hand side of (2) and

nrs (Hg N g~'Gs(Q)g) \nrs (Hs) Nnrs(Gs(Q)).
Since nrg(Gs(Q)) = Z(Q) ™, we obtain

_ lalg, Hs)| i (Hs)
P = fufg o) A @
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where k(g, Hg) and ¢(g, Hs) are respectively the kernel and cokernel of
gHsg™ N Gs(Q) == nrg(Hs) N Z(Q)*.

When Hg = }ABE for some FEichler order Rg in Bg, the following simplifi-
cations occur:

o nrg(Hg) = OF, so that n = |Z /urg(Hg)| = ‘ﬁX/F>O@§‘ = h} is the
order of the narrow class group of F. Note that hf = hp-[O7° : (OF)?],
where hp is the class number of F' and (Of)? = {2? | z € O} }.

e The map g — L(g) =g - Rg N By yields a bijection between Xs/Hs =
Gs(Q)\Gs(Ay)/Hg and the set of isomorphism classes of nonzero right
R-ideals in Bg. Moreover, the left order O(g) of L(g) equals gRgsg™" N
Bs, so that O(g)* = gHsg ' N G5(Q).

e The following commutative diagram with exact rows

I — Op — 09" — 0()/0p — 1
2l Hrsl l

1 — (’);0 — (’);0 — 1
yields an exact sequence

1 — {£1} — k(g, Hs) — O(9)*/Of — 05" /(0F)* — alg, Hs) — 1.

In particular,
lalg. Hs)l _ [0z": (OF)?]

kg, Hs)| 2 [O(g) : OF]

Combining this, (1), (3) and [?, Corollaire 2.2 page 142], we obtain:

WY 2P | (~1)|”!
) ING] - Tgenamy (50 (1R = D) - Tgus (1Q1 7+ 1)

where Ny is the level of Rg. This tells us how to normalize p! in order to
have A = 1. We have proven:
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Proposition 2.18 Let Hg be a compact open subgroup of Gs(Ay). Forxz € Xg
and z € Z,

ol N (HY) if 2 € es 0 qs(wHy)

Iz (:E s M (csoqgs) (Z)) {O otherwise

where . = Gs(Q)g, k(g, Hs) and q(g, Hs) are as above, Hy = Hs N G§(Ay)
and pt is the unique Haar measure on Gg(Ay) such that

2P ¢ (—1)]
1 Hl —
) = o (1R 1)

when Hg = Rg for some maximal order Rg C Bg. Moreover, if Hg = ]—?g
for some Eichler order Rg C By of level N,

|q(g,Hs)| 171y 1 % Q(F)
kg, 1) 5 = [0t 071 * QBs) - V)

with Q(F), Q(Bs) and Q(Ns) as in section 2.2.4.

2.4.3 P-adic uniformization.

Suppose moreover that P does not belong to S (this is the case for all S € &).
Since B splits at P, so does Bg.

Let H be a compact open subgroup of G5(A ;)" = {x € G§(Ay) | zp = 1}.
For 2 € Z, the right action of G§(A[) on cg 0 qg'(z) induces a right action
of B§p={b€ Bgp | nrs(b) =1} on cg 0 q5'(2)/H.

Lemma 2.19 This action is transitive and the stabilizer of v € csoqg'(2)/H
is a discrete and cocompact subgroup U's(x) of BL . Forx = Gs(Q)gH (with
g € Gs(Ay)), Ts(x) = gp'Tsgp where gp € Bép is the P-component of g
and's = Us(gHg™") is the projection to B p of G5(Q)N {gHg’1 . B;P} C
Gs(Ay). The commensurator of T's in Bg p equals F§ Bg .

Proof. The stabilizer of & = Gg(Q)g in G§(A ) equals Stab(zZ) = ¢ 'G5(Q)g
(by Lemma 2.16). The strong approximation theorem [?, Théoréme 4.3 p.81]
implies that Stab(Z)Bg pH = G§(Ay). Using Lemma 2.16 again, we obtain

(cs0qs) ' (2) =T -G5(Ay) =7 Bé,PH =I- HB;‘,P =T Bé’,P'
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In particular, Bg p acts transitively on (cg o gg)7'(2)/H. An easy computa-
tion shows that I'g(x) = gp'T'sgp with 'y as above.

Put U = gHg " Bg p. The continuous map UNG§(Q)\U — G5(Q)\Gs(Ay)
is (1) open since U is open in G§(A;) and (2) surjective by the strong ap-
proximation theorem. In particular, U N G%(Q) is a discrete and cocompact
subgroup of U. Since U = gHg ™' x B p (with gHg™' compact), the projec-
tion I's of U N G4(Q) to Bg p is indeed discrete and cocompact in Bg p.

Finally, since the compact open subgroups of G5(A;)? are all commen-
surable, neither the commensurability class of I'g nor its commensurator
in Bgp depends upon g or H. When g = 1 and H = R* N GL(A[)P
for some Eichler order R C Bg, I's is the image in Bqu, p of the subgroup
{z € R[1/P]* | nrg(x) = 1} of Bg. The commensurator of I's in Bg p then
equals Fi5 Bg by [?, Corollaire 1.5, p. 106].

Similarly, let H be a compact open subgroup of G*(S)” = {z € G*(9) |
zp =1}. Then BY p acts on cg'(z)/H and we have the following lemma.

Lemma 2.20 This action is transitive and the stabilizer of x € cg'(2)/H is a
discrete and cocompact subgroup U's(z) of Béyp. For x = G(S,Q)gH with g
in G(S), Ts(x) = gp'Tsgp where T's = T's(gHg™") is the projection to Bg p
of GH(S,Q) N {g[—]g_1 . Bév,P} C G'(S). The commensurator of I's in Bgp

equals Fj Bg .

Proof. The proof is similar, using Lemma 2.17 instead of 2.16. Alterna-
tively, we may deduce the results for cg from those for cg o g5 as follows.
Put H' = g'(H). Then H' is a compact open subgroup of G5(A;) and gg
induces a Bg p-equivariant homeomorphism between (cg o ¢s)~*(z)/H" and
cs'(2)/H.

In particular, the map b — x - b induces a B}g, p-equivariant homeomorphism

Cs(@\BLp = ¢5'(2)/H.

Since I'g(z) is discrete and cocompact in B}Q,P ~ SLy(Fp), there exists a
unique Bé, p-invariant Borel probability measure on the left hand side. It
corresponds on the right hand side to the image of the measure p, through
the (proper) map cg'(z) — cg'(z)/H: the latter is indeed yet another B p-
invariant Borel probability measure.
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2.5 Reduction of Proposition 2.13 to Ratner’s theorem

Let us fix a point € CM, a one parameter unipotent subgroup U = {u(t)}
in B, a compact open subgroup k in F5 and a Haar measure A = dt on Fp.
For n > 0, we put &, = wp"k so that \(k,) — 0o as n — oo. For v € Gal3?
and t € Fp,

CoRED(y-x-u(t))=7-% with z=CoRED(z) € Z(6,R)

where G,R, C' and RED are as in section 2.2.1. Our aim is to prove the
following two propositions, which together obviously imply Proposition 2.13.

Proposition 2.21 Suppose that RED(x - U) is dense in C~'(x). Then for any
continuous function f: C~*(z) — C,

1;
nggo )\(/‘in) JEn

o RED(z - u(t))dt :/

fdpz.
Cc—1(z) a
Proposition 2.22 Under the assumptions of Theorem 2.9, RED(v - x - U) is
dense in C~(y - &) for almost all v € Gal}?.

2.5.1 Reduction of Proposition 2.21.

We may assume that f is locally constant (by the same argument that we
already used in section 2.3). In this case, there exists a compact open sub-
group H of G'(Ay) such that f factors through C~(z)/H(&,R). For our
purposes, it will be sufficient to assume that f is right H(&,R)-invariant
when H is a compact open subgroup of G*(A;) = {z € G'(Ay) | zp = 1}.
Here, H(6,R) = [I5, H(S) with H(S) = ¢s(H) as usual.

