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by the firm, some facilitate capacity expansion (“construction”) and some who are retired or on welfare. All agents
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di Roma “La Sapienza”, via del Castro Laurenziano 9, 00161 Roma, Italy; maria.chiarolla@uniroma1.it

‡Department of Mathematics, University of British Columbia, 1984 Mathematics Road, Vancouver, B.C.,
Canada V6T 1Z2; uhaus@math.ubc.ca

1



Equilibrium with Irreversible Investment 2

Table of Contents

Miscellaneous Notation 4 The Production Agent
1 Introduction 4.1 The Agent’s Problem
2 The Model 4.1.1 Utility Functions
2.1 The Financial Market 4.1.2 The Problem
2.2 The Risk-Neutral Probability Measure 4.2 Solution of the Agent Problem
3 The Firm 5 The Representative Agent
3.0.1 The Production Function 6 Equilibrium
3.0.2 Dividends, Scrap Value and Market Capitalization 7 Existence
3.1 Capacity Expansion with Irreversible Investment 8 Appendix
3.2 Solution of the Optimal Capacity Problem References

Miscellaneous Notation

Aj(x) is the set of admissible (CI j ,Φj) at x, cf. Definition 4.3
Āj(xj)) is the set of admissible (CI j , x̄) at xj , cf. Definition 4.5

Ĉ(t) := C(t+; ν̂) is the optimal capacity process, cf. (6.2)
CI j := (cj ,mj , lj) is the consumption process of agent j, cf. Definition 4.1
ej(t) := xj + gj(t) + dwj(t) is the production agent’s real endowment, cf. (4.5)
e(t) =

∑

j
ej(t) is the aggregate endowment process of the representative agent, cf. Section 5

g(t) :=
∑

j
gj(t) = M(t) −M(0) −

∫

[0,t)
M(s)

dq(s)
q(s) , cf.(6.14)

gj(t) :=
∫

[0,t)
q(t) dg̃j(t) + [q, g̃j ](t) is the real welfare received by agent j, cf. (4.4)

G(C) is the scrap value of firm at capacity C, cf. Subsection 3.0.2
Hj , H̄j are subsets of the admissible sets, cf. (Aj) and (Āj) in Subsection 4.1.2

IuA (y) := arg minx∈IRn{x⊤y − uA(x)} = {x : y ∈ ∂uA(x)}, an extension of (∇uA)−1, cf. Section 4.2)

Ij

U and IR are defined in (4.11) and (6.23)(iv)′ respectively

(K̂(t), L̂(t)) := (KC(t;ν̂), LC(t;ν̂)) = IRQ(M)(C(t;ν̂),. ,. )(r̃(t), w′(t)), cf. (3.14)

(KΛ(T ), LΛ(T )) is the unique solution of (PΛ), cf. Lemma 6.4
L is the generator of (z(t),M(t)), cf. (6.25)
ℓ is a local time, cf. (6.37) and following
M is generic notation for a martingale, with superscript identifying a linked process, e.g. Mq, cf. (2.24)
NS(t) is the market capitalization of the firm at time t, cf. Subsection 3.0.2

N syn(t) :=
∑

j
φ̂j

S(t) −N(t) is the number of synthetic shares, cf. preceeding Definition 6.1

℘j(t) = (t,
∫ t

0
r̃(s) ds,wj(t))⊤, cf.(4.7)

Q(M) = [0,M ] × [0, Jp]

R̃(C; r̃, w) := max
(K,L)∈[0,∞)×[0,1]

[R(C,K,L) − r̃K −wL] is the maximal profit rate at capacity C, cf. (3.10)

T := (t, C,M), T̂ (t) := (t, Ĉ(t),M(t)), cf. Definition 6.3
T̄ := (t, z,M), T̄ (t) := (t, z(t),M(t)), cf. Definition 6.6
U j(t, c,m, l), uj(t, l) are consumption utilities of agent j, cf. Subsection 4.1.1
U(t, c,m, l; Λ), u(t, l; Λ) are consumption utilities of the representative agent, cf. Section 5

Û (T ,K,L; Λ) = U(t, R(C,K,L),M −K,Jp − L; Λ) is the utility of operating capital and labor, cf. Def. 6.3
Ū (T̄ ,K,L; Λ) = U(t, z + R2(K,L), M −K,Jp − L; Λ), cf. Definition 6.6

UΠΛ

c (t, z,M) is Ū1(T̄ ,Π
Λ(T̄ ); Λ) as a function of T̄ = (t, z,M)

uA(x) := u(x) − χA(x) =

{

u(x) if x ∈ A,
−∞ if x /∈ A.

, cf. (3.11)

V j(x) is the utility of terminal wealth of agent j, cf. Subsection 4.1.1
V (x; Λ) is the utility of terminal wealth of the representative agent, cf. Section 5
w′ is the wage rate of production agents
wc is the cumulative wage of agents in the construction sector
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Xj = Xxj ,CI j,Φj

is the real wealth of agent j, cf. (4.3) and (4.7)
z = R1(C), cf. Definition 6.6 and preceeding

ηj is a solution of

E
{

∫ T

0
ζ(t)[π(t)⊤IUj

(t, ηjζ(t)π(t)) dt+ uj(t, ηjζ(t))dwc(t) + ζ(T )IV j

(ηjζ(T ))
}

= ξj , cf. (4.17)

ηΛ is a solution of

E
{

∫ T

0
ζ(t)π(t)⊤IU (t, ηΛζ(t)π(t);Λ) dt+ uj(t, ηjζ(t))dwc(t) + ζ(T )IV (ηΛζ(T ); Λ)

}

= ξ, cf. (5.9)

ν̂+(t) := ν̂(t+), z(t) := R1(Ĉ(t)), cf. Definition 6.6

ξj := xj + E
∫ T

0
ζ(t)dej(t) is the expected “deflated value” of the endowment ej , cf. (4.6)

ξ = E
{

X(0) +
∫ T

0
ζ(t) de(t)

}

is the expected “deflated value” of the aggregate endowment e, cf. Section 5

π := (1, r̃, w)⊤, cf. Section 4.2
Π = (K,L),
ΠΛ(T̄ ) := (KΛ(T̄ ), LΛ(T̄ )) is the unique solution of sup(K,L)∈[0,M ]×[0,1] Ū(T̄ ,K,L; Λ), cf. Definition 6.6

Σ(t) := (σq(t), σD(t), σS(t))⊤, Σ′(t) := (σq(t), σS(t))⊤, cf. (2.15)

ςj

Λ is defined in (7.6)

Φj := (φj

B, φ
j

B, φ
j

D, φ
j

S) is the portfolio process of agent j, cf. Definition 4.2
ψq is the integrand in the representation of the martingale Mq and similarly for other superscripts

1 Introduction

Loosely speaking, an economy is in (intertemporal) equilibrium if prices (of goods, of labour,

of money and assets) vary over time such that the agents (who consume the goods and provide
labour and investment funds) can act to maximize their individual utilities, the manager of the

production facility can act so as to maximize profits and the “value” of the firm, and still the
markets clear, i.e. for example the amount of labour desired by the manager will be provided

by the agents acting in their own best interest. Included in the setting are the questions of
equilibrium asset pricing, of irreversible investment decisions, and of fiscal and monetary policy.

The finance literature is quite rich in equilibrium asset pricing models like the classic [10], [13],
[16], [18], [25]. In the economics literature there also exists a multitude of (usually discrete time)
models that study various aspects of both open and closed economies in equilibrium, cf. [23],

[26], [14] and the references therein. In particular, in some of these models the agents hold money
for transaction purposes, e.g. in [3] Basak and Gallmeyer use a continuous time model based on

partial equilibrium results in the literature to determine exchange rates as well as asset prices in
equilibrium, thus linking the CAPM ideas to international economics. Furthermore, in some of

these models, the producers of the goods, the firms, make decisions regarding labour levels and
capital investment strategies. For example, Abel and Eberly, [1], provide an explicit solution of

an irreversible investment problem in a continuous time Markovian setting. Employment rates
are included in the model as a decision variable. In [20] a continuum of firms produces goods for

a continuum of agents in a deterministic, discrete time economy. Each firm has an endowment
which it can increase by borrowing money to invest. Its aim is to maximize profit. The agents
buy goods to gain utility and hold money to facilitate these purchases (cash in advance). Their

aim is to maximize utility. In [6] a one period, deterministic economy is considered. Agents
maximize utility gained from consuming goods and holding resources. They have an initial

endowment of the latter and must decide how much to sell in order to finance the purchase of
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the goods. The single producer of the goods purchases resources to produce the goods with the

aim of maximizing profit. That problem can be solved using General Equilibrium Theory, but
our approach there contains technical results used here.

Irreversible investment problems have been studied widely, cf. [12] and the references therein.
Of particular interest is the work of Baldursson and Karatzas, [2] where it is shown that the

solution of the myopic investor’s problem, which can be solved in terms of stopping rules involving
the Snell envelope, leads to a solution of the “social planner’s” problem which is equivalent to

the optimal irreversible investment problem facing a firm. These results motivated us to provide
in [5] a solution for an irreversible investment problem that is closely linked to one studied in
the present work. Paulsen [27] also considers an equilibrium model with irreversible investment

to study money market returns. His model is rather simpler than ours but it leads to some
interesting economic conclusions.

Our aim in this paper is to obtain an existence result for a general equilibrium model of an
economy that includes irreversible investment in firms in addition to heterogeneous agents’ de-

cision problems, leading to market parameters, e.g. prices, interest rates and employment rates,
that provide clearing of the markets. No government sector is included beyond an exogenous

money supply process except for a “welfare” process paid to the agents; the latter is a device
to pass changes in the money supply into the economy. We leave introduction of a government

sector to the future. The model contains a CAP model and will give further insight into the
dependence of interest rates and excess returns of risky assets on, among other factors, the
money supply and industrial capacity. The point is that the endowment process of the partial

equilibrium formulation in, e.g. [18], becomes endogenous in our setting.
In the recent paper [4] we made a first attempt to build a macroeconomic model based on

the actions of both the individual agents and the firm. The firm employed the agents to produce
the good; a production function R(t, L(t)) converted labour at level L(t) units into goods. We

endogenized the dividend and earning processes, the latter as salary of the agents and the former
as the profits of the firm. The agents derived utility from consumption of both goods and leisure,

hence there were two “prices”, one for the good and one for leisure.
In the current work we push the previous results further by including money in the economy

for the purpose of facilitating the transactions of both the agent and the firm, and by allowing
capital investment in the production process. This new setting raises the complexity consider-
ably. In fact, the optimization problem of the firm’s manager changes from a static calculus of

variations problem to a dynamic control problem. Fortunately we can treat it using the theory
of [2] mentioned above in conjunction with [7].

The presence of money is handled by thinking of it as another good, and hence introducing
the price of money. Therefore, when looking for an equilibrium, we work with real quantities,

not nominal ones, so we adopt the setting of the “monetary equilibrium” model of Basak and
Gallmeyer, [3], which itself is built on the framework of [18], rather than the nominal model

of [4]. That is, we take an exogenous money supply (determined by the monetary authorities)
and an endogenous financial market consisting of four instruments, a real bond to hedge against

inflation, a nominal bond to finance production, shares in the productive asset, and a further
auxiliary contract used to hedge remaining risk. The market may not be complete, unlike in
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[18]. In [18] the instruments of the complete market are not related directly to any underlying

economic fundamentals and the productive asset plays only an auxiliary role, whereas we take
it as a fundamental part of the market and minimize the role of any contract introduced solely

to hedge risk. Furthermore, contrary to what happens in [3], our productive asset pays an
endogenous dividend stream δ(t) to the shareholders. Such δ(t) is determined by solving a

stochastic capacity expansion control problem in which the firm’s manager maximizes the profits
by selecting not only the employment rate, as in [4], but also the money (operating capital) to

be borrowed and the new capital to be invested to expand capacity. This investment capital is
raised from the sale of new shares. The problem is set up as in [1] - first the employment rate
and operating capital are optimized leaving an optimization with investment as the sole control

entering the dynamics of the firm’s capacity which, in turn, impacts production, cf. [8]. The
investment funds are turned into expanded production capacity by the construction sector.

In fact we have a three sectors economy: the production sector is composed of agents who
work to produce the consumption good in return for a wage at rate w′, the construction sector

is composed of agents who “construct” new capacity in return for a wage wc which may be
singular with respect to time. The last sector consists of agents without a wage income, i.e.

retirees or welfare recipients; this is the welfare sector. We assume that production capacity
and the labour pool of the second sector are completely elastic - the firm’s capacity expansion

demand is always met.
In the model several processes may be singular. Besides the firm’s optimal investment

process, the money supply may also have a singular input; in addition the “hard” constraints on

the decision variables may yield singular processes of the “local time” sort. In fact, since each
agent’s consumption rate is constrained to be non-negative, since the firm’s money holdings are

non-negative and bounded above by the money supply, and since labour employed by the firm
and operating capital borrowed by the firm are constrained to be non-negative with hard upper

bounds, the optimal capital and labour turn out to contain singular terms which have an effect
on the price of the real bond. These singular terms are identified as the respective local times

at some boundaries. As a consequence, to achieve equilibrium the real bond will have to have a
singular component. Such is also the case in the model of [19].

The Negishi method used in [18] works for utility functions of one variable, but ours have
three variables. This raises some technical questions which we have studied in [7]. In particular,
we provide there a formula for an extension of the inverse of the gradient map of a multivariable

utility function, and we establish regularity properties of the utility function of a representative
agent.

Another novel device is the auxiliary utility of capital and labour, whose maximization is a
central pillar of our method. In fact establishing existence of an equilibrium usually reduces

to solving a complicated fixed point problem due to the linkage of the firm’s optimization
problem and the optimization problem of the representative agent (aggregating the agents). We

avoid this fixed point problem by decoupling the two problems: we assume that the production
function is the sum of a term depending on the productive capacity (also called “installed

capital”) and a term depending on labour and operating capital levels. This allows us to find
the optimal capacity independently of the other parameters. Then we solve for the optimal
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operating capital and labour maximizing the above-mentioned auxiliary utility of capital and

labour, again avoiding reference to any parameters other than the optimal capacity which is
known at this point. This was done in [8]. Of course the solution of the irreversible investment

problem affects the equilibrium.
The model is specified in Section 2 and the financial market is set up there. The firm’s

capacity expansion problem is detailed and solved in Section 3. In Section 4 agents are introduced
and the agent’s problem is solved. The representative agent’s utility function is defined in

Section 5 and his maximization problem is solved. In Section 6 we define “equilibrium” and
we derive some conclusions by exploiting a link between the firm’s control problem and the
representative agent’s optimal expected total utility. The real interest rate, the nominal interest

rate, the wage rate, the employment rate, the money balances, the consumption rate, the price
of money, hence the price of the good and the price of the productive asset, are all determined

from equilibrium considerations. We see in Remark 6.10 that some of the usual implications of
the CAPM hold when suitably interpreted. Existence of an equilibrium is proved in Section 7.

The Appendix contains a technical proof.
We stress that the only exogenous parameters in the model, aside from some initial condi-

tions, are those of the money supply (chosen by the monetary authorities), and those of the
capacity (or technology) process.

2 The Model

We build an economy with finite horizon T on a complete probability space (Ω,F , P ) with
filtration {Ft : t ∈ [0, T ]} which is the usual augmentation of the filtration generated by an

exogenous two-dimensional Brownian motion {W (t) : t ∈ [0, T ]}. The financial market consists
of a nominal bond with price process B̃(t), a real bond (i.e. valued in real terms) with price

process B(t), another type of contract, called “derivative” (without necessarily an underlying)
with price process D̃(t), and shares of one firm with price S̃(t). Initially there are N (0) shares
outstanding. The owner of each share receives dividends paid at a rate δ̃(t) units of currency per

unit of time. This firm produces a single kind of perishable consumption good which sells at price
p(t) units of local currency at time t. To do so it employs labour, borrows capital to facilitate its

daily business, and sells shares to raise capital for capacity expansion. The division of roles for
the two kinds of capital is arbitrary but useful in our context. Capacity expansion encompasses

many factors: physical expansion of plant through construction or mergers, aquisition of new
technologies, etc. Regarding notation, nominal prices stated in units of currency and denoted

with a superscript˜and real prices stated in units of the good are related by B̃(t) = p(t)B(t).
More on this shortly.

There are three kinds of agents, the first kind provides labour to the firm (production sector),
the second turns investment cash into capacity expansion (construction sector) and the third
kind who provides no labour (the welfare and retired sector). The agents consume the good,

own the shares of the firm and hold the bonds. They will also hold money, supplied by the
government, to facilitate purchases of the good and other financial transactions. The country’s
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real money supply, M , is an exogenous (determined by the monetary authorities) continuous

semimartingale. The price processes are endogenous and will be determined from equilibrium
considerations.

We continue with details of the financial market; the details of the firm and behaviour of
the agents will follow in the next sections. Without further comment we shall in future denote

imposed constant lower bounds on a variable x by kx and constant upper bounds by κx.

2.1 The Financial Market

The market is endogenous in this model and consists of a real bond, a nominal bond, a productive
asset, and a “derivative”. To some extent we now follow [21], Chapter 1. The price of the real

bond is a continuous, strictly positive, Ft-adapted, finite variation process. It then decomposes
into the sum of an absolutely continuous part, Bac and a singular continuous part Bsc. We take

B(0) = 1, i.e. initially the unit of account, in real terms, is worth one unit of good. Set

r(t) :=
d
dt
Bac(t)

B(t)
, β(t) :=

∫ t

0

dBsc(t)

B(t)

so that

dB(t) = B(t)[r(t) dt+ dβ(t)], t ∈ (0, T ],(2.1)

and B(t) = exp {∫ t
0 [r(t) dt+ dβ(t)]}, β(0) = 0. If β ≡ 0, then r is the real interest rate. Although

r is not the growth rate of B when β 6= 0 we will still call it the real interest rate. By writing B
in nominal terms (that is, after multiplication by p) one obtains an inflation-indexed bond (or
bank account) that allows hedging against inflation. With the variation on [0, T ] of the path

β(. ) denoted by ‖β‖T , it is assumed (to be verified later) that

∫ T

0
|r(t)| dt <∞ a.s., ‖β‖T ≤ ∞ a.s.(2.2)

The nominal bond (bank account) is used to finance production and its price is given by

B̃(t) = exp

∫ t

0
r̃(s) ds, t ∈ [0, T ],(2.3)

where r̃, the nominal interest rate, is continuous on (0, T ], adapted and satisfies

0 < kr̃ ≤ r̃(t) ≤ κr̃(2.4)

for some constants kr̃, κr̃. Again we have normalized B̃ so that at time 0 the unit of account is
worth one unit of currency.

The nominal price of one share of the productive asset is the continuous Ft-semimartingale

S̃(. ), satisfying (superscript ⊤ stands for transpose)

dS̃(t) + δ̃(t) dt = S̃(t)[µS̃(t) dt+ σ⊤
S̃

(t)dW (t)], t ∈ [0, T ],(2.5)
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where δ̃ is the nominal dividend process and

S̃(T ) < +∞, δ̃(t) ≥ 0,

∫ T

0
{δ̃(t) + |S̃(t)µS̃(t)| + ‖S̃(t)σS̃(t)‖2} dt <∞ a.s.(2.6)

We do not give an initial condition because S̃ will be specified as the ratio of market capitalization

to number of outstanding shares. The former will be determined as the discounted present value
of future cash flows with a terminal condition supplied by a “rational market” assumption, and

the latter will be determined by the investment policy of the firm and the initial number of
outstanding shares, N (0). Only if N (0) = 0 will we specify S̃(0), and it will be the arbitrary

share price specified in the Initial Public Offering (IPO) made when N assumes a positive value.
The derivative is a contract in zero net supply which the agents trade to offset risk. Its

nominal price is

D̃(t) = exp
(

∫ t

0
σ⊤

D̃
(s) dW (s) +

∫ t

0
[µD̃(s) − 1

2‖σD̃(s)‖2] ds
)

, t ∈ [0, T ],(2.7)

with
∫ T

0
{|µD̃(t)| + ‖σD̃(t)‖2} dt <∞ a.s.(2.8)

In fact, we shall do our accounting in real terms, so we shall work with the price of money (in
units of the commodity), q(t) = 1/p(t), rather than with p(t). Then multiplication by q changes
nominal quantities into real quantities with the former distinguished from real quantites by using

a tilde .̃ In general x = qx̃. We assume that the process q satisfies

{

dq(t) = q(t)[µq(t)dt+ σ⊤q (t)dW (t) + dβ(t)], t ∈ [0, T ),
q(T ) = qT

(2.9)

where the parameters µq and σq are endogenous and must satisfy

∫ T

0

{

|µq(t)| + ‖σq(t)‖2
}

dt <∞, a.s.(2.10)

The term dβ must appear in the dynamics for q to avoid arbitrage, cf. [21]. The random variable
qT is an exogenous quantity and its inverse is the monetary authorities’ inflation target. We

assume 0 < qT (ω) ≤ κq. Previous work in the literature assumes qT = 0, i.e. money has no
value when “the world ends”, but we do not have this scenario because we have terminal utility

and scrap value of the firm.
The real prices B = qB̃ of the nominal bond, D = qD̃ of the derivative, and S = qS̃ of one

share of the productive asset satisfy

dB(t) = B(t)[(r̃(t) + µq(t))dt+ σ⊤q (t)dW (t) + dβ(t)], t ∈ [0, T ], B(0) = q(0),

dD(t) = D(t)[µD(t)dt+ σ⊤D(t)dW (t) + dβ(t)], t ∈ [0, T ], D(0) = q(0),(2.11)

dS(t) + δ(t) dt = S(t)[µS(t) dt+ σ⊤S (t) dW (t) + dβ(t)], t ∈ [0, T ],
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where

µD = µD̃ + µq + σ⊤
D̃
σq, σD = σq + σD̃, µS = µS̃ + µq + σ⊤

S̃
σq, σS = σS̃ + σq.(2.12)

The measurable, Ft-adapted, real-valued drift processes r, r̃, µq, µD̃, µS̃ and vector-valued volatil-
ity processes σq, σD̃ and σS̃ as well as β will be determined endogenously by equilibrium argu-

ments.
The money supply also enters the model. The monetary authorities can increase this supply

with the increased money passing to the agents as welfare payments (or possibly taxes if these

payments are negative). Indeed, if capacity is to increase, so must the real money supply. On
the other hand, monetary authorities aim to maintain rates of inflation in a certain band; this

is what the terminal value qT (more precisely 1/qT ) represents. In this model we shall take the
real money supply M(t) as exogenous, M(0) ∈ [kM , κM ] with 0 < kM < κM given constants,

and
dM(t) = M(t)[µM(t) dt+ σ⊤M (t) dW (t) + dβM(t)].(2.13)

Here µM , σM , βM are adapted processes, the first two being bounded and βM continuous with

E‖βM‖T <∞, such that kM ≤M(t) ≤ κM . The nominal supply then satisfies

dM̃(t) = M̃(t)[µM̃ (t) dt+ σ⊤
M̃

(t) dW (t) + dβM̃(t)]

with

σM = σM̃ + σq, µM = µM̃ + µq + σ⊤
M̃
σq, βM = βM̃ + β.(2.14)

Monetary authorities have not controlled the money supply per se since about 1980; they set
the nominal interest rate to keep inflation within bounds while maintaining a reasonable rate

of GDP growth. Nevertheless in this model the real money supply is exogenous to allow us to
solve for an equilibrium.

