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1 Introduction

Suppose one good is produced in an economy using N resources. Let v(z) denote the amount
of the commodity produced when z € RV is the vector of amounts of resource used; then v is
the production function. One unit of the 7th resource costs y; units of the good - we are doing
our accounting in units of the good rather than money. The total amount of the ith resource
in the economy is Z; € (0, 00). Resources can include raw materials, physical plant, labour and
money. In the last case, Z; is the money supply (in real terms). In the case of labour, each
agent represents one unit of labour, so Z; is the number of agents. Define

N

A7 =T] [0, Z. (1.1)

i=1
As elsewhere (Abel and Eberly 1997 [1]) the management of the production facility will set
production levels to maximize profit, i.e. will use resources at level

2(y) € argmax,c 4z{v(z) — yTz}, (1.2)

where y' denotes the transpose of y. Note that this is a static problem, time plays no role. The
production function v and the utility functions u?, cf. below, are assumed to be smooth, strictly
increasing and strictly concave.

There are J agents who consume the good and also hold the resources and production facility.
Agent j derives utility v/ (c¢?, /) from consuming ¢/ > 0 units of the good and holding r units
of the ith resource, i = 1,---,N. We take r/ € BRI C RV, ie. he may have no or limited
interest in some of the resources. For example, in the case of labour, r] € [0, 1] represents the
amount of leisure enjoyed by the agent, i.e. the fraction of his unit of labour (his time) which
he retains as leisure. Resources are initially held by the agents, agent j having an endowment of
p! units of the ith resource and a fraction ¢’ of the production facility. He obtains a dividend,
@l [v(2) —y T 2], from ownership of the facility. Then the value of his endowment, € (y, 2), valued
in units of good, is a continuous function of the production input z and the price vector y.
Moreover

N J J
Iy, 2) = plyi+@ wz) -y 2, Dpl=Z, D=1 (1.3)
i=1 j=1 j=1
He chooses ¢/ and 77 in ' '
A’ :=10,00) x R’
to maximize his utility subject to his budget constraint, i.e.

(&,77) € argmax( e {u’(c,r) s ety r <€y, 2)} (1.4)

The product structure of A’ is required to apply Chiarolla and Haussmann [4]. Since u/ is
increasing, then the constraint reduces to an equality constraint and the problem can be trans-
formed to the form (1.2) with the aid of a Lagrange multiplier 7’:

S}ug}{uj(fﬂj) — (g2l =y, 2)} 2l = ()T g= (1Y)
xIe Al
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The equilibrium problem consists of finding a price vector y so that markets clear when
agents and production managers maximize utilities and profits respectively, i.e.

Zéj = ,U(ZA;)?
{2+zjw’ -z (15)

Such a situation defines (static) equilibrium, similar to an Arrow-Debreu equilibrium but with
production. We emphasize that the level of production is determined endogenously as the
solution of a maximization problem. The more common case of a stochastic dynamic equilibrium
without production, i.e. with exogenous endowment, is discussed in detail in Karatzas, Lehoczky
and Shreve 1990 [11] and in Chiarolla and Haussmann 2001 [3]); the stochastic dynamic case
with production is studied in Chiarolla and Haussmann 2009 [5].

Optimal consumption problems in a dynamic setting for a single agent with multivariate
utility have been considered previously. We mention three such works. In Lakner 1988 [12] the
multivariable utility can be reduced to a scalar function; in Bank and Riedel 2003 [2] a utility
function of two goods is treated in an ad hoc fashion, and in Deelstra, Pham and Touzi 2001
[8] a more abstract approach is used to allow non-smooth utility functions. Unfortunately the
assumptions imposed in the last are not always easy to verify. Indeed the point of our work - a
static case - is to provide a relatively simple situation so that the effect of production, which is
not considered in the above papers, can be included.

Existence of a solution to such problems with finite dimensional commodity space is estab-
lished using topological methods in great generality by the General Equilibrium Theory (Debreu
1959 [7]; Florenzano 2003 [9]), but this requires a survival condition which does not always hold
here because A’ may not be “comprehensive” (i.e. A7 + §Ri_+N C A7) and v/, v may not be
strictly increasing at points of A7, AZ respectively where one component is zero. In any case
our aim is not to make a significant contribution to the economics literature; rather we provide
a solution to this problem based on the Negishi method (Negishi 1960 [13]) and an auxiliary
maximization problem (maximization of the wtility of production) interesting in its own right.
In so doing we establish some technical results (cf. the Appendix) that are required to solve the
stochastic dynamic equilibrium problem of [5] (Chiarolla and Haussmann 2009) where the Gen-
eral Equilibrium Theory does not apply because that problem is time dependent and stochastic,
so not finite dimensional. Moreover a simple example demonstrates that the method allows nu-
merical computation of the equilibrium. These results and the auxiliary maximization problem
are the main contributions of the paper.

Let us consider the problem (1.2). It was shown that it has solution 2 = IY(y) where I
is an extension of (Vv)~! beyond Vv(A%) (Chiarolla and Haussmann 2008 [4]). In the generic
one-dimensional example with v strictly increasing and strictly concave and A% = [0, 00), the

obvious solution is ) )
I N R
0 if y > v,(0).

If the Inada condition holds, i.e. v,(0) = oo, v,(c0) = 0, then IV = (v,)~! on (0,00). The
problem (1.4) similarly has solution (&7, #7) = I’ (p/g).
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If there is only one agent in the economy (with utility function u) then the equilibrium
problem can be solved as follows. Take y such that I*(ng)" = (v(2),(Z — 2)7), ie. 0y =
Vu(v(2), Z — 2) = (uc(v(2), Z — 2), Vou(v(2), Z — 2)T) T where V,u denotes the gradient with
respect to the resources only. Recalling that Z depends on y, we find that the equilibrium price
vector solves a fixed point problem,

ru(v(2), Z - 2)
( G.Z-7) (1.6)

Rather than solve this unpleasant fixed point problem for y we find another representation of 2
as the solution of an auxiliary maximization problem:

z = argmax u(v(z), Z — z). (1.7)

The solution of this problem gives Z independent of y; the latter can then be found from (1.6).
Then (¢,7#7)T = I*(ny) solves the agent’s problem and y solves the firm’s problem. Market
clearing follows from I*(ng) = (v(2),(Z —2)")T.

Motivated by this result when J = 1, we introduce a representative agent with a utility func-
tion, u(c, ; A), which is an aggregation of the v/ and depends on a parameter A = (Ay,---, A;) "
with A\; > 0, c¢f. (2.7). The properties of this function are developed elsewhere (Chiarolla and
Haussmann 2008 [4]); they are sufficient to apply the above procedure, the well-known Negishi
method, to solve the problem.

In Section 2 we summarize our notation and recall the results on the extension of the inverse
of Vu and the properties of the aggregated utility function established elsewhere (Chiarolla and
Haussmann 2008 [4]). The economic equilibrium problem is solved in Section 3 and an example
demonstrates how to compute equilibria numerically in a simple case. In the short Appendix we
establish existence of the Lagrange multipliers and give the technical proof of some continuity.

2 Production Functions, Utility Functions and the Representa-
tive Agent

We first summarize some notation and results from convex analysis on £ (but in the context
of concave functions); our reference is the classic text by Rockafellar (Rockafellar 1970 [14]). A
set is affine if it is the translate of a subspace of R", possibly {0} or R". int(A) denotes the
interior of the set A, cl(A) denotes its closure, bdy(A) denotes its boundary, aff(A) denotes
its affine hull (smallest affine set containing A), and ri(A) denotes the relative interior of A,
i.e. interior of A relative to aff(A). If w is a function R — [—00,00), then the (effective)
domain of u is dom(u) := {z|u(z) > —oo} and im(u) := u(dom(w)). wu is non-decreasing if
u(z) < u(z’) whenever z, 2’ € dom(u) and x < 2’/ and where the latter inequality in R™ is
taken component wise. w is strictly increasing if u(xr) < u(z’) for such z, 2’ with x # 2/, i.e.
u is strictly increasing in each of its n arguments. The function u is (strictly) concave if it is
(strictly) concave on dom(u) which we assume to be non-empty. This makes the function a
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proper, concave function in the terminology of convex analysis. The concave conjugate of the
concave function u : R" — [—00, 00) is

uw(y) = inf {z'y—u(2)},

A supergradient of u at x € dom(u) is y € R™ such that for all z € R"
u(z) —u(z) < (z—2z)y.