For such an H, the right action of G!'(&,R) on C~!(z) induces a right
action of [Ig, By p on C~(Z)/H(&, R) which together with the isomorphism

[ss ¢sp: (Bp)T? — HS,UBLIG,P

yields a right action of (Bp)®*® on C~!(z)/H(G,R).
By Lemma 2.20, the map (bs,) — RED(z)-(¢sr(bs,)) yields a (Bp)®*?-
equivariant homeomorphism

D(a, H\(Bp)®*™ —= C7Y(2)/H(6,R) (4)
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where T'(z, H) is the stabilizer of RED(z) - H(&,R) in (B5)®*®. Note that
['(z, H) equals [[g, I'ss(z, H) where for each S € & and o € R,

Pso(a, H) = 65 {Stabpy , (REDs(e - x) - H(S)) |

is a discrete and cocompact subgroup of B ~ SLy(Fp).
Under this equivariant homeomorphism,

e the image of ¢ — RED(z - u(t)) in C~'(z)/H(&,R) corresponds to the
image of t — Aowu(t) in ['(z, H)\(Bb)®*®, where A : BL — (BL)®*®
is the diagonal map;

e the image of ji; on C~1(z)/H (&, R) corresponds to the (unique) (B)S**-
invariant Borel probability measure on I'(z, H)\(B5)®*%.

Writing fir (s, m) for the latter measure, the above discussion shows that Propo-
sition 2.21 is a consequence of the following purely P-adic statement, itself
a special case of a theorem of Ratner, Margulis, and Tomanov.

Proposition 2.23 Suppose that T'(x, H) - A(U) is dense in (Bb)S*®. Then
for any continuous function f : T'(z, H)\(B5)®** — C ,

lim —— / FIA o u(t))dt = / Fdpireom:

= \(Ky,) T'(z,H)\(BL)S*%

Proof. See section 2.7.

2.5.2 Reduction of Proposition 2.22

We keep the above notations and choose:

e an element g € G(Ay) such that z = T(Q)g in CM;

o for each 0 € R, an element \, € T(Ay) such that o = recx(A,) €
Gal2?.
For S € G and o € R, we thus obtain (using Lemma 2.20):

e REDg(0-2) = G(S,Q)ps(Nrg) and

o Dso(x, H) =gp' A\, pl'%,(z, H) s pgp
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where A, p and gp are the P-components of A, and g while T%va(x, H) is the
inverse image (through ¢gp : Bp — By p) of the projection to B p of

GY(S,Q) N {os (AgHg ' \;") - B p} € G1(S).

For a subgroup I' of B:, we denote by [I'] the commensurability class of
I' in Bb, namely the set of all subgroups of BL which are commensurable
with T'. The group B} acts on the right on the set of all commensurability
classes (by [T]-b = [b~'T'0]) and the stabilizer of [T'] for this action is nothing
but the commensurator of I' in Bjp.

Since the compact open subgroups of G*(A;)" are all commensurable,
the commensurability class [I's] of I'y , (x, H) does not depend upon H, x or
o (but it does depend on S). Similarly, the commensurability class [I's , ()]
of I's,(x, H) does not depend upon H and [['s, ()] = [['%]- Ay pgp. Changing
ztoy-x (v € Galy?) changes g to Ag, where X is an element of T'(A ;) such
that 7 = reck(\). In particular,

Cso(v-2)] = [T - AopArgr = [[%] - ApAo.pgp

where Ap is the P-component of A. On the other hand, the stabilizer of [['}]
in Bp equals F5¢5"(B%) by Lemma 2.20. Since KN Fy o5 (BY) = FpK*,
Tso(v-7)] = [[s0(v - 7)] <= ~v=7" mod Gall ™.

With these notations, we have

Proposition 2.24 Under the assumptions of Theorem 2.9, for (S,o) and (S',c")
in & xR with (S,0) # (5',0'), the set

B((S,0),(5",0") = {7 € Galgl; [Ts,(y-2)] - U= [Tgp(y-2)-U}
is the disjoint union of countably many cosets of Gall ™ in Gal.

Proof. Fix (S,0) # (5',0') in & x K. We have to show that (under the
assumptions of Theorem 2.9) the image of

EB/ = {)\p < K;; [Fg] . >\U7P>\pgp U = [F%/] . )\U/,P)\ng . U}

in Kj5/Fp K* is at most countable. For that purpose we may as well consider
the image of B’ in K5 /Fp.
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We first consider the case where S # S’. In this case, we claim that 2B’
is empty. In fact: For S # S’, we claim that

[Ts]- By # [Tg] - By.

To see this, suppose that [I'%] = [['%] - b for some b € Bf. Then
b5 b(BE)b = Fpogip(BL), so that FEBY = Ffo(BY) in By .
where ¢ : Bgp — Bg p is the isomorphism of Fp-algebras which sends
a t0 @g p(b7 5 p(a)b). Since FpBg = FjyBg U {0} and similarly for Bg,
FPBS/ = qub(Bs)

We contend that ¢ maps Bg to Bg/. Indeed, suppose that a belongs to Bg
and choose n € F such that Tr(a+n) = Tr(a) +2n # 0. Since a+ n belongs
to Bg, there exists u € Fp and § € Bg such that ¢(a +n) = pf. Taking
traces on both sides we obtain p = T?r(fé;f) € F, so that ¢(a+1n) = ¢(a) + 1
belongs to By, and so does ¢(«).

By symmetry, ¢~ !(Bs/) C Bs and ¢ yields an isomorphism of F-algebras
between Bg and Bg. This is a contradiction, since Bg and Bg are non-
isomorphic quaternion algebras over F' when S # S’. This proves the propo-
sition when S #£ S’.

Next we consider the case where S = S’ but ¢ # ¢’. In this case, an
element A\p in Kj belongs to B’ if and only if there exists t € Fip such that

b(t) = pr(t)Alzl(AU,pA;{P) € F B3, (5)

for w(t) = Ay, pds(gpu(t)gp') A, p. We contend that this condition can only
be satisfied for countably many Ap modulo Fp.

Suppose first that K7 normalizes the unipotent subgroup W of elements
of the form w(t), for all ¢ € Fp. In this situation, K5 is a split torus, and
we claim that (5) never holds for any A\p and ¢. To see this, observe that if
k € K, is arbitrary, then, in view of the representation of elements of K
and W by triangular matrices, the commutator [k, b(¢)] is unipotent. (This
also follows from standard facts about Borel subgroups.) Since b(t) € Fp Bg,
we can apply this to elements of Kp N Bg = K, to conclude that either BJ
contains nontrivial unipotent elements, or that [k, b(¢)] is trivial for all k. The
former is impossible, since By is a definite quaternion algebra, so we conclude
that b(t) commutes with K> which implies that b(t) € Kp. It follows that
b(t) € Fp BENKp = Fp K*. But now looking at the form of b(¢) shows that
w(t) = 1 and (A,,pA,'p) € FF K>, which contradicts the fact that o # o’
mod Galk ™"
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It remains to dispose of the situation where Kp fails to normalize W. In
this case, we may argue as follows. Since w(t) is unipotent, the left-hand-
side of (5) has norm independent of Ap. On the other hand, the set Fp Bg
contains only countably many elements of given norm. It follows that there
are only countably many possibilities for the left-hand-side of (5). Thus
consider a given element « in Fp Bg. We want to count the number of cosets
ApFp € Kp/F7 such that there there exists ¢t € Fp with

Apw(AR! = a(Agr pAsh). (6)

Note that since Ay, pA;} is not an element of Gall ™" by assumption, any
such t is neccesarily nontrivial. But since the normalizer of W in K is
precisely F5, we see that if A\p and N, belong to different Fj-cosets, then
the conjugates of W by Ap and N, have trivial intersection. It follows that
for each «, there is at most a unique coset in A\pFp € Kp/Fp such that (6)
holds for some t. Since there are only countably many possibilities for «, our
contention follows. 0J

We may now prove Proposition 2.22. Put
B = U B((S,0),(5", ")
(S.0)#(S",0")
so that ‘B is again the disjoint union of countably many cosets of Gali‘rat in
Galz}‘?. Since any such coset is negligible, so is %B. We claim that RED(y-z-U)
is dense in C~'(7y - %) if v belongs to Gali® \ B. In fact:

Lemma 2.25 For v € Gal%’, the following conditions are equivalent:
1. RED(y -z -U) is dense in C~(y - ).
2. T(y-z,H)-A(U) is dense in (Bp)®*™ (VH compact open in G*(A;)F).
8. T(y-x, H)-A(U) is dense in (Bp)®*® (3H compact open in G*(A ;)7 ).

4. 7y does not belong to °B.

Proof. Lemma 2.17 implies that a subset Z of C~1(5-z) is everywhere dense
if and only if for every compact open subgroup H of G*(A;)F, the image of
Z in the quotient C~'(y - z)/H (&, 9R) is everywhere dense. Applying this
to Z = RED(y-x - U) yields (1) < (2). But now (2) implies (3) and (4) is
equivalent to (3) for any H by Proposition 2.35 below. O
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In summary, the arguments of this section show that Proposition 2.13
follows from Proposition 2.23, together with Proposition 2.35 below.