2.2 The Risk-Neutral Probability Measure

Set

Σ(t) :=





σ⊤q (t)

σ⊤D(t)

σ⊤S (t)



 , Σ′(t) :=

(

σ⊤q (t)

σ⊤S (t)

)

.(2.15)

We assume that a.e. a.s. Σ′(t, ω) 6= 0, i.e. the market is in fact always random. Then we may
assume that Σ(t, ω) has rank two a.e. a.s. by taking σD(t) ∈ ker(Σ′(t)) bounded, non-zero unless

ker(Σ′(t)) = {0}. ℜn denotes Euclidean n-space. We assume (shown to hold in equilibrium)
that there exists an ℜ2-valued process θ(. ) such that

Σ(t)θ(t) =





µq(t) + r̃(t) − r(t)
µD(t) − r(t)

µS(t) − r(t)



(2.16)

with
{

(i)
∫ T
0 ‖θ(t)‖2 dt <∞ a.s.

(ii) E(t) := exp
[

− ∫ t
0 θ

⊤(s) dW (s) − 1
2

∫ t
0 ‖θ(s)‖2ds

]

is a martingale.
(2.17)
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Remark 2.1 θ is the market price of risk. We introduce the new contract, the derivative,

because we cannot be certain that agents can hedge risk without it. The market in the two
bonds, the stock and the derivative is arbitrage free. 2

It follows that P ◦(A) := E{E(T )11A}, A ∈ FT , is a probability measure (11A denotes the
indicator function of A); in fact it is the risk-neutral probability measure equivalent to P with

Radon-Nikodym derivative dP◦

dP

∣

∣

∣

Ft

= E(t), t ∈ [0, T ]. Set

ǫ(t) := exp

[

−
∫ t

0
r(s) ds− β(t)

]

.

The process ζ(t) := ǫ(t)E(t) is the real state-price density (or deflator) and according to the
foregoing satisfies

{

dζ(t) = ζ(t)[−r(t)dt− θ⊤(t)dW (t) − dβ(t)], t ∈ (0, T ],

ζ(0) = 1.
(2.18)

We assume (shown to hold in equilibrium) that there exist finite constants kζ , κζ such that
a.e. a.s.

0 < kζ ≤ ζ(t, ω) ≤ κζ .(2.19)

Finally, W ◦(t) := W (t) +
∫ t
0 θ(s)ds is a standard Brownian motion under P ◦ and

dB(t) = B(t)[r(t) dt+ σ⊤q (t)dW ◦(t) + dβ(t)],

dD(t) = D(t)[r(t) dt+ σ⊤D(t)dW ◦(t) + dβ(t)],

dS(t) + δ(t) dt = S(t)[r(t) dt+ σ⊤S (t)dW ◦(t) + dβ(t)],(2.20)

dq(t) = q(t)[(r(t)− r̃(t)) dt+ σ⊤q (t)dW ◦(t) + dβ(t)],

dM(t) = M(t)[(µM(t) − σ⊤M(t)θ(t)) dt+ σ⊤M (t)dW ◦(t) + dβM(t)].

We can now represent the price of money as the expected present value (under the risk-

neutral measure) of the future nominal interest stream, but we give the representation in terms
of the original measure.

Lemma 2.2 If

ess supt,ωq(t) <∞(2.21)

then

q(t) =
1

ζ(t)
E

{

e
∫ T

t
r̃(s) dsζ(T )qT

∣

∣

∣Ft

}

.(2.22)

Conversely, if q is defined by (2.22), then it is bounded and satisfies (2.9) with σq = θ+ψq and

µq = r− r̃+ θ⊤σq for some process ψq such that
∫ T
0 |ψq(t)|2 dt <∞ a.s. Moreover (2.10) holds.
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Proof: Much as in [18], (8.5) and Theorem 8.2 using our (2.20), (2.4)and (2.19), it follows

that

q(t) =
1

ζ(t)
E

{

ζ(T )qT +

∫ T

t
ζ(s)q(s)r̃(s)ds

∣

∣

∣Ft

}

.(2.23)

Then ζ(t)q(t) +
∫ t
0 ζ(s)q(s)r̃(s) ds is a continuous {Ft}-martingale, hence so is

Mq(t) := e
∫ t

0
r̃(s) dsζ(t)q(t) = E

{

e
∫ T

0
r̃(s)dsζ(T )q(T )

∣

∣

∣Ft

}

(2.24)

and (2.22) follows.

Conversely with Mq(t) defined by the conditional expectation in (2.24) (with q(T ) := qT >
0), then Mq(t) > 0 a.s. since ζ(T )qT is, and the martingale representation theorem gives

Mq(t) = Mq(0) +

∫ t

0
Mq(s)ψq(s) dW (s)

for some process ψq such that Mqψq is a.s. square integrable, i.e. ψq is a.s. square integrable

since inft Mq(t) > 0 a.s. Then (2.22) implies that Mq(t) = e
∫ t

0
r̃(s) dsζ(t)q(t) and

dq(t) = q(t)
{

(r(t) − r̃(t) + θ(t)⊤[θ(t) + ψq(t)]) dt+ [θ(t) + ψq(t)]⊤ dW (t) + dβ(t)
}

.

We can now identify µq and σq. Finally (2.10) follows from (2.17)(i), (2.2) and (2.4). 2

Remark 2.3 Observe that the martingale Mq(t) = ζ(t)B(t) is the deflated real value of the

nominal bond. Moreover the nominal price of a unit of good is q−1, where

dq−1

q−1
= (r̃ − r + σ⊤q ψ

q) dt− σ⊤q dW (t) − dβ(t),

so the inflation rate (mean growth rate of q−1) is defined (at least when dβ = 0) to be r̃ − r +

σ⊤q (σq − θ), i.e. the difference between the nominal and real interest rates adjusted by a risk
premium equal to the product of the volatility of the price of a unit of good and the sum of this

volatility plus the market price of risk (since σ⊤q (σq − θ) = (−σq)⊤(θ + (−σq)). The term dβ
accounts for abrupt (i.e. not proportional to dt) but still continuous changes in inflation.

When qT = 0 we still have the representation (2.23), but now (2.22) implies q ≡ 0, the trivial
solution; other solutions of (2.23) are possible when qT = 0, cf. [3]. 2

3 The Firm

We represent the productive sector of the economy by one firm. The firm produces the consump-

tion good at rate R(C, L,K) when it has capacity C, employs L units of labour and has real
operating capital K. We assume this operating capital at time t is borrowed as nominal funds

K̃(t), with interest paid at rate r̃(t). It is possible to invest in the sector (firm) to increase its
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productive capacity. This investment capital is realized through the sale of shares whose nominal

price at time t is S̃(t) and is passed to the construction sector which provides the increase in
capacity. Initially there are N (0) shares outstanding. If there are N (t) shares outstanding at

time t, where N is an almost surely finite, non-decreasing, lcrl (left-continuous with right hand
limits) adapted process, then ν(t), the real capital raised through share offerings on the time

interval [0, t], satisfies

ν(t) =

∫

[0,t)
S(s) dN (s), ν(0) = 0,(3.1)

and is an almost surely finite, lcrl non-decreasing, adapted process if S has bounded paths. In

nominal terms, the instantaneous investment is (q(s))−1 dν(s). The irreversibility of investment
is expressed in the non-decreasing nature of ν. Note that N (0) is given (exogenous) but further

increases in N will be decided by the firm’s manager and will be endogenous in our problem.
Also given is the initial holding of operating capital, K(0). The optimal K̂(0) may be different

from K(0) so an instantaneous shift of money may take place at t = 0 to move it to equilibrium.
K(0) is required to account for the initial wealth in the economy at time t = 0.

Capacity is denoted by C(t; ν) and is assumed to satisfy

{

dC(t; ν) = C(t; ν)[−µC(t)dt+ σ⊤C (t)dW (t)] + fC(t)dν(t), t ∈ [0, T ),
C(0; ν) = C0 ≥ 0,

(3.2)

where µC ≥ 0, σC and fC ≥ kf > 0 are given bounded adapted processes, fC being continuous.

It is convenient to define

Co(t) := C(t; 0)|C0=1, ν(t) :=

∫

[0,t)
Co(s)−1fC(s) dν(s).(3.3)

Then C(t; ν) = Co(t)[C0+ν(t)]. Co represents the decay of a unit of initial capital in the absence
of investment.

3.0.1 The Production Function

The production function R(C,K, L) translates capacity, money and labour into goods. For

convenience it is defined on all of ℜ3 but may take the value −∞. It is finite on dom(R) :=
{(C,K, L)⊤ : R(C,K, L) > −∞}. We define dom(R(C)) := {(K,L)⊤ : R(C,K, L) > −∞},

i.e. the C-section of dom(R). Set ∇K,LR(C,K, L) := (RK(C,K, L), RL(C,K, L))⊤. Here RK

denotes the partial derivative with respect to K, etc. Let ℜn
++ denote the positive orthant in ℜn

and ℜn
+ its closure, i.e. the non-negative orthant. Let bdy(A) denote the boundary of the set

A. Recall that κM is an upper bound on the money supply M(t, ω). Let Jp denote the number
of agents in the production sector, i.e. the labour supply. We make the following
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Assumption R


































(i) R : ℜ3 7→ [−∞,∞) is upper semicontinuous, concave, non−decreasing;
(ii) ℜ3

+ ⊂ dom(R), R(ℜ3
+) ⊂ [0,∞), R is continuous on ℜ3

+;

(iii) R is twice continuously differentiable on int(dom(R));
(iv) R is strictly concave, strictly increasing on

int(dom(R)) ∩ (ℜ+ × [0, κM ] × [0, Jp]);

(v) limC→∞ inf(K,L)∈[0,κM ]×[0,Jp]RC(C,K, L) = 0.

(3.4)

3.0.2 Dividends, Scrap Value and Market Capitalization

Labour at time t costs w̃′(t) units of currency per unit of time or w′(t) = q(t)w̃′(t) in real terms,

and is provided by some of the agents present in the economy. The wage process {w′(t) : t ∈
[0, T ]} is endogenous and will be determined from equilibrium considerations, but we require

that it be continuous on (0, T ) and
0 < w′(t) ≤ κw.(3.5)

Costs to the firm consist of wages and interest payments. Corporate profits are distributed as

dividends to the shareholders at a rate per unit of time per share (in real terms)

δ(t) := {R(C(t; ν), K(t), L(t))− r̃(t)K(t) −w′(t)L(t)}/N (t), t ∈ [0, T ].(3.6)

In fact the true dividend rate is the positive part of the right hand side of (3.6), but we shall
see shortly that δ as defined is non-negative.

There is a scrap value G(C(T ; ν)) associated with the firm at time T . We make the following
Assumption G











(i) G : ℜ+ 7→ ℜ+ is concave, non−decreasing, continuously differentiable;

(ii) limC→∞G′(C) = 0, G′(0)fC(T ) ≤ 1 a.s.;
(iii) G(C(T ; ν)) = N (T )S(T ).

(3.7)

An alternative to the limit condition in (ii) above is: G(C) ≤ ao + boC, boκf < 1, ao, bo ≥ 0.
Observe that N (t)S(t) is the market capitalization of the firm at time t; we write it as NS(t).

If the market is rational, we certainly expect (3.7)(iii) to hold.

We can then represent market capitalization in terms of the scrap value, the future dividend
stream and future capital investment as follows. Using (2.20) and (3.1) we obtain

d(NS(t)) = dν(t) −N (t)δ(t) dt+NS(t)[r(t) dt+ dβ(t) + σ⊤S dW
◦(t)],

so as in the proof of Lemma 2.2, cf. (2.23), we have

Lemma 3.1 Assume

ess supt,ω{N (t)δ(t) +NS(t)} <∞.(3.8)

Then

NS(t) =
1

ζ(t)
E

{

ζ(T )G(C(T ; ν)) +

∫ T

t
ζ(s)N (s)δ(s)ds−

∫

[t,T )
ζ(s) dν(s)

∣

∣

∣Ft

}

.(3.9)
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3.1 Capacity Expansion with Irreversible Investment

The manager of the firm chooses labour L and real capital K to maximize production profits

for the current capacity, wages and interest rate, i.e. he chooses them to obtain the maximal
profit rate at capacity C. Take M ≤ κM to be the current money supply and set Q(M) :=
[0,M ]× [0, Jp]. Define

R̃(C, r̃, w′) := max
(K,L)∈Q(M )

[R(C,K, L)− r̃K −w′L].(3.10)

Observe that for fixed C ≥ 0, −R̃(C, . , . ) is the (concave) conjugate of RQ(M )(C, . , . ) =

R(C, . , . ) − χQ(M )(. , . ) where

χQ(M )(x) :=

{

0 if x ∈ Q(M),

∞ if x /∈ Q(M);
(3.11)

it is the indicator function of Q(M). As in [8] Section 2 (with L replaced by (K,L)) a unique

solution exists, denoted by (KC(r̃, w′), LC(r̃, w′))⊤ := IRQ(M)(C,. ,. )(r̃, w′) where IRQ(M)(C,. ,. ) is
an extension of the inverse of ∇K,LR

Q(M )(C, . , . ), cf. [7] Proposition 3.2.

We can now show that Nδ ≥ 0 ( hence δ ≥ 0) as long as we set (K,L) = (KC , LC), which
is the case for the optimal dividend. Note that we take C ≥ 0, so R(C, 0, 0) ≥ 0 according to
Assumption R. Then, cf. (3.6),

Nδ = R(C,KC, LC) − r̃KC − w′LC = R̃(C, r̃, w′) ≥ R(C, 0, 0) ≥ 0.

The manager chooses real investment ν(t, ω) so as to maximize the expected total discounted

real profit plus scrap value net of investment, i.e. he maximizes

JC0(ν) :=

E

{∫ T

0
e−µF (t)R̃(C(t; ν), r̃(t), w′(t)) dt+ e−µF (T )G(C(T ; ν)) −

∫

[0,T )
e−µF (t) dν(t)

}

(3.12)

over the convex set S := {ν : left continuous, non-decreasing, adapted process, ν(0) = 0}. Note

that µF (t) is a discount factor; we assume that it is a bounded, continuous, adapted process.
Note also that (t, ω) 7→ R̃(C(t; ν), r̃(t), w′(t)) is measurable due to the continuity of R̃(C, r̃, w′).

We have the following estimates.

Proposition 3.2 There exists a constant KJ depending on the bounds on µC , µF , fC only such
that

(a) JC0(ν) ≤ KJ (1 + C0) on S,

(b) E

∫

[0,T )
e−µF (t) dν(t) ≤ 2KJ (1 + C0) if JC0(ν) ≥ 0,

(c) JC0 is strictly concave on S.
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Proof: Parts (a) and (b) follow from [8] Proposition 2.1. Moreover [8] Proposition 5.1 implies

that R̃ is strictly concave in C. Since G is concave and C is affine in ν, then part (c) also
follows. 2

Remark 3.3 We may look at the manager’s situation slightly differently. He may think of the
firm’s net value as a claim to be sold. The no-arbitrage value of the claim is JC0 above, with

the discount factor e−µF (t) := ζ(t), i.e. the deflator, (2.18). In this version (3.9) and (3.6) imply

JC0(ν) = N (0)S(0)−E {ζ(T )[N (T )S(T )−G(C(T ; ν))]} = NS(0).(3.13)

Note that N (0) is known, but S(0) depends on future expected payments, so in fact the manager

would seek to maximize the present share value. Although this interpretation is pleasing, in the
end we will not be able to use it since we will assume that µF is exogenous unlike ζ. 2

In any case the manager’s optimal capacity expansion problem is

(C) max
ν∈S

JC0(ν),

and then N is found from N (t) = N (0) +
∫

[0,t) S(s)−1 dν(s).

3.2 Solution of the Optimal Capacity Problem

It follows from the strict concavity of JC0(ν) that the solution of the manager’s optimal capacity
expansion problem (C) is unique. We denote it by ν̂ and we write

(K̂(t), L̂(t)) := (KC(t;ν̂)(r̃(t), w′(t)), LC(t;ν̂)(r̃(t), w′(t))) = IRQ(M)(C(t;ν̂),. ,. )(r̃(t), w′(t)).(3.14)

The problem (C) is a slight modification of the “social planning problem” discussed by
Baldursson and Karatzas, [2]. Its solution is found as in [8] Section 3.

Define

RC0,T (t) :=

∫ t

0
e−µF (s)Co(s)R̃C(C0C

o(s), r̃(s), w′(s)) ds

+e−µF (t)C
o(t)

fC(t)
11{t<T } + e−µF (T )Co(T )G′(C0C

o(T ))11{t=T }.

and
ZC0,T (t) := ess infτ∈Υ[t,T ]E{RC0,T (τ)|Ft}

where Υ[t, T ] denotes the stopping times with values in [t, T ]. Let ZC0,T (. ) be a modification
of ZC0,T (. ) with rcll (right continuous with left limits) paths. Let

τ∗(0, C0) := inf{s ∈ [0, T ) : ZC0,T (s) = RC0,T (s)} ∧ T,

νC0(t) := [sup{z ≥ C0 : τ∗(0, z+) < t} − C0]+ if t > 0, νC0(0) = 0.
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Thus νC0 (modulo a shift) is τ∗(0, ·)’s left-continuous inverse. Notice that τ∗(0, C0) is non-

decreasing in C0 a.s., cf. [2], Lemma 1. Also, if ŷ(0) := sup{z ≥ 0 : τ∗(0, z) = 0} then
νC0(0+) = max{ŷ(0) − C0, 0} := [ŷ(0) − C0]+, i.e. expanding capacity up to level ŷ(0) is the

optimal strategy at time 0+.

Theorem 3.4 For C0 fixed, set

ν̂(t) :=

∫

[0,t)

Co(s)

fC(s)
dνC0(s).(3.15)

Then (i) ν̂ is the unique solution of maxν∈S JC0(ν).
(ii) E‖ν̂‖T ≤ 2KJ (1 +C0) max

t,ω
eµF (t).

(iii) If C(T ; ν̂) = 0 a.s. then C0 = 0, ν̂ ≡ 0 and a.e. a.s.

eµF (t)fC(t)E

{
∫ T

t
e−µF (s)R̃C(0, r̃(s), w′(s))

Co(s)

Co(t)
ds+e−µF (T )G′(0)

Co(T )

Co(t)

∣

∣

∣

∣

Ft

}

≤ 1 a.e. a.s.

(3.16)

The proof is the same as for [8] Theorem 3.1.

Remark 3.5 If R is of the Cobb-Douglas type with zero shift, i.e. R(C,K, L) = 1
αβγC

αKβLγ

with α, β, γ > 0 and α+ β + γ < 1, then

R̃C(C, r̃(t), w′(t)) = (1 − β − γ)

[

(

β

r̃(t)

)β ( γ

w′(t)

)γ
] 1

1−β−γ

Ca,

where a = α/(1 − β − γ) ∈ (0, 1). Hence R̃C(0, r̃(t), w′(t)) = ∞ for any t, cf. [8] Remark 3.2, so
(3.16) fails, and in fact C(t; ν̂) > 0 for all t > 0.

On the other hand for general R if µF (t) is linear, i.e. µF (t) := µF t and µC is constant, and
if R̃C(0, r̃(s), w′(s)) is constant (written as R̃C(0)), then (3.16) reduces to

R̃C(0)

(

1 − e−(µF +µC)(T−t)

µF + µC

)

+ G′(0)e−(µF +µC)(T−t) ≤ 1

fC(t)
a.e. a.s.(3.17)

If C0 = 0 then (3.17) implies that the Gateau derivative of J0(0) in any direction is non-positive

so 0 is a local maximum and due to strict concavity it is then the global maximum, i.e. ν̂ ≡ 0.
This means that the production facility will not be built if, for all times t, the marginal returns at
zero capacity (the left side of (3.17)) are less than the marginal cost of a unit of new capacity. 2

As β is supposed to be continuous (although singular), we will assume

ν̂(t) continuous on 0 < t ≤ T(3.18)

with possibly an initial jump. This is a reasonable expectation, but we can establish it only

under some “Markovian” restrictions, cf. [8] Proposition 3.3.
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Lemma 3.6 Assume that R(C,K, L) = R1(C) + R2(K,L), µF (t) = t µF and µF , µC , σC, fC

are constant. Further assume that G is thrice differentiable, that |G′′(C)| ≤ κG(1 + |C|kG ) for
some (possibly negative) constant kG and that

R1
C(C) − (µC + µF )G′(C) + (‖σC‖2 − µC)CG′′(C) + ‖σC‖2C2G′′′(C)/2 ≥ 0.(3.19)

Then ν̂(t) is continuous on 0 < t ≤ T .