The set of all supergradients (called the supergradient set or the superdifferential) is denoted
by Ou(x), and dom(du) := {x|0u(z) # 0} is the (effective) domain of du. We set du(z) = 0 if
x ¢ dom(u). Note that if u is concave, then —u is convex and du = —d(—u) where 0 on the
right side denotes subdifferential, so results for convex functions can be translated to concave
functions. If u is differentiable on int(dom(u)), then du = {Vu} on this set and Vu is monotone
(i.e. (Vu(x) — Vu(z')) " (x —2') < 0), and strictly monotone (i.e. < 0 for x # z') on sets where
u is strictly concave. Finally when ou = {Vu}, we will write du = Vu.

The normal cone to the convex set A at x € A, denoted by N(z), consists of the outward
normals to A at x. It is empty for x ¢ A and is {0} for x € int(A). Note that aff(Ny(z)) =
Na(z) — Na(z) is a subspace . Define

() = 0 ifzeA,
XA =1 o if r ¢ A

it is the indicator function of A. Then Jdxa(z) = Na(x) for x € A and is empty for z ¢ A.
With A C R" define ua(x) = u(z) — xa(z), R}, ={x € R" 1 2; > 0,i=1,...,n} and
RY ={zeR":2;>0,i=1,...,n}. Let € denote the ith standard basis vector.

It is convenient to define a production function v on all of ®Y but permitting the value —oco,
so we are really only interested in v(z) for z € dom(v) := {z : v(z) > —oo}. We shall certainly
want v to be non-decreasing and concave. We add some regularity for technical reasons; thus
we assume

(i) v: RN [~00,00) is upper semicontinuous, concave, non-decreasing;
(ii) v is continuous on dom(v);
(iii) w is strictly increasing, strictly concave and continuously differentiable
on int(dom(v)); (2.1)
(iv) A% c dom(v) and v(A%\{0}) C (0, 00);
(v) dom(duv,z) C int(dom(v)) N AZ;
(vi) AZ\{0} C dom(Jvyz).

Then v is a closed, proper, concave function, cf. (i), (iv), (i.e. v < 4oo always, v > —o0
somewhere and v is upper semicontinuous), and dv = Vv on int(dom(v)). Note that the first
part of (iv) implies that ri(dom(v)) = int(dom(v)) since Z; > 0, and the second implies that
for z € A%, v(z) = 0 implies z = 0. Since ri(A%) Nri(dom(v)) = int(A%) N int(dom(v)) # 0,
then vz (2) = Ov(z) — Nyz(2) (Rockafellar 1970 [14], Theorem 23.8.) = Vuv(z) — N,z (z) on



Equilibrium 6

int(dom(v)), and dom(dv4z) = A% N dom(dv). Part (vi) simply means that ||Vv(z)| < oo for
z # 0. Certainly the assumptions imply that dom(dv,z) = A% or A?\{0}.

The above set-up has a drawback: it does not cover the case when v is of Cobb-Douglas
form (i.e. v(2) = [T 2%, 0y > 0,30 o < 1), since then v(z) = 0 for z € bdy(RY,). It may
happen that v = 0 on a part of bdy(R%Y, ), but then such points cannot lie in int(dom(v)) by
(2.1)(iii), so by (2.1)(v) such points are not in dom(dv) and (2.1)(vi) fails. To remediate this,
we will sometimes modify these conditions by replacing (iv) and (vi) by

(iv)) A? C dom(v) and v(A%) C [0, 00);

(vi)' there exist closed sets GY, with disjoint interiors such that A% = J¥, GY,
and for i € 7V := {z c{l,...,N}:{z € AZ : z; = 0} N dom () :@},
lims_oinfegr(s) vz (2) = 00, where G7(6) := G7 N {z < 0}

We observe that if i € Z¥ then at the boundary of A where z; = 0, ||Vo(2)|| = oo, i.e. Vv
does not exist. Note that if Z¥ = () then A%\ {0} C dom(dv) so v strictly increasing implies that
we are in the previous case, hence we may assume Z” # (). Note that conditions (2.1)(i)-
(iii),(iv)’,(v),(vi)’ will be referred to as (2.1)’.

The utility function «/ of the jth agent should also be defined on all of " with the value —oo
allowed, but again we are really only interested in u/(z) for z € dom(uw’) := {x : w/(z) > —o0};

in fact we shall further restrict the domain to a set A7, so we consider ufy =ul — x45-
Write © = (xg,21,...,25) " for (c,r")" and set n = 1 + N. Then for j = 1,...,J, we

assume

(i) ! : RN™ — [—00,00) is upper semicontinuous, concave, non-decreasing;
i) w/ is continuous on dom(u);
(iii) w’ is twice continuously differentiable on int(dom(u?)) and ug,,, > 0 for i # k;
) RT. C dom(dw); '
' [0,00) or (0,00) if 1 € M,

(v) fori=0,1,---,N, D] ::{ [0,1] or (0,1] if i € M7,
{0} if i € MJ,

with MJUMIUMI ={0,1,---,N}, 0 € M7, and

A =TIY, Dg C dom(u’), A7 closed in dom(u/);

(vi) dom(@u%) C int(dom(u?)) N A7; '

(vii) w/ is strictly increasing, strictly concave on dom(@ufy);
(viii) there exists p/ € 0T A7 := {3, \s Mi€i : \i > 0} such that for all x € 0T A7,

Vil (2) T <alpl.

T
T

(2.2)

infzedom(aui‘j)
The condition (iii) means that the resources as well as consumption are ALEP complemen-
tary, cf. Kannai 1980 [10]. We rewrite A7 = D} x R/ with R/ = [l;>1 D]. Part (iv) of
(2.2) states that Vu/(z) is locally bounded on R7 . Moreover ri(dom(uj)) = int(dom(uj))
since 7, C dom(du?) C dom(w’/). Hence int(dom(uw’/)) C dom(du’). The fact that A7

is closed in dom(w’) determines the inclusion or exclusion of 0 at the left end of Dg . Since
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ri(A7) = ri(dom(v’};)) C dom(@u%) C int(dom(u?)), cf. (vi), then again a result of Rockafellar
(Rockafellar 1970 [14], Theorem 23.8) implies that auiu» = 0w — Ny, hence dom(@u%) =
dom(du?) N A7 C int(dom(w?)) N A7 by part (vi) and we have equality throughout. ‘

Condition (viii) restricts the behaviour of ufy at oo and helps to determine dom(/ s ). In
the scalar case, n = 1, part of the Inada condition demands “uJ = 0 at co”; we have relaxed
this to (viii), i.e. uJ < p/ for some p? > 0.

Remark 2.1 Notice that the other half of the Inada condition requires lim, .o u/(z) = oo in
the scalar case; here we only require that if || Vu/(x)|| — oo as « approaches bdy (R’ ), then it
does so uniformly, cf. (2.4) below.

If we use (2.1)" we add to (2.2):
(ix) for all j and i € 7 i (c,r)/ul(c,r) is independent of rg, k # i.

Note that (2.2) augmented by (ix) will be referred to as (2.2)’.

We now add more assumptions in three steps.

e The boundary of A7 decomposes into a finite number of relatively open sets, C,g, i.e. corners,
edges, faces, etc. To eliminate some pathologies we assume for any j and k

C,g N dom(du’) # () = C,g C dom(du?). (2.3)

e Turning to behaviour at bdy (A7) N (dom(du’))¢ where ¢ denotes complement, define
T={ie UM : {z e A :z;=0}Ndom(du’) = 0}.

The continuity of Vu/ implies that for any convergent sequence {z*} C A7, limy, ||V (z)| =
oo only if Z7 # (). We assume for each j

there exist sets Gg , closed in A7, with disjoint relative interiors such that A7 = Uf\io Gg ,
and for i € 77, lims_,o infmeG{(é) u?nl(:n) = o0, where GJ(0) := GI N {x; <&}
Conversely, z¥ — 0 for any bounded sequence {zF} C A7 such that u (2*) — oo and
the rate of convergence of z¥ depends on the sequence only through supy ||2*]|.
(2.
The first part of (2.4) implies that for « € bdy(A47) but x ¢ dom(dw’), lim,x_,, ul, (z*)
oo uniformly in G7; it is void if Vu/ is finite on 47 N bdy (R, ). This part is used to
establish the existence of an equilibrium, cf. Lemma 4.3. The second part implies that if
u?nl(:nk) — 00 then ¢ € Z7 and is used to obtain existence of the Lagrange multipliers, cf.
Corollary 4.2, and regularity of the representative agent’s utility function, cf. Theorem 2.6.