2.6 Proof of Proposition 2.12.

Let V be a simple left Bp-module, so that V ~ F2% as an Fp-module and
V ~ Kp as a Kp-module. We fix a Kp-basis e of V' and an Op,-basis (1,w)
of Ok,. Then (e,we) is an Fp-basis of V, which we use to identify Bp ~
Endp, (V) with My(Fp). Under this identification, the element ©z = a + fw
of Kp corresponds to the matrix (g a‘fé) with 6 = nr(w) and 7 = Tr(w).

Let L be the set of all Op,-lattices in V. To each L in £, we may attach
an integer n(L) as follows. The set O(L) = {\ € Kp; AL C L} is an Op,-
order in K and therefore equals O,, = Op, + P"Ok,, for a unique integer n:
we take n(L) = n. From a matrix point of view, n(L) is the smallest integer
n > 0 such that @} (9 2?)L C L.

Lemma 2.26 The map L — n(L) induces a bijection K5\L — N.

Proof. For A € Kj and L € £, O(AL) = O(L), so that n(\-L) = n(L): our
map is well-defined. Conversely, suppose that n(L) = n(L') =n for L, L' €
L. Since both L and L’ are free, rank one O,-submodules of V = Kp - e,

there exists A € K such that A - L = L’: our map is injective. It is also
surjective, since n(O,, - e¢) = n for all n € N.

Put Lo = Oy - ¢, R = End(Lg) = My(Or,), 6 = (57 9) and u(t) = (1) for
t € Fp. Then:

Lemma 2.27 Forn >0 and t € O,
n(u(w;”t) : Lo) =2n and n(u(w;”t) : (5L0> =2n+1.
Proof. Left to the reader.
Let us consider a P-isogeny class H C CM, a compact open subgroup G C

Gal?? and a compact open subgroup H C G(Ay). We choose an element
xo € H such that zo = T(Q) - go for some gy € G(Ay) whose P-component
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equals 1. Let K% be the kernel of
Kp «— T(Ay) =5 Gal 2" — Gali?/G.

This is an open subgroup of finite index in K7. Let N be a positive integer
such that

e 1+ PNOX C Kf and
e H contains the image of R(N)* =1+ PNR C B} in G(Ay).

We denote by Z; C Kp (resp. Zo C R*) a chosen set of representatives for
K35 /K$ (resp. R*/R(N)*)and put T = Z; x{0,1} xZ,. Fori = (\,¢,7) € Z,
we put

x; =29 AT €H and ui(t) = (67) tu(t)(67) (t € Fp).

We finally put x = 1 + PY ™ Op,, a compact open subgroup of F5.

Proposition 2.28 With notations as above,
1. G-H -H=Ujez Up>0 G - vjui(ky,) - H and
2.YieZ andVn >0, G- -zui(ky) - H=G -z, - H
where K, = wp"k and u;, = w(wp") C ui(ky).
Proof. Note that z; - u;(t) = xo - Au(t)dr.

(1) We have to show that any element = of H belongs to G - x;u;(k,,) - H
for some i € Z and n > 0. Write z = x - b with b € Bj.

Consider the lattice b- Ly C V and write n(b- Ly) = 2n+e€ with € € {0, 1}.
By Lemma 2.26 and 2.27, there exists A\g € K such that b-Lo = Ag-u(wp™)d¢
Lo, hence b = A\g - u(wp")dc - ro for some rg € R*. By definition of Z; and Zs,
there exists A € 71, k € K%, r € T, and h € R(N)* such that Ay = k- A and

ro =rh. Put i = (\,e,7) € Z, t = wp" € K, and 0 = recg (k) € G. Since
Zo - k = 0 - xg, we obtain

xr=x9-b=0-x0- Mu(t)dTh =0 (xu;(t))-h €G- x; ui(k,) - H.
(2) We have to show that for i = (\,e,7) € Z, n > 0 and a € &,

x;-ui(wp'a) € G- xiu;, - H.
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Put y, = 1 —a !, Mo = 1 + @hyew € KJ and 0,4 = reck(N\,q). Since a
belongs to k = 1+ PN*LOJ | y, belongs to PN+1 ), , belongs to K and
o belongs to G. As a matrix,

)\na:

)

WhYa 1+ TWPHYa

1 _ n
( Oy ) € Kj C GLy(Fp).
In particular,

—€ -n -n € __ 1 - Ya _(ew]@’ + T)wl_fya — N
§ U(—wp") A a-u(wp™a)d = ( oy 1+ (a4 ety ) 1 mod P".

In other words: there exists ' € R(N)* such that A, su(wp"a)dé® = u(wp™)or’.
We thus obtain:

Ona-Ti-u(w "a) = xo- A u(wpa)dr
= 1z Au(wwp")dr'r

= xzumh

with h = r~1r'r € R(N)* C H. QED.

2.7 An application of Ratner’s Theorem

In this section, we study the distribution of certain unipotent flows on X =
['\G", where G = SLy(Fp), r is a positive integer and ' =Ty x --- x ', is a
product of cocompact lattices in G. Our key tool is the following special case
of a theorem of Margulis and Tomanov [?, Theorem 11.2] (see also Ratner’s
Theorem 3 in [?]). We fix a Haar measure A on Fp.

Theorem 2.29 (Uniform Distribution) Let V = {v(t)} be a one-parameter
unipotent subgroup of G".

1. For every x € X, there exists

e a closed subgroup L DV of G" such that x -V =x - L, and

e an L-invariant Borel probability measure p on X supported on

z-V.
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2. With x and p as above, for every continuous function f on X and every
compact set k of Fp with positive measure, we have

lim /fa:v ))AA(t /f Vdp(y
|s|—>oo)\8 li

Here \ denotes a choice of Haar measure on Fp.

The measure p is uniquely determined by x and V. On the other hand, we
may replace the closed subgroup L D V of G" by ¥ = {g € G" | p is g-invariant }.
Indeed, ¥ is a closed subgroup of G" which contains L and therefore also
V. Since pu is Y-invariant, so is its support x -V = z - L. In particular,
x-V=x X

Suppose now that V' = A(U), where A : G — G" is the diagonal map
and U = {u(t)} is a (non-trivial) one-parameter unipotent subgroup of G.
In this case, a result of M. Ratner shows that ¥ contains some “twisted”
diagonal:

Lemma 2.30 There exists an element ¢ € U" such that cA(G)c™! C X.

Proof. This is Corollary 4 of Theorem 6 in [?] when Fp = Q, (note that
the centralizer of A(U) in G" equals {£U}"). The case of general Fp seems
to be well-known to the experts, see for instance the notes of N. Shah [?].

This leaves only finitely many possible values for Q = ¢~ !¥c. Indeed:

Lemma 2.31 For any subgroup Q of G" such that A(G) C Q, there ezists a
partition {I,} of {1,--- ,r} such that

[[A™(G) cQc{£1} - [[A™(G
where Al>(G) is the diagonal subgroup of {(g;) € G™; Vi & 1, g; = 1}.

Proof. This is a slight generalization of Proposition 3.10 of [?]. According
to the latter, there exists a partition {/,} of {1,--- ,r} such that

(4170 = {41} [LAR ().
Taking the derived group on both sides gives [], Al*(G) = [2: Q] C Q.
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The equivalence relation ~ on {1,---  r} which is defined by the above par-
tition can easily be retrieved from z - A(U) = z - X by the following rule: for
1 <4,5 <r,i~ jif and only if the projection

7 A(U) € X = T\G x T;)\G

is not surjective. On the other hand, this equivalence relation can also be
used to characterize those (2-orbits which are closed subsets of X:

Lemma 2.32 For g = (g;) € G", the Q-orbit of y =T - g is closed in X if and
only for all 1 <i,7 <r withi ~ j, g; 'T;g; and gj_legj are commensurable
in G.

Proof. The map w +— y-w induces a continuous bijection 6 : g7 TgNO\Q —
y - Q. We first claim that y -  is closed in X if and only if g7'T'g N Q\Q is
compact. The if part is trivial: if g7'T'g N Q\Q is compact, so is (g~ 'Tg N
MN\Q) = y- Q. To prove the converse, it is sufficient to show that 6 is an
homeomorphism when y - 2 is closed (hence compact). Now if y - is a
closed subset of X, I"- g-Q is a closed subset of G" and ¢~ 'I'g - Q) is a Baire
space. Since I' is countable (being discrete in a o-compact space), it follows
that  is open in ¢~ 'I'g -  and 0 is indeed an homeomorphism.