4 The Agents

We shall assume that the economy divides into three sectors, a production sector of Jp agents

who supply labour to the firm, a construction sector of Jc agents who provide the capacity
expansion, and a welfare sector (includes retirees). Agents in the first sector, i.e. j ∈ J p,

experience the wage rate w′ so that the cumulative wage process (when not reduced by leisure)
is wj(t) =

∫ t
0 w

′(s) ds. Agents in the second sector, i.e. j ∈ J c, experience a wage process
wj(t) := wc(t), some non-decreasing process with wc(0) = 0 which is continuous (but not

necessarily absolutely continuous - employment can be more erratic) for t > 0. For agents in
the third sector, i.e. j ∈ J w, we have wj(t) ≡ 0 as they do not work. We will show that in

equilibrium
E wc(T ) <∞(4.1)

Each agent selects a personal consumption, labour (or as we prefer, leisure) and money
holding strategy by optimizing her utility. Of course the “retired” agents do not choose a leisure

strategy.

Definition 4.1 The consumption process of the jth agent is a quadruple (C̄I j(·), ℓ̄j(·)) :=

(cj(·), mj(·), l̄j(·), ℓ̄j(·))⊤ : [0, T ]×Ω 7→ Āj× āj which is a Ft-progressively measurable ℜ4
+ valued

process such that supt∈[0,T ] ‖C̄I j(t)‖ < +∞ a.s. In fact Āj = [0,∞) × [0,∞) × [0, 1] for j ∈ J p,

Āj = [0,∞)× [0,∞) × {0} otherwise and āj = [0, 1] for j ∈ J c, āj = {0} otherwise.

Here cj(t), measured in units of the commodity per unit time, represents her rate of con-
sumption of the good at time t, mj(t), measured in units of commodity, represents the money she

holds for transaction purposes at time t, and l̄j(t) (for j ∈ J p) or ℓ̄j(t) (for j ∈ J c) represents
the amount of leisure she chooses at time t and by implication, the amount of time she spends

working. It is convenient to write CI j(t) = (cj(t), mj(t), lj(t))⊤ where lj(t) := l̄j(t) + ℓ̄j(t) as lj

then gives the leisure choice of the agent. The form of the sets Āj and āj always allows us to

disaggregate since lj = l̄j if j ∈ J p, lj = ℓ̄j if j ∈ J c and lj = 0 if j ∈ J w. We distinguish leisure
in the two sectors because for technical reasons utility of leisure will be accumulated over time

using the Lebesgue-Stiltjes measure induced by wc rather than Lebesgue measure. Note that
1 − lj(t) denotes the intensity with which the agent works - the more intensely she works, the
greater the stress and the more she will earn. We will also use CI without argument to denote

the triple (c,m, l)⊤ ∈ ℜ3. It will be clear from the context whether we mean the process or the
point in ℜ3.
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The agent also holds a portfolio of financial instruments; φj
S represents the number of equity

shares in the portfolio, and φj
B, φ

j
B, φ

j
D represent the real bond, nominal bond and derivative

holdings respectively.

Definition 4.2 The portfolio process of the agent consists of a progressively measurable quadru-
ple Φj := (φj

B, φ
j
B, φ

j
D, φ

j
S)⊤ such that

(i)
∫ T
0 |B(t)φj

B(t) +B(t)φj
B(t) +D(t)φj

D(t) + S(t)φj
S(t)| [|r(t)| dt+ d‖β‖t] <∞ a.s.

(ii)
∫ T
0 ‖

(

φ
j
B(t)B(t), φ

j
D(t)D(t), φ

j
S(t)S(t)

)

Σ(t)‖2 dt <∞ a.s.
(4.2)

The components of the portfolio processes are measured in numbers of shares and may be

fractions, either positive or negative, i.e. short selling and borrowing are allowed. The agent’s
strategy consists of a consumption process and a portfolio process.

The real wealth of the agent at time t is given by

X j(t) := φj
B(t)B(t) + φj

B(t)B(t) + φj
D(t)D(t) + φj

S(t)S(t) +mj(t),(4.3)

so the wealth lies in the holding of the financial assets, including the shares of the productive
asset, and of cash. To examine how it changes over time it is useful to consider money as part of

the portfolio, so (Φj, mj) represents the moneyed portfolio. We assume that the initial moneyed
portfolio, i.e. (Φj(0), mj(0)), is given (exogenously) so the initial wealth of the agent, X j(0)

generically written as xj, is fixed if the prices are determined at time 0. Again we point out
that later equilibrium may impose different values for (Φj, mj) at t = 0, so an instantaneous
rebalancing of the moneyed portfolio may be required at time 0. The gain from the moneyed

portfolio is the appreciation of the portfolio due to price movement and dividends, i.e.

GΦj ,mj

(t) :=

∫ t

0
φj
B(s) dB(s) +

∫ t

0
φj

B(s) dB(s) +

∫ t

0
φj

D(s) dD(s) +

∫ t

0
φj

S(s) [dS(s) + δ(t) dt] +

+

∫ t

0
m̃j(s) dq(s)

=

∫ t

0
X j(s)[r(s) ds+ dβ(s)] −

∫ t

0
mj(s)r̃(s) ds

+

∫ t

0

(

φj
B(s)B(s) +mj(s), φj

D(s)D(s), φj
S(s)S(s)

)

Σ(s) dW ◦(s).

The conditions in (4.2) ensure that all the integrals are well defined. Note that GΦj ,mj
(0+) =

GΦj ,mj
(0) = 0 due to the continuity of β, so an initial rebalancing of the portfolio cannot change

the initial wealth.

Aside from the portfolio gains, the agent has at her disposal initial wealth and an income
stream. Her potential cumulative wage process is given by the measurable, Ft-adapted, nonneg-

ative, bounded non-decreasing, left continuous process w̃j(t), t ∈ [0, T ], and it is measured in
units of local currency. It will be reduced by the amount of leisure she chooses. In addition she
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receives “welfare” from the government, the cumulative amount to time t being g̃j(t), a contin-

uous semi-martingale. These payments are funded through expansion of the money supply or,
in case of a decrease in g̃j, by taxation. Note that an increment ∆g̃j(s) is worth, in real terms,

q(s+)∆g̃j(s), and in the limit this yields q(s) dg̃j(s) + d[q, g̃j](s). We define

gj(t) :=
∫ t
0 q(s) dg̃

j(s) + [q, g̃j](t),

wj(t) :=
∫

[0,t) q(s) dw̃
j(s) + [q, w̃j](t).

(4.4)

Let Γxj ,cj ,lj (t) denote the cumulative real income net of consumption and leisure to time t

with initial wealth X j(0) = xj ≥ 0, consumption rate cj and leisure rate lj. Then

Γxj ,cj ,lj (t) := xj + gj(t) + wj(t) −
∫ t

0
lj(s) dwj(s) −

∫ t

0
cj(s) ds.

We insist that the portfolio be Γ-financed, i.e. the following budget equation holds:

X j(t) = GΦj ,mj

(t) + Γxj ,cj ,lj (t).

If we define the real cumulative endowment of agent j as

ej(t) := xj + gj(t) + wj(t),(4.5)

then it represents initial wealth plus welfare income plus wage income to time t assuming no
leisure, i.e. l = 0. We shall take this point of view - that the agents works at the maximum

rate 1 but then consumes leisure! We assume (again shown to hold in equilibrium) that ξj, the
expected deflated value of total endowment is positive and finite, i.e.

0 < ξj := xj + E

∫ T

0
ζ(t) dej(t) <∞.(4.6)

The agent would not participate in the economy if ξj ≤ 0.

Let us set ℘j(t) = (t,
∫ t
0 r̃(s) ds, w

j(t))⊤; it is the same for all agents in a given sector. Define

Xxj,CI j ,Φj
as the solution of

X(t) =

∫ t

0
X(s)[r(s) ds+ dβ(s)] + ej(t) −

∫ t

0
CI j(s)⊤d℘j(s)

+

∫ t

0

(

φj
B(s)B(s) + mj(s), φj

D(s)D(s)), φS(s)jS(s)
)

Σ(s) dW ◦(s).(4.7)

Note that the definition of Xxj ,CI j ,Φj
does not require φj

B! Then it follows that for X j defined

in (4.3), X j = Xxj,CI j ,Φj
. We note that

ǫ(t)Xxj ,CI j ,Φj

(t) = xj +

∫ t

0
ǫ(s)[dej(s) −CI j(s)⊤d℘j(s)]

+

∫ t

0
ǫ(s)

(

φj
B(s)B(s) +mj(s), φj

D(s)D(s), φj
S(s)S(s)

)

Σ(s) dW ◦(s).(4.8)

At this point it is useful to introduce further restrictions which model economic reality.
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Definition 4.3 Given x ≥ 0, we say (CI j,Φj) is admissible at x, i.e. (CI j,Φj) ∈ Aj(x), if CI j is

a consumption process, Φj is a portfolio process and

Xx,CI j ,Φj

(t) +
1

ζ(t)
E

{∫ T

t
ζ(s)dej(s)

∣

∣

∣Ft

}

≥ 0 a.s. ∀t.

So admissible at x means that present wealth plus expected future deflated endowment is non-

negative, i.e. the agent can only borrow against current holdings and expected future income.

4.1 The Agent’s Problem

4.1.1 Utility Functions

Clearly an agent derives utility from consumption and, in the production and construction

sectors, from leisure. Also, the agent holds money to facilitate her financial transactions, hence
it is reasonable to assign utility to holding money. However, as prices inflate the utility of a

unit of currency depreciates; it is for this reason that we use real money holdings in the utility
function.

The jth agent has three personal utility functions, U j, uj and V j. The measurable function

U j(t, CI ) : [0, T ] × ℜ3 7→ [−∞,∞) represents the agent’s utility of consumption at rate c ≥ 0,
of holding cash m ≥ 0 in real terms, and of leisure at rate l. As mentioned above for technical

reasons agents in the construction sector accumulate utility of leisure over time not relative to
Lebesgue measure but rather relative to the measure induced by wc. Such utility is given by

uj(t, ℓ̄).
The function V j(x) : [0,+∞) 7→ [−∞,∞) represents the agent’s utility of real wealth at the

terminal time. It is strictly concave, strictly increasing, differentiable on int(dom(V j)) ⊃ (0,∞),
and such that

lim
x→∞

V j
x (x) = 0.(4.9)

It is convenient to have U j(t, c, m, l) defined for all c,m, l, but recall that dom(U j(t, . )) :=

{CI : U j(t, CI ) > −∞} and dom(U j) := {(t, CI ) : U j(t, CI ) > −∞}. Also dom(∂U j(t, . )) := {CI :
∂U j(t, CI ) 6= ∅} where ∂U j(t, CI ) is the supergradient of U j(t, CI ) with respect to CI at (t, CI ).

Let ∇ denote gradient with respect to CI and write U j
s , s ∈ {t, c, m, l}, for the partial derivative

with respect to s. We set
Aj := Āj ∩ dom(U j(t, . )).

Note that Aj then depends on t, but we shall in fact assume that it is constant, cf. (4.10)(iv).
The boundary of Aj decomposes into a finite number of relatively open sets, Cj

k, i.e. corners,

edges, faces, etc. We shall assume, cf. (4.10)(v), that if ∇U j(t, ·) exists somewhere in Cj
k then

it exists everywhere in Cj
k. Recall that χA is the indicator function of A, as in (3.11). Define

U j

Aj (t, CI ) := U j(t, CI )− χAj (CI ). This is the utility function restricted to the set Aj of interest.
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Assumption U:















































































(i) U j(t, . ) is upper semicontinuous, concave, nondecreasing;
(ii) U j is continuous on dom(U j) and [0, T ]×ℜ3

++ ⊂ dom(U j);

(iii) U j ∈ C0,1(int(dom(U j)) and ∇U j ∈ C1,2(int(dom(U j)) componentwise,
∂2U j

∂a∂b
≥ 0 and a, b ∈ {c,m, l}, a 6= b;

(iv) ℜ3
+ ∩ dom(U j(t, ·)) and ℜ3

+ ∩ dom(∂U j(t, . )) are time independent

and ℜ3
++ ⊂ dom(∂U j(t, ·));

(v) Cj
k ∩ dom(∂U j(t, . )) 6= ∅ ⇒ Cj

k ⊂ dom(∂U j(t, . ));

(vi) dom(∂U j

Aj (t, . )) ⊂ int(dom(U j(t, . ))) ∩ Aj (hence they are equal, cf . [7]);
(vii) U j(t, . ) is strictly increasing, strictly concave on int(dom(U j(t, . ))) ∩ Aj;

(viii) inf
CI ∈dom(∂U

j

Aj
(t,. ))

U j
s (t, CI ) = 0 for s ∈ {c,m}.

(4.10)

We will add parts (ix) and (x) shortly.

Part (viii) above gives the behaviour of the partial derivatives of U j near ∞ in Aj . We also
need the bahaviour as the coordinate planes are approached in Aj. When j /∈ J p we work on

ℜ2 so set U j
0 (t, c, m) := U j(t, c, m, 0).

Define

Ij
U :=

{

{s ∈ {c,m, l} : {(c,m, l) ∈ Āj : s = 0} ∩ dom(∂U j(t, . )) = ∅} if j ∈ J p,

{s ∈ {c,m} : {(c,m : (c,m, 0) ∈ Āj , s = 0} ∩ dom(∂U j
0 (t, . )) = ∅} if j /∈ J p.

(4.11)

The set Ij
U gives the inaccessible parts of the boundary ofAj , i.e. if s ∈ Ij

U then maxCI ∈Aj U j(t, CI )

cannot occur at s = 0 since U j
s = ∞ there. The continuity of ∇U j implies that for any convergent

sequence {CI k} ⊂ Aj, limk ‖∇U j(t, CI k)‖ = ∞ only if Ij
U 6= ∅.

We now add parts (ix) and (x) to Assumption U, i.e. to (4.10).







































(ix) there exist sets Gj
s, s = c,m, l, closed in Aj , with disjoint relative interiors

such that Aj =
⋃

sG
j
s, and for s ∈ Ij

U , limδ→0 inft∈[0,T ] inf
CI ∈G

j
s(δ)

U j
s (t, CI ) = ∞,

where Gj
s(δ) := Gj

s ∩ {s ≤ δ}.
Conversely, for any bounded sequence {CI k = (ck, mk, lk)} ⊂ Aj

such that U j
s (t, CI k) → ∞ for some s ∈ {c,m, l}, we have sk → 0;

(x) {m, l} ⊂ ∪jIj
U .

Suppose CI k → CI , CI k ∈ Aj. The first part of (ix) implies that if CI ∈ bdy(Aj) but CI /∈
dom(∂U j), then limCI k→CI U

j
s (CI k) = ∞ uniformly in Gj

s; it is void if ∇U j is finite on Aj ∩
bdy(ℜ3

++). This part is used to establish the existence of an equilibrium, cf. Theorem 7.2 and

[6] Lemma 4.3. The second part implies that if U j
s (CI k) → ∞ then s ∈ Ij

U and is used to obtain
existence of the Lagrange multipliers, cf. Lemma 4.6, [6] Lemma 4.1, and regularity of the

representative agent’s utility function, cf. Theorem 5.1. Part (x), e.g. m ∈ ∪jIj
U , implies that

there is at least one agent who when maximizing his utility will not do without cash (cf. the

sentence after (4.11), and similarly for leisure in the production sector.
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We point out that in the case n = 1 the Inada conditions imply (viii), (ix)and (x), although

the latter are weaker.
A typical example for j ∈ J p would be U j(t, c, m, l) = hj(t)(c+ εjc)αj

(m + εjm)βj
(l + εjl )

γj

with h continuous, αj , βj, γj > 0, αj + βj + γj < 1, εjs ≥ 0 (s = c,m, l) with εjm = 0 for at least
one j and εjl = 0 for another j.

We now add utility of leisure for the construction sector via the utility function uj(t, l) :
[0, T ] × ℜ 7→ [−∞,∞). We take uj = 0 for j /∈ J c. Again aj := āj ∩ dom(uj(t, . )) which is

assumed to be time independent.
Assumption u:



































































(i) uj(t, . ) is upper semicontinuous, concave, nondecreasing;
(ii) uj is continuous on dom(uj);

(iii) uj ∈ C0,1(int(dom(uj)) and ∇uj ∈ C1,2(int(dom(uj)) componentwise;
(iv) ℜ1

+ ∩ dom(uj(t, ·)) is time independent and ℜ1
++ ⊂ dom(∂uj(t, ·));

(v) dom(∂uj

aj (t, . )) ⊂ int(dom(uj(t, . ))) ∩ aj (hence they are equal, cf . [7]);
(vi) uj(t, . ) is strictly increasing, strictly concave on int(dom(uj(t, . )) ∩ aj).

(vii) 0 /∈ ∩j∈J cdom(∂uj(t, . ))

(viii) for each t ∈ [0, T ], minj∈J c uj
l (t, 1) = 0

(ix) if 0 /∈ dom(∂uj(t, ·)) for some t then liml↓0 inf0≤t≤T u
j
l (t, l) = +∞.

(4.12)

Note that part (vii) is equivalent to (4.10)(x) and part (ix) to (4.10)(ix).

4.1.2 The Problem

The agent has initial wealth xj and aims to maximize her expected total utility; that is, to solve

(Aj) max
Hj

E

{∫ T

0
U j(t, C̄I j(t))dt+

∫ T

0
uj(t, ℓ̄j(t)) dwc(t) + V j(Xxj,CI j ,Φj

(T ))

}

where
Hj:={(CI j,Φj)∈Aj(xj) :E{∫ T

0 (U j)−(t, C̄I j(t))dt+
∫ T
0 (uj)−(t, ℓ̄j(t)) dwc(t)+(V j)−(Xxj,CI j ,Φj

(T ))}
< +∞}.

Here u− := −min{u, 0} is the negative part of u. Recall that CI j separates uniquely into
(C̄I j, ℓ̄j). For j /∈ J c the dwc integral is zero. It may appear counterintuitive that a construction

agent obtains increased benefit from leisure when the daily wage, dwc, is increased; in fact the
(real) wage increases when more work is demanded, i.e. more money is invested so immediately

more capacity expansion is required. These demands exert greater stress on the agent, so the
opportunity benefit of being “on vacation” is increased. The integral constraints of Hj imply

that CI j(t) ∈ dom(U j(t, . ), ℓ̄j(t) ∈ dom(uj(t, . ) a.e. a.s. where the a.e. for uj is with respect to
the wc measure. Hence U j and uj can be replaced by U j

Aj and uj

aj in (Aj).

We will now present an equivalent problem which is independent of Φj. From (4.8) it follows
that for all admissible strategies

M0(t) := xj + E◦
{∫ T

0
ǫ(s)dej(s)

∣

∣

∣Ft

}

+
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+

∫ t

0
ǫ(s)

(

φj
B(s)B(s) +mj(s), φj

D(s)D(s), φj
S(s)S(s)

)

Σ(s) dW ◦(s)

≥
∫ t

0
ǫ(s)CI j(s)⊤ d℘j(s) ≥ 0.

Thus M0 is a non-negative P ◦-local martingale, hence a supermartingale.

Then

E ζ(T )Xxj,CI j ,Φj

(T ) +E

∫ T

0
ζ(s)CI j(s)⊤ d℘j(s) = E◦M0(T ) ≤ E◦M0(0) = ξj .(4.13)

In other words, expected “present value” of terminal wealth and “consumption” cannot exceed
expected “present value” of endowment. We can now show that any consumption process and

terminal wealth satisfying the budget constraint (4.13) corresponds to an admissible portfolio
process.

Theorem 4.4 Assume (4.6). Given xj ≥ 0 and a consumption process CI j, let x̄ ≥ 0 be FT -

measurable such that

E

{∫ T

0
ζ(t)CI j(t)⊤ d℘j(t) + ζ(T )x̄

}

≤ ξj.(4.14)

Then there exists a portfolio process Φj such that (CI j ,Φj) ∈ A(xj) and Xxj,CI j ,Φj
(T ) ≥ x̄.

Moreover if (4.14) is an equality, then

Xxj ,CI j ,Φj

(t) = ζ(t)−1E

{∫ T

t
ζ(s)CI j(s)⊤ d℘j(s) −

∫ T

t
ζ(s) dej(s) + ζ(T )x̄

∣

∣

∣Ft

}

.(4.15)

Proof: We use some ideas from [21]. Define

{

N j(t) :=
∫ t
0 ǫ(s)CI

j(s)⊤ d℘j(s) − ∫ t
0 ǫ(s) de

j(s),

Mj(t) := E◦{N j(T ) + ǫ(T )x̄ | Ft} = Mj(0) +
∫ t
0 ψ

j(s)⊤dW ◦(s),

with
∫ T
0 ‖ψj‖2ds < ∞, where ψj is given by the martingale representation theorem. Note that

(4.6) and (4.14) imply that Mj is a P ◦-martingale.
Define the multifunction F j on [0, T ] × Ω as F j(t, ω) := {ϕ ∈ ℜ3 : Σ⊤(t, ω)ϕ = ψj(t, ω)}.