We point out that in the case n =1 the Inada conditions imply (2.4) and (2.2)(viii) with
w? = 0, although the latter are weaker.

4)
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e Finally we link the u/’s and Z. With J; := card{j : i € M7} we assume
Ny ML =0, fori¢ Ui, MI, Z; < J,. (2.5)

This condition states first that each resource is coveted by at least one agent and second
that for resources for which the maximum demand from every agent is finite (i.e. 0 or
1), the supply can never exceed this maximal demand, hence positive production is at the
cost of unmet demand for resources by the agents. An example would be labour/leisure.
Let it be resource one. Moreover 1 € MJ U M i.e. the jth agent can provide one unit of
labour (1 € M) or none (1 € MJ), but in the former case he reduces this by his leisure
choice, 7 € [0,1]. Then the maximum amount of labour available is Z; = Ji, i.e. the
second part of (2.5) holds.

Note that (2.1) - (2.5) are our standard assumptions; when they are modified by replacing
(2.1) by (2.1)" and (2.2) by (2.2)" we refer to them as the alternate assumptions. One or the
other is always assumed to hold.

Example 2.2 Here are some examples.
(i) n=1.

(a) nete) i
j _ Jinlz+e x> —¢,
w(@): { —00 otherwise.
Then dom(w/) = dom(du/) = (—¢,00). If € > 0 then we can take A7 = [0, 00) or
[0,1], but if £ = 0 then we must take A7 = (0,00) or (0, 1] in order to satisfy (2.2).
(2.2)(viii) holds with g = 0. Since bdy(4/) consists of {0} and possibly {1}, then
(2.3) holds. If £ > 0 then (2.4) is empty since Z7 = (), and for ¢ = 0 it is satisfied
with GI = A7
(b) wv(2) of the same form with £ > 0 satisfies (2.1) for A% = [0, Z].
(© 1 ifx>0
’LLj(:E)':{\/:E—i_ if 220,
—00 otherwise
and A7 = [0, 00). To satisfy (2.2)(vi) we redefine w/(z) = v +1 on « > —1. This
produces no change in v’,; and now (2.2) - (2.4) hold.
(d) For p >0

PR Bl B il B
w(e): { —00 otherwise.

Then dom(w/) = dom(du’) = (—1,00). Let A7 = [0,00). Then (2.2)-(2.4) are
satisfied with 7/ = p. In fact (2.4) is empty.
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(ii) n =2 and

W (g, 1) 1= (zo +c0) (21 + 1) if 33 > —&;, 1=0,1,
0,T1) = —00 if either z; < —¢;,

with v; > 0, 790 + 71 < 1. Then dom(w/) = —(g9,£1) + R2 and dom(duw/) = — (g, 1) +
R2 . = int(dom(u’)). Take g; > 0.

(a) If A7 =0,00) x [0,1], then (2.2) is satisfied with p/ = 0. Note that dom(@uiu) = Al
if both g; > 0 so (2.4) is empty, but dom(@u%) = (0,00) x [0,1] if gg = 0,1 > 0.
Then Z7 = {0} and we take Gl = AJ, G{ = (. If both g; = 0, then Z7 = {0,1} and
Gh = AT N {zy > 20}, G = A N {x1 < x0}. Then (2.4) holds. Moreover bdy (A7) is
composed of (0,00) x {0}, {(0,0)}, {0} x (0,1), {(0,1)}, (0,00) x {1} so (2.3) holds.

(b) If A7 =[0,00) x {0} and €1 > 0 then dom(du’};) = A7 if &g > 0, but dom(du’};) =
AT N {xog > 0} if g9 = 0. As above it follows that (2.2)-(2.4) are satisfied with @/ = 0.

(c) For A7 = [0, 00) x {0}, we may equivalently consider the case y; = 0, i.e.

Uj(iﬂo,lﬂl) = {

with 0 < 79 < 1, so dom(du?) = (—eg, 00) xR = int(dom(u’)). (2.2)-(2.4) are satisfied
with p/ = 0. Observe that Ny, (z) = {0} x R for z € ri(47), Ny (z) = (—o0,0] x R
for z = (0,0) and is empty otherwise. Moreover dom(@uiu) = AJ for g > 0,
dom(@u%) = (0, 00) x {0} for g = 0, so for = € ri(A7), auiu» (x) = Vi (2) =Ny (z) =
{uf, ()} x R.

(iii) N =2 and (Cobb-Douglas)

(w0 +e0)7 if 29 > —eo,
—00 if g < —ey,

( ) e iz >0, 0i=1,2,

UEL 2T o if either z; < 0,

with 9, > 0, v + 72 < 1. Then dom(v) = R2 and dom(dv) = R2, = int(dom(v)).
A% =10, 7,] x [0, Z]. Then (2.1) fails since v(0, Z;) = 0 ¢ (0, 00) and ||Vv(0, Z1)| = oo.

In fact Z¥ = {1,2}. However we can define G} analogously to G} in (ii)(a) so that (2.1)’

holds. Moreover (2.2)"(ix) holds if for example for all j, u/(c,r1,72) = cagr?]lrg% with

ol >0, af) + af + o < 1 because vl (c,r)/ul(c,r) = (o] ¢)/(a)7i).

To solve (1.4) we require an extension of the inverse of gr 4;u’(z) := Vu/(x) when z € A7,
= —oo otherwise; such a result is established by the authors (Chiarolla and Haussmann 2008
[4], Proposition 3.2). We recall it below, cf. Theprem 2.4. For the moment let the pair (u, A)
stand for (u?, A7) or (v, A%) and let m stand for m? = card(M?7), p for p/ with m =0, u =0
in the case of v. Define

Ry, := Vu(dom(duy)) = Vu(ANint(dom(u))). (2.6)

uy -

Notice that as w is strictly increasing on dom(duy,), then R, , lies in the positive orthant of
aff(A), i.e. in R% if M, = 0.
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Definition 2.3 Since A is a polyhedron then bdy(A) (which may be all of A) decomposes into
a finite number of disjoint convex sets, Ci, k=1, ..., K, each being a corner, edge, face or other
lower dimensional set such that C;, = 1i(Cy). Set Sy := Vu(Cx), Sp := int(R,,,) and Cp := int(A).

Note that Sy = 0 if Vu(-) is not finite on Cy, i.e. Cx N dom(du) = .

Theorem 2.4 (a) There exists a continuous, monotone function I*4 : int(dom(u%)) —
dom(du,) = dom(Au) N A which extends (gr u)~t. I is strictly monotone on R, ,. Moreover
dom(I"4) is an open set such that (u+ RN, ) &R~ C dom(["4) C R & R~ m

(b) There exists a projection Py, : dom(I"4) — R, , such that

1“4 (y) = (VU)_I(,PHA (y))v

i.e. y = Vu(z) — 7 with x = I"4(y), 7 € Na(z) and Py, (y) := Vu(z).

(¢) If Vu is p times continuously differentiable, then I"4 and P, , are p times continuously
differentiable on int(Sk) for each k. Moreover for each k, I"4 has a continuously differentiable
extension to cl(Sk).

Since A is a polyhedral set, then N4 () is constant on each face, so the projection is particularly
simple to identify (Chiarolla and Haussmann 2008 [4], Figure 2). The boundary points of R, ,
are either points of bdy(dom(/“4)) (hence not in R, ) or are points in R,,, across which Vuy
can be extended (Chiarolla and Haussmann 2008 [4], Figure 1). Note that the extension of the
derivative of I“4 is given by (3.7) of Chiarolla and Haussmann 2008 [4].