Put Q' = [I, Al~(G). Since ' C Q C {£1}"-Q, g7 'TgNQ is cocompact
in Q if and only if g7 'TgN Q' is cocompact in €. Note that g7 'T'g N\ ~
[1.To\G where T'y = Micr.g; 'Tigi, and To\G is compact if and only if
g; 'T;g; is commensurable with g; lfjgj for all 7,5 € I,. This finishes the
proof of the lemma.

We thus obtain a second characterization of the equivalence relation ~.

Definition 2.33 We say that two subgroups I' and [V of G are U -commensurable
if there exists u € U such that I' and v 'T'u are commensurable.

Corollary 2.34 Writex =1 -g with g = (g;) € G". For 1 <i,j5 <r,i~jif
and only if g; 'Tig; and g]lfjgj are U-commensurable in G.

Proof. Write c=(¢;) e U" andputy=x-c=0"-gc. Theny - Q =z % =

x-V is a closed subset of X. The lemma implies that (g;c;) 'T;(g;c;) and
(gj¢;)'T;(gjc;) are commensurable in G when ¢ ~ j. Conversely, suppose
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that g; 'T;g; and ailgj_lfjgjoz are commensurable for some o € U. Put [V =
[ixT;, X' =T\G? ¢ = (1,a) and A'(g) = (g9,9) forg € G. Letp: X — X’

be the obvious projection. The lemma implies that p(x)-'A'(G)d 7! is closed

in X', so that

plz - A(U)) € p(x) - N(U) C p(z) - IA(G)

In particular, p(z - A(U)) # X" and i ~ j.

Proposition 2.35 The following conditions are equivalent:

1. z-AU) = X.
2. Forall1 <i#j<r, g 'Tig and gj-’legj are not U-commensurable.

The measure p of Theorem 2.29 is then the (unique) G"-invariant Borel
probability measure on X.

Proof. Both conditions are equivalent to the assertion that the partition
{I.} of {1,--- ,r}is trivial. In that case, @ = G" = ¥ and p is G"-invariant.

3 The case of Shimura curves

3.1 Shimura Curves.
3.1.1 Definitions

We start by defining the Shimura curves. Let {ry,---,7;} = Homq(F,R)
be the set of real embeddings of . We shall always view I’ as a subfield of
R or C through 71. Let S be a set of finite primes such that |S| 4+ d is odd,
and let B denote the quaternion algebra over F' which ramifies precisely
at S U {7, -+ ,74} (a finite set of even order). Let G be the reductive
group over Q whose set of points on a commutative Q-algebra A is given by
G(A)=(B® A)~.

In particular, Ggr ~ G X --- X G4 where B, = B ®p,, R and G; is
the algebraic group over R whose set of points on a commutative R-algebra
A is given by G;(A) = (B,, ®g A)*. Fix ¢ = £1 and let X be the G(R)-
conjugacy class of the morphism from S ot Resc/r(Gm,c) to Gr which maps
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z=x+1y € S(R)=C* to

K _xy i ) 1, ,1] € G1(R) x - x Gg(R) ~ G(R).
We have used an isomorphism of R-algebras B;, ~ M,(R) to identify G} and
GLsy gr; the resulting conjugacy class X does not depend upon this choice (but
it does depend on e, cf. section 3.3.1 below).

For every compact open subgroup H of G(Ay) (where Ay = Q® 7 is the
ring of finite adeles of Q), the quotient of G(Ay)/H x X by the diagonal left
action of G(Q) is a Riemann surface

M€ G(Q)\ (G(Ay)/H x X)

which is compact unless d = 1 (F = Q) and S = () (G = GLs). The Shimura
curve My is Shimura’s canonical model for Mjf. It is a smooth curve over
F' (the reflex field) whose underlying Riemann surface My(C) equals M.

3.1.2 CM points.

Among the models of M, the Shimura curve My is characterized by spec-
ifying the action of Galois (the “reciprocity law”) on certain special points.
A morphism h : S — Gg in X is special if it factors through the real locus of
some Q-rational subtorus of G and a point x in M is special if z = [g, h]
with h special (and g in G(Ay)).

Now let K be an imaginary quadratic extension of F' such that there exists
some embedding K — B. Put T' = Resg;q(Gm k). Any embedding K — B
yields an embedding T' <— G. In the sequel, we shall fix an embedding of
K in B, and study those special points in X or M} for which h : S —
GRr factors through the morphism Tgr < Ggr which is induced by the fixed
F-embedding K — B. We shall refer to such points as CM points. We
denote by CMpy the set of CM points in M = Mg (C). It is clear that
this set is nonempty. Furthermore, Shimura’s theory implies that any CM
point is algebraic, defined over the maximal abelian extension K of K (see
section 3.2.4 below).

3.1.3 Integral models and supersingular points.

Let v be a finite place of F' where B is split and put S = Spec O(v) where
O(v) is the local ring of F' at v. We denote by F, and O, the completion of
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F at v and its ring of integers. For simplicity, we shall only consider level
structures H C G(Ay) which decompose as H = H"H, where H" (resp. H,)
is a compact open subgroup of

G(Af)"={g€ G(Ay) [ go =1} (resp. B C G(Ay)).

In the non-compact (classical) case where F' = Q and G = GLay, it is
well-known that My is a coarse moduli space which classifies elliptic curves
(with level structures) over extensions of Q. Extending the moduli problem
to elliptic curves over S-schemes, we obtain a regular model My /S of My.
A geometric point in the special fiber of My is supersingular if it corresponds
to (the class of) a supersingular elliptic curve.

In the general (compact) case, the Shimura curve My may not be a moduli
space. However, provided that H" is sufficiently small (a condition depending
upon H,), Carayol describes in [?] a proper and regular model My /S of
My, which is smooth when H, is a maximal compact open subgroup of B.
When H" fails to be sufficiently small in the sense of [?], we let My/S be
the quotient of My by the S-linear right action of H/H', where H' = H"H,
for a sufficiently small compact, open and normal subgroup H" of H". Then
My /S is again a proper and regular model of My which is smooth when H,
is maximal (cf. [?, p. 508]), and it does not depend upon the choice of H™.

These models form a projective system {My } g of proper S-schemes with
finite flat transition maps, whose limit M = linMH has a right action of
G(Ay) and carries an O,-divisible module E of height 2 (cf. [?, Appendice]
for the definition and basic properties of O,-divisible modules). A geometric
point z in the special fiber of M is said to be ordinary if E | x is isomorphic to
the product of the O,-divisible constant module F,/O, with ¥;, the unique
O,-formal module of height 1. Otherwise, = is supersingular and E | x is
isomorphic to ¥y, the unique O,-formal module of height 2. A supersingular
point in the special fiber of My is one which lifts to a supersingular point in
M.

In the classical case, the supersingular points also have such a description,
with E equal to the relevant Barsotti-Tate group in the universal elliptic curve
on M = lln My.

3.1.4 Reduction maps.

Let us choose a place v of K® above v, with ring of integers O(v) C K2
and residue field F(v), an algebraic closure of the residue field F(v) of v.
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Consider the specialization maps:
My (K™) = Mu(K*™) «— Mg(O(0)) — My (F(0))

In the compact case, My is proper over S and the first of these two maps
is a bijection by the valuative criterion of properness. In the classical non-
compact case, the first map is still injective (Mpy is separated over S); by [?,
Theorem 6], its image contains CMy. In both cases, we obtain a reduction
map

RED, : CMy; — My (F (%))
Let M55 (v) be the set of supersingular points in My (F(v)).

Lemma 3.1 If v does not split in K, RED,(CMy) C M3 (v).

Proof. (Sketch) Let E? be the O,-divisible module E “up to isogeny”. There
is an F-linear right action of G(A ) on E° covering the right action of G(A ;)
on M (see [?, 7.5] for the compact case). For any point z on M, we thus
obtain an F,-linear right action of Stabg(a,)(z) on E° | z. If z is a CM
point, say x = [g,h] for some g € G(Ay) and h : S — Tg — Ggr in X,
g 'T(Q)g C Stabga,)(z) and the induced F,-linear action of T(Q) = K*
on E° | x (or its inverse, depending upon €) arises from an F,-linear right
K,-module structure on E° | z. The connected part of the special fiber E° |
RED, () therefore inherits a K,-module structure. Since Endg, (3?) ~ F,,
this connected part can not be isomorphic to X¢ unless v splits in K.