Then F j(t, ω) 6= ∅ since Σ(t) has rank two, and F j(t, ω) is a closed set. As {(t, ω) : ψj(t, ω) ∈
range(Σ⊤(t, ω)) ∩ O} for any open set O ⊂ ℜ2 is progressively measurable, then F j is weakly

measurable, cf. [31]. Theorem 4.1 of [31] implies that there exists a ℜ3-valued, progressively
measurable process ϕ̄j such that ψj = Σ⊤ϕ̄j.

If X̄(t) := ǫ(t)−1[Mj(t) −N j(t)], then X̄(0) = Mj(0), X̄(T ) = x̄ and

d[ǫ(t)X̄(t)] = ǫ(t) dej(t) − ǫ(t)CI j(t)⊤ d℘j(t) + ǫ(t)ϕj(t)⊤Σ(t) dW ◦(t)

where ϕj := ǫ−1ϕ̄j. Define (φj
B, φ

j
D, φ

j
S) such that ϕj = (φj

BB + m, φj
DD, φ

j
SS)⊤. Define

Xxj,CI j ,Φj
from (4.7) (recall that φj

B is not needed for this construction), and then define

φj
B := B−1[Xxj,CI j ,Φj − φj

BB − φj
DD − φj

SS −mj].
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Let us prove (4.2)(i),(ii) for Φj = (φj
B, φ

j
B, φ

j
D, φ

j
S)⊤. Part (ii) follows from the definition of

(φj
B, φ

j
D, φ

j
S), the almost sure square integrability of ψj and σq, and the pathwise boundedness

of mj and ǫ−1. Moreover the left side of (4.2)(i) is almost surely finite since Xxj,CI j ,Φj
has

continuous, hence bounded, paths, mj has bounded paths and r is integrable, ‖β‖T < ∞ a.s.

So Φj is a portfolio process.
From (4.6) and (4.14) it follows readily that X̄(0) = Mj(0) ≤ xj = Xxj ,CI j ,Φj

(0) and from

(4.8) that d[ǫ(Xxj,CI j ,Φj − X̄)] = 0, so Xxj,CI j ,Φj

(t) ≥ X̄(t) a.s. Hence

ǫ(t)Xxj ,CI j ,Φj

(t) + E◦
{∫ T

t
ǫ(s)dej(s)

∣

∣

∣Ft

}

≥ ǫ(t)X̄(t) +E◦
{∫ T

t
ǫ(s)dej(s)

∣

∣

∣Ft

}

= E◦
{∫ T

t
ǫ(s)CI j(s)⊤ d℘j(s) + ǫ(T )x̄

∣

∣

∣Ft

}

≥ 0.

Then (CI j,Φj) ∈ Aj(xj); moreover (4.15) follows readily since under equality in (4.14) X̄(0) =

xj = Xxj ,CI j ,Φj

(0), i.e. Xxj ,CI j ,Φj

= X̄. 2

Under equality in (4.14) it follows from (4.15) that x̄ = Xxj,CI j ,Φj
(T ). We can think of N j(t)

as the endowment deficit to time t, i.e. excess of consumption over endowment. Adding an
(anticipated) terminal wealth x̄ produces the total deficit, Mj(T ). The Theorem simply states

that the initial wealth X j(0) is sufficient to finance the claim Mj(T ), and Φj is the appropriate
hedge.

Rather than looking at admissible pairs (CI j,Φj) ∈ Aj(xj) we can now consider pairs (CI j, x̄).

Definition 4.5 Given xj ≥ 0, a consumption process CI j and a FT -measurable random variable

x̄ ≥ 0, we say (CI j, x̄) is admissible at xj, i.e. (CI j , x̄) ∈ Āj(xj), if (CI j, x̄) satisfies (4.14).

Then problem (Aj) is equivalent to the static problem

(Āj) max
H̄j

E

{∫ T

0
U j(t, C̄I j(t))dt+

∫ T

0
uj(t, ℓ̄j(t)) dwc(t) + V j(x̄)

}

where

H̄j :=
{

(CI j, x̄) ∈ Āj(xj) : E
{

∫ T
0 (U j)−(t, C̄I j(t))dt+

∫ T
0 (uj)−(t, ℓ̄j(t)) dwc(t) + (V j)−(x̄)

}

<∞
}

.

Since U j is strictly increasing in c, then we may take equality in (4.14), so (Āj) is an isoperimetric

problem.

4.2 Solution of the Agent Problem

Problem (Āj) is solved using convex analysis. This was done for a utility function depending on
two variables in [4]; in fact the main difficulty concerns inverting ∇U j

Aj . In [7], Propositions 3.2,
3.3, 3.14 and Remark 3.7 it is shown that for each t ∈ [0, T ] there exists a continuous, monotone

function I
U

j

Aj (t, . ), strictly monotone on Rj(t) := ∇U j(t, Aj∩int(dom(U j(t, . )))), which extends

∇U j

Aj (t, . )−1. Moreover dom(I
U

j

Aj ) = [0, T ]×ℜ2
++×ℜ, I

U
j

Aj ∈ C1,2(int(∪t∈[0,T ]{t}×Rj(t))) and

is piecewise in C1,2 on its domain. Recall that I
U

j

Aj as the superdifferential of a concave function
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is monotone, i.e. is a set valued function such that (x− x′)⊤(y− y′) ≤ 0 for all y ∈ I
U

j

Aj (x) and

y′ ∈ I
U

j

Aj (x′) with x, x′ ∈ Aj, cf. [7] for more details.

It is easy to define I
u

j

aj (t) on ℜ as a continuous extension of [ ∂
∂l
uj

aj (t, . )]−1, constant off
∂
∂l
uj

aj (t, aj). I
V j

is defined similarly on (0,∞).

Now as usual to solve (Āj) we first maximize over Āj(xj) and then check that the solution
is in H̄j . We write π := (1, r̃, w′)⊤. For the maximization we will need to solve the following

equation for the Lagrange multiplier:

X j(η) := E

{∫ T

0
ζ(t)

[

π(t)⊤I
U

j

Aj (t, ηζ(t)π(t)) dt+ I
u

j

aj (t, ηζ(t)) dwc(t)
]

+ ζ(T )IV j

(ηζ(T ))

}

=ξj .

(4.16)

Note that for j /∈ J p, (0, 0, 1)I
U

j

Aj(t, ηζ(t)π(t)) = 0 and for j /∈ J c, I
u

j

aj (t, ηζ(t)) = 0. Define

Å(t, ω) := {η : I
U

j

Aj (t, ηζ(t)π(t)) = (0, 0, 1)⊤, ηζ(t) > lim
l↓0

u
j
l (t, l), ηζ(T ) > lim

x↓0
V j

x (x)}.

Lemma 4.6 X j(η) maps (0,∞) into itself, is continuous and non-increasing. Let η̄ := sup{η >
0 : X j(η) > 0}. Then X j is strictly decreasing on (0, η̄)\ ∩ess(t,ω) Å(t, ω), and

lim
η↓0

X j(η) = ∞, lim
η↑η̄

X j(η) = 0.

Here ∩ess(t,ω) denotes the essential intersection, i.e. largest intersecting over almost all (t, ω).
Proof: Set

y(t) = ζ(t)π(t), y′ = (1/2)kζ(1, kr̃, 0)⊤ ≤ y(t)/2

where the inequality is due to (2.4), (2.19) and (3.5). Since I
U

j

Aj (t, . ) is monotone and y(t) ≥ y′

then η(y(t) − y′)⊤(I
U

j

Aj (t, ηy(t))− I
U

j

Aj (t, ηy′)) ≤ 0. Now y(t) − y′ ≥ y(t)/2 so

y(t). I
U

j

Aj (t, ηy(t)) ≤ 2(y(t) − y′)⊤I
U

j

Aj (t, ηy(t)) ≤ 2(y(t) − y′)⊤I
U

j

Aj (t, ηy′)

≤ 3κζ‖π(t)‖‖IU
j

Aj (t, ηy′)‖,

an integrable expression if I
U

j

Aj (t, ηy′) is bounded. Since I
U

j

Aj (t, ηy′) is continuous, it is bounded.

Also ζ(t)I
u

j

aj (t, ηζ(t)) ≤ κζI
u

j

aj (t, ηkζ) is integrable. Similarly for ζ(T )IV j
(ηζ(T ), so X j(η) <

∞ and hence maps (0,∞) into itself.

Set ht(η) := y(t)⊤I
U

j

Aj (t, ηy(t)). Since X j(η) = E{∫ T
0 ht(η) dt+

∫ T
0 I

u
j

aj (t, ηζ(t)) dwc(t) +

ζ(T )IV j
(ηζ(T ))} then Lemma 4.1 of [6] and the non-increasing (i.e. monotone) nature of

IV j
imply that X j is non-increasing. Monotone convergence gives right continuity of X j and

limη↓0 X j(η) = ∞ (n.b. IV j
(0+) = ∞ if V j 6≡ 0, cf. (4.9)). Left continuity follows from

dominated convergence since ht(. ) is non-increasing.
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Let us show that limη↑η̄ X j(η) = 0. If η̄1(t, ω) := sup{η : ht(η) > 0}, then Lemma 4.1 of [6]

implies that ht(η) ↓ 0 when η ↑ η̄1(t, ω). Set η1 := ess supt,ω η̄1(t, ω) = sup{η : E
∫ T
0 ht(η) dt >

0}. Similarly for η̄2(t, ω) := sup{η : I
u

j

aj (t, ηζ(t)) > 0} and η2 := ess supt,ω η̄2(t, ω) = sup{η :

E
∫ T
0 I

u
j

aj (t, ηζ(t)) dwc(t) > 0}, where the t-measure in ess sup is not Lebesgue, but given by

wc. Set η3 := sup{η : E ζ(T )IV j
(ηζ(T )) > 0}. If η̄3(ω) := sup{η : ζ(T )IV j

(ηζ(T )) > 0} then
η3 = ess supω η̄3(ω) and limη↑η3 Eζ(T )IV j

(ηζ(T )) = E limη↑η3 ζ(T )IV j
(ηζ(T )) ≤

≤ E limη↑η̄3(ω) ζ(T )IV j
(ηζ(T )) = 0. Then η̄ = max{η1, η2, η3} and limη↑η̄ X j(η) = 0 follows.

If X j(η) > 0, i.e. η < η̄, then at least one of the following holds. IV j
(ηζ(T ))> 0 on a set of

positive probability, so ηζ(T ) < V j
x (0) there, hence IV j

(ηζ(T )) is strictly decreasing near η on
a set of positive probability. Alternatively, ht(η) > 0 on a (t, ω) set of positive measure, hence

ht(. ) is strictly decreasing as long as η /∈ Å(t, ω), cf. Lemma 4.1 of [6]. Or else I
u

j

aj (t, ηζ(t)) > 0

on a set of positive P × dwc measure, hence I
u

j

aj (t, ηζ(t)) is strictly decreasing as long as it is

less than 1. In any case X j is strictly decreasing. The result follows. 2

Then (4.16) has a solution ηj (not necessarily unique), i.e.

X j(ηj) = ξj.(4.17)

Note however that I
U

j

Aj (t, ηjζ(t)π(t)) is unique, cf. [6], Corollary 4.2, as are I
u

j

aj (t, ηjζ(t)) and

IV j

(ηjζ(T )). We have

Proposition 4.7 Given xj ≥ 0, there exists an optimal strategy ĈI j for the agent given by

ĈI j(t) := I
U

j

Aj (t, ηjζ(t)π(t)) + (0, 0, I
u

j

aj (t, ηjζ(t)))⊤, t ∈ [0, T ],(4.18)

i.e. ˆ̄CI j(t) = I
U

j

Aj (t, ηjζ(t)π(t)), ˆ̄ℓj(t) = I
u

j

aj (t, ηjζ(t)). The corresponding portfolio process Φ̂j

is given by Theorem 4.4 with x̄ = x̄j := IV j
(ηjζ(T )) which is the optimal terminal real wealth

Xxj,ĈI j ,Φ̂j
(T ). The strategy is unique.

Proof: We may proceed as in [18], Theorem 9.4, to show that (ĈI j , x̄j) solves (Āj) uniquely.
Recall that the integral constraint in H̄j implies that maximization is only over admissible

consumption processes CI j with C̄I j(t) ∈ Aj, ℓ̄j(t) ∈ aj . Since I
u

j

aj 6= 0 only for j ∈ J c then (4.18)

and (4.17) imply equality in (4.14) for (ĈI j, x̄j), so from (4.15) we have that x̄j = Xxj,ĈI j ,Φ̂j

(T ).
Any (CI j, x̄) ∈ H̄j satisfies (4.14), cf. Definition 4.5. For such (CI j, x̄) (4.17) gives

E

{∫ T

0
ζ(t)[I

U
j

Aj (ηjζ(t)π(t))⊤+(0, 0, I
u

j

aj (t, ηjζ(t)))−CI j(t)⊤] d℘j(t)+ζ(T )[IV j

(ηjζ(T ))−x̄]

}

≥ 0.

As I
U

j

Aj (t, y) = arg minx∈Aj{x⊤y − U j(t, x)}, cf. (3.4) of [7], and similarly for I
u

j

aj (t, y) and

IV j

(y), then using y = ηjζ(t)π(t))⊤ for U j and y = ηjζ(t) for uj and y = ηjζ(T ) for V j it
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follows from the previous inequality that

E

{∫ T

0
U j(t, C̄I j(t)) dt +

∫ T

0
uj(t, ℓ̄j(t)) dwc + V j(x̄)

}

≤ E

{∫ T

0
U j(t, ˆ̄CI j(t)) dt+

∫ T

0
uj(t, ˆ̄ℓj(t)) dwc + V j(x̄j)

}

.(4.19)

Then (ĈI j , x̄j) solves (Āj) provided it lies in H̄j . However for j /∈ J w, CI ⊤ = (c,m, l) := ε (1, 1, 1)
with ε ∈ (0, 1] is a consumption process since l = ε ≤ 1. For x̄ = ε

E

∫ T

0
ζ(t)CI (t)⊤ d℘j(t) + ζ(T )x̄ = εE

{

∫ T

0
ζ(t)[(1 + r̃(t)) dt+ dwj(t)] + ζ(T )

}

≤ ξ,

if ε is sufficiently small, cf. (4.6). Hence by Theorem 4.4, we have admissibility of the constant
strategy CI . But |E{∫ T

0 [U j(t, CI ) dt+ uj(t, ε) dwc] + V j(ε)}| <∞ by continuity of U j and uj, by

(2.4), (3.5), (4.1), and because CI ∈ dom(U j(t, . ) and ε ∈ dom(uj(t, . ) ∩ dom(V j). Now (4.19)
implies that (ĈI j, x̄j) ∈ H̄j . For j ∈ J w we just use CI ⊤ = ε(1, 1, 0). 2

5 The Representative Agent

For equilibrium, we will have to solve the market clearing conditions, e.g.
∑

j φ
j
S(t) = N (t).

This is much easier if only one agent (representative) is present, for then φS(t) = N (t). For this

reason we aggregate the actions of the agents into the action of a single representative agent.
His utility function must opportunely weight the utility functions of the individual agents in

the economy; the factor Λ below will accomplish this. It will be arbitrary to begin with, but
in the end it will be chosen so as to produce an equilibrium. Of course, we will also have to

disaggregate in the end.
For Λ = (λ1, . . . , λJ) ∈ ℜJ

++ let us define the functions U(t, C̄I ; Λ), u(t, ℓ; Λ) and V (x; Λ) as

follows. J := Jp + Jc + Jw.

U(t, C̄I ; Λ) := sup
∑

j
C̄I j=C̄I

J
∑

j=1

λjU
j

Aj (t, C̄I j), u(t, ℓ̄; Λ) := sup
∑

j
ℓ̄j=ℓ̄

J
∑

j=1

λju
j

aj (t, ℓ̄j),(5.1)

V (x; Λ) := sup
zj≥0,

∑

j
zj=x

J
∑

j=1

λjV
j(zj),

IU(t, y; Λ) :=
J
∑

j=1

I
U

j

Aj

(

t,
y

λj

)

, y ∈ ℜ2
++ × ℜ, Iu(t, y; Λ) :=

∑

j∈J c

I
u

j

aj

(

t,
y

λj

)

, y ∈ ℜ(5.2)

IV (y; Λ) :=
J
∑

j=1

IV j
( y

λj

)

, y ∈ ℜ++.

From [7], Theorem 4.3, Corollary 4.4, Remark 3.7 and Proposition 3.14 we obtain



Equilibrium with Irreversible Investment 28

Lemma 5.1 (i) For each Λ ∈ ℜJ
++, U(t, . ; Λ) : ℜ3 7→ [−∞,∞) is a closed, proper, concave,

increasing function on ℜ3 with dom(U(t, ·; Λ)) = A :=
∑J

j=1 A
j ⊂ [0,∞)2 × [0, Jp]. For each

C̄I ∈ A there exist ˆ̄CI j(t) ∈ Aj such that

C̄I =
∑

j

ˆ̄CI j(t), U(t, C̄I ; Λ) =
∑

j

λjU
j

Aj (t, ˆ̄CI j(t)).(5.3)

Moreover IU(t, . ; Λ) is the inverse of ∂U(t, . ; Λ) and is monotone (in the operator sense of

concave analysis). U(t, . ; Λ) is strictly concave on dom(∂U(t, . ; Λ)) = im(IU(t, . ; Λ)).

(ii) im(IU(t, . ; Λ)) = Ã :=
∑

j dom(∂U j

Aj (t, ·)) is convex. For C̄I ∈ Ã, there exists y(t) ∈
(IU(t, . ; Λ))−1(C̄I ) such that

ˆ̄CI j(t) = I
U

j

Aj (t, y(t)
λj

).(5.4)

(iii) U(t, ·; Λ) is continuously differentiable on Ã. This set is dense in A. Moreover
(∇U(t, ·; Λ))−1 = IU(t, ·; Λ) on ∇U(t, Ã; Λ) := R̃(t; Λ), so IU (t, y; Λ) is a continuous, mono-
tone extension of (∇U(t, ·; Λ))−1, strictly monotone on cl(R̃(t,Λ)) ∩ (ℜ2

++ × ℜ). U(t, . ; Λ) is

strictly increasing on Ã. For y ∈ R̃(t,Λ), we have

∇c,m,lU(t, IU(t, y; Λ); Λ) = y.(5.5)

(iv) For each C̄I ∈ Ã,

∇C̄I U(t, C̄I ; Λ) = λj∇C̄I U
j(t, ˆ̄CI j(t)) − ~nj( ˆ̄CI j(t)), j = 1, · · · , J,(5.6)

where ~nj( ˆ̄CI j(t)) ∈ NAj ( ˆ̄CI j(t)), the cone of outward normals to Aj at ˆ̄CI j(t). For each s ∈
{c,m, l̄} there exists j(s) such that the component [~nj(s)( ˆ̄CI j(t))]s = 0.

(v) ∇C̄I U(. , . ; Λ) is continuous on [0, T ]× Ã and is piecewise in C1,2.

Although the cited references only provide ∇U picewise continuously differentiable, the same

proof provides twice piecewise differentiable since the ∇U j are. Furthermore, it is evident that

Ã = {(c,m, l̄) ∈ A : c > 0 if c ∈ ∪jIj
U , m > 0, l̄ > 0},(5.7)

cf. (4.11) and (4.10)(x).
The corresponding result for u(. ; Λ) is easier since the argument ℓ is one-dimensional. Then

ã = (0, Jc] since 0 /∈ ∩j∈J cdom(∂uj(t, . )).

A comment on our notation: (ĉj(t), m̂j(t), ˆ̄lj(t), ˆ̄ℓj(t)) gives the optimal “consumption”

choices made by agent j, whereas (ĉj(t), m̂j(t),
ˆ̄lj(t),

ˆ̄ℓj(t)) is the argument that provides the

maxima in (5.1) for given (c,m, l̄, ℓ̄). We shall see that they agree in equilibrium.
We can think of the representative agent as an agent whose endowment process is given by

the aggregate endowment process

e(t) =
∑

j

ej(t) =
∑

j

xj +
∑

j

gj(t) +
∑

j

wj(t)

= x+ g(t) +w(t)
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with the obvious identifications so w(t) = Jp
∫ t
0 w

′(s) ds + Jc wc(t). Our representative agent

now has the same problem as the production agent with ξo := E
{

x+
∫ T
0 ζ(t) de(t)

}

except that

the sets A and a do not allow the identification of C̄I and ℓ̄ from CI so we work with (C̄I , ℓ̄) and
set CI := C̄I + (0, 0, 1)⊤ℓ. We replace CI ⊤ d℘j by C̄I ⊤π dt + ℓ̄ dwc. The solution is then given by

Proposition 4.7.

Proposition 5.2 There exists an optimal strategy ( ˆ̄CI Λ, ˆ̄ℓΛ) for the agent given by

( ˆ̄CI Λ, ˆ̄ℓΛ)(t) = (IU(t, ηΛζ(t)π(t); Λ), Iu(t, ηΛζ(t); Λ)), t ∈ [0, T ].(5.8)

Here ηΛ is such that

E

{

∫ T

0
ζ(t)

[

π(t)⊤IU(t, ηΛζ(t)π(t); Λ) dt+ Iu(t, ηΛζ(t); Λ) dwc(t)
]

+ ζ(T )IV (ηΛζ(T ); Λ)

}

= ξo.

(5.9)
The corresponding Φ̂Λ is given by Theorem 4.4 with x̄ = IV (ηΛζ(T )), the optimal terminal

wealth. The strategy is unique.