Example 2.5 We g1ve two examples. Take n =3, z = (c, 1, )T

(i) Let ul(z) = c3 rd 7"2 and A = [0, 00) x [0, 1] X [0, 00). Then dom(dul;;) = (0, 00) x (0, 1] x
(0,00) and on Vu'(dom(duly)) = {y € R3, : y1 > u} (¢, 1,19), (c,72) € RE,} we find
1 2 2 1
I Al Y Y Y Y *
oo v1,92) = 555 (yS’ yive wuive vyl y§)

This function extends to (0,00) x (—o00,00) x (0,00) by projection parallel to the y;-axis,
1
i.e. if the above formula gives r; = I lu AL (y) ¢ (0, 1] then increase y, specifically if

1
U1 <

1 2 1
25 x 9y 23
then replace 1t by this quantity when computing I ().

(i) Let u?(z) = c‘%rl and A? = [0, 00) x [0, 1] x {0}. Then dom(du%,) = (0, 00) x (0, 1] x {0}
and on Vu?(dom(du?,)) = {y € R3, & {0} : y1 > uZ (¢, 1), c € (0,00)} we find

1 1 1
I Az(y07y17y2) 27(y3y17 M7 0)

As above, this function extends to §R3_ L+ @ R by projection parallel to the y; and ys-axes,
le. ify; < \/— then replace it by this quantity, and set y5 = 0.
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As we shall use the Negishi method to establish existence, we introduce a representative
agent; his utility function is an aggregation of the ufy defined as follows. For A = (A, -+, Ay) €
RJ ., define u(z; A) as a supremal convolution on R™:

J o
u(x; A):=  sup Zx\juiu» (z7), (2.7)
2 @0=e j=1
where 27 = (), -, 2%) T € R". Recall n = N + 1. Define
J o
Wiy A (Y i.— ' BOAY — i.
I'(y; A) = ;1 a9 (A_j) A= zj:dom(auiu), R(A) := Vu(4; A). (2.8)

and set D(A) :=dom(I*(-;A)) =, /\jdom(lufw’). Then

N (Nw + R @R ) CD(A) C N (R @) (2.9)

J J

Observe that if 4/ = 0 for all j, then D(A) = N; (éRTi & %"_mj). Combining Theorem 4.3 and
Corollary 4.4 of Chiarolla and Haussmann 2008 [4] yields

Theorem 2.6 Assume either the standard assumptions or the alternate ones. Then the follow-
ing hold.

(i) For each A € R, u(-;A): R" — [—00, 00) is a closed, proper, concave, non-decreasing
function on R™ with dom(u(-;A)) = A := 237:1 AJ. For each x € A there exist &7 € A7 such

that
x = Z:%j, u(x; A) = Z /\jufy (&7). (2.10)
J J
Moreover I*(-; A) is the inverse of du(-;A) and is monotone. u(-;A) is strictly concave on
dom(Ju(-;A)) =im(I*(-;A)).

(i) im(I%(-;A)) = A is convex. For x € A, there exists y € (I*(-;A))~Y(z) such that the
27 of (i) can be represented as

W =10 (). (2.11)

(iii) u(-; A) is continuously differentiable on A. This convez set is dense in A hence A and A
have the same interior. Moreover I*(-; A) = (Vu(-; A))~ on R(A), so I*(y; A) is a continuous,

monotone extension of (Vu(; M)~ strictly monotone on cl(R(A)) ND(A). u(-;A) is strictly
increasing on A. Fory € R(A), we have
Vu(I*(y; A); A) = y. (2.12)
(iv) For each x € A,

Vu(x; A) = \jVad (37) — il (&7), j=1,---,J, (2.13)
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where i (37) € Naj (#7) and for each i = 1,...,n there exists j(i) such that [/ (z7(M)]; = 0.

(v) Vu(x;A) is piecewise continuously differentiable.

Remark 2.7 Corollary 4.4 of Chiarolla and Haussmann 2008 [4] allows us to replace the awk-
ward (open) set

Ro(A) i= {y € D(A) : (aff (N (1" (%))) ~ (0}} (2.14)

J

of Chiarolla and Haussmann 2008 [4], Theorem 4.3, by R(A) = Vu(A; A), a subset of cl(R,(A)).

Remark 2.8 Since A =Y dom(@u%) and dom(@u%) is closed except possibly on some of the
C,g C bdy(R%,), then A has the same structure. In fact a face, edge etc. (in bdy(R7,)) of
A is contained in A if and only if the corresponding face etc. of each dom(@ui‘j) is contained
in dom(@ui}j). Let Z := ; TJ, cf. (2.4) for Z7. The elements of Z identify the coordinate
hyperplanes on which du/ = () for at least one j. In fact (2.2) implies that dom(du’;) =
AN\ Ujezi{zi =0} so A = A\ Ujer{r € A2y =0}

Remark 2.9 In Chiarolla and Haussmann 2008 [4], Example 4.7, we have shown that if u!, u?,

Al A? are as defined in Example 2.5, i.e.

11
ul(c,ry,me) = c%rfrf, Al =0, 00) x [0, 1] x [0, 00),
1
werm) = csrf,  A2=[0,00) x [0,1] x {0},
then ]
A:[0,00)X [072]X[0700)7 A:(0,00)X(0,2]X(0,00),
and
Ugo (T3 A) = Aluio(:ﬁl) = /\guio(:ﬁz),
Uz, (r;A) = /\luglgl(‘%l) - n% = /\2u9251(532) - n%v
Uy (23 A) = Aquy, (&)

with nd > 0 only if &} = 1; otherwise nJ = 0. Note that M! = {0,2} M2 = {0}, MI =
{1}, ML =0, M2=1{2}, 7! = {0,1,2}, 7% = {0, 1}. In fact we can solve for u(c, r1,79; A). We
may take A = (1, \) as u is linear in A, cf. (2.7). We can solve the latter. The set A decomposes
into A = /Nl() U /Nll U 1212 with

Ay = {(¢,r1,m2) 1 e >0, 11 € (1,2], 12 > NS(rp — 1)7%},
Ay = {(c,r1,m9) 1 ¢ >0, 71 € (1,2], 1o < A8(ry — 1)%},
/Nl() = /I\(/Nh U/Ig).
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The constraint :i"% =1 is active on A; and :i"% =1 is active on Ay. On Ay we have

1
ue,ri,ros A) = e3r? (Vg + A3,
o= cVrz - Ty )
2+ N g+ A8 )
3 3
42 ( cA ’ riA 70);
VT2 + A3 e+ A3

onfll
13 3 1.2
u(e,rra ) = o8 (i} + AR (r - DB,
1
. crs
P ( n 2 171’742)7
(Tf +/\2(T’1 — 1)5)
3 1
A2(ry—1)2
32 — ( lC 2(:1 )21 77«1—1,0);
(Tf +A§(T1 — 1)5)
and on A,

1 :
ule,ryraA) = ed ((m —1)2rf +22)°,

Recall m? = card(M7), so m' = 2, m? = 1; since also 4/ = 0 then we obtain from (2.9)
that D(A) = dom(I*(-;A)) = [(0,00) x (—00,00) x (0,00)] N [(0,00) x (—00,00)?] = (0, 00) X
(—00, ) x (0, 00).

3 The Equilibrium Problem

The standard or alternate assumptions are made. We consider the implications of equilibrium,
beginning with (1.2). Recall that y is the price vector. The proof of Theorem 2.4, i.e. Proposi-
tion 3.2 of Chiarolla and Haussmann 2008 [4], implies that

2(y) = 1"4% (y) (3.1)

is the unique element of v’ (y), hence Rockafellar 2008 [14], Theorem 23.5(a*), implies that
Z(y) is the unique solution of (1.2).
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Recall that the budget constraint in problem (1.4) is binding since u/ is increasing. After
introducing the Lagrange multiplier n;, we find as above, that

& = (fj> =1 (), = (1> (3.2)

Y

is the solution of (1.4) provided a multiplier exists. The latter must satisfy

5T 1% (3) = € (4, 2(1))- (3.3)

In the Appendix, Corollary 4.2, we show that at least one 7; exists and that despite the possible

. A ’U}7 . — . .
non-uniqueness, the value of &7 = I"47(n;y) is unique!
If there exists > 0 such that A;jn; = n for all j, then in equilibrium (cf. (1.5) and (3.2))
(2.8) implies that

v(2) \ _ jug,

so according to (2.12), if n7 € R(A), then

Vu(v(2), Z — 2; A) = ny.
If we write Vu(c,7; A) as (uc(c,r; A), Vou(e,r; A)T)T then the previous equation can be solved

-1
for y as y = (uc(v(é), z—Z; A)) Vru(v(2), Z — 2; A), hence
( ru(v(2), 2
uc(v(2), Z

2 = IUA (35)

)
- Z; A)
from (3.1).

