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Lower Bounds on the Blow-Up Rate
of the Axisymmetric Navier—Stokes Equations 11
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Consider axisymmetric strong solutions of the incompressible Navier-Stokes
equations in IR3 with non-trivial swirl. Let 7 denote the axis of symmetry and r
measure the distance to the z-axis. Suppose the solution satisfies, for some 0 < g <
L |v(x, O] < C.r='*2|t|7/ for —T, <t <0 and 0 < C, < oo allowed to be large.
We prove that v is regular at time zero.

Keywords Axisymmetric; Blow-up rate; Lower bounds; Navier-Stokes
equations; Regularity.

Mathematics Subject Classification 35Q30; 76D03.

1. Introduction

The incompressible Navier—Stokes equations in Cartesian coordinates are given by
v+ (v-V)v+ Vp=Av, divv=0. (N-S)

The velocity field is v(x, 1) = (v}, vy, v3) : R? x [=T,,0) = R* and p(x, 1) : R x
[Ty, 0) — R is the pressure. It is a long standing open question to determine if
solutions with large smooth initial data of finite energy remain regular for all time.

In this paper we consider the special class of solutions which are axisymmetric.
This means, in cylindrical coordinates r, 0, z with (x,, x,, x;) = (rcos 0, rsin0, z),
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that the solution is of the form
v(x, 1) = v,.(r, 2, e, +vy(r, z, ey + v,(r, 2, t)e,. (1.1)

In this coordinate system r = /x? + x3. The components v,, v, v, do not depend
upon 0 and the basis vectors e,, ¢, e, are

0, = (ﬂﬁ ) eg = <_ﬁ,ﬁ, ) e.=(0,0,1).
ror roor
The main result of our paper shows that axisymmetric solutions must blow up faster
than the scale invariant rates which appear in Theorem 1.1 below.
For R > 0 define B(x,, R) C R? as the ball of radius R centered at x,. The para-
bolic cylinder is Q(X,, R) = B(x,, R) x (t, — R*, t,) C R**! centered at X, = (x,, ;).
If the center is the origin we use the abbreviations B; = B(0, R) and Q0 = Q(0, R).

Theorem 1.1. Let (v, p) be an axisymmetric strong solution of the Navier—Stokes
equations (N-S) in D =IR> x (=T,,0) with initial datum Vg, = v e H'? and
rn)(r, z) € L™. Suppose the pressure satisfies p € L3*(D) and v is pointwise bounded
by one of the following inequalities:

lv(x, )] < C,|t|7V*, (x,1) € D. (1.2)
There is an & € [0, 1] such that |v(x, t)| < C,r="**|t|7*/2, (x,t) e D. (1.3)

The constant C, < oo is allowed to be large. Then v € L (B, x [—T,, 0]) for any R > 0.

We remark that the case ¢ = 0 is addressed in the appendix; our proof in that
specific case was obtained after a preprint of [12] had appeared. The assumption
(1.2) is a special case of (1.3) with € = 1; it is singled out for its importance. We also
remark that the exponent 5/3 for the norm of p can be replaced, but it is the natural
exponent occurring in the existence theory for weak solutions, see e.g., [1].

Recall the natural scaling of Navier—Stokes equations: If (v, p) is a solution to
(N=S), then for any 4 > 0 the following rescaled pair is also a solution:

vi(x, 1) = w(x, A%1), pl(x, 1) = A p(ix, 2*1). (1.4)

Suppose a solution v(x, 7) of the Navier-Stokes equations blows up at X, = (x,, ).
Leray [8] proved that the blow up rate in time is at least

(-, Dl = €(to — )72
Theorem 1.1 in particular rules out singular axisymmetric solutions satisfying the
similar bound with € large.
The main idea of our proof is as follows. We shall first prove that either (1.2)
or (1.3) with & > 0 implies the following estimate:

lv| < C,(r* — 1)1/ 2F2 )1 752, (1.5)

This is the content of Sections 2 and 3. Note that ¢ in (1.5) differs from that in (1.3).
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If (1.5) is satisfied for € = 0, the regularity of v was proved in [3]. In Sections 4-6,
we extend the proof of [3] to include the case (1.5) for ¢ > 0. Instead of following De
Giorgi and Moser’s methods [5, 10] used in [3], we now use Nash’s idea [6, 11] to prove
the Holder regularity (Section 5). This simplifies some iteration arguments in [3], but
we still use De Giorgi—-Moser’s method in the local maximum estimate in Section 4.
The estimates we obtained in Sections 4 and 5 requires assumptions weaker than (1.5).
Very recently Koch et al. [12] have sent us a manuscript that they have proved results
similar to Theorem 1.1 using a different approach based on Liouville theorems.