We observe that if ηj is a solutions of (4.17) for all j, and if we set Λ = ((η1)−1, . . . , (ηJ)−1)⊤,

then ηΛ = 1 is a solution of (5.9). It follows that ĈI Λ =
∑

j ĈI
j, ˆ̄lΛ =

∑

j∈J p
ˆ̄lj, ˆ̄ℓΛ =

∑

j∈J c
ˆ̄ℓj

and the optimal wealth of the representative agent at time T is X(T ) := x̄ =
∑

j X
xj,Ĉj ,Φj

(T ).

Moreover, an examination of how Φj is defined in Theorem 4.4, reveals that Φ̂Λ =
∑

Φ̂j, hence

X(t) =
∑

Xxj,Ĉj ,Φj
(t) for all t. Note that ηΛ depends on ξo hence on q.

6 Equilibrium

The market parameters are r, β, r̃, µS̃, σS̃, µD̃, σD̃, µq, σq, w̃
′, w̃c, g̃j, j = 1, . . . , J. Recall that

w′ = qw̃′. The money supply and qT , determined by the monetary authorities, and the tech-
nology parameters, µC , σC , fC , C0, R(. ), G(. ) and µF are exogenous. The agents and the

firm’s manager take the market parameters as given, but we want equilibrium to specify them.
Equilibrium requires that the agents act optimally, that the manager of the firm chooses in-
vestment, labour and operating capital to maximize the expected total discounted profits net of

investments, that profits are distributed as dividends, that investment capital be passed as wages
to the non-production sector, that changes in the money supply be passed into the economy as

“welfare”, and that the markets (goods, money, labour, bonds, derivatives and equity) clear.
Note that the possible initial jump of the optimal investment policy moves the capacity

from C0 to its optimal value. This explains the definition and use of Ĉ below. At times
when Σ′ is not invertible, σS is a multiple of σq, i.e. σS(t) = α(t)σq(t) for some α. Then it

turns out that shares of the stock can be replicated by holding a linear combination of nominal
and real bond units, cf. the proof of Theorem 7.2. In particular at time t we can replicate

one share of the stock by holding φ
syn
B (t) := α(t)S(t)B−1(t) units of the nominal bond and

φsyn
B (t) := (1 − α(t))S(t)B−1(t) units of the real bond. We must account for such synthetic

shares so we set N syn(t) :=
∑

j φ̂
j
S(t) −N (t).
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Definition 6.1 The market is in equilibrium (Arrow-Radner equilibrium, cf. [11]) if the market

parameters satisfy (2.2), (2.4), (2.6), (2.10), (2.17), (2.19), (2.21), (3.5), (3.8), (4.1), (4.6), and
are such that there exists a real dividend process δ, a real investment process ν̂, a labour process

L̂, a real capital process K̂, and strategies (ĈI j, Φ̂j) :=
(

ĉj, m̂j, l̂j, φ̂j
B, φ̂

j
B, φ̂

j
D, φ̂

j
S

)

(recall that

lj = l̄j + ℓ̄j), such that if we define N (t) = N (0) +
∫

[0,t) S(s)−1 dν̂(s), then

(

ĉj, m̂j, l̂j, φ̂j
B, φ̂

j
B, φ̂

j
D, φ̂

j
S

)

is optimal for agent j, j = 1, . . . , J;(6.1)

ν̂(. ) ∈ arg max{JC0(ν) : ν ∈ S}, Ĉ(t) := C(t+; ν̂);(6.2)

(K̂(t), L̂(t))⊤ = IRQ(M)(Ĉ(t),. ,. )(r̃(t), w′(t)), a.e. t ∈ [0, T ], a.s., cf. (3.10) ff. forIRQ(M)
;(6.3)

N (t)δ(t) = R(Ĉ(t), K̂(t), L̂(t)) − r̃(t)K̂(t) −w′(t)L̂(t), a.e. t ∈ [0, T ], a.s.;(6.4)
J
∑

j=1

gj(t) =

∫ t

0
q(s) dM̃(s) + [q, M̃ ](t), a.e. t ∈ [0, T ], a.s.;(6.5)

J
∑

j=1

ĉj(t) = R(Ĉ(t), K̂(t), L̂(t)), a.e. t ∈ [0, T ], a.s.;(6.6)

J
∑

j=1

m̂j(t) + K̂(t) = M(t), a.e. t ∈ [0, T ], a.s.;(6.7)

∑

j∈J p

l̂j(t) = Jp − L̂(t), a.e. t ∈ [0, T ], a.s.;(6.8)

∑

j∈J c

l̂j(t) = Jc − dν̂

dwc
(t), a.e. t ∈ [0, T ], a.s.;(6.9)

J
∑

j=1

φ̂j
B(t) + φsyn

B (t)N syn(t)11{Σ′(t) singular} = 0, a.e. t ∈ [0, T ], a.s.(6.10)

J
∑

j=1

φ̂j
B(t) + φsyn

B (t)N syn(t)11{Σ′(t) singular} = B(t)−1K̂(t), a.e. t ∈ [0, T ], a.s.(6.11)

J
∑

j=1

φ̂j
D(t) = 0, a.e. t ∈ [0, T ], a.s.;(6.12)

J
∑

j=1

φ̂j
S(t) = N (t) +N syn(t)11{Σ′(t) singular}, a.e. t ∈ [0, T ], a.s.(6.13)

When Σ′ is invertible, i.e. 11{Σ′(t) singular} = 0, then the market clearing conditions (6.13), (6.10)

and (6.11) assume the expected form. Note that (6.5) is also

g(t) :=
J
∑

j=1

gj(t) = M(t) −M(0) −
∫

[0,t)
M(s)

dq(s)

q(s)
,(6.14)



Equilibrium with Irreversible Investment 31

which is the change in real money supply net of an adjustment for the change in the price

of money. Observe also that we may have C(0; ν̂) 6= C(0+; ν̂), i.e. there is an initial jump
in capacity to the equilibrium value. All other variables are then determined relative to the

capacity after this initial adjustment - that is why Ĉ is used.
Suppose we have an equilibrium, what can we say about it? The crucial market parameters

are the nominal interest rate r̃ and the wage rate w′. With these we can find R̃(. , r̃(t), w′(t)),
cf. (3.10), then ν̂, cf. Theorem 3.4, and then C(. ; ν̂) and K̂, L̂, cf. (3.14).

Take λj = 1/ηj where the ηj are given by (4.17) so that ηΛ = 1, cf. Proposition 5.2 and
following. Then

(R(Ĉ(t), K̂(t), L̂(t)),M(t) − K̂(t), Jp − L̂(t)) = IU(t, ζ(t)π(t); Λ)(6.15)

using first (6.6) - (6.8), then (4.18), and finally (5.2). If ζ(t)π(t) ∈ R̃(t; Λ) then (5.5) implies

∇U(t, R(Ĉ(t), K̂(t), L̂(t)),M(t)− K̂(t), Jp − L̂(t); Λ) = ζ(t)π(t),(6.16)

hence










r̃(t) = Um(t,R(Ĉ(t),K̂(t),L̂(t)),M (t)−K̂(t),Jp−L̂(t);Λ)

Uc(t,R(Ĉ(t),K̂(t),L̂(t)),M (t)−K̂(t),Jp−L̂(t);Λ)
,

w′(t) = Ul(t,R(Ĉ(t),K̂(t),L̂(t)),M (t)−K̂(t),Jp−L̂(t);Λ)

Uc(t,R(Ĉ(t),K̂(t),L̂(t)),M (t)−K̂(t),Jp−L̂(t);Λ)
.

(6.17)

Furthermore commencing with (6.9) we obtain similarly

Jc − dν̂

dwc
(t) = Iu(t, ζ(t); Λ),(6.18)

hence

wc(t) =

∫ t

0

(

Jc − Iu(s, ζ(s); Λ)
)−1

dν̂(s).(6.19)

We point out that (6.9) states that
∑

j∈J c(1 − lj) dwc = dν̂, i.e. the capital raised for capacity

expansion is paid as wages to the construction sector. Let us show that dν̂
dwc (t) > 0 so that (6.19)

is valid. From (5.6) it follows that ul(t, l; Λ) ≥ 0 since this is true for all uj, in particular for
the one where the outward normal is 0. Now consider jo such that ujo

l (t, 1) = 0, cf. (4.12)(viii).

If ˆ̄ℓjo(t) = 1, then (5.6) implies that ul(t,
ˆ̄ℓΛ(t); Λ) ≤ 0 hence = 0. If ˆ̄ℓj(t) < 1 this and (5.6)

imply that λjul(t,
ˆ̄ℓΛ(t); Λ) = ~nj( ˆ̄ℓΛ(t)) ≤ 0, a contradiction. Hence ˆ̄ℓj(t) = 1 for all j, so that

dν̂
dwc (t) = 0, cf. (6.9). But now 0 = ul(t, J

c − dν̂
dwc (t); Λ) = ζ(t) ≥ kz > 0. This contradiction

shows that the original assumption ( ˆ̄ℓjo(t) = 1) is false, i.e. for at least one j, ˆ̄ℓj(t) < 1, hence
for all t, dν̂

dwc (t) = Jc −∑j∈J c l̂j > 0.

Remark 6.2 The interpretation of (6.16) is that the deflator ζ is the marginal utility of con-
sumption; the nominal interest rate r̃ is the deflated marginal utility of money, and the real wage

rate w′ is the deflated marginal utility of leisure in the production sector. Moreover, the marginal
utility of consumption is also equal to the marginal utility of leisure in the construction sector,

ul(t, J
c − dν̂

dwc (t); Λ). 2
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Our objective is to find the market parameters so if we define ̺(r̃(. ), w′(. )) to be the right

side of (6.17) (it is a function of these parameters since K̂, L̂ are functions of r̃, w′, cf. (3.14)),
then (r̃, w′) is a fixed point of ̺. Finding such a point is a rather daunting task. On the other

hand we can solve for (K̂, L̂) without resorting to r̃ and w′. To this end we make the

Definition 6.3 Set T := (t, C,M), T̂ (t) := (t, Ĉ(t),M(t)). The utility of operating capital and
labour at time t, capacity C and money supply M is Û(T , K, L; Λ) where

Û(T , K, L; Λ) := U(t, R(C,K, L),M −K, Jp − L; Λ).

Û1(T , K, L; Λ) := Uc(t, R(C,K, L),M −K, Jp − L; Λ),

Û2(T , K, L; Λ) := Um(t, R(C,K, L),M −K, Jp − L; Λ),

Û3(T , K, L; Λ) := Ul(t, R(C,K, L),M −K, Jp − L; Λ).

Since Āj = [0,∞) × [0,∞) × [0, 1] or ×{0} then Aj = Āj ∩ dom(U j) = D
j
1 × D

j
2 × D

j
3. We

decompose A = Ao × A⋆ where Ao :=
∑

j D
j
1, and where A⋆ :=

∑

j D
j
2 × Dj

3, cf. Lemma 5.1.

Note that Ao is the positive half-axis, open unless all the Dj
1 are closed. Then

dom(Û(T , . , . ; Λ))={K,L : (R(C,K, L),M −K, Jp − L) ∈ A}=R(C, . , . )−1(Ao) ∩ ((M, Jp)−A⋆).

We use results from [6] with Z = (M, Jp), AZ = Q(M) = [0,M ]× [0, Jp], z = (K,L), zΛ =

(KΛ(T ), LΛ(T )). Then [6] Lemma 3.1 and Corollary 3.2 give the next Lemma and Corollary.

Lemma 6.4 Û(T , . , . ; Λ) is strictly concave on Q(M) = [0,M ] × [0, Jp]. Hence

(PΛ) sup
(K,L)∈Q(M )

Û(T , K, L; Λ)

is attained uniquely at a point (KΛ(T ), LΛ(T )). Moreover ∇K,LÛ(T , . , . ; Λ) is normal to Q(M)

at (KΛ(T ), LΛ(T )).

Corollary 6.5 (KΛ(T ), LΛ(T ))⊤ is the unique solution of

(K,L)⊤ = IRQ(M)(C,. ,. )

(

Û2(T , K, L; Λ)

Û1(T , K, L; Λ)
,
Û3(T , K, L; Λ)

Û1(T , K, L; Λ)

)

.(6.20)

Moreover KΛ(T ) < M and LΛ(T ) < Jp.

We note that (4.10)(xi) and (5.4) imply that at least one m̂j > 0 and one l̂j > 0, j ∈ J p so
(6.7), (6.8) imply that KΛ < M , LΛ < Jp. Similarly

Observe that (6.3) and (6.17) imply that (K̂(t), L̂(t))⊤ satisfies (6.20) at T = T̂ (t), Q(M) =
Q(M(t)) and C = Ĉ(t), hence

(K̂(t), L̂(t)) = (KΛ(T̂ (t)), LΛ(T̂ (t))),(6.21)
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but of course to obtain T̂ (t) we require Ĉ hence ν̂. In fact, given ν̂ we solve (3.2) for C(·; ν̂),

then (PΛ) for (K̂(t), L̂(t)) := (KΛ(T̂ (t)), LΛ(T̂ (t))). This provides r̃ and w′ via (6.17), hence
R̃(C, r̃(t), w′(t)) = R(C, K̂(t), L̂(t)) − r̃(t)K̂(t) − w′(t)L̂(t). But ν̂ must satisfy (3.15), so again

a fixed point problem must be solved. However, if we take R of an additive form, we can isolate
the maxν JC0 -problem and find ν̂ independently of the market parameters. Hence we make the

Assumption
R(C,K, L) = R1(C) +R2(K,L)(6.22)

with R1 ≥ 0. This is a severe restriction. Now R̃(C, r̃, w′) = R1(C) + R̃2(r̃, w′) so

JC0(ν) := E

{∫ T

0
e−µF (t)R1(C(t; ν)) dt+ e−µF (T )G(C(T ; ν))−

∫

[0,T )
e−µF (t) dν(t)

}

+E

{∫ T

0
e−µF (t)R̃2(r̃(t), w′(t)) dt

}

where the second expectation is independent of ν.
This gives an approach to existence. By replacing R̃ by R1 in Theorem 3.4, we obtain ν̂

without knowledge of r̃, w′ (this assumes that µF is known, i.e. e−µF cannot be the deflator ζ
as intended in Remark 3.3), then Ĉ can be computed, cf.(6.2), so T̂ (t) is now known. Moreover

IRQ(M)(Ĉ,. ,. ) is (IR2
)Q(M ) := IR2Q(M)

, independent of Ĉ. This is all independent of Λ. Our
candidate for optimal (K(t), L(t)) will be (KΛ(T̂ (t)), LΛ(T̂ (t))), cf. (6.21). Finally we can find

ζ from (6.16) with (K̂(t), L̂(t)) replaced by (KΛ(T̂ (t)), LΛ(T̂ (t))) and q from (2.22). Of course
each choice of Λ gives ηj from (4.17) and we required ηj = 1/λj, i.e. we have another fixed point

problem to solve for Λ. This we do in the next section.
We add further conditions to ensure that we can solve for the remaining parameters; in

examples where the solutions are exhibited, some of the conditions can be dispensed with. We

make the
Assumption































































(i) µF (t) is linear, i.e. µF (t) = tµF , and µC , σC , fC are constant;
(ii) G(0) = 0, G(C) ≤ κG,

either C0 > 0 or (3.17) fails (so that ν̂ ≡ 0 is not optimal),
G is thrice differentiable, |G′′(C)| ≤ κG(1 + |C|kG), and (3.19) holds;

(iii) R1 ∈ C2(ℜ+), R1(0) ≥ 0,max{R1(C), R1
C(0),−C2R1

C C(C)} ≤ κR1 on [0,∞);
(iv) R2 ∈ C3(int(dom(R2))), and

([0, κM ] × [0, Jp])\{0} ⊂ dom(∂R2), R2(([0, κM ] × [0, Jp])\{0}) ⊂ ℜ1
++;

(v) uj
l (T, 1) ≥ V j

x (kM) for all j, or
(vi) U j

c (T, 0, κM, 1) ≤ V j
x (κG + κM ) for all j.

(6.23)

The last two conditions are only used to ensure that at time T the total wealth in the economy
consists of the scrap value of the firm plus the money supply. In fact these conditions “explain”

T : they imply that at time T under any scenario the money supply and scrap value provide
less marginal utility than does labour in the construction sector in the case of (v), or more than

consumption in the case of (vi).
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The bound on G introduced in (ii) is used in (vi) and to establish (2.6). Further, as

R̃(C, r̃(t), w′(t)) is replaced by R1(C) in the JC0 problem, then (6.23)(i)(ii) and Lemma 3.6
imply that ν̂ is continuous after time t = 0. In fact from Remark 3.5 it follows that ν̂(0+) > 0

if C0 = 0, hence C(0+; ν̂) > 0. From (3.4) it follows that R1 > 0 on (0,∞).
An alternative to (iv) which allows R2 to have the Cobb-Douglas form KαLγ with 0 <

α, γ, α + γ < 1 is the following.

(iv)′ R2 ∈ C3(int(dom(R2)));
there exist closed sets GR

i , i = 1, 2, with disjoint interiors such that

[0, κM ] × [0, Jp] = GR
1 ∪GR

2 , and for

i ∈ IR :=
{

i ∈ {1, 2} : {Z ∈ [0, κM ] × [0, Jp] : Zi = 0} ∪ dom(∂R2) = ∅
}

,

limδ↓0 infZ∈GR
i (δ)R

2
Zi

(Z) = ∞, where GR
i (δ) = GR

i ∩ {Zi ≤ δ};

for all j and all i ∈ IR,
U j

m(c,m, l)/U j
c(c,m, l) is independent of l and

U j
l (c,m, l)/U j

c(c,m, l) is independent of m.

An example of a function satisfying (iii) is R1(C) := a0 + a1(1 − e−bC ) with a0 ≥ 0, a1, b > 0.
It turns out to be useful to work with z := R1(C) rather than C. We collect further notation

in

Definition 6.6

ν̂+(t) := ν̂(t+), Ĉ(t) := C(t+; ν̂), ẑ(t) := R1(Ĉ(t)), T̄ := (t, z,M), T̄ (t) := (t, ẑ(t),M(t)),
ΠΛ(T̄ ) := (KΛ(T̄ ), LΛ(T̄ )), Ū(T̄ , K, L; Λ) := U(t, z + R2(K,L),M −K, Jp − L; Λ).

Then ΠΛ(T̄ ) is the unique solution of the problem as defined in Lemma 6.4 but with T replaced

by T̄ , i.e.

(PΛ) sup
(K,L)∈Q(M )

Ū(T̄ , K, L; Λ).

Observe that Ĉ(t) = C(t; ν̂) except Ĉ(0) = C0 + ν̂+(0), and Ĉ is continuous, ℜ++-valued,
cf. (3.18). Moreover Ĉ(t) is not bounded, but z(t) is (cf. (6.23)(iii)); that is why we switched

from C to z ∈ im(R1). The dynamics of ẑ(t) are given by

ẑ(t) = R1(C0 + fC ν̂
+(0))

+

∫ t

0

[

1
2R

1
C C(Ĉ(s))Ĉ(s)2‖σC‖2 −R1

C(Ĉ(s))Ĉ(s)µC

]

ds(6.24)

+

∫ t

0
R1

C(Ĉ(s))Ĉ(s)σ⊤C dW (s) +

∫

[0,t)
R1

C(Ĉ(s))fC dν̂
+(s).

Defining µz, σz and ρz appropriately, we have

dẑ(t) = µz(t) dt+ σz(t)⊤ dW (t) + ρz(t) dν̂+(t).
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Since R1
C(Ĉ(t))Ĉ(t) ≤ R1(Ĉ(t)) − R1(0) ≤ κR1 by concavity, then (6.23)(iii) implies that

µz, σz, ρz are bounded and ρz ≥ 0.
To compute further parameters, we require the dynamics of ΠΛ. Lemma 6.4 gives us the

existence of this function; here is its regularity.

Proposition 6.7 The function (T̄ ,Π,Λ) → Ū(T̄ ,Π; Λ) is continuous on its domain. The

function (T̄ ,Π,Λ) → ∇ΠŪ(T̄ ,Π; Λ) is continuous on its domain and is piecewise continu-
ously differentiable in t and twice piecewise continuously differentiable in (z,M,Π). Moreover

(T̄ ,Λ) → ΠΛ(T̄ ) is continuous on [0, T ] × [0, κR1] × [0, κM ] × ℜJ
++, piecewise continuously dif-

ferentiable in t and twice piecewise continuously differentiable in (z,M).

Proof: The results for Ū follow from our Lemma 5.1 and the proof of Lemma 4.4 in [6].
The results about ΠΛ follow from [7], Section 3 applied to Ū(T̄ , . ; Λ) after possibly using

the Whitney Extension Theorem to extend U onto an open set containing A (because we re-
quire dom(∂ΠŪQ(M )(T̄ , . ; Λ)) ⊂ int(dom(∂ΠŪ(T̄ , . ; Λ)) ∩Q(M), cf. [7] Assumption 2(ii)). The
monotonicity of the utility function required in [7] is needed only to determine the domain of

I Ū(T̄ ,. ;Λ), the extension of the inverse of ∇Ū , but we only need I Ū(T̄ ,. ;Λ)(0) (= ΠΛ(T̄ )) and 0
is known to be in the domain since (PΛ) has a solution. The results in [6] only consider the

first derivatives of I Ū = ΠΛ but the argument extends to second derivatives when these exist
for ∇ΠŪ .

Observe that c ∈ ∪jIj
U means that dom(∂U j(t, . )) cannot intersect ({c = 0} ∩ Aj) whence

z +R2(Π) > 0 on dom(∇ΠŪ), cf. (5.6). This plus (4.10)(x) implies that dom(∇ΠŪ(T̄ , . ; Λ)) =

([0,M)× [0, Jp)) ∩ {Π : z +R2(Π) > 0 if c ∈ ∪jIj
U}. 2

To find the dynamics of ΠΛ define the generator of (z(t),M(t)) as

LV (z,M) :=
1

2

[

‖σz‖2Vz z(z,M) + 2Mσ⊤z σMVz M (z,M) +M2‖σM‖2VM M(z,M)
]

(6.25)

+µzVz(z,M) + MµMVM(z,M).