With a view to establishing existence of equilibrium, we can solve the unpleasant fixed point
problem (3.5) uniquely, hence identify Z, by turning it into an auxiliary maximization problem.
Note that this process will not require knowledge of y! Define the wtility of production by
a(-; A) with

u(z;A) = wu(v(z),Z—z;A),
2),Z — z; N), (3.6)
U( ) Z— <3 A)7

U1(z;A) = (v
ts(z;A) = V,u

—~ o~

and define A* := Z Iy, DZ, Ap = ZJ 1 D so Ay is the positive half-line, closed at 0 if and
only if D? = [0, 00) for all j. Moreover A* = [[¥, D} where

(0,00) or [0,00) if i € UM,
{ [O,ji] ifiE(Uij)cﬂ(Uj/\;lj)
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if we recall from (2.5) that N; M = (. Again from (2.5) it follows that
int(A?) c A*N(Z — A*) c AZ. (3.7)

Then
dom(a(-;A)) = {z: (v(2),Z — 2z) € dom(u(-,-;A))} =v 1 (4y) N (Z — A*).

Lemma 3.1 4(-; A) is strictly concave on A* N dom(du(-;A)). Hence
(Py) Sup,c 4z U(z; A)

is attained uniquely at a point 2. Moreover 2 = (v(z),(Z — 2)T)T € A, and Va(z"; A) is
normal to AZ at 2".

Proof:

The strict concavity of @ follows readily from strict concavity of u on A = dom(du(-; A)),
the concavity of v and the fact that u is non-decreasing. As z — (z; A) is continuous on A?, a
compact set, then the supremum is attained uniquely at z € AZ.

Asri(dom(a(-; A))) = int(dom(a(-; A))), then AZNri(dom(a(-;A))) = AZNint(dom(a(-; A)))
= AZNint(v1(4g)) Nint(Z — A*) D int(v™1(A4g)) Nint(A%) = int(AZ Nv~1(Ap)) = int(A?) # 0,
(cf. (3.7) and (2.1)(iv), so Rockafellar 1970 [14], Theorems 23.5, 23.8, imply that 2" is charac-

terized by
0 € (2™ A) — x4z (2Y)] = B2 A) — Nz (2Y).
Hence 2" € dom(d(u(-;A))), i.e. ~:EA e dom(d(u(-;A))) = A.

Since Vu(-;A) is defined on A, cf. Theorem 2.6(iii), then Va(z™; A) = uc(z™; A)Vo(2d) —
V,u(z®; A) exists and is an element of di(z*; A). Now Rockafellar 1970 [14], Theorem 25.6,
implies that

di(z" A) = V(2" A) = Naom(a(- 1)) (")

It follows that Vi (2*; A) € Mom(a(- .a))(2") +Naz (2*) = Naz (2") since the normal cone is

{0} at an interior point. The result follows. O

Corollary 3.2 2" is the unique solution of (3.5).

Proof:  Since Vi(z;A) = uc(v(2),Z — 2;A\)Vo(z) — Vyu(v(z), Z — z; A), then 2" satisfies
uniquely (cf. (3.6) for ;)
1 (2% M) Vo(2D) = (22 A) 4+ 7(zD) (3.8)
where 7i(2") is an outward normal to A% at 2.
With the projection P, , defined as in Theorem 2.4(b), it follows from (3.8) that

3%

2 (2 A))'

Ay _ ag(2%; A) A_ qu
V’U(z )_P’UAZ (7) or z —I AZ (m

iy (28 A)
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As these steps can be reversed, the last equality characterizes z* uniquely. The conclusion

follows. o

Let us now find a condition sufficient for existence of an equilibrium and then show that it
holds. Fix A € R/.. Find z* € arg max,c 4z4(z; A), cf. (Py) in Lemma 3.1. Set

= uew(zt), 2 - 2N0), Yt = N TV, 2 - M), Pt =M
) ~(3.10)
Note that Lemma 3.1 implies that * € A. Since u(-;A) is strictly increasing on A, cf. Theo-

rem 2.6(iii), then Vu(z®; A) € 7%, ie. the price vector yh e §Rﬂ\_’+

Theorem 3.3 Let 7;(A) be a solution of (QA)TIHZM’ (n;g™) = € (y*, 2M).
(a) If Ajn;(A) =n?, j=1,---,J, then an equilibrium exists with z* = 2(y).

(b) An equilibrium exists.

Proof: (a) According to Corollary 3.2, 2% solves (1.2). Set

J

@, ()T = 1" (g (0)F), (3.11)

so it solves (1.4). It remains only to show that the markets clear.

IF Ay (A) = n, then 5@, (1)) T = 52, 1'% (n; (M) Y =51 (7Y = I ).
But n’7* = Vu(v(z}),Z — 2% A), of. (3.10), hence I*(n g% A) = (v(21),(Z — 2T, Tt
follows that (1.5) holds.

(b) To establish existence of an equilibrium, we must show that there exists A such that
n;(A) = n™/\; satisfies (3.3) for all j. But (3.10) implies that Vu(z*; A) = n’g" so A must be
found to satisfy

Vu(v(zY), Z = 2% 0) 1% (£ Vu(u(z), Z — 2% A) = el (5, 22).
With &y := (1,0,---,0)" € RV, this reduces to
Fi(A) == Vu(v(zY), Z — 2 A)T(I“Zf (L Vu(v(z4), Z = 24 8)) = € (y*, 2Y)8) =0, (3.12)

forj=1,---,J. Lemma 4.4 establishes continuity of I'; on §Ri 1. We will use Karatzas, Lehoczky
and Shreve 1990 [11], Lemma 12.1, to show that the required A exists, i.e. that the markets
clear.

Let 24 := {37, A& : A > 0, Y, 0 =1} and 2 := cl(E.,.) = (Fy,---,Fy)7 is defined

on Z4, but we can extend it continuously to Z by setting I" hi (A ) := 0 for A\; = 0 and still

defining u(z; A), I*(y; A) by (2.7) and (2.8). To establish the contlnulty we ﬁrst show that if
A™ — A with A, > 0 for some k, as is the case when A € Z, then 22" = (Vo(22"), Z — 2A™)



Equilibrium 17

lies in a compact subset of A. This follows from a slight modification of the proof of Lemma 4.3:
for L take {A € {A"}>°_; : A\x > \;/2} and replace (4.3) by

2KcKy

b (342 ) > T,

k

The required compact subset of A is now constructed as in the proof of Lemma 4.3.
Since Vu is continuous and strictly increasing on A then the Vu( A™. A™) lie in a compact

subset of R7, . It follows from Lemma 4.1 that lim, oo " 7 (M) — 0if AT — 0. Now
]

the continuity of (x,A) — I AJ(M])) established in Lemma 4.4 extends to A x Z. This
establishes the continuity of F' on Z=.
Observe now that if A\; = 0, then from (3.12) and (2.13)

Fi(A) = =€ (y*, 2N uc(v(zh), Z — 2845 A) = =/ (y*, 2 Ayl (@7 D) < 0 (3.13)

with j(1) defined in Theorem 2.6(iv), since we can establish Theorem 2.6 after deleting the
agents corresponding to the zero components of A.
Furthermore using (2.8) and (1.3) we obtain, for A € Z,

J .
S B = Y Vu(w(z), Z = 0T (1% (EVa(o(zY), 2 245 0) - (0, =)
J

j=1
= Vu(v(zh), Z = 25 0) T (I(Vu(u(z4), Z = 245 0)8) = e (v, 24)é)
j

A T
77 y

since Vu(v(z), Z — 2% A) = (n*, n* (")) 7.