3.1.5 Connected components.

We now want to define yet another type of “reduction map”. Recall from
Shimura’s theory that the natural map from M} to its set of connected
components 7o (M) corresponds to an F-morphism ¢ : My — My between
the Shimura curve My and a zero-dimensional Shimura variety My over F'
whose finitely many points are algebraic over the maximal abelian extension
F2» C K® of F. Since My is regular (hence normal), this morphism extends
over § to a morphism ¢ : My — My between My and the normalization

My of S in My, a finite and regular S-scheme. With Z; & To(M3) =
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My (K™) and Zp(v) & My (F(9)), the following diagram is commutative:
CMy 2 M (v)
cl lc
Zy T Zy(v)

Put Xy (v) = M%(v) Xz, Zr. If v does not split in K, we thus obtain a
reduction map and a connected component map

CMy REDy XH(“) - Zy (7)
x  +—— (REDy(z),c(x)) — c(z)
The composite map ¢ = ¢, o RED, : CMy — Zp does not depend upon v
and commutes with the action of Gal%? def Gal(K®"/K) on both sides.

Remark 3.2 In the compact case, My —— My — S is the Stein factoriza-
tion
My — Spec(I'(Mpy,Omy)) — S

of the proper morphism My — S. Indeed, since My is affine, ¢ factors
through an S-morphism « : Spec(I'(My, Om,, ) — Mpy. Over the generic
point of S, a/p : Spec(I'(Mu, Oy, )) — My is a morphism between finite
tale F-schemes which induces a bijection on complex points: it is therefore
an isomorphism. Since My is a regular scheme which is proper and flat over
S, Spec(I'(Mpy, Omy,, )) is a normal scheme which is finite and flat over S. It
follows that « is an isomorphism.

3.1.6 Simultaneous reduction maps.

Let G be a finite set of finite places of F' which are non-split in K and away
from S: for each v € &, K, is a field and B, ~ My(F,). Let also R be a
finite set of Galois elements in Gal3>. We put

Xp(6,%) Y [ Au(v) and Z(6,R%) Y [ Zu(v)

vEG,0ER vEG,0cER

and define a simultaneous reduction map and a connected component map
RED : CMy — Xy(6,R) and C: Xy(6,R) — Z4(6,R)

by RED(z) = (RED,(02))es ven and C(x,,) = (¢o(Tyo))ves.oem. For z €
CMy and 7 € Gal3?,

C o RED(12) = (T0¢(2))ves sen-
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3.1.7 Main theorem.

Let P be a maximal ideal of O and suppose that P ¢ SUGS. In particular,
Bp ~ My(Fp). We make no assumptions on P relative to K: P may either
split, ramify or be inert in K. Then the following definitions reprise the ones
already made in the first section of the paper: we have chosen to repeat them
here for the convenience of the reader.

Definition 3.3 We say that two points x and y € M} are P-isogeneous if
x =[g,h] and y = [¢, h| for some h € X and ¢,¢' € G(Ay) such that g, = ¢,
for every finite place w # P of F.

Note that a point which is P-isogeneous to a CM point is again a CM point.

Definition 3.4 An element o € Cal? is P-rational if ¢ = recg(\) for some
A € K* whose P-component Ap belongs to the subgroup K* - Fj of Kj.
We denote by Galk ™ C Gal3? the subgroup of all P-rational elements.

In the above definition, reck : K* — Gal3® is Artin’s reciprocity map. We
normalize the latter by specifying that it sends local uniformizers to geometric
Frobeniuses.

Theorem 3.5 Suppose that the finite subset R of Gal’}{b consists of elements
which are pairwise distinct modulo Galk ™. Let H C CMy be a P-isogeny
class of CM points and let G be a compact open subgroup of Galye. Then for
all but finitely many points x € 'H,

RED(G - z) = C7'(C o RED(G - 7)).

Remark 3.6 When the level structure H arises from an Eichler order in B,
our proof of this surjectivity statement yields a little bit more: for any
y € Xg(6,R), we can compute the asymptotic behavior of the probabil-
ity that RED(g - ) = y for some g € G, as x goes to infinity inside H (see
Corollary 2.11).

3.2 Uniformization.

Write CM, M*(v), Z, Z(v) and X (v) = M*(v) Xz, Z for the projective
limits of {CMg}, {M$%(v)}, {Zr}, {Zr(v)} and {Xy(v)}. These sets now
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have a right action of G(Ay). For X € {CM, M*(v), Z, Z(v)}, the natural
map X/H — Xy is a bijection while X' (v)/H — Xy (v) is surjective. The
projective limit of (7) yields G/(Af)-equivariant maps

CM R x(v) 2 2

which we shall now compute.

3.2.1 CM points.
From [?, Proposition 2.1.10] or [?, Theorem 5.27],

M = lim M = G(Q)\ (G(Af)/Z(Q) x X)

where Z = Resp/q (G, r) is the center of G and Z(Q) is the closure of Z(Q)

in Z(Ay). Inside M, CM o lim CMpy corresponds to those elements which

can be represented by (g, h) with g € G(Af) and h a CM point in X. Let us
construct such an h and show that any other CM point belongs to the same
G(Q)-orbit.

Since K, is a field for all v € SU{, -+, 74} (the set of places of F' where
B ramifies), there exists an F-embedding ¢ : K < B. Moreover, any other
F-embedding K — B is conjugated to ¢ by an element of B* = G(Q). We
use ¢ to identify T" as a Q-rational subtorus of G' and also chose an extension
71 : K — C of our distinguished embedding 7, : ' — R. In the sequel, we
shall always view K as a subfield of C through 7.

Put T, = ResKTi/R(vaKﬂ) (with K, = K ®p., R), so that Tg ~ T; X
-+ x Ty and this decomposition is compatible with the decomposition Ggr =~
Gy x -+ X Gy of section 3.1.1. Moreover, 7 : K — C induces an isomorphism
between K, and C which allows us to identify 77 and S. There are exactly
two morphisms s and 5 : S — Tr whose composite with (g : TR — Ggr
belongs to X. They are characterized by

s(z)=(251,---,1) and 3§(z)=(z51,---,1) forze C* =S(R).

Finally, there exists an element b € B* = G(Q) such that be(\)b~1 = 1())
for all A € K (where A — ) is the non-trivial F-automorphism of K). But
then b(tg 0 5)b~! = 1gr 0 s, so that h = tg 0 s and h = (g o 5 belong to the
same G(Q)-orbit in X. Since the centralizer of h in G(Q) equals T(Q), we
obtain:
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Lemma 3.7 The map g — [1,h] - g = [g, h] induces a bijection
T(Q\G(Ay) — CM
where T'(Q) is the closure of T(Q) in T(Ay).

Proof. The above discussion gives a bijection T'(Q)\G(A)/Z(Q) ~ CM.
We claim that T(Q)Z(Q) = T(Q). Indeed, Z(Q) is the product of Z(Q) =
F* with the closure of O in Op C Z(Ay) = F* (this holds more generally

for any number field). Therefore, T(Q)Z(Q) = K*O} and

T(Q)Z(Q)n Of = O;0F = Uanﬁ/O;aoilé'

Since [Of : Of] is finite, T'(Q)Z(Q) is a locally closed, hence closed subgroup
of T(Ay). Our claim easily follows.

3.2.2 Connected components.

Let G(R)' and Z(R)" be the identity components of G(R) and Z(R) and
put G(Q)T = G(Q)NGR)" and Z(Q)" = Z(Q) N Z(R)". Thus, G(R)"
is the set of elements in G(R) whose projection to G;(R) ~ GLy(R) has a
positive determinant while Z(Q)™ is the subgroup of totally positive elements
in Z(Q) = F*. Let X = G(R)" - h be the connected component of h in X.
Since G(Q) is dense in G(R), G(Q) - XT = X and

Mg~ G(Q)\ (G(A)/H x XT).
It follows that Zy = mo(M}') ~ G(Q)T\G(Ay)/H.

On the other hand, the reduced norm nr : B — F induces a surjective
morphism nr : G — Z whose kernel G! C @ is the derived group of G.
The norm theorem (nr(G(Q)*) = Z(Q)*, [?, p. 80]) and the strong ap-
proximation theorem (G'(Q) is dense in G*(Ay), [?, p. 81]) together imply
that the reduced norm induces a bijection between G(Q)*\G(Af)/H and

Z(Q)*\Z(Ay)/nr(H). With 2 < lim Z, we thus obtain:

Lemma 3.8 The map g — c([1,h]) - g = c(|g, h]) factors through the reduced
norm and yields a bijection

ZQN\Z(Ap) — 2
where Z(Q)T is the closure of Z(Q)* in Z(Ay).
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3.2.3 Supersingular points.