At this point we have to pay for not imposing the Inada conditions on all the utility functions,
i.e. for not avoiding “hard” constraints. We want to apply a change of variable formula, i.e. Itô’s

formula, to the function ΠΛ(T̄ ) to obtain the dynamics of ΠΛ(T̄ (t)). ΠΛ is non-differentiable on
surfaces where the constraints on ĈI j become binding. The boundary {lj = 1} of Aj, j ∈ J p,

is always accessible, i.e. in dom(∂U I), so the constraint can be active there. N.b. inaccessible
boundaries are never visited by ĈI (t) so those constraints will never be active. ∇U(t, . ; Λ) is not

differentiable at CI =
∑

j ĈI
j for which at least one of the l̂j in ĈI j is equal to 1. This translates

to

I
U

j

Aj

3

(

t,
∇CI U(t, CI ; Λ)

λj

)

= 1,

or in terms of T̄ = (t, z,M) with ΠΛ(T̄ ) = (KΛ(T̄ ), LΛ(T̄ )) to

I
U

j

Aj

3

(

t,
∇CI U(t, z + R2(KΛ(T̄ ), LΛ(T̄ )),M −KΛ(T̄ ), Jp − LΛ(T̄ ); Λ)

λj

)

= 1.(6.26)
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If U j and the money supply are independent of time then so is U and we take T̄ := z, i.e.

T̂ (t) consists of only one semimartingale. Then the surface (6.26) would collapse to a point
z = bj as in [19] and we could apply [22] Chapter 3, Theorem 6.22 and Problem 6.24, but

in higher dimensions we have to rely on more exotic results which demand further technical
assumptions.

In [28] Peskir gives a change of variable formula for the case T̄ = (t, z), i.e. the money supply
M(t) is constant, assuming the curve where ∇U is not differentiable has the form

z = b(t) where b is continuous and of bounded variation.(6.27)

In [29] he generalizes to the case T̄ = (t, z,M), but now the surface (6.26) must have the

form
z = b(t,M) where b is continuous and b(t,M(t)) is a semimartingale.(6.28)

b ∈ C1,2 is sufficient but not necessary for (6.28). When there are several curves they must not
intersect.

Example 6.8 We can examine these conditions in a very simple case. There are only two agents

and they are in the production sector. Below we take f j
i ≥ 0 and continuously differentiable.

U j(t, c, m, l) := f j
1 (t)(c+ 1)

1
2 + f j

2 (t)m
1
2 + f j

3 (t)l
1
2 , Aj := [0,∞) × [0,∞) × [0, 1], j = 1, 2.

Then A = [0,∞)× (0,∞)× [0, 2] and Ã = [0,∞)× (0,∞)× (0, 2], so the inaccessible boundaries
are given by Ij

U = {2, 3} and the only binding constraints are cj ≥ 0 and lj ≤ 1, j = 1, 2.
Without loss of generality we can scale Λ to (1, λ). If CI = (c,m, l) then

CI 1 =
( k1(t)

1 + k1(t)
c+

k1(t) − 1

k1(t) + 1
,

k2(t)

1 + k2(t)
m,

k3(t)

1 + k3(t)
l
)

,

CI 2 =
( 1

1 + k1(t)
c− k1(t) − 1

k1(t) + 1
,

1

1 + k2(t)
m,

1

1 + k3(t)
l
)

,

k1(t) :=
( f1

1 (t)

λf2
1 (t)

)2
, k2(t) :=

( f1
2 (t)

λf2
2 (t)

)2
, k3(t) :=

( f1
3 (t)

λf2
3 (t)

)2
,

for (c,m, l) ∈ [(max{k−1
1 (t)− 1, k1(t) − 1})+,∞)× [0,∞)× [0,min{1 + k−1

3 (t), 1 + k3(t)}] where
a+ denotes max{0, a}.

For c ∈ [0, k−1
1 (t)−1] we have ĉ1 = 1, ĉ2 = c−1, for c ∈ [0, k1(t)−1] we have ĉ1 = c−1, ĉ2 = 1.

So ĉ1 = 0 = ĉ2 only at times t when k1(t) = 1, and then c must be 0. For other times only one

of the two c constraints can be active. For l ∈ [1 + k−1
3 (t), 2], we have l̂1 = 1, l̂2 = l − 1 and

when l ∈ [1 + k3(t), 2], then l̂1 = l− 1, l̂2 = 1. Then l̂1 = 1 = l̂2 only at times t when k3(t) = 1,

and then l = 2. Again only one of the l constraints can be active at any time; for a different
situation, see [6] Remark 2.8.
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In the current case in the first region

U(t, c, m, l; Λ) =
√

(f1
1 (t))2 + (λf2

1 (t))2
√
c+ 2 +

√

(f1
2 (t))2 + (λf2

2 (t))2
√
m

+
√

(f1
3 (t))2 + (λf2

3 (t))2
√
l.(6.29)

If c ∈ [0, k−1
1 (t)− 1] the first term above becomes f1

1 (t) + λf2
1 (t)

√
c+ 1; if c ∈ [0, k1(t) − 1] then

it becomes f1
1 (t)

√
c+ 1 + λf2

1 (t). If l ∈ [1 + k−1
3 (t), 2] then the last term in U above becomes

f1
3 (t) + λf2

3 (t)
√
l− 1, whereas if l ∈ [1 + k3(t), 2] then it becomes f1

3 (t)
√
l − 1 + λf2

3 (t).
Next we find KΛ, LΛ when they are in int(Q(M)); they are the solution of

Uc(t, z + R2(K,L),M −K, 2− L; Λ)∇K,LR
2(K,L)

= (Um(t, z +R2(K,L),M −K, 2− L; Λ), Ul(t, z + R2(K,L),M −K, 2− L; Λ))⊤.

We take R2(K,L) :=
√
K +

√
L. For

z + R2(K,L) ≥ (max{k−1
1 (t) − 1, k1(t) − 1})+, 2 ≥ L ≥ 2 − min{1 + k−1

3 (t), 1 + k3(t)},
this reduces to

z + 2
√
K + 2

√
L+ 2 =

(f1
1 (t))2 + (λf2

1 (t))2

(f1
2 (t))2 + (λf2

2 (t))2

(M −K

K

)

=
(f1

1 (t))2 + (λf2
1 (t))2

(f1
3 (t))2 + (λf2

3 (t))2

(2 − L

L

)

.(6.30)

Solving the second equality in (6.30) for L in terms of K and substituting into the first gives

z + 2
√
K + 2

=
(f1

1 (t))2 + (λf2
1 (t))2

(f1
2 (t))2 + (λf2

2 (t))2

(M −K

K

)

− 2
√

2
[

1 +
(f1

3 (t))2 + (λf2
3 (t))2

(f1
2 (t))2 + (λf2

2 (t))2

(M −K

K

)]−
1
2 ,(6.31)

and similarly

z + 2
√
L+ 2

=
(f1

1 (t))2 + (λf2
1 (t))2

(f1
3 (t))2 + (λf2

3 (t))2

(2 − L

L

)

− 2
√
M
[

1 +
(f1

2 (t))2 + (λf2
2 (t))2

(f1
3 (t))2 + (λf2

3 (t))2

(2 − L

L

)]−
1
2 ,(6.32)

which can be solved (in principle) for KΛ(t, z,M) and LΛ(t, z,M).
The constraint l̂1 = 1 becomes active when k3(t) ≥ 1, (i.e. f1

3 (t) ≥ λf2
3 (t)) and 2 − L = l =

1 + k−1
3 (t), i.e. L = 1 − k−1

3 (t). Recall that this is part of the boundary of the region where U
is given by (6.29). Then (6.32) implies

z = −2
[

1 +
(f1

2 (t))2 + (λf2
2 (t))2

(f1
3 (t))2 − (λf2

3 (t))2

]−
1
2
√
M +

(f1
1 (t))2 + (λf2

1 (t))2

(f1
3 (t))2 − (λf2

3 (t))2
− 2

√

(f1
3 (t))2 − (λf2

3 (t))2

f1
3 (t)

− 2.

This is the surface in (t, z,M) space where LΛ and KΛ have discontinuous derivatives due to

the l̂1 = 1 constraint. For l̂2 = 1, i.e. f1
3 (t) ≤ λf2

3 or k3 ≤ 1, the surface is

z = −2
[

1 +
(f1

2 (t))2 + (λf2
2 (t))2

(λf2
3 (t))2 − (f1

3 (t))2

]−
1
2
√
M +

(f1
1 (t))2 + (λf2

1 (t))2

(λf2
3 (t))2 − (f1

3 (t))2
− 2

√

(λf2
3 (t))2 − (f1

3 (t))2

λf2
3 (t)

− 2.
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With t fixed the z-intercept of both curves is negative for (f1
1 (t))2 + (λf2

1 (t))2 sufficiently

small (and k3(t) 6= 1), and the intercept increases to ∞ as k3(t) → 1, i.e. when we switch from
the one constraint to the other. We have l̂j < 1, i.e. the constraint is inactive, at points below

the curve while above the curve l̂j = 1, j = 1, 2 depending on which of the two curves we are

discussing.
For t such that k3(t) = 1, i.e. λf2

3 = f2
3 , we have z = ∞, but in fact we are only concerned

with (t, z,M) ∈ [0, T ]× [0, κR] × [kM , κM ]. If b(t,M) denotes the right side of either of the last
two equations then it follows that in the region of interest b(t,M(t)) is a semimartingale.

We now consider the constraint ĉ1 = 0, so k1(t) ≤ 1. On the boundary of the region where

U is given by (6.29) this means that z + R2(K,L) = k−1
1 (t) − 1; substituting this into (6.30)

gives

K = M
(f1

1 (t))2

(f1
1 (t))2 + (f1

2 (t))2 + (λf2
2 (t))2

, L = 2
(f1

1 (t))2

(f1
1 (t))2 + (f1

3 (t))2 + (λf2
3 (t))2

.

The latter two expressions can be substituted into z + R2(K,L) = k−1
1 (t) − 1 to yield

z =
−2f1

1 (t)
√

(f1
1 (t))2 + (f1

2 (t))2 + (λf2
2 (t))2

√
M

+
(λf2

1 (t))2 − (f1
1 (t))2

(f1
1 (t))2

− 2
√

2f1
1 (t)

√

(f1
1 (t))2 + (f1

3 (t))2 + (λf2
3 (t))2

.(6.33)

For t fixed the slope of this line in the
√
M − z plane lies in (−2, 0). The z intercept, hence z,

increases to ∞ as k1(t) ↓ 0 and becomes negative as k1(t) ↑ 1. The c-constraint is inactive above
the curve, i.e. ĉ1 > 0. The case ĉ2 = 0 gives (6.33) but with f1

1 and λf2
1 interchanged.

Again we see that b(t,M(t)) is a semimartingale where b(t,M) is the right side of (6.33). It
is clear that suitable restrictions on f j

i will ensure that the surface from either c constraint does

not intersect the surface from either l constraint. Hence [29] is applicable. 2

For each agent in the production sector, i.e. j ∈ J p, the constraints lj ≤ 1 may become active,
but so could the constraints s ≥ 0, s /∈ Ij

U , cf. (4.11), (n.b. s = cj, mj or lj). Each such

constraint will generate a surface in the (t, z,M)-space where (KΛ,  LΛ) although continuous is
not in C1,2,2. We write these surfaces as z = bk(t,M), k = 1, 2, . . . , k̄. Then we make the

Assumption


















For each k, (t,M) 7→ bk(t,M) is continuous and bk(t,M(t)) is a semimartingale on

{(t,M) ∈ [0, T ] × [kM , κM ] : bk(t,M) ∈ [0, κR]}.
Moreover the surfaces z = bk(t,M), k = 1, 2, . . . , k̄, do not intersect in the region

(0, T )× (0, κR) × (kM , κM).

(6.34)

If M is constant we are in the setting of [28] and make the alternate Assumption.










For each k, t 7→ bk(t) is continuous on {t ∈ [0, T ] : bk(t) ∈ [0, κR]}. Moreover

the curves z = bk(t), k = 1, 2, . . . , k̄, intersect in the region (0, T ) × (0, κR)
at most at a finite number of times t0 < t1 < t2 < · · · , tn.

(6.35)
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Then bk(t) is a semimartingale and the result of [28] applies on each interval [ti−1, ti).

Of course we could eliminate all such surfaces by assuming that all the U j satisfy the Inada
conditions - in l we require U j

l (c,m, 1) = 0, j ∈ J p.

At z = bk(t,M) we write

KΛ
z (t, z,M) := 1

2 [KΛ
z (t, bk(t,M)+,M) +KΛ

z (t, bk(t,M)−,M)](6.36)

and similarly for KΛ
t , K

Λ
z,z, K

Λ
z,M , KΛ

M,M and for the derivatives of LΛ. The local time at time

s of the process (·, z(·),M(·)) at the surface z = bk(t,M) is

ℓk(s) := P − lim
ε↓0

1

2ε

∫ s

0
11{|z(t)−bk(t,M (t))|<ε} d[z(·)− bk(. ,M(·))](t),(6.37)

a continuous nondecreasing process. Here [x] denotes the quadratic variation process of x. We
write ℓK(·) for the local time of the process KΛ(t, z(t),M(t)) at 0, and similarly for ℓL. They

are nondecreasing, continuous process, zero at t = 0, constant except when the corresponding
process KΛ or LΛ is 0.

Proposition 6.9 Assume (6.23) and one of (6.34),(6.35). The process ΠΛ(t, ẑ(t),M(t)) satis-

fies

dΠΛ(t, ẑ(t),M(t)) =

[

∂

∂t
+ L

]

ΠΛ(t, ẑ(t),M(t)) dt

+∇z,M ΠΛ(t, ẑ(t),M(t)) (σz(t),M(t)σM(t))⊤ dW (t)(6.38)

+∇z,M ΠΛ(t, ẑ(t),M(t))(ρz(t) dν̂
+(t),M(t) dβM(t))⊤ + dβΠ(t)

+
∑

k

1
2 [ΠΛ

z (t, ẑ(t)+,M(t)) − ΠΛ
z (t, ẑ(t)−,M(t))]11{ẑ(t)=bk(t,M (t))} dℓ

k(t),

with ∇z,M ΠΛ = (∇z,MKΛ(t, z,M),∇z,ML
Λ(t, z,M))⊤ and βΠ := (ℓK, ℓL)⊤. In addition ‖βΠ‖T <

∞ a.s.

The technical proof is in the Appendix.
We define

UΠΛ

c (t, z,M) := Uc

(

t, z +R2(KΛ(t, z,M), LΛ(t, z,M)),M −KΛ(t, z,M), Jp − LΛ(t, z,M); Λ
)

and similarly for UΠΛ

c,c , U
ΠΛ

c,m, U
ΠΛ

c,l . Note that UΠΛ

c ∈ C1,2 piecewise so all the integrands below
are bounded. Then (6.16) implies

dζ(t) =

[

∂

∂t
+ L

]

UΠΛ

c (t, ẑ(t),M(t)) dt

+∇z,MUΠΛ

c

(

t, ẑ(t),M(t)
)⊤(

ρz(t) dν̂+(t),M(t) dβM(t)
)⊤

+
(

UΠΛ

c,c (t, ẑ(t),M(t))R2
K(0, LΛ(t, ẑ(t),M(t)))− UΠΛ

c,m(t, ẑ(t),M(t))
)

dℓK(t) +
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+
(

UΠΛ

c,c (t, ẑ(t),M(t))R2
L(KΛ(t, ẑ(t),M(t)), 0)− UΠΛ

c,l (t, ẑ(t),M(t))
)

dℓL(t)(6.39)

+
∑

k

1
2

[ ∂

∂z
UΠΛ

c (t, ẑ(t)+,M(t)) − ∂

∂z
UΠΛ

c (t, ẑ(t)−,M(t))
]

11{ẑ(t)=bk(t,M (t))} dℓ
k(t)

+∇z,MUΠΛ

c

(

t, ẑ(t),M(t)
)⊤(

σz(t) , M(t)σM (t)
)⊤

dW (t).

From this we can identify r(t), θ(t) and β(t), cf. (2.18). Recall that ν̂+ is continuous so β
defined by

β(t) = −
∫

[0,t)

1

ζ(s)

[

∇z,MUΠΛ

c (s, ẑ(s),M(s))
]

(ρz(s) dν̂+(s),M(s) dβM(s))⊤

−
∫

[0,t)

1

ζ(s)

(

UΠΛ

c,c (s, ẑ(s),M(s))R2
K(0, LΛ(s, ẑ(s),M(s)))− UΠΛ

c,m(s, ẑ(s),M(s))
)

dℓK(s)

−
∫

[0,t)

1

ζ(s)

(

UΠΛ

c,c (s, ẑ(s),M(s))R2
L(KΛ(s, ẑ(s),M(s)), 0)− UΠΛ

c,l (s, ẑ(s),M(s))
)

dℓL(s)(6.40)

−
∑

k

∫ t

0

1
2

[ ∂

∂z
UΠΛ

c (s, ẑ(s)+,M(s))− ∂

∂z
UΠΛ

c (s, ẑ(s)−,M(s))
]

11{ẑ(s)=bk(s,M (s))} dℓ
k(s)

is continuous with β(0) = 0. As the integrands are bounded then ‖β‖T <∞ a.s.

Remark 6.10 We pointed out in Remark 6.2 that r̃ is the marginal utility of holding money

relative to that of consumption. What about r, or rather r dt + dβ? This relates to the usual
conclusions of the CAPM. We proceed as in [19], Remark 8.2, to define the growth “rate” of

the marginal utility of consumption as the bounded variation term in dUΠΛ
c

UΠΛ
c

= dζ
ζ

. From (6.39),

this is −[r(t) dt+ dβ(t)] = −dB(t)
B(t) . Hence the growth “rate” of the riskless asset is the negative

of the growth “rate” of the marginal utility of consumption. If β ≡ 0 then these are true rates.
Moreover since the stochastic integrand in (6.39) is −ζθ⊤, then

[µS(t) dt+ dβ(t)] − [r(t) dt+ dβ(t)] = µS(t) − r(t) = θ(t)⊤σS(t)

= − 1

UΠΛ

c (t, ẑ(t),M(t))
∇z,MUΠΛ

c (t, ẑ(t),M(t))⊤(σz(t),M(t)σM(t))⊤σS(t)

=

[

− Ĉ(t) ∂
∂CU

ΠΛ

c (t, R1(Ĉ(t)),M(t))

UΠΛ

c (t, R1(Ĉ(t)),M(t))

]

σC(t)⊤σS(t)

+

[

−M(t) ∂
∂M

UΠΛ

c (t, R1(Ĉ(t)),M(t))

UΠΛ

c (t, R1(Ĉ(t)),M(t))

]

σM (t)⊤σS(t).

In other words, the excess rate of return on the stock, in real terms, can be decomposed into

two terms, the first being proportional to the covariance between the stock price and the pro-
duction capacity (or installed capital) and the second proportional to the covariance between the

stock price and the money supply. What about the constants of proportionality? Corollary 6.5
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and (3.14) imply that we may think of the firm’s manager as maximizing Û(t, K, L; Λ), the

utility of operating capital and labour, so we might call the constants of proportionality, sC
and sM , the sensitivity to capacity risk and to monetary risk, respectively, of the manager. In

fact, writing his utility at (KΛ(T ), LΛ(T )) as Û(t, C,M) := Û(T , KΛ(T ), LΛ(T ); Λ), assuming
(KΛ(T ), LΛ(T )) /∈ bdy(Q(M)), we obtain

sC = −CÛC,C

ÛC

− C
RC,C +RC,KK

Λ
C +RC,LL

Λ
C

RC
,

i.e. the sensitivity is the coefficient of relative capacity risk aversion (a measure of the curvature
of Û) adjusted by a factor depending on the production function. Similarly

sM = −MÛM,M

ÛM

−M
RK,KK

Λ
M + RK,LL

Λ
M

RK
.

We can also investigate the nominal excess rate of return. From (2.16), (2.12) and Lemma 2.2,

µS̃(t) − r̃(t) = σS̃(t)⊤(θ(t) − σq(t)) = −σS̃(t)⊤ψq(t),

i.e. the nominal excess rate of return is the negative of the covariance between the nominal

return on the stock price dS̃

S̃
and the real return on the deflated nominal bond dMq

Mq since Mq(t) =

ζ(t)B(t), cf. Remark 2.3. Hence as expected, the more the stock price is positively correlated
with the bond price, the lower the (nominal) excess rate of return. 2

We can now find the market capitalization, NS(t), from (3.9) using (6.4), i.e.

NS(t) =
1

ǫ(t)
E◦
{

ǫ(T )G(Ĉ(T ))

+

∫ T

t
ǫ(s)[R(Ĉ(s), K̂(s), L̂(s)) − r̃(s)K̂(s) −w′(s)L̂(s)] ds−

∫

[t,T )
ǫ(s) dν̂(s)

∣

∣

∣Ft

}

.(6.41)

It follows that ǫ(t)NS(t) +
∫ t
0 ǫ[R− r̃K̂ − w′L̂] ds− ∫[0,t) ǫ dν̂ := MNS(t) is a P ◦-Brownian mar-

tingale, so dMNS(t) = ǫ(t)NS(t)ψNS(t)⊤ dW ◦(t) for some process ψNS such that ǫNSψNS is a.s.
square integrable. Hence

NS dǫ+ ǫS dN + ǫN dS + ǫ[R− r̃K̂ −w′L̂] dt− ǫ dν̂ = ǫNS(ψNS)⊤ dW ◦,

i.e., cf. (3.1),

dS(t) + δ(t) dt = S(t)[r(t) dt+ dβ(t)] + S(t)ψNS(t)⊤ dW ◦(t).