Equations (3.13) and (3.14) are (12.3) and (12.4) of Karatzas, Lehoczky and Shreve 1990
[11] suffice, as in their Lemma 12.1, to establish that there exists A* € = such that F;(A*) =0
for all j. O

A
(Zv(f z)A> — (=" + (M (Z - zA))éo] =0 (3.14)

Example 3.4 We continue with Example 2.5, Remark 2.9. The constraints on r{ are compatible
with the idea that resource one is the labor supplied by the agents. Resource two is thought of
as raw material used in the production of the good. Take A = (1%\, 1%\) and compute

ule,r1, a5 A) = sup (M3 (r1)3 (r2)5 + A(c — V)3 (rp — r)3] (1 + \)~L

Write f(ct,rt) := [(c!)3 (rl)l(rg)% + A — cl) 5(rp —rl)s ](1 + A)7L. Then f has one critical
( ¢\ /T2 r1y/T2

NZESSE ﬁ;) This point lies in the constraint set provided 0 < ¢! < ¢,

point at ( L)
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0<rl< min{ry, 1} and 0 < ri—rt < min{ry, 1}. The first is always satisfied, but the other two
depend on the values of A\, r1,79. Set a := % and a = min{a,a~!'}. The last two constraints
reduce to 71 <1+ a ! and #! < 1+ a. There are two cases.

CASE 1: r1 € [0,1+ a]. Now the critical point lies in the constraint set; it is the maximizing
point and gives

u(e,ry,ro; A) = 3 7"1 (Vr2 + /\3) 5(14+ M)t = f(et,

CASE 2: 71 € (1 +a,2]. The constraint is 71 — 1 < 7! <1 and is not met by r! = #!; hence we
look for the max on the boundary of the constraint region. An easy calculation shows that

u(e,r1,ro; A) = max{f(c"',ry — 1), f(c"* 1)}
= ﬁrmxﬂhy—nw +AZ]E, g AT (m = D)5 /(L4 N,

where
. )
ry—1)z2r r
R G (r1 1)12 - cl’zzcl 32 1
(ri—1)2ry + A2 rg +A2(rp —1)2
Hence case 2 breaks down into
CASE 2a: a <1, 14+a <ry <2, where
1 3.2
u(e,ri, o A) = ¢ [(r1 — Drd +23]3/(1+ ),

and
CASE 2b: a > 1, 1 +a~! < ry <2, where

u(e,r1,ma; A) = %V2+A4ﬁ—1ﬁﬁm1+m

Now assume that v(z1,22) = (21 +€1)* (22 + £2)*2 — e]7e5? with 0 < o, a2, a1 + ag < 1,

g; > 0. If both g; > 0 then the standard assumptions hold; otherwise the alternate assumptions
hold. If we do not subtract the term {52, then v(0) > 0, and we can consider this amount of
goods to be imported.

@(z; A) is defined on A% with Z = (2, Z5) for Z3 > 0 (since (2.5) implies that Z; = 2). With
(c,r1,m2) = (v(2),2 — 21, Z2 — 22) we have a = a(z2) := min{ v Zf_{zz, \/2’23_22} and CASE 1 is
z1 € [1 — a(z2), 2] whereas CASE 2 is z; € [0,1 — a(z2)).

Now 2" is found as the solution of (P, ), cf. Lemma 3.1. Once we have obtained an expression
for 2z we can solve (3.12) for A, hence obtain a numeric value for z* and y*, cf. (3.10). Note
that y{* is the price of labor and ¥ is the price of the resource, all in terms of the value of the
good produced.

We used Matlab to solve (3.12) for A. Since F} + F» = 0, we only need to solve F; = 0 to

obtain A. We used the following parameter values: a; = 0.5, as = 0.3, p = (1 7 1 1) , =
Y —
(0.6,0.4) and varied Z, and ¢;.
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Table 1

Zy €1 €9 A y yy 2D 2 w(z
3.0000 1.0000 1.0000 1.1254 0.5548 0.1720 0.6009 2.0978 0.7762
5.0000 1.0000 1.0000 1.2702 0.6426 0.1264 0.5187 3.6320 0.9519
9.0000 1.0000 1.0000 1.4838 0.7615 0.0873 0.4615 6.6508 1.2259
3.0000 0 1.0000 1.1959 0.7892 0.1355 0.6667 1.3291 1.0522
3.0000 1.0000 1.0000 1.1254 0.5548 0.1720 0.6009 2.0978 0.7762
3.0000 2.0000 1.0000 1.0993 0.4646 0.2015 0.3479 2.2478 0.7676
3.0000 1.0000 0 1.2872 0.5664 0.2097 0.1058 1.7922 1.2527
3.0000 1.0000 1.0000 1.1254 0.5548 0.1720 0.6009 2.0978 0.7762
3.0000 1.0000 2.0000 1.1427 0.5793 0.1489 0.7084 1.9882 0.7482
3.0000 1.0000 1.0000 1.1254 0.5548 0.1720 0.6009 2.0978 0.7762
3.0000 2.0000 2.0000 1.1121 0.4832 0.1748 0.5345 2.2029 0.7080
3.0000 3.0000 3.0000 1.1046 0.4405 0.1753 0.4891 2.2606 0.6655

)

In our calculations the constraints on z are never active. Increasing Z,, the amount of raw

material present, produces an increase in the number of goods produced, v, as expected, cf. rows
1 to 3 of Table 1. As either ¢; increases, v(z*) decreases for fixed Z, i.e. production becomes less
efficient. When this effect is due to €1 (rows 4 to 6), then the amount of labour used decreases
as does its price, and the amount of material used and price thereof increases. When this effect
is due to 2 (rows 7 to 9), the corresponding implication is not quite true. There is no trend
in the amount of raw material used, only in its price (decreasing) and for labour the amount
used is increasing but the price of labour has no trend. When both ¢; increase (rows 10 to 12),
the pattern of rows 4 to 6 is reestablished; reversing the values of a; and as does not change
this. There are similar anomalies when we use v(21, 22) = (21 + £1)%%(22 + £2)%3, i.e. v(0) > 0,
although now v(z") increases with ;. The example shows that comparative statics results will
not be obvious in these models.

Remark 3.5 As usual in General Equilibrium Theory uniqueness of the equilibrium does not
follow. However in cases such as the above example, where (3.12) is solved numerically for A,
one may check whether the algorithm yields the same A (up to scaling) for a random selection
of starting points. This would indicate uniqueness of the equilibrium, but may require added
hypotheses, cf. Karatzas, Lehoczky and Shreve 1990 [11], Theorem 11.1. In this example varying
the starting point did not produce different values for A, so we suspect that the equilibrium is
unique.

4 Appendix

We establish the existence of the Lagrange multiplier n;. Let K7 := {k : Cl = {ai}, a singleton},
so aj, are the vertices of A7. Write m/ for card(M7 U M) and decompose R" = R @ R
where ™" = aff(A7). Any § € R" decomposes as § = 74 ©y.. Consider a (price) vector y such
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that = (1,y") " = gL ®y.L € dom([u]Af) with 7, € %Ti Define 17!; :=sup{n: yTIuZM’ (ny) > 0}
and Qi =inf{n:ny e dom([uzf)}. Then 0 < Qi < max;e pys [,ug/gji], cf. Theorem 2.4.

, B ;

Lemma 4.1 Forj € dom([“JAJ’) with g € R, n— ' 1"4i (ng) is continuous, non-increasing
j .

on (773 00) and strictly decreasing on (773 ﬁy)\Ukem{n c g 1" (ny) = §'al}. Moreover

hmnlvﬂ g1 a (ng) = oo, lim ;5" I" aa (ny) = 0 and lim,_. SUPyey”I gy (my)ll = 0 for any

Ty
set ) such that Y C dom(I" AJ) [%Ti &) %“‘m]] with Y =Y, &)Y, and Yy C §RT+ compact.