2. The Case |v]| < C|¢]7'?
Suppose we have |v| < C|t|~"/2. Our goal is to replace the singularity of ¢ by
singularity in ». We will derive this estimate from the equation for the 6 component

of the vorticity (2.7), which involves a source term 0,v3/r. Under the assumption

|v| < C|t|71/2, we have v} ~ |¢|~!, singular in ¢ as r — 0. This ¢ singularity can be

weaken to |7|7¢ after the time integration. Since the equation is scaling invariant,
this improvement in the time singularity has to be offset by the space singularity.
This will be achieved in some weak form in (2.15). Finally, we can transfer estimates
on the vorticity to the velocity field and we thus obtain the estimate (1.5).

Recall that we always have the bound |rv,| < C (see Proposition 1 in [2]). Hence
for some C; > 0

|vgl < Cymin(r=", [o]72), o, |+ [v.] < Cyle 712 2.1)
For p, g > 0, we will be using the notation
1ollszi0) = Iollsizion = Ivllizer = Iollgy-
These are the usual L?? spaces integrated over space and time. The domain will be
suppressed in our notation below when there is no risk of ambiguity.
We will next consider the vorticity field w = curl v:
o(x, t) = w,e, + wyey + w.e,, (2.2)
where
o, = =0y, =0, —0v, o, =0, +r ", (2.3)
We can deduce the following bounds for the 6 component of vorticity.
Lemma 2.1. Suppose we have the pointwise bound
l(y, )| < Cyls|7", (24)

in Qg(x, t). Then for any 6 € (0, 1) we can estimate ® by

||CU0||L§~4 < CR3/4|I|72/3+CR5/12|t|71/2’ ||60()||L?,8 < CR3/8|II75/6+CR77/24|I|71/2’
' (2.5)

where the integration is over Qsp(x, t) and the constant C depends on C, and 9.
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Proof. We can rescale Lemma A.2 of [3] to get, for «, g € (1, 00) and ¢ = ¢(9, g, &),

| Vv

L1sop + R

Liztoy =< cllf L211(0p)"

Using f = v,v; and the assumption (2.4), the first integral on the right is bounded by

t 1/o
152200, < RBM(/ |T|°‘df> = R4/,

The second term R~+3/4||v

1711(0 18 bounded by
R—1+3/q(R2|t|—1/2)1/1 — R71+3/q+2/o(|t|—1/2 — R3/q|t|1/o/.—1(R—2|t|)1/2—1/zx.
These show (2.5). d
The following is our key lemma.

Lemma 2.2.  Suppose that the velocity v satisfies the bound (2.1) and |[v|| =1 < C, in
Q,. There is 0 € (0, 1) such that, for any small € > O there is a constant C, > 0 so that
(recall r = (x3 + x3)/?)

lv(x, D < Cr ")t~ in Q. (2.6)

Proof. Step 1. We first bound the second moment of w,. Denote g = w,. Its
equation can be written as

2

[a,+b.V—A—ﬁ]q+azF=—%, F=_% 2.7)
r r r
See for instance [3]. Above the vector b is a part of v,
b=ve. +ve, b-V=uv0,+v,0.. (2.8)
Note that
divb =0, curlb= wye,. (2.9)

The first equation for b is because b =v—vpe,, divv=0 and div(vye,) =
r~19,v,=0. The second can be read from (2.2), (2.3) with v, replaced by 0. The
term % in (2.7) has a good sign and will drop out in our estimates below. For
any x, fixed with r, > 0, let {(x) be a smooth cutoff function at x, with radius
R =1,/10. For any ¢, let y(x, s) = &(x)n(s) where n(¢) is a smooth cutoff function
so that n(¢) = 1 and 5(z,) = 0 with t, = t — R%. Let B be the characteristic function
of the ball centered at x, with radius R and ¢(x, s) = B(x)1(¢, < s < 1).
Multiply (2.7) by y?q and integrate in R3 x (¢,, t). We get

[ %|Xq|2(t)+/t0tfm3 V(za)

' VA
5[ /w [qz<bx-Vx+|Vxlz+ . —xx)+xFﬁz(xq)+xanzx], (2.10)
) IR
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where j is the time derivative of y. The last term is bounded by

t t
// xanzxfff IV + 7 F.
1 /R3 1 YR3

The second term on the right-hand side of equation (2.10) can be bounded by

t t XZFZ 1 5
Fo, < =V :
[ fomo = [ [ |55+ 5%

Notice the support of y has a distance at least R from the z axis. From the
assumption on v,, we have for any 0 < e <1

|Fx|(x, 5) < CR™2*2|s| 712722 y(x, 9).
Thus we have the integral bound for &€ > 0

t
/ ds[ |Fy|*(x, s)dx < CR™"2*|¢|*.
fo

Now we can derive the following bound from (2.10):