It follows, cf. (2.20) and (2.16), that σS = ψNS and µS = r + θ⊤σS .

Remark 6.11 Observe that S is continuous but NS is only continuous after t = 0. NS(0+) =
NS(0) + ν̂(0+), i.e. the capitalization after a possible initial share sale to attain the equilibrium

value. 2
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To find N (t) we observe that (cf. (3.1))

dN

N
=
dν̂

NS

so

N (t) = N (0+) exp

∫

[0,t)

1

NS(s)
dν̂+(s),(6.42)

N (0+) =







N (0)NS(0+)
NS(0) if N (0) 6= 0

ν̂+(0)
S(0) if N (0) = 0.

For the case N (0) = 0, an initial public offering (IPO) is made at time 0; S(0) is the arbitrary
share price at which the IPO is made. In any case we now have N as well as S = (NS)/N ,

δ = [R− r̃K̂ −w′L̂]/N .
The total wealth in the economy is X(t) :=

∑

j X
j(t) = NS(t) +M(t), cf. (4.3), (6.7), (6.10)

- (6.13).

Finally µD is defined from (2.15), so µD = r+σ⊤Dθ. Observe that the dynamics of D are the
same as those of B whenever (σq, σS) is non-singular, so D ≡ q(0)B if (σq, σS) is non-singular

for almost all (t, ω).

7 Existence

At this point we are able to provide a sufficient condition for existence of an equilibrium. We
remind the reader that to this point we have made assumptions on the production and scrap

value functions, cf. (3.4), (3.7), (6.22), (6.23) (this implies the continuity assumed in (3.18)),
and on the utility functions, cf. (4.10), (4.12), (4.9) and either (6.34) or (6.35). The condition
(3.7)(iii) is an assumption that the market is rational and defines NS(T ). In any case, these

assumptions are in force throughout this section.
At the beginning, the number of shares outstanding, the operating capital of the firm (in

nominal terms), the money held by the agents (in nominal terms) and the portfolio of the agents
are fixed, so we assume that N (0), K̃(0),Φj(0), m̃j(0) are given (exogenous) such that

{

∑

j Φj(0) = (0, K̃(0), 0, N (0)),
∑

j m̃
j(0) = M̃(0) − K̃(0).

(7.1)

They determine the initial wealths of the agents. Note that (7.1) implies that for the initial

holdings at time 0 five of the markets clear, i.e. (6.7) and (6.10) - (6.13). The other three
markets deal in rates. At time 0 there may be a rebalancing of the moneyed portfolios and K̃ to

bring them to their optimal values; this will not change the wealths. N is lcrl, so we may have
N (0) 6= N (0+). From (7.1) and (4.3) it follows that

∑

j

X j(0) = NS(0) + M(0).(7.2)
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Observe that X j is continuous at 0 for j /∈ J c, but for j ∈ J c it is only right continuous,

X j(0+) = X j(0) + wc(0+). In fact if N (0) 6= N (0+) then there is an instantaneous capacity
expansion at time 0 generating a jump in the wealth of the construction sector (in response to

the capacity expansion provided at time 0).
We now construct the various endogenous processes; the sole exogenous process is the money

supply, M (although µC and σC are also exogenous). Note that aside from ν̂ and Ĉ all processes
depend on Λ used to define the representative agent’s utility function! We will not show this in

the notation.

(i) Define ν̂ from (3.15); this gives Ĉ(t) := C(t+; ν̂).

(ii) Define (KΛ(t), LΛ(t))⊤ := ΠΛ(t, ẑ(t),M(t)), the solution of (PΛ), cf. Lemma 6.4 and

Definition 6.6, with ẑ(t) := R1(Ĉ(t)).

(iii) Define ζ, r̃, w′ from (6.16), i.e.

∇U(t, R(Ĉ(t), KΛ(t), LΛ(t)),M(t) −KΛ(t), Jp − LΛ(t); Λ) = ζ(t)(1, r̃(t), w′(t))⊤

and define

wc(t) :=

∫

[0,t)

(

Jc − Iu(s, ζ(s); Λ)
)−1

dν̂(s).

(iv) Define r, β, θ from (6.39) and (2.18), i.e. with L as in (6.25), σz(t) := Ĉ(t)R1
C(Ĉ(t))σC

and ρz(t) := R1
C(Ĉ(t))fC ,

r(t) := − 1

ζ(t)

[

∂

∂t
+ L

]

UΠΛ

c (t, ẑ(t),M(t)),

θ(t)⊤ := − 1

ζ(t)
(∇z,MUΠΛ

c (t, ẑ(t),M(t))⊤(σz(t) , M(t)σM (t))⊤,

(with average values used at discontinuities of any derivatives, cf. (6.36)) and β given by

(6.40).

(v) Define q, µq, σq from Lemma 2.2.

(vi) Define NS from (6.41) and µS , σS correspondingly.

(vii) Define N from (6.42).

(viii) Define S(t) := NS(t)/N (t), δ(t) := [R(Ĉ(t), KΛ(t), LΛ(t))− r̃(t)KΛ(t)−w′(t)LΛ(t)]/N (t).

In case N (0) = 0, define S(0) = NS(0+)/N (0+).

Set

g(t) :=

∫

[0,t)
q(s) dM̃(s) + [q, M̃ ](t) = M(t) −M(0) −

∫

[0,t)
M(s)

dq(s)

q(s)
.(7.3)
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(ix) Define wj(t) :=
∫ t
0 w

′(s) ds if j ∈ J p, wj(t) = wc(t) if j ∈ J c and wj(t) = 0 if j ∈ J w.

Then set (cf. (7.1))

X j(0) := φj
B(0) + φj

B(0)q(0) + φj
D(0)q(0) + φj

S(0)S(0) + m̃j(0)q(0),

gj(t) :=
X j(0) +E

∫

[0,T ) ζ(s) dw
j(s)

M(0) +NS(0) +
∑

j E
∫

[0,T ) ζ(s) dw
j(s)]

g(t).

(x) Define

ξj := X j(0) + E

∫

[0,T )
ζ(s) [dwj(s) + dgj(s)],

ηj by (4.17), ĈI j by (4.18) and Φ̂j by Theorem 4.4 with x̄ = IV j
(ηjζ(T )). Recall that σD

was already defined in terms of ker(Σ′). Also define µD = r + σ⊤Dθ.

We require another assumption. g, as defined in (7.3), is the change in the nominal money
supply, valued in real terms, over the time interval [0, t). As this money is passed to the agents

via gj we have losses when g decreases, but these should not be too great.
Assumption: The Central Bank acts so that

ξ := NS(0) +M(0) + E

∫

[0,T )
ζ(t)

[

∑

j

dwj(t) + dg(t)
]

> 0,(7.4)

i.e. the expected total initial wealth plus expected earnings are not all lost due to fiscal and
monetary policies. Without this there would be no motivation to work, no consumption and in

fact no economy.

Remark 7.1 When will (7.4) hold? By using (6.41), (7.3) and Lemma 2.2, we can find the

equivalent condition

E{ζ(T )[M(T ) + G(Ĉ(T ))]} + E

∫ T

0
ζ(t)

[

π(t)⊤IU(t, ηΛζ(t)π(t); Λ) dt+ Iu(t, ηΛζ(t),Λ) dwc(t)
]

> −E
∫ T

0
ζ(t)q(t)[M̃(t)σ⊤

M̃
]θ(t) dt.(7.5)

In other words, the expected terminal wealth in the economy (= money supply plus scrap value)

plus expected value of consumption must exceed the expected price of risk times the risk in
the nominal money supply valued in real terms, summed over time, i.e. the expected benefit of

the economy must exceed the expected cost of risk in the nominal money supply. But, cf. (iv)
above, ζθ is proportional to (ĈR1(Ĉ)σC ,MσM), so (7.4) holds if σC , σM̃ are sufficiently small.

Hence two things must happen to guarantee (7.4) (which will eventually lead to equilibrium): the
volatility of the money supply must not be too large (it may be that the monetary authorities can
manage this) but also the volatility of the productive capacity must not be too large. Perhaps the

government can encourage this by following consistent policies, but there are other extraneous
factors, e.g. natural disasters, contract disputes, which can play a destructive role because they

increase the volatility. 2
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In our setup it is possible that with positive probability the firm will go bankrupt at some time

t > 0 i.e. NS(t) = 0. We will say more about this in Remark 7.3. From now on we assume that
for each t > 0, NS(t) > 0 a.s., i.e. the economy does not collapse almost surely.

Theorem 7.2 In addition to the standing assumptions, assume (7.4). If there exists Λ =
(λ1, . . . , λJ) such that λjη

j = 1, then with this Λ the above choice of parameters in (i) - (x)

provides an equilibrium.

Proof: Observe that (5.2), the fact that IV (y) =
∑

j I
V j

(y/λj) and our assumption about λj

imply that ηΛ, the solution of (5.9), is 1.
Let us show that (2.2), (2.4), (2.6), (2.10), (2.16), (2.17), (2.19), (2.21), (3.5), (3.8), (4.1)

and (4.6) hold. Let κR := κR1 + R2(κM , 1).
In the existence theorem, Theorem 7.4, we will take Λ in a compact set SΛ. Consider (5.6)

with C̄I = (R(Ĉ(t), KΛ(t), LΛ(t)),M(t) −KΛ(t), Jp − LΛ(t)) ∈ [0, κR] × [0, κM ] × [0, Jp]. As in
Lemma 4.3 of [6] using (Λ, t, R1) ∈ SΛ × [0, T ] × [0κR1] rather than just Λ, z = (K,L)⊤, Z =

(M(t), Jp)⊤ := Z(t) ≤ (κM , Jp)⊤, v(z) = R2(z), g̃(z) = (v(z), (Z(t) − z)⊤)⊤ := g̃(z, t),

gj(x,Λ, t) = I
U

j

Aj (t, ∇U (t,x;Λ)
λj

), g̃j(z,Λ, t, R1) = gj((R1, 0, 0)⊤+g̃(z, t),Λ, t), u(g̃(z, t); Λ, t, R1) :=

U(t, R1 + v(z), Z(t)− z; Λ), uj(t, g̃j(z,Λ, t, R1)) = U j(t, g̃j(z,Λ, t, R1)) it follows that

(R1 +R2(KΛ(t), LΛ(t)),M(t)−KΛ(t), Jp −LΛ(t)) lies in a compact subset of Ã for (Λ, t, R1) ∈
SΛ× [0, T ]× [0, κM ]. Moreover the proof of [6], Lemma 4.4, shows that ∇U(·, . ; ·) is continuous,

so for s = c,m, l

0 < min
t,ω

Us(t, R(Ĉ(t), KΛ(t), LΛ(t)),M(t) −KΛ(t), Jp − LΛ(t); Λ),

≤ max
t,ω

Us(t, R(Ĉ(t), KΛ(t), LΛ(t)),M(t) −KΛ(t), Jp − LΛ(t); Λ)

= κs.

This yields (2.4), (2.19) and (3.5).
Equation (2.16) follows from the definition of µq and µS , cf. (v), (vi). We will now

show that θ as defined in (iv) is bounded, so (2.17) holds. Note that MσM is bounded by

assumption and, cf. (6.24), that σz is also bounded. It suffices to show that {(UΠΛ

c c R
2
K −

UΠΛ

c m , UΠΛ

c c R
2
L − UΠΛ

c l )∇ΠΛ + (UΠΛ

c c , UΠΛ

c m)} is bounded. The compactness used above and the
fact that Uc ∈ C1,2([0, T ]× Ã) yields this; hence θ is bounded.

Similarly |r| as defined in (iv) is integrable. Proposition 6.9 and following imply that for β

as defined in (iv), ‖β‖T <∞ a.s., so (2.2) holds.
Now Lemma 2.2 implies (2.21) and (2.10).

Let us establish (2.6). The boundedness of G and R together with (6.41) imply that NS(t) is
bounded above by a constant κNS , hence S(t) ≤ κNS(1 + Ĉ(t))/N (0+) and hence S̃ is bounded

a.s. (q > 0 a.s.). Since Nδ ≤ R is bounded, this also establishes (3.8).
To obtain the integrability in (2.6), we need ζ(t)NS(t) > 0 a.s. for t > 0. This follows

from the assumption that the firm does not go bankrupt since ζ(t) > 0. Continuity of ζNS on
(0, T ] implies inf0≤t≤T ζ(t)N (t+)S(t) > 0 a.s. Since ζNSψNS is a.s. square integrable, then so
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is ψNS, hence σS, hence S̃σS̃ (S̃ is a.s. bounded). As µS is integrable a.s. then so is S̃µS̃ . This

establishes (2.6).
Let us establish (4.1). Preceding Remark 6.2 we established that Jc−Iu(t, ζ(t); Λ) > 0. Since

the Ij are continuous, then so is Iu(·, . ; ·) hence is bounded away from zero on the compact set
[0, T ]× [kζ, κζ] × {compact} if Λ ∈ {compact}, the set used in the existence theorem to follow.

This implies (4.1) since Eν̂(T ) <∞.
We now turn to (4.6). From (7.3)

dg = M [(µM − µq) dt+ (σM − σq)⊤ dW − dβ]

so E
∫

[0,T ) ζ dg < ∞ is well defined thanks to (2.2), (2.10) and (2.19) and the bounds on

M, µM , σM . Hence the same is true for E
∫

[0,T ) ζ dg
j. Define

ςjΛ :=
Xj(0)+E

∫

[0,T )
ζ(t)dwj (t)

M (0)+NS(0)+E
∑

j

∫

[0,T )
ζ(t)dwj(t)

,(7.6)

so, cf. (ix), gj = ςjΛg. From (7.2) we have
∑

j ς
j
Λ = 1. Then (7.4) implies that (cf. (x))

ξj = X j(0) + E

∫

[0,T )
ζ(t) [dwj(t) + dgj(t)](7.7)

= ς
j
Λ

{

M(0) +NS(0) + E
∑

j

∫

[0,T )
ζ(t) dwj(t) + E

∫

[0,T )
ζ dg(t)

}

= ς
j
Λξ > 0,

i.e. (4.6) holds.
The relations (6.1)-(6.5) and (6.9) hold by construction. Now (6.6)-(6.8) follow from (5.2)

and (6.16), cf. (iii).
It remains to show that the financial markets clear, i.e. that (6.10) - (6.13) hold. To do so,

we consider the total wealth, X(t) :=
∑

j X
j(t). Applying (4.8) to each agent, adding, using

(5.8), (6.4), (6.6), (6.7), (6.8), (6.9), we obtain

d[ǫ(t)X(t)] = ǫ(t)[dg(t) − r̃(t)M(t) dt] + ǫ(t)[dν̂(t) − δ(t)N (t) dt]

+ǫ(t)
(

∑

j

φ̂j
B(t)B(t) + M(t) −KΛ(t),

∑

j

φ̂j
D(t)D(t),

∑

j

φ̂j
S(t)S(t)

)

Σ(t) dW ◦(t).

However

d[ǫ(t)M(t)] = ǫ(t)M(t){[µM (t) − r(t) − σ⊤M (t)θ(t)] dt+ σ⊤M(t) dW ◦(t) − dβ(t)}
= ǫ(t)M(t)[−r̃(t) dt+ σ⊤q (t) dW ◦(t)]

+ǫ(t)M(t){[r̃(t) + µM (t) − r(t) − σ⊤M(t)θ(t)] dt

+[σM(t) − σq(t)]⊤ dW ◦(t) − dβ(t)}
= ǫ(t)M(t)[−r̃(t) dt+ σ⊤q (t) dW ◦(t)]

+ǫ(t)M(t){[µM (t) − µq(t)] dt+ [σM(t) − σq(t)]⊤ dW (t) − dβ(t)}
= ǫ(t)M(t)[−r̃(t) dt+ σ⊤q (t) dW ◦(t)] + ǫ(t) dg(t)
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thanks to (2.16) and (7.3). From (6.41) and following we conclude that

d[ǫ(t)NS(t)] = ǫ(t)[dν̂(t) − δ(t)N (t) dt] + ǫ(t)NS(t)σ⊤S (t) dW ◦(t).

Combining the last three results we obtain

ǫ(t)[X(t) −NS(t) −M(t)](7.8)

=

∫ t

0
ǫ(s)

(

∑

j

φ̂j
B(s)B(s) −KΛ(s),

∑

j

φ̂j
D(s)D(s), (

∑

j

φ̂j
S(s) −N (s))S(s)

)

Σ(s) dW ◦(s).

Moreover (6.23)(vi), (5.6) and Proposition 5.2 imply that

Vx(X(T ); Λ) = ζ(T ) = Uc(T, R(Ĉ(T ), KΛ(T ), LΛ(T )),M(T )−KΛ(T ), Jp − LΛ(T ); Λ)

≤ Vx(G(Ĉ(T )) +M(T ); Λ)(7.9)

or
X(T ) ≥ G(Ĉ(T )) + M(T ).

So the zero-mean martingale in (7.8) is non-negative at time T , hence is zero for all time. The
same conclusion follows from (6.23)(v) using ul(T, J

c− dν̂
dwc ; Λ), but the inequalities are reversed,

i.e. the martingale is non-positive at time T . It follows that





∑

j

φ̂j
B(t)B(t) −KΛ(t),

∑

j

φ̂j
D(t)D(t), (

∑

j

φ̂j
S(t) −N (t))S(t)



Σ(s) = (0, 0).(7.10)

If Σ′(t) is invertible then σD(t) = 0 (recall that σD ∈ kerΣ′) so (7.10) becomes





∑

j

φ̂j
B(t)B(t) −KΛ(t), (

∑

j

φ̂j
S(t) −N (t))S(t)



Σ′(t) = (0, 0).(7.11)

Then (6.11), (6.13) hold; moreover (7.10), (6.11) and (6.13) imply

0 = X(t) −NS(t) −M(t)

= (
∑

j

φ̂j
S(t) −N (t))S(t) +

∑

j

φ̂j
B(t)B(t) +

∑

j

φ̂j
B(t)B(t) +

∑

j

φ̂j
D(t)D(t) −KΛ(t)(7.12)

=
∑

j

φ̂j
B(t)B(t),

i.e. (6.10) also holds.
If Σ′(t) is not invertible then σS(t) = α(t)σq(t) for some α and (7.10) becomes

∑

j

φ̂j
D(t)D(t)σ⊤D(t) +

[

α(t)
∑

j

(φ̂j
S(t) −N (t))S(t) +

∑

j

φ̂j
B(t)B(t) −KΛ(t)

]

σ⊤q (t) = (0, 0),
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with σD(t) and σq(t) independent so
∑

j φ̂
j
D(t) = 0 and

α(t) = −
∑

j φ̂
j
B(t)B(t) −KΛ(t)

∑

j(φ̂
j
S(t) −N (t))S(t)

.

Since

dS(t) + δ(t) dt = S(t)[r(t) dt+ α(t)σ⊤q (t) dW ◦(t) + dβ(t)]

= (1 − α(t))S(t)
dB(t)

B(t)
+ α(t)S(t)

dB(t)

B(t)

then we can replicate one share of the stock by holding φsyn
B = αSB−1 units of the nominal bond

and φsyn
B = (1 − α)SB−1 units of the real bond. Since by definition N syn(t) =

∑

j φ̂
j
S(t) −N (t),

then
∑

j

φ̂j
S(t) = N (t) +N syn(t),(7.13)

i.e. the market in shares clears.

Moreover (7.10) implies

KΛ(t) =
∑

j

φ̂j
B(t)B(t) + α(t)N syn(t)S(t) = [

∑

j

φ̂j
B(t) + φsyn

B (t)N syn(t)]B(t).(7.14)

This states that the number of units of the nominal bond held as such, plus the number of units
used to form the synthetic stock shares, equals K̂B−1. Hence the market in nominal bonds

clears.
Returning to the first two equalities in (7.12), which hold irrespective of the invertibility of

Σ′, using
∑

j φ
j
D = 0 and (7.13), (7.14), we obtain

0 = N syn(t)S(t) +
∑

j

φj
B(t)B(t) + (K̂(t) − α(t)N syn(t)S(t)) − K̂(t),

i.e.
∑

j

φj
B(t)B(t) = −(1−α(t))N syn(t)S(t) = −φsyn

B (t)N syn(t)B(t),

or
∑

j φ
j
B(t) + φsyn

B (t)N syn(t) = 0. This states that the number of units of the real bond held as

such, plus the number of units used to form the synthetic stock shares, equals zero. Thus all
the markets clear. 2

Remark 7.3 The issue of the firm’s bankruptcy, i.e. the economy’s collapse, is avoided in the
alternative problem where the manager’s discount e−µF is replaced by ζ. We need to show that

ζ(t)NS(t) > 0 a.s. Indeed the dynamic programming principle tells us that ν̂ also maximizes

Jt,C(t;ν̂)(ν) :=
1

ζ(t)
E

{

ζ(T )G(C(T ; ν)) +

∫ T

t
ζ(s)R̃(C(s; ν), r̃(s), w′(s)) ds

−
∫

[t,T )
ζ(s) dν(s)

∣

∣

∣

∣

Ft

}
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over {ν ∈ S , ν(s) ≡ ν̂(s) for s ≤ t}. R̃ is defined in (3.10). Hence Jt,C(t;ν̂)(ν̂) ≥ Jt,C(t;ν̂)(ν
t)

where νt(s) = ν̂(t ∧ s). But

Jt,C(t;ν̂)(ν
t) =

1

ζ(t)
E

{

ζ(T )G(C(T ; νt)) +

∫ T

t
ζ(s)R̃(C(s; νt), r̃(s), w′(s)) ds

∣

∣

∣Ft

}

> 0 a.s.

since Ĉ(0) > 0 so Ĉ(t) > 0 a.s. and C(s; νt) = Ĉ(t)Co(s)/Co(t) > 0 a.s. It follows that

ζ(t)NS(t) = Jt,C(t;ν̂)(ν̂) ≥ Jt,C(t;ν̂)(ν
t) > 0 a.s.