Proposition 3.9 (1) The right action of G(Ay) on X(v) & lim X (v) is
transitive and factors through the surjective group homomorphism

(1,nr,) : G(Ay) = G(Ay)" x B — G(Ay)" x Ff

where G(Ay)” = {g € G(Ay); g, = 1}.

(2) For any point x € X(v) (such as x = RED,([1, h]) if v does not split
in K ), the stabilizer of x in G(Ay)" x F) may be computed as follows.
Let B’ be the quaternion algebra over F which is obtained from B by changing
the invariants at v and 7 : B’ is totally definite and RamyB’ = RamyBU{v}.
Put G" = Resp/q(B"™), a reductive group over Q with center Z. There exists
an isomorphism ¢° : G(A)" — G'(Ay)Y such that (¢2,1) : G(A;)? x
EX = G'(A;)" x FX maps Stab(z) to the image of G'(Q)Z(Q) C G'(Ay)
through the (surjective) map

(1,n1,) : G'(Af) = G'(Ay)" x B') — G'(Ay)" x F.

Proof. In the compact case, this is exactly how Carayol describes the action
of G(Ay) on a set which he denotes by S, cf. Proposition 11.2 of [?]. The
fact that Carayol’s set S equals our X(v) follows from the discussion of [?,
Section 10.1]. The non-compact case is similar.

Define
G(v) © G'(Ay)" x F),

6e(v) = (¢5,0m) : G(Ag) > G(v),
and let G(Q,v) be the image of G'(Q) in G(v):
G(Q,v) = (1,1r,)(G'(Q)).

Corollary 3.10 The map g — x - g factors through ¢.(v) and induces a bi-
jection

G(Qv)\G(v) = X(v)
where G(Q,v) is the closure of G(Q,v) in G(v).
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Proof. We have to show that G(Q,v) = (1,nr,)(G'(Q)Z(Q)). We first
claim that G'(Q)Z(Q) is locally closed (hence closed) in G'(Ay). Indeed, let

R be a maximal Op-order in B'. As Z(Q) = F*Oy ,

(G(QZ(Q) N R = (B70F) N R* = R*OF = Uyeps s 005

is closed because [R* : OF] is finite (use [?, p. 139]). The map nr, : B, —
F) is open and surjective with a compact kernel: it is therefore a closed
map, and so is (1,nr,) : G'(A;) — G(v). In particular, (1,nr,)(G'(Q)Z(Q))
is closed in G(v), so that G(Q,v) C (1,nr,)(G'(Q)Z(Q)) and the other

inclusion is trivial.

3.2.4 Reciprocity laws.

We now want to describe the reciprocity laws for CM points and connected
components, following [?] instead of [?] (see the remark at the end of [?, §12]).
In particular: (1) reciprocity maps send uniformizers to geometric Frobenius;
(2) Galois actions on geometric points are left actions.

Let p : Gy,c — Tc be the cocharacter which is defined by p(z) = sor(z),
where r : G, ¢ — S¢ ~ Gy, ¢ XGy,c maps z to (2,1) (and S¢ ~ G, c XG0
is induced by z ®g a — (za, za) for z € C and a in some C-algebra A). The
isomorphism

AQa—(T(N)a) - om
Te ®a—(1(Na) Gi{n,c(K,C)

yields a bijection between the set of cocharacters of 7' and Z"™U5C) with
o € Aut(C) acting on the latter set by (n,); - 0 = (nyr),. The cocharacter
i corresponds to n, = € if 7 = 7 and n, = 0 otherwise. In particular, the
field of definition of p equals 7 (K) ~ K and the morphism

Resx/q(1) Normpg /q

T = RGSK/Q(GmyK)

Resrq(Tk) T

sends 2z to z¢. We thus obtain:

Lemma 3.11 The CM points are algebraic, defined over the mazimal abelian
extension K® of K. For o = reckx(\) with A € T(A;) = K*, the action of

o on CM ~T(Q)\G(Ay) is given by multiplication on the left by A°.
Similarly:
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Lemma 3.12 The connected components are defined over the mazimal abelian
extension F% of F. For o =recp(\) with A € Z(A;) = F*, the action of o

on Z ~ (Q)+\Z(Af) is given by multiplication by A°.

In particular, the pro-tale F-scheme M & lim My together with its right ac-
tion of G(Ay) is (non-canonically) isomorphic to Spec(F**) on which G(A})
acts through g — Spec(o) with ¢ = recg(nr(g)¢), while M o lim My is
(non-canonically) isomorphic to the spectrum of the ring of v-integers in F'2.
It follows that the reduction map Z = M(F*) — Z(v) = M(F(?)) identi-
fies Z(v) with Z/0O; (viewing O; as a subgroup of Z(Ay) = Z(Ay)" x F))\).
Since O also acts trivially on M**(v) = lim Mj;(v) (cf. [?, section 11.2]),
the projection X' (v) — M?**(v) also identifies M**(v) with X' (v)/O;¢ (viewing
now O) as a subgroup of G(v) = G'(Af)" x F)).

Corollary 3.13 Ifnr(H,) = OF (1) My is a finite tale S-scheme, (2) Zg ~
Zy(v) and (3) X(v)/H ~ Xy (v) =~ M3 (v).

Proof. In general, My is isomorphic to the spectrum of the ring of v-
integers in the abelian extension Fy of F' which is cut out by recg (nr(H)).
If O C nr(H), Fy is unramified at v and My is therefore a finite tale S-
scheme. This proves (1) and (2), and (2) implies that Xy (v) = M3 (v) X z,, ()
Zy ~ M5 (v). Finally, since X (v)/O) ~ M*(v), X(v)/H ~ M**(v)/H ~

Remark 3.14 The assumption nr(H,) = O holds true when H = R* for
some Fichler order R C B.

3.2.5 Conclusion.

Putting lemmas 3.7, 3.8 and Corollary 3.10 together, we obtain a commuta-

tive diagram

T<Q>\f<Af> 9, G(Q,vi\G(v) G, Z[QM\Z(Ay)
EM RED, /';(v) Lo, _z
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where (1) is induced by ¢,(v) : G(Af) — G(v) (with x = RED,([1, ~])) while
(2) is induced by the morphism

G'(Ap)" x Ff =Gv) — Z(Ay)=Z(Ay)" x F
(9" A) — (nr(g"), Av)

For a compact open subgroup H of G(Ay), put H(v) = ¢,(v)(H) C G(v).
We thus obtain a diagram

T(Q)\G(lAf)/H — G(Q,v)\Cf(v)/H(v) — Z(Q)+\Z(?f)/nr(H)

CMy REDy X (v) Lo, Zu

in which the middle vertical arrow is surjective (and a bijection when H = R*
for some Eichler order R C B). Theorem 3.5 is therefore a consequence of
a special case (S) of Theorem 2.9, corresponding to the situation where &
(in the notations of Theorem 2.9) equals {{v},v € &} (in the notations of
Theorem 3.5).

3.3 Complements
3.3.1 On the parameter ¢ = +1.

Let us fix an isomorphism of R-algebras between B, and M(R), thus ob-
taining an isomorphism of group schemes over R between G; and GLy(R).
Let X, be the G(R)-conjugacy class of the morphism h. : S — Ggr which
sends z = x + 1y to

he(z) = K _""“y z>1 1

and let { My (e)} be the corresponding collection of Shimura curves. We thus
have a compatible system of isomorphisms 1 (€) : My (€) xp C — M&8(e),
where M2#(e) is the algebraic curve over C whose underlying Riemann sur-
face equals

€ Gl(R) X oo X Gd(R) ~ G(R)

M (e) = GIQ\ (G(Af)/H x X).

The topology, the differentiable structure and the real analytic structure
of X, are induced from those of G(R) through the map g — gh.g~*. For
h € X, and z € C* = S(R), the map = — h(z)zh(z)~! fixes h and therefore
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induces an R-linear map T} (adh(z)) on the tangent space 7, X, of X, at
h. The almost complex structure on X, is characterized by the fact that
Ty (adh(z)) acts by multiplication by z/z on T}, X, for all h € X, and z € C*.
This almost complex structure is known to be integrable.