2 ' 2 2, 2l ~1426 ¢
f |24l (t)§4/f g\ by Vil +1Vrl” + + 17l ) [+ CRTPEp L (2.11)
R3 fp JIR3 r

From the assumption (2.1), we also have for s < ¢

2lv,|

by - Vx| < CxlsI”'*R™", il + |Vx|* < CR¢, < Cy7|s|7VPR7

r

Thus we can bound the integral on the right-hand side of (2.11) to get
t
[zaPo = [ ds [ [sPRTHRAGES R (212)
R3 to R3
We now assume |t < R?. Thus R~ < |s|7">R~! in supp ¢ and by Lemma 2.1,

lagll s < Rt 7.

This implies that

[] dss R0 < B Is™

C ol = R
Therefore, from (2.12) we have

[ xaP o) < R 2.13)
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Let 7, B, $ be the functions similar to y, B, ¢ with R replaced by cR for some
small constant ¢, say ¢ = 1/100. Clearly, all previous results, in particular (2.12),
remain true if we added tildes. We also have

2 NB 2
[ e@B=c lrale.
We can now use this bound in (2.12) (the tilde version) and obtain
IRZEOEL (2.14)

Notice that (2.14) is a better estimate than (2.13). We can repeat this procedure
in finite steps to show that, under the assumption |¢| < R?,

| xaP) = R, (2.15)

R3

Assume now |t| > R%. Thus |s|~?R~! < R7? in supp ¢ and by Lemma 2.1,
gl 20 < R e|~V2.

We have

/ dsR>q’$ < R72||pll 2 g’ bl 2 < Rle| ™
Thus
/|Xq|2(t) ERt—l +R—1+Zst—s < R—l+2e|t|—e’

which is (2.15).

Step 2. We now bound the fourth moment of ¢. Similar to the derivation
of (2.10), we now have

t t szr .
f quzlz(t)Jr/ / IV(xq*)I? Sf f q“(bx'Ver [Vil” + Azl + = + 1]
R3 1y JR3 o YIR3 r

. (2.16)

+ 129F0.(xa")| + |4’ Fxd.1
From the Schwarz inequality, we have
190, 14) = 370 F 4 515G
O F0.7 < R4 + yR°F*.

From (2.1), we have

// XR2F4 S// XR*8+2SS*1*8 SR75+28|I|78.
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From the bound on [ y*¢* in (2.15)
/f PEF < Rfs-/t 2 R™1%2 12 ds < R™5+2%|¢|*.
t—R
Therefore, we have

Je

We now assume 7] < R*. Using the bound on [l ss < CRY*>/¢ in (2.5),
we have '

1P = [[ [57PRT + R20g g + R (2.17)
R3

[ 2P0 = Rl 72 4 RS2 2.18)
R

Now plug (2.18) into (2.17), we obtain a better result. Repeat this procedure as in
Step 1 until we get

fmz g’ () < R, (2.19)

under the assumption |f| < R%. For the other case |¢| > R?, using Holder and the
bound [lay|lss < CR™7*1772 from (2.5) to estimate (2.17), we get

/]R3 |)6612|2(l‘) < R—1|t|—2+R—5+2£|t|—£ < R_5+28|t|_8,

in one step.

Step 3. We now prove the pointwise bound (2.6) for v. Since we have already
good estimates for vy, it suffices to estimate b, which satisfies (2.8), (2.9) with w, = q.
Let 6 > 0 be a small number so that (2.15) and (2.19) are valid for (x,, #) € Qg;s.
Let J(x) be a smooth cut-off function for the ball of radius 49, with J(x) =1 for
|x| < 26. Define

1
)= | gyt = (%

) % Gaena.
By the vector identity
—Ab = curl curl b — Vdiv b, (2.20)
the difference b — o is harmonic in the ball of radius 26 and hence
16— all s,y < 16— allpip,) < %@, + 182018,y
The last term is bounded by order one since v is in L*L!. We now estimate a.

For x, € B,; let R = ¢r, with ¢ sufficiently small and B(y) = 1(|y — x| < R).
Omitting the z-dependence,

) = [ AN gy o [ LD gy [ IO pggay. a)
w0 Ty — 3P = o Ty — o7 w0 T — P
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From the Hoélder inequality and (2.19), the first term on the right hand side is
bounded by

/ |Q(y)| B(y)dy < R_1+S/2|[|_£/4.
Rr3 [xg — y|?

From the Hoélder inequality and (2.15), we have the following variation of (2.15)
for |x| < 89

i [ 11 = 31 < 720000, Dldy < 772, 22)
Multiply by
o =7 1l — x| = R/40) - 1(Ja] < 89)

and integrate over x to have

[f S 1(|x = y| < r,