The difficulty with this approach is that step (i) now provides ν̂ as a function of ζ. Similarly K̂
and L̂ will depend on ζ, and for ζ we must solve a difficult fixed point problem:

ζ(t) = Uc(t, R(Ĉ(t), K̂(t), L̂(t)),M(t) − K̂(t), Jp − L̂(t); Λ).

2

We can now show that the above selection of parameters provides an equilibrium for at least
one choice of Λ. Note that all the processes defined above, with the exception of ν̂, depend on

Λ.

Theorem 7.4 In addition to the standing assumptions, assume (7.4). Then there exists Λ =

(λ1, . . . , λJ) ∈ ℜJ
++ such that an equilibrium exists.

Proof: According to Theorem 7.2 it suffices to show that ηjλj = 1, where ηj are defined by
(4.17). We shall use a fixed point argument as in [18], Theorem 11.1, to establish the result.

We begin by finding a new representation for ξj. Using

d(ǫM) = ǫM [−r dt− dβ] + ǫ dM,

and (7.3), we find

ǫ dg = ǫ dM − ǫM [(r − r̃) dt+ σ⊤q dW
o + dβ]

= d(ǫM) + ǫMr̃ dt− ǫMσ⊤q dW o,

E

∫ T

0
ζ(t) dg(t) = Eζ(T )M(T )−M(0) +E

∫ T

0
ζ(t)M(t)r̃(t) dt.

This, (7.7) and the definition of wj yield

ξj = ςjΛ

[

NS(0) +EUc

(

T, R(Ĉ(T ), KΛ(T ), LΛ(T )),M(T )−KΛ(T ), Jp − LΛ(T ); Λ
)

M(T )

+E

∫ T

0
Um(

(

t, R(Ĉ(t), KΛ(t), LΛ(t)),M(t) −KΛ(t), Jp − LΛ(t); Λ
)

M(t) dt

+JpE

∫ T

0
(Ul

(

t, R(Ĉ(t), KΛ(t), LΛ(t)),M(t) −KΛ(t), Jp − LΛ(t); Λ
)

dt
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+JcE

∫

[0,T )
ζ(t) dwc(t)

]

= ς
j
ΛE

[ ∫ T

0
∇U

(

t, R(Ĉ(t), KΛ(t), LΛ(t)),M(t) −KΛ(t), Jp − LΛ(t); Λ
)

.

(

R(Ĉ(t), KΛ(t), LΛ(t)),M(t) −KΛ(t), Jp − LΛ(t)
)⊤

dt

+

∫

[0,T )
Uc

(

T, R(Ĉ(T ), KΛ(T ), LΛ(T )),M(T )−KΛ(T ), Jp − LΛ(T ); Λ
)

Iu(tζ(t); Λ) dwc(t)

+Uc

(

T, R(Ĉ(T ), KΛ(T ), LΛ(T )),M(T )−KΛ(T ), Jp−LΛ(T ); Λ
)(

G(Ĉ(T )) +M(T )
)

]

using (6.41) to represent NS(0) and the definition of wc.
With this ξj, suppressing the middle arguments in ∇U and in Uc, (4.17) becomes

E

{∫ T

0
∇U(t; Λ)⊤

[

I
U

j

Aj (t, 1
λj
∇U(t; Λ))−ςjΛ

(

R(Ĉ(t), KΛ(t), LΛ(t)),M(t)−KΛ(t), Jj−LΛ(t)
)

⊤
]

dt

+

∫

[0,T )
Uc(T ; Λ)

[

I
u

j

aj (t, 1
λj
Uc(t; Λ))− ςjΛI

u(t, Uc(t; Λ); Λ)
]

dwc(t)(7.15)

+Uc(T ; Λ)
[

IV j

( 1
λj
Uc(T ; Λ))− ςjΛ

(

G(Ĉ(T )) +M(T )
)]

}

= 0

We denote the left side of (7.15) by Kj(Λ). It is defined on ℜJ
++. We normalize Λ to lie

in U+ := {Λ ∈ ℜJ
++ :

∑

j λj = 1}; scaling Λ does not affect the choice of (KΛ, LΛ) or any
of the parameters in the model, cf. [18] for a discussion. We extend the definition of Kj to

U := {Λ ∈ ℜJ
+ :

∑

j λj = 1} by adopting the convention that I
U

j

Aj (t, 1
λj
y) = 0, I

u
j

aj (t, 1
λj
y) = 0,

IV j
( 1

λj
x) = 0, if λj = 0, for j = 1, . . . , J, y ∈ ℜ3

+, x ∈ ℜ++. Then λi 7→ IU j
(t, 1

λj
y) is continuous

on [0,∞) for each t, y, and similarly for the others.
We claim that Kj is continuous on U . Certainly IU(t, y; Λ) as defined in (5.2), IV (x; Λ),

U(t, CI ; Λ) and V (x; Λ) are continuous in all arguments including Λ ∈ U . The continuity of ΠΛ

established in Proposition 6.7 extends to Λ ∈ U . It follows that ∇U , hence Kj is continuous in

Λ ∈ U .
Any solution of (7.15) in U must lie in U+. In fact, if say λj = 0, then

Kj(Λ) = −ςjΛE
{∫ T

0
∇U(t; Λ)⊤

(

R(Ĉ(t), KΛ(t), LΛ(t)),M(t) −KΛ(t), Jp − LΛ(t)
)⊤

dt

+

∫

[0,T )
Iu(t, Uc(t; Λ); Λ) dwc(t) + Uc(T ; Λ)

(

G(Ĉ(T )) + M(T )
)

}

< 0

because ∇U(t; Λ) ∈ ℜ3
++ and (3.10), (3.4)(ii),(iv) imply that at least one of R,M − K, J − L

is positive (they are all non-negative). We take ςjΛ > 0 for otherwise the corresponding agent

would be absent from the economy.
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Recall that
∑

j ς
j
Λ = 1, so

∑

j

Kj(Λ)

=E

{∫ T

0
∇U(t; Λ)⊤

[

IU(t,∇U(t; Λ); Λ)−
(

R(Ĉ(t), KΛ(t), LΛ(t)),M(t)−KΛ(t), Jp−LΛ(t)
)⊤
]

dt

+

∫

[0,T )
Uc(T ; Λ)

[

Iu(t, Uc(t; Λ); Λ)− Iu(t, Uc(t; Λ); Λ)
]

dwc(t)

+Uc(T ; Λ)
[

IV (Uc(T ; Λ))−
(

G(Ĉ(T )) +M(T )
) ]

}

= 0

since IU(t,∇U(t; Λ); Λ) =
(

R(Ĉ(t), KΛ(t), LΛ(t)),M(t)−KΛ(t), Jp−LΛ(t)
)⊤

and IV (Uc(T ; Λ))

= X(T ) = G(Ĉ(T )) + M(T ) according to (7.12). Now the proof of [18], Lemma 12.1, shows
that there exists Λ such that Kj(Λ) = 0. 2

We make no claim about uniqueness, but we expect it to hold under mild conditions as in
[18].

8 Appendix: proof of Proposition 6.9

Recall that 0 ≤ KΛ(T̄ (t)) < M(t) and 0 ≤ LΛ(T̄ (t)) < Jp, cf (4.10)(x). To begin with we do
not know that say KΛ(T̄ (t)) is a semimartingale, but if we take a smooth function f : ℜ 7→ ℜ
with support in (0,∞) to eliminate the boundary behaviour of KΛ at 0, then f(KΛ(T̄ (t))) is
a semimartingale since f(KΛ(T̄ )) is a piecewise smooth function, cf. Proposition 6.7 and [29],

Theorem 2.1.
We define and calculate

fn(x) := x11{0≤x<∞} − 1
2

(

x+
sin(nπx)

nπ

)

11{0<x< 1
n
},

f ′n(x) = 11{0<x<∞} − 1
2

(

1 + cos(nπx)
)

11{0<x< 1
n
},(8.1)

f ′′n(x) = nπ
2 sin(nπx)11{0<x< 1

n
},

Then |fn(x) − x|11{0<x<∞} ≤ 1
2n and

∫∞
0 |f ′n(x) − 1| dx = 1

nπ . Also f ′′n(·) has support on (0, 1
n).

Now abbreviate KΛ(t) := KΛ(T̄ (t)) = KΛ(t, ẑ(t),M(t)), KΛ
z (t) := KΛ

z (t, ẑ(t),M(t)), etc. De-
fine Kn(t) := fn(KΛ(t)); it is a semimartingale since KΛ(t) < M(t). From (8.1) it follows
that

Kn
z (t) = 11{0<KΛ(t)<M (t)}K

Λ
z (t) − 1

211{0<KΛ(t)< 1
n
}

(

1 + cos(nπKΛ(t))
)

KΛ
z (t),

Kn
z,z(t) = 11{0<KΛ(t)<M (t)}K

Λ
z,z(t) − 1

211{0<KΛ(t)< 1
n
}

(

1 + cos(nπKΛ(t))
)

KΛ
z,z(t)

+1
211{0<KΛ(t)< 1

n
}nπ sin(nπKΛ(t))|KΛ

z (t)|2,
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Kn
M(t) = 11{0<KΛ(t)<M (t)}K

Λ
M(t) − 1

211{0<KΛ(t)< 1
n
}

(

1 + cos(nπKΛ(t))
)

KΛ
M(t),

Kn
M,M(t) = 11{0<KΛ(t)<M (t)}K

Λ
M,M(t) − 1

211{0<KΛ(t)< 1
n
}

(

1 + cos(nπKΛ(t))
)

KΛ
M,M(t)

+1
211{0<KΛ(t)< 1

n
}nπ sin(nπKΛ(t))|KΛ

M(t)|2,

Kn
z,M(t) = 11{0<KΛ(t)<M (t)}K

Λ
z,M(t) − 1

211{0<KΛ(t)< 1
n
}

(

1 + cos(nπKΛ(t))
)

KΛ
z,M (t)

+1
211{0<KΛ(t)< 1

n
}nπ sin(nπKΛ(t))KΛ

z (t)KΛ
M(t),

and similarly for Kn
t . Recall that the derivatives of KΛ at (t, bk(t,M),M) are the averages of

the values at (t, bk(t,M)+,M) and (t, bk(t,M)−,M), cf. (6.36). According to the change of
variable formula, cf. [28], [29]

Kn(t) = Kn(0) +

∫ t

0
11{0<KΛ(s)<M (s)}

[

∂

∂s
+ L

]

KΛ(s) ds

+

∫ t

0
11{0<KΛ(s)<M (s)}∇z,MK

Λ(s)⊤(σz(s),M(s)σM(s))⊤ dW (s)

+

∫

[0,t)
11{0<KΛ(s)<M (s)}∇z,MKΛ(s)⊤(ρz(s) dν̂+(s),M(s) dβM(s))⊤(8.2)

+
∑

k

∫ t

0
11{0<KΛ(s)<M (s)}

1
2 [KΛ

z (s, ẑ(s)+,M(s))

−KΛ
z (s, ẑ(s)−,M(s))]11{ẑ(s)=bk(s,M (s))} dℓ

k(s) + βKn(t),

where ∇z,MKΛ(t) := (KΛ
z (t, ẑ(t),M(t)), KΛ

M(t, ẑ(t),M(t)))⊤ and

βKn(t) == 1
4

∫ t

0
11{0<KΛ(s)< 1

n
}nπ sin(nπKΛ(s)) ×

[

‖KΛ
z (s)σz‖2 + 2KΛ

z (s)KΛ
M(s)M(s)σ⊤z (s)σM(s) + ‖KΛ

M(s)M(s)σM(s)‖2
]

ds

−1
2

∫ t

0
11{0<KΛ(s)< 1

n
}

(

1 + cos(nπKΛ(s))
)

{[

∂

∂s
+ L

]

KΛ(s) ds+ ∇z,MKΛ(s)⊤ ×(8.3)
[

(σz(s),M(s)σM(s))⊤ dW (s) + (ρz(s) dν̂+(s),M(s) dβM(s))⊤
]

+1
2

∑

k

[KΛ
z (s, ẑ(s)+,M(s)) −KΛ

z (s, ẑ(s)−,M(s))]11{ẑ(s)=bk(s,M (s))} dℓ
k(s)

}

remembering that at any surface or curve of discontinuity, z = bk(t,M),

∇KΛ(t, z,M) := 1
2 [∇KΛ(t, z+,M) + ∇KΛ(t, z−,M)].

To pass to the limit as n→ ∞ in (8.2), we need KΛ, KΛ
t and the derivatives in z,M up to

order two of KΛ to be bounded on {(t, ẑ(t),M(t)) : t ∈ [0, T ]} a.s..

Certainly ΠΛ(T̄ (t)) is bounded since it lies in [0,M(t)]× [0, Jp] and M(t) ≤ κM (cf. Defini-
tion 6.6 for T̄ and Ū). We now show that ΠΛ

t (T̄ (t)),ΠΛ
z (T̄ (t)), ΠΛ

M(T̄ (t)),ΠΛ
zz(T̄ (t)),ΠΛ

zM(T̄ (t))

and ΠΛ
MM(T̄ (t)) are bounded on [0, T ]× Ω.
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For (T̄ ,Λ) in the compact set [0, T ]× [0, κR] × [0, κM ] ×{Λ} it follows from [6], Lemma 4.3,

that (z +R2(KΛ, LΛ),M −KΛ, Jp − LΛ) lies in a compact subset of Ã (where ∇U is finite, cf.
Lemma 5.1 (iii)). Hence (z + R2(KΛ, LΛ),M − KΛ, Jp − LΛ) stays uniformly away from the

coordinate planes identified by ∪jIj
U where ‖∇c,m,lU‖ blows up. It follows that ΠΛ remains in

a compact subset of dom(∇ΠŪ(T̄ , . ; Λ)). Since the derivatives of ΠΛ of concern are piecewise

continuous, cf. Proposition 6.7, the required boundedness follows.
We can now pass to the limit as n→ ∞ in (8.2) to obtain

KΛ(t) = KΛ(0) +

∫ t

0

[

∂

∂s
+ L

]

KΛ(s) ds+

∫ t

0
∇z,MKΛ(s)⊤(σz(s),M(s)σM(s))⊤ dW (s)

+

∫

[0,t)
∇z,MKΛ(s)⊤(ρz(s) dν̂+(s),M(s) dβM(s))⊤ + βK(t)(8.4)

+
∑

k

∫ t

0

1
2 [KΛ

z (s, z(s)+,M(s))−KΛ
z (s, z(s)−,M(s))]11{z(s)=bk(s,M (s))} dℓ

k(s),

where

βK(t) := lim
n→∞

1
4

∫ t

0
11{0<KΛ(s)< 1

n
}nπ sin(nπKΛ(s))‖KΛ

z (s)σz(s) +KΛ
M(s)M(s)σM(s)‖2 ds.(8.5)

Note that the last integral on the right side of (8.3) converges to 0 since the integrands are
bounded and ∩n{s : 0 < KΛ(s) < 1

n
} = ∅, and for the stochastic integral

lim
n→∞

∫ t

0

∣

∣

∣

1
211{0<KΛ(s)< 1

n
}

(

1 + cos(nπKΛ(s))
)∣

∣

∣

2
ds ≤ lim

n→∞

∫ T

0
11{0<KΛ(s)< 1

n
} ds = 0

by the bounded convergence theorem. The limit in (8.5) exists since the other terms in (8.4)

are finite. Moreover the integrand in (8.5) is non-negative so the integral defines an increasing
process and this property is inherited by the limit βK .

Then βK is a bounded variation process, so KΛ(t) is a continuous semimartingale (cf. Propo-
sition 6.7 for the continuity). If [KΛ](t) denotes its quadratic variation process, then [22], Chap-

ter 3, Theorem 7.1 implies that KΛ has a local time at a, ℓK(t, a), such that

lim
n→∞

1
4

∫ t

0
11{0<KΛ(s)< 1

n
}nπ sin(nπKΛ(s)) d[KΛ](s) = lim

n→∞

1
2

∫ ∞

−∞
11{0<a< 1

n
}nπ sin(nπa)ℓK(t, a) da

= lim
n→∞

1
2

∫ π

0
sin(y)ℓK(t, y

nπ
) dy

= ℓK(t, 0) := ℓK(t)

since ℓK(t, a) is right continuous in a and
∫ π
0 sin(y) dy = 2. Hence βK(t) = ℓK(t). As a local

time, ℓK is continuous, nondecreasing, adapted processes, so ‖βK‖T = ℓK(T ) <∞ a.s.
The case of LΛ is treated similarly. 2



Equilibrium with Irreversible Investment 54

References

[1] A.B. Abel and J.C. Eberly, An exact solution for the investment and value of a firm facing
uncertainty, adjustment costs, and irreversibility, J. Econ. Dynamics and Control 21 (1997),

831-852.

[2] F. M. Baldursson and I. Karatzas, Irreversible investment and industry equilibrium, Finance
and Stochastics 1 (1997), 69 - 89.

[3] S. Basak and M. Gallmeyer, Currency prices, the nominal exchange rate, and security prices
in a two-country dynamic monetary equilibrium, Math. Finance 9 (1999), 1 - 30.

[4] M.B. Chiarolla and U.G. Haussmann, Equilibrium in a stochastic model with consumption,

wages and investment, J. Math. Economics 35 (2001), 1 - 31. A version without typos can
be found at http://www.math.ubc.ca/˜uhaus/wage.pdf

[5] M.B. Chiarolla and U.G. Haussmann, Explicit solution of a stochastic irreversible invest-
ment problem and its moving threshold, Math. Operations Research 30 (2005), 91 - 108;

Erratum, Math. Operations Research 31 (2006), 432.

[6] M.B. Chiarolla and U.G. Haussmann, Equilibrium in a production economy, Preprint

(2009). http://www.math.ubc.ca/˜uhaus/static.pdf

[7] M.B. Chiarolla and U.G. Haussmann, Multivariable utility functions. SIAM J. Optim. 19,
1511 - 1533, (2008).

[8] M.B. Chiarolla and U.G. Haussmann, On a stochastic, irreversible investment problem,
SIAM J. Control Optim. 48 (2009), 438 - 462.

[9] Clarke, F.H.: Optimization and Nonsmooth Analysis, John Wiley & Sons, New York, 1983.

[10] J. Cox, J. Ingersoll and S. Ross, An intertemporal general equilibrium model of asset prices,

Econometrica 53 (1985), 363 - 384.

[11] R-A. Dana and M. Pontier, On existence of an Arrow-Radner equilibrium in the case of

complete markets. A remark, Math. Operations Research 17 (1992), 148 – 163.

[12] A.K. Dixit and R.S. Pindyck, Investment under uncertainty, Princeton U. Press, Princeton,
NJ, 1994.

[13] D. Duffie and C. Huang, Implementing Arrow-Debreu equilibria by continuous trading of
few long-lived securities, Econometrica 53 (1985), 1337 - 1356.

[14] C. Fachat, Agency costs, net worth, and the credit channel of monetary transmission, Dis-

cussion Paper 3/2000, Dept. of Economics, Univ. of Bonn, 2000.



Equilibrium with Irreversible Investment 55

[15] W. H. Fleming and R. W. Rishel, Deterministic and Stochastic Control, Springer-Verlag,

New York, 1975.

[16] C. Huang, An intertemporal general equilibrium asset pricing model: the case of diffusion

information, Econometrica 55 (1987), 117 - 142.

[17] I. Karatzas, Lectures on the Mathematics of Finance, AMS, Providence, R.I., 1997.

[18] I. Karatzas, J.P. Lehoczky and S.E. Shreve, Existence and uniqueness of multi-agent equilib-
rium in a stochastic, dynamic consumption/investment model, Math. Operations Research

15 (1990), 80 – 128.

[19] I. Karatzas, J.P. Lehoczky and S.E. Shreve, Equilibrium models with singular asset prices,

Math. Finance 1 (1991), 11 – 29.

[20] I. Karatzas, M. Shubik and W.D. Sudderth, Production, interest, and saving in determin-

istic economies with additive endowments, Economic Theory 29 (2006), 525 - 548.

[21] I. Karatzas and S.E. Shreve, Methods of Mathematical Finance, Springer-Verlag, New York,

1998.

[22] I. Karatzas and S.E. Shreve, Brownian Motion and Stochastic Calculus, Springer-Verlag,

New York, 1988.

[23] R.E. Lucas, Liquidity and interest rates, J. Economic Theory 50 (1990), 237 - 264.

[24] Q. Meng and C.K. Yip, Investment, interest rate rules and equilibrium determinacy, Eco-
nomic Theory 23 (2004), 863 - 878.

[25] R. Merton, Optimum consumption and portfolio rules in a continuous time model, J. Eco-
nomic Theory 3 (1971), 373 - 413.

[26] M. Obstfeld and K. Rogoff, Exchange rate dynamics redux, J. Political Economy 103 (1995),
624 - 660.

[27] D. Paulsen, General equilibrium with irreversible investment and money market returns,
Preprint (2009). http://ssm.com/abstract=1333162

[28] G. Peskir, A change of variable formula with local time on curves, J. Theoret. Probab. 18
(2005), 499 - 535.

[29] G. Peskir, A change of variable formula with local time on surfaces, Sem. de Probab., Lecture
Notes in Math. 1899 (2007), 69 - 96.

[30] R. T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, NJ, 1970.

[31] D.H. Wagner, Survey of Measurable Selection Theorems, SIAM J. Control Opt. 15 (1977),

859 - 904.