Remark 3.15 Most authors replace X, by C — R with G(R) acting through

the projection on the first component G1(R) ~ GLy(R), by ( Z 2 ) N =

‘;;‘IS (A € C—R). This corresponds to € = 1. Indeed, the map ghyg~! + g-i
yields a diffeomorphism between X; and C—R and for z € C*, the derivative
of A — ghi(2)g™' - XA at A = g - i equals z/z. On the other hand, our main
reference [?] on Shimura curves very explicitly uses e = —1. While it seems
clear that Carayol’s constructions could easily be transfered to the e = 1

case, we will show below that the choice of € is, in fact, irrelevant.

From the above discussion, we know that the G(R)-equivariant map
® : X, — X_. which sends h to h~! is an antiholomorphic diffeomorphism.
For any compact open subgroup H of G(Ay), ® therefore induces an anti-
holomorphic diffeomorphism between MZ2P(e) and M (—e) and an antilin-
ear isomorphism between M2 (e) and May%(—¢), namely an isomorphism of
schemes ® : M{(¢) — M@9(—¢) such that the diagram

MiE(e) 2 Mps(—e)

! !
Spec(C) Specl) Spec(C)
is commutative (7=complex conjugation).

For any scheme X over Spec(C), we denote by 7X — Spec(C) the pull-
back of X — Spec(C) through Spec(7) : Spec(C) — Spec(C). The above
diagram thus yields an isomorphism of complex curves between Mf}lg(e) and
TM2H8(—€) which together with ¢z (€) and by (—e) induces an isomorphism

P : MH(E) XFC — MH<—€) Xp C~ T(MH(—G) Xp C)

(recall that F is embedded in C through 7 : ' — R). In other words,
My (—e) is a twist of My(e). We shall now determine this twist.

For ¢ € Aut(C/F), let p(o) be the F-automorphism of Mpy(e) such
that p(o) - [g,h] = [g\,h] for g € G(Ay) and h € X, where A is any el-
ement of Z(Aj) (the center of G(A;)) such that recp(\) = o in Galiy.
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One easily checks that ¢ — p(o) is a well-defined group homomorphism
p:Aut(C/F) — Autp(Mpg(e)) which factors through Gal(F};/F) where Fy;
is the abelian extension of F' corresponding to the subgroup F*-(Z(A;)NH)
of Z(Ay) = F*.

Lemma 3.16 &' realizes My(—e€) as the twist of My(e) by p~¢.

Proof. On the level of complex points, ¢’ is the composite of ® with the
action of complex conjugation. The latter is described by a conjecture of
Langlands [?], proven in [?]. We obtain: for x = [g,h] € Mjf(e) (with

g € G(Ay) and h € X.), ®'(z) = [g,h™"] € MjP(—€) where h : S — Ggr
maps z to h(Z). Note that h +— h is indeed an involution of X, since

01
where w = [( 1 O),l,---,l

If h is a special point of X,, h~! is a special point of X_,. More precisely,
suppose that h : S — Gg factors through T} for some mazimal Q-rational
subtorus 7" C G. Let uyp, : G,,.c — T¢ be the induced cocharacter (uy(z) =
h(z,1)), let E, C C be the field of definition of p, (so that F' C Ej,) and put

rec;, = Normg, ;q © Resg, /q(1n) :

€ G(R).

recy : ReSEh/Q(Gm,Eh) - ReSEh/Q(T{Eh) — T

Let also po : Gy c — Zc C T¢ be the cocharacter defined by

po(z) = K : 2)1 ,1] € Z(R) C G(R) ~ G1(R) x - -+ x G4(R).

Then gy is defined over F' and

Res Norm
Z = ReSF/Q(Gm,F) F/—QSNO) ReSF/Q(ZF) L Z

is the identity map. Since py, - 1, = 1, 147, is also defined over Ej, and

recy, - rec, = Normy, /o : Resg, /q(Gm.i,) — Respq(Gmr) =Z C T
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It follows that (1) for ¢ € G(Ay), both z = [g,h] and ®'(z) = [g,h7!]
are defined over the maximal abelian extension E® c C of Ey; (2) for
A € B} = Resg, /q(Ay) and 0 = recg, () € Gal%i,

(plo) (0 z)) = | )
= [rech()\)NormE r(A)g, h]
[ (

reci-1(\)g, b~
o-d(x).

recy(A)gNormp: 1 (N), h]

Our claim now easily follows from the uniqueness of canonical models.

As a scheme over F', the twist My (€)" of My(e) by p~¢ may be constructed as
the quotient of My (€) Xgpec(r) Spec(Fy;) by the (right) action of Gal(Fy/F')
which maps ¢ to the F-automorphism «(c) = (p(0), Spec(c)) of My(€e) xp
Spec(Fy;).

Lemma 3.17 Suppose that H = H where g — § is the anticommutative
involution of G(Ay) which is induced by the canonical involution of B. Then
My (€)' is isomorphic to My(€). In particular, My(e) ~ Mg (—e).

Proof. We shall construct an involution 6 of My(e) with the property that
for all o € Ty & Gal(FY,/F),

6o a(o) = (1 x Spec(c))of on My(e) X Spec(Fy;).

Such a 6 induces an F-isomorphism between My (e) and My (e).

Recall that Mpy(e) = Spec (F(OMH(E),MH(E))) is non-canonically iso-
morphic to Spec(Fy) where Fy is the abelian extension of F' cut out by
FXy-nr(H) C F*. Since (F*-HNE*)? C FX,-nr(H), there is a well defined
group homomorphism « : 'y — Gal(Fg/F) given by r(recr(N)) = recp(A\?)
for A € F*. Tt follows from the discussion after Lemma 3.12 that for o € Ty
and © € My(e)(C),

c(p(o)(x)) = k(o) - c(x)  inMpy(e)(C) = Mu(e)(Fu).

On the other hand, Fy; is a subfield of Fiy whenever FJy-nr(H) C F* HNF>.
This is indeed the case when H = H. In particular, we may choose an F-
morphism My (€) — Spec(F};), thus obtaining an F-morphism ¢’ : Mpy(e) —
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Spec(F};) such that

VYo €Ty, c op(o)=Spec(c™)oc.

Let A be an F-algebra and let z = (z,y) be an A-valued point of the
F-scheme Mpg(e) xp Spec(Fy;). Then ¢(z) and y are A-valued points of
Spec(Fy;). If Spec(A) is connected, there exists a unique element ~y o v(2)
in 'y such that ¢/(z) = Spec(y~¢) oy. This defines an F-morphism z — 7(2)
from Mpy(€) xp Spec(F};) to the constant F-scheme I'y. For z = (x,y)
as above, we put 0(z) = (p(v(2))(x),y). One easily checks that € has the
required properties.

When H = H, we thus obtain an F-isomorphism between M (e) and My (—e).
On the level of complex points, such an isomorphism is given by

9. 1] € Mif(e) = [g71, k7] € My (—e).

Note that the condition H = H defines a cofinal subset of the set of all
compact open subgroups H of G(A}). Also, H = H when H = R* for some
Eichler order R in B, in which case Fy and F}; are respectively the Hilbert
class field and the narrow Hilbert class field of F'.

3.3.2 P-rational elements of Gal‘}‘?.

It may seem rather surprising that the bizarre subgroup Galf;_rat of P-
rational elements in Gali}}D should play any role in the theory of CM points.
For instance, Galk. ™" is not a closed subgroup of Gal’, although it contains
the closed subgroup

Gal(K™/K[P>]) = recic {\ € O, \p € OF, }.

The Galois group Gal(K[P>]/K) is topologically isomorphic to Go x Z**Q]
where p is the residue characteristic of P and GGy is a finite group, the torsion
subgroup of Gal(K[P*]/K). The subfield of K[P*] which is fixed by Gy is
the composite of all Z,-extensions of K which are unramified outside P and
Galois and dihedral over F. The image of Gall ™ in Gal(K[P*]/K) is a
dense but countable subgroup which is generated by the Frobeniuses of those
primes of K which are not above P (the intersection of this subgroup with
Gy plays a key role in [?], where it is denoted by G;). In particular, Gall. ™"
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is a dense but negligible (i.e. measurable with trivial measure) subgroup of
Gal3?. The map o = recg(A) — Ap yields a bijection between Gali> /Gall ™2
and K/ K*Fp.