Proof: We write h(n) := gTI“ZM’ (ny) for n € (QZ’ o0); then h(n) > 0. Continuity of h follows

from that of 1 u]AJ’. h is non-increasing since [ oY is. ‘ ‘
J J J . .
As (m = n2)(h(m) = h(me)) = (mg — m29) " (1" (mg) — 1'% (127)) and [ s strictly
monotone on R ; , then h is strictly decreasing provided ny € R ; . For n;y € S),i=1,2,

AJ AJ

P (1) — miy € Ny (C]) and I"43 () € € so
Al

— — T ’U}7 . — ’U}7 . —
(Puj (niy) —my) (I a1 (my) — I (nzy)) = 0.
AJ
It follows that
j

(m = mo)(h(m) = h(m)) = 2 (19))

(my - nzy) (I 5 (mg) — 1"

= (Pu]] my) ujj(nzﬂ)) (Iuﬁj(ml?)—fui‘j(ﬁzﬂ))
(
0

! T u o
n9) =Py (p1)) (I (Py () = 1" (P, (na0))

J
AJ

PU

AJ Al

provided P ; (my)—"P, (m2y) # 0, since P ; (n;y) € R,; and we have strict monotonicity on
AJ AJ AJ i i

R, - But P (77117) # P (77237) unless § € aff (N4, (C])). Moreover Ny, (C ) Ny @ R
Al : .
where Ny (C} ) is the outward normal cone of A’ at any point in Cj relative to aff(AJ) R

If dim (aff(N; (CJ ))) < 7id, then it is orthogonal to one of the coordinate axes of R hence
cannot contain gy € §R++. If dim(aff(N,; (C,g))) = 7/ then 74 € aff(Ny; (C,g)) = §Rm], but

ke K, ie. Cj is a vertex and "4 (ny) = ai = (ai)+ @ 0. The Proposition does not claim strict
monotonicity there hence we have established the claimed monotonicity properties of h.
Forn>17 nyGSJ for some k > 0. If £ =0, i.e. S,g:mt(R j ) thenny—Puj (n9);

otherwise P ; (ny) € bdy(R ; ). As 7 increase, i.e. ny moves along the ray away from 0 then
A U
Pui‘j (ny) moves on bdy(R ; ) except when and if ny € mt(RufM) where Pui‘j (n7) coincides

AJ
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with ny. If the ray emerges from int(R_; ) the two separate again. If 0 € dom(du), i.e.
AJ

[Vu/(0)|| < oo, then P ; (nj) eventually reaches Vu/(0). This last claim follows because
. ~ - AJ . . . s _

Ny (0) = =R & R s0 for ko such that C,go = {0}, S,go = Vu/ (0) + R & R hence

contains ny for large n. If 0 ¢ dom(du’) then P ; (ny) wanders off to co on bdy(R ; ). We
J J
can now examine the limits. ! !

j , .
We show that lim,,, g I3 () = oo. For n sufficiently close to 77; , Ny € S,gy for some
_y e

(fixed, depending on y) k, > 0. Set ahi=1 wh (ny). We argue by contradiction.
If 2" remains bounded as 7 | ng , then a subsequence (again denoted by z" converges to
Zo € cl(dom(du?) N A7), If x, ¢ dom(0u’) then ||V (2")] = ||73qu (ny)|| — oo so ny — o0,
ie. Qi = 400, a contradiction. Hence z, € dom(du’) and in A’ since A’ is closed in dom(u/).
If 27 € int(A7), i.e. {ny} €int(R ; ), i.e. k, =0, cf. Definition 2.3, then

u’ .
Al

. . . j
ny = limny = lim Vu/ (2") = V! (2°) € R ; C dom(1"ai) (4.1)
v nln? nln) o’y
. j
contradicting the definition of ng since dom(/"47) is open. Hence we may assume that ky, >0,

ie. z € ng C bdy(A47). Then ny = P, (ny) — i(ny) = Vu!(2") — ii(ny) with 7i(ny) €

AJ .
Ny (C,gy) Taking limits as in (4.1) implies that Qigj € Vu (2°) — Ny (C,gy) C dom([“gf), again
a contradiction. So 2 € A1 C R™ @ {0} is unbounded and h(n) = § ' 2" — oo since §; € %Ti

Next we must show that limmﬁj g'I Wi (ny) = 0. At the same time we shall establish the
y,

last result, i.e. lim, oo Supgey ||I"]AJ’ (7717)|| = 0. Above we saw that if 0 € dom(du’) then
. J . .
P (ny) = Vu?(0) eventually, hence [ Yai (ng) = 0 for large n, so iy, < oo. In fact sup,cy 7 is
A '
attained since y +— 7 is continuous, cf. the geometry of the intersection of the cone subtended
by Vi with (Vu?(0))+ + R7’. The result follows from continuity of h. This is the only case
: iy j
where 7, < oo since if h(n) =0 and § = y; Sy, with g4 € R, then I“47 (ng) = 2L 0 (with
27 € R™ since A7 “lies” in this space), so 2/l = 0. Hence 2”7 =0, i.e. P; (ny) = Vu/(0), ie.
. AJ
0 € dom(0u?).
: j :

If 0 ¢ dom(9u’) then for n sufficiently large, 27 = I"47(ny) is not at a vertex of A7 and
ny € S,J% for some (fixed, depending on y) k, > 0. Then h is strictly decreasing (for n sufficiently
large) and z'] must lie in the compact set {x € RT : ylz < supy_y h(1)}. Nb. 2" =27 @0 so
h(n) =gz is independent of §, and §; — h(1) is continuous. Hence Uycy 1% (ny) lies in a
compact set X C cl(A7). Let °° be an accumulation point as ||ny| — oo.

It follows from the converse part of (2.4) that for ¢ > 0 there exists M7 < oo, the same
for all § € Y, such that if u] (z7) > M then z] < e. Write M® for (M§,...,M§)" . If
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{ny} C ri(RufM)’ ie. z7 € ri(A7), and nyy € MS + %Tj then (z7); < e for all ¢ and 2" = 0.
Hence limyj, 50 " = 0 uniformly for y € Y. And > = 0.

Now consider the case when {z"} C bdy(A’) (for large ). Then ny =P ; (ny) — n(ny) =

. ) AT

Vaud (27) — ii(nyj) with 7(ny) € Ny (C,ij). If V! (z"), is the component of Vu (") = ny+i(ny)
orthogonal to Ny; (ng)v then Vu/(2"), — oo so the corresponding components of 27 converge
to 0 uniformly for 7 € Y by the argument of the previous paragraph. The other coordinates of
x> are fixed by the requirement that x> € C,ij. Since u?El is decreasing in x; then for large 7

this boundary, C,gj here, is defined by the intersection of surfaces of the form x; = 0 rather than

x; = 1 (an alternative choice only for i € M) since the surface y = Vu!|,z,=1 is closer to the
origin than the surface y = Vu?|,,—¢. It follows that the components other than z! are 0, hence
x> =0. O

Corollary 4.2 A solution of (3.3) exists; it is unique provided Iy, 2(y)) ¢ Upexsi 7' al,. In

. . J
any case the solution of (1.4), i.e. (&7, (#)T)T = I'ai (ng), is unique.

Proof: Existence and uniqueness of n; follows from the previous Lemma; only the uniqueness
of (¢7,(#7)T)T requires comment. Non-uniqueness of n; oceurs if € (y, 2(y)) = gTai for some k,
but then (¢7, (7)T)T = aj, and hence is still unique. O

Lemma 3.1 shows that = (v(zM, (Z - 27T € A but we want to show that it lies in
a compact subset of A, i.e. it stays away from boundary points of A or A which are not in A.

This means that the maximization in Lemma 3.1 can be carried out over a smaller compact set,
AZ\G, cf. the proof below.

Lemma 4.3 For A € L, a compact subset of R7_, (v(z"),(Z—2")T)7T lies in A(L), a compact
subset of A.

Proof: Fix 1} € L. We first work under the standard assumptions. Recall from Re-
mark 2.8 that A = A\U;ez{z € A : 2; = 0}. Define g(z) = (v(2),(Z - 2)T)T on dom(v),

g/ (x,\) = I“ZM’(%?A)) on A, §(z,A) == ¢/(§(z),A) on g~'(A). Since Vu(-;-) is continuous,
cf. Lemma 4.4, then all three functions are continuous and §(A%) C cl(A), §(z") € A, cf.
Lemma 3.1, Theorem 2.6 and Theorem 2.4.

Recall 77 defined in (2.4). If T :=J; 79 = () then A = A and we take A(L) = §(A%) C A. So
assume Z # (). We know that 2 = §(z") € 4, so Z; — 2 > 0 for i € 7\{0} and v(z*) > 0 if 0 €
7. Takei € 7. Then §7 (2%, A) ¢ {x € A7 : ; = 0} and the latter set is contained in bdy (G7(¥))
where Gg(é) ={x € Gg : 2y < 0}, cf.(2.4). In fact, we will show that Uxerg? (22, A)ﬂG?(éZj) =0
near the “bad” boundary of A% (cf. the sets B below) for suitable 5g > 0 small enough.