However, the appearance of rational elements perhaps less surprising
when one recalls that the present work originated in the study of elliptic
curves over anticyclotomic towers of number fields, since the distinction be-
tween suitably defined rational and irrational elements of Galois groups oc-
curs quite frequently in the context of Iwasawa theory. For instance, the
celebrated theorems of Ferrero and Washington on the growth of class num-
bers in Z,, extensions of abelian fields rely crucially on the fact that nontrivial
roots of unity are irrational. Another example of this occurs in recent work
of Hida [?], [?] on anticyclotomic families of Hecke characters, where the key
observation is the irrationality of certain Galois actions on Serre-Tate de-
formation spaces. Indeed, the irrationality arguments given by Ferrero and
Washington were the original motivation for the introduction in [?] of rational
and irrational elements to the study of CM points.

In this section, we shall provide some further evidence for the relevance
P-rational elements by relating them to the André-Oort conjecture:

Proposition 3.18 For 0 € Gal¥ and z € CMy, put 6(z) = (v,02) €
My (C)2. The following conditions are equivalent.

1. o is a P-rational element.

2. For any collection & C CMy of P-isogeneous CM points, the Zariski
closure of (&) in (Mg xr C)? has dimension < 1.

3. For some collection £ C CMpy of P-isogeneous CM points, the Zariski
closure of §(E) has dimension 1.

For the proof of this proposition, we may and do assume that H = R* for
some maximal order R C B. For any CM point

z=[g] € CMpy =T(Q)\G(Ay)/H,

the stabilizer of z in Gal’’ then equals recg (K*O(z)*) where O(z) = K N
gHg ! is an Op-order in B. Moreover, there exists a unique integral ideal

C C Op such that O(z) = Ok ' Op + COK. We refer to C ¥ C(x) as the
conductor of x and denote by ¢p(x) > 0 the exponent of P in C(x), so that
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C(x) = Co(z)P'"® for some integral ideal Co(z) which is relatively prime to
P. By construction, x +— C(z) is constant on Gali’-orbits while z +— Cy(x) is
constant on P-isogeny classes. It follows from [?, pp. 42-44] that the fibers
of C are finite. In particular:

Lemma 3.19 The function x — {p(x) has finite fibers on any P-isogeny
class.

This function is related to the usual distance d on the Bruhat-Tits tree
T = Fp\Bp/Rp ~ Fp\GLy(Fp)/GL2(OF,).

Indeed, the group Kj acts on the left on 7 by isometries, and for v =
[b] € T (with b € Bj), the stabilizer of v in Kj equals F5O(v)*where
O(v) = Kp NbRpb~! is an Op,-order in Kp. Just as above, there exists a
unique integer n & n(v) € N such that O(v) = O, with O, & Op, + POy,
(O,, is the completion of Ok ¢,pr at P for any integral ideal Cy C Op which
is relatively prime to P). It is clear that for a CM point = = [g] € CMy,
(p(z) = n(v) where v = [gp] (gp € Bp is the P-component of g € G(Ay)).
It is well-known that

e The map v — n(v) yields a bijection between K5\7 and N.

e The subset 7y = {v € T; n(v) = 0} of 7 consists of a vertex, two
adjacent vertices or the set of vertices on a line in 7, depending upon
whether P is inert, ramifies or splits in K.

e For any v € 7, n(v) is also the distance between v and 7.

In particular, suppose that (v,,v,—1,--+,v9) and (W, Wy—1, -+ ,wp) are
geodesics in 7 from v = v, and w = w,, to Zy. Then n(v;) =i for 0 <i<n
and n(w;) = j for 0 < j < m. The geodesic v between v and w may then be
computed as follows:

o if vg # wo, ¥ = (Vn, Vp—1," " Vo, Us, "+, Up_1,Wo, W1, "+ , Wy,) Where
(vo, U1, -+ + ,up_1,wp) is the geodesic between vy and wy inside the con-
nected subtree 7, of 7.

o if vyg = wo, ¥ = (U, Vn_1, "+ , Ve = We, W1, - ,Wy) Where c is the
largest integer < n,m such that v, = w..
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In the special case where w = Av for some A € K5, n = m = n(v) and
w; = Av; for 0 < ¢ < n. If moreover d(v, \v) < 2n, it thus must be that
vg = wp. With ¢ as above, d(v,w) = 2(n — ¢) and v, = w. = Av,, so that A
belongs to F7 0. We have obtained:

Lemma 3.20 Suppose that d(v, \v) < 2n(v) (withv € T and A € Kj). Then
d(v, \v) =2k for some k € {0, ,n(v)} and X belongs to Fp O, .

We may now sketch the proof of Proposition3.18. Of course, (2) implies (3).

(1) implies (2).

We have to show that for any P-isogeny class H C C' My, 6(H) is contained
in a one dimensional subscheme of (Mg xr C)? if 0 = recx()\) for some

ANeT(Ay) = K* whose P-component Ap belongs to F5. Choose gy € G(Ay)
such that

H = T(Q\T(Q)BjgoH/H inside CMy = T(Q)\G(A;)/H.
Using Lemma 3.11, we find that

5(H) = {([bgo], [Xbgo]); b € B3}
= {(lbgol, [bgor)); b € By}

where 7 = gy Ago. Indeed, bgyy = bA°gy = Abgy for any b € B} as
A% belongs to F5. In particular, 6(H) is contained in the 1-dimensional
image of the (algebraic!) morphism Mpgn, g1 — M7 which sends [g, h] to
([g, ), [g7: h]) (9 € G(Ap), h € X).

(3) implies (1).

Write 0 = recg(A) with A € K*. Suppose that the Zariski closure of §(€) in
(Mg x  C)? has dimension 1 for some (infinite) collection £ of P-isogeneous
CM points. We have to show that the P-component \p € K} of A\ belongs
to Fp K*.

By a proven case of the Andr-Oort conjecture [?, Theorem 1.2] there
exists an infinite subset £ C & and some element v € G(Ay) such that
6(&’) is contained in the image of a morphism My, g1 — M7 as above.
Fix = [go] € £ and let {g1,---,9;} C H be a set of representatives for
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H/H N ~yH~™!. For each o’ = [bgo] € & (with b € Bp), we know that
x = [bgog;] for any i € {1,--- , s} while

o-x € {[bgogi17],- -, [bgogs7]} -

Replacing go by gog; for a suitable 1 < ¢ < s and using lemmas 3.11 and 3.19,

we obtain: there exists a sequence b, € B} such that (a) ¢(n) % ¢p([bago])
goes to infinity with n and (b) [A\°b,g0] = [bngo7] for all n > 0. By (b), there
exists A, € T(Q) = K* and h,, € H such that for all n > 0,

A Abngo = bpgoyh, in G(Ay).

Put v, = [bngo.p] € T and p,, = A\, A, Since piy p- vy = [bn90,pVpP], d(Vp, fin,p-
v,) = dp does not depend upon n. Pick N > 0such that Vn > N, dy < 2¢(n).
By Lemma 3.20, dy = 2k and

On the other hand, g,y = bugoYhngo b5 bngohn vy g0 "by'. Away from
P, this equation simplifies to (u,uy')” = (govhnh 'y 195 )T, so that

(i) € K N (907)R5(907)0" € Ok, (9)

for all @ # P.

Let Up C Uk be the groups of all elements z € F'* (resp. z € K*) which
are units away from P. Since K is a totally imaginary quadratic extension of
FrankzUg = rankzUp if P does not split in K and rankzUgx = rankzUp+1
otherwise. Let Uy be the subgroup of Uy defined by Uy = Ux N FpOx,.
Then Up C Uj, C Uk, and [Up : U] is finite. Let R C Uy be a set of
representatives for Uy /Up.

By (9), papty' = AnAy' belongs to Uk for all n > 0. Then (8) shows that
ity belongs to Ul for all n > N. For such n’s, we may thus write

An = Anr(n)u(n)  with r(n) € R and u(n) € Up.

Using (8) again, we find that Ayr(n)Ap belongs to Fp O, foralln > N.
Choosing a subsequence on which r(n) = r is constant, we finally obtain:

)\]\ﬂ“)\;p € F1>3< = mnzoF;;O:.

Since Ayr belongs to K*, A\p indeed belongs to K*F5.
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Remark 3.21 More generally, it may be shown that for any infinite collection
&€ C CMy of P-isogeneous CM points and any finite subset R = {0y, -+ , 0.}
of Gal5?, the Zariski closure of {(oy2,--- ,0,2); 2 € £} in V = (My xp C)"
contains a connected component of V' if and only if the o;’s are pairwise
distinct modulo Gall, ™" (Hint: use section 7.3 of [?] and a variant of Propo-
sition 2.1 of [?]).
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