Define B(e) := {z € G (A) : z; < Z; for all i € T\{0}, Z; — 2z < e for some i € Z\{0}}. Set
£1:= 3 min; Z;. Since 0 ¢ cl(B(1)) then for z € cl(B(e1)) we have v(z) > 0, cf. (2.1)(iv), and by

continuity of v, inf,c (e, v(2) := v, > 0. Recall from (2.10) that u(g(2); A) = X=; A\ju?,; (§7(z,A))
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and §/(z,A) € A7, > G (z,A) = g(2). Write ¢/ := g}d(z A). Since 3, ¢ =wv(z) > v, > 0 for
z € B(e1), then there exists j, such that ¢ > v,/J > 0, and by (2 13) and (2.2)(iii), for
A 8(61)

ue(§(2); A) = Njyule (5% (2, ) = i (5% (2, A)) < Ajﬂi"(vjoa Z) < Ke (4.2)

with k. 1= supycy, sup; Aju (J,Z) < o0. Note that _’J“( o(z,A)) > 0 since ¢’ > 0. Define
Ky = SUPg(e,) [|VU(2)|| < 00, cf. (2.1)(vi), 80 sup,cp(e,) uc(G(2); A)vz;(2) < Kekiy for all 4.

On the other hand we can choose 55 so small that

W (57 A) > e (4.3)

for z € Uper(37(, A))_I(Gg(éf)) It follows that (3.8) has no solution in
B(e1) N U; Uiezi\ oy Uner(§7( M) 7HGH(67)). Note again that §7(z, A) € G7(6])\{z: = 0}
implies that z € int(A%), so 7i}(z) = 0 (we already know that 2 < Z; since i € T\{0}).

We require an extra step if i = 0 € Z7. Set By(e) := {z € g7 (A) : v(z) < €} so for ¢
small, z € By(e) lies in a small (possibly empty) neighborhood of 0, i.e. z; < Z; for all i. Set
Ze »=min; inf ¢ (o)[Z;i — 2] > 0 and |v| = maxyz v(z). As above, for i > 0 there exists j, such

that glo( ) > ZZJZZ > 0. With z; := —i and Zj := Z, k # i, we have
Uz, (9(2); A) = Ajou’O( 57 (2, ) = 7 (57 (2, A)) < Ajule (57 (2, A))

< Aug(lol 2) < maxmax Ajug (ol 2) = ro.

Furthermore min,¢p, () [|[Vv(2)|| := voo > 0. Now we can choose &) so small that

(3 (2)) > 1
e('(2)) Voo MiNper, Min; A; +

for 2 € Upern(37(-, A))HG())). Again it follows that (3.8) has no solution in G :=

[B(e1) N Uj Uiezigoy Uner (@ (- 4)H(GH ()] U [Bo(e) N Ugjoezsy Uner (97, A)~HGH())],
ie. 2z must lie in the complement of this set, hence in the compact set AZ\int(G). Then
A(L) == §(A%\int(G)) is a compact subset of A. Moreover Ujez{z € A : x; = 0} C §(G) for all
&), ¢ €1, 50 Ujer{z € A: z; = 0} C §(int(G)), i.e. A(L) C A.

Now let us establish the result under the alternate assumptions. For the above proof to work,
we need to keep a positive distance from the “bad” boundary pieces of A%, i.e. those which
are not in dom(Aw). Set By(e) :={z € G~ (A) : z; > 0 forall i € IV, 2z < e for some i € I}.
Take ¢ < €1, z € B, with ¢« € 7Y such that 2; < e. As above there exists j, such that
gl (z,A) > @ > % > 0. Recall (2.2)(ix) and set Z. := min; Z; — e. Then

U (§(2);N)_ uf(§P (2, A)) — il (50 (2, A)) uﬂo( o(z, A))
ue(g(2); A) ul (i (2, A)) — (G A)) (0o (2 A)
B uﬂo<|v|,f><ma ul (o, %)
T oo, %) T (], %) T
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since 7)(§7(z, A)) < 0 and 7 (§7(z, A)) < 0 only if g/ (z, A) = 0.

On the other hand, for i € 7%, we have v, (2) > k; for z € G} (07) with 6; sufficiently small.
Then there is no solution of (3.8) on By, (g) N U;ezv GY(6Y). We can now replace g~ (A)\{0} by
T Y AN\[Ba(e) NUseze GY(6)] in the proof given for the standard case, i.e. in the definition of
v, and v,,, to arrive at the same conclusion. O

Recall from (3.12) that

Fj(A) == Vu(v(Y), Z — 2%, A)T(Iu;f(/\%Vu(v(zA), Z— 2 AN) =€yt zA)é’o), j=1,...,J

Lemma 4.4 Vu and I“iu‘(%“) are continuous on A x R{ .. Moreover F := (Fy,Fy,...,Fy)"T

. . J
18 continuous on §R++.

Proof:

We will established that A +— 2z is continuous on RJ, and Vu(-;-) is continuous on
{((v(z%), Z — 22); A) : A € R} hence also A — y*.

First, note that x — u(z; A) is concave, closed on A, hence continuous on A, cf. Rockafellar
1970 [14], Theorem 10.2. Fix (z,,A,) € A % §Ri+, so there eXists a unique ¥y, := Vu(zy; A,) €
int(R(A,)) such that z, = I*(y,; Ay) = il AJ( ) As %W is piecewise continuously differ-
entiable, then I*(-;-) is locally Lipschitz on D(Ao) x RI,.

We want to apply the implicit function theorem for Lipschitz functions, cf. Clarke 1983
[6]. For y € Sg, cf. Definition 2.3, N, (IUZM’ (y)) = Ny (Cg), i.e. the cone does not depend
on the particular y. Let P! denote the orthogonal projection of R™ onto aff(N4; (Cl,g))l Then
210 (y) = (PLH, ("% (y ))Pj)T .= Hi(y), cf. Chiarolla and Haussmann 2008 [4], (3.9),
where T denotes the pseudo-inverse. This matrix is symmetric and negative semi-definite, but
may be different on different sides of an interface between S,g and Sj For £ € R

9 . =i Yo
ETa—yI (Yoi No)é = zj:&fTH”(i—j)f >0

and this is zero only if every term in the sum is zero, i.e. if & € ;aff(Ny, (I“Zj(g—;))), ie.
if £ = 0 since y, € int(R(A,)) = Ro(A,), cf. (2.14). Hence the Jacobian of I* is piecewise
non-singular, and hence the y-component of the generalized Jacobian of I"(y,; A,) has maximal
rank, cf. Clarke 1983 [6], 2.6.1, 2.6.4, 7.1. Now the implicit function theorem, cf. Clarke
1983 [6], Corollary, p.256, yields that there exists a Lipschitz continuous function ¢ mapping a
neighborhood X of (z,, A,) into a neighborhood Y of y, such that I*({(z,A); A) =z for x € X.
We may assume that Y C int(?i(Ao)).

For (z,A) € XN Ax R{_, I*(¢(x, A); A) = 2 by construction of ¢, and z = I*(Vu(x; A); A)
since I* is the inverse of Vu on A. Set-continuity of int(R) = R, cf. Chiarolla and Haussmann
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2008 [4], Lemma 4.1, implies that ((z, A) € int(R(A)) for A close to A,. Now strict monotonicity
of I on int(R(A)), implies that Vu = ¢ and hence Vu is locally Lipschitz continuous on AxR7 .

It follows that (x, A) — 3/ = 1% (%ﬁm) is also continuous. Since u(z; A) = 3-; /\jui;j (27),

then (x,A) — u(x; A) is continuous on A x R, , hence on A(L) x L where L is a compact set
in R7,, cf. Lemma 4.3; hence 4(-,-) = u(j(-),-) is uniformly continuous on the compact set
[A%\int(G)] x L, cf. the proof of Lemma 4.3 for G. It follows that A maxX,c A7\int(g) W(2; A)
is continuous. Now suppose Ar — A, with Ay € L; then for a subsequence A oz, €
AZ\int(G) and for z € A?\int(G), @(z;A,) = limga(z; Ag) < limy, MaX,e 42 \iny(g) W(2; Ak) =
limy, @(2™; Ag) = (205 A). Hence z, € arg max,c 4z\int(g) W(2; A). As the last set is a singleton,

then the limit is the same for all subsequences, hence A — z” is continuous on §Ri o. It follows
that F' is continuous. O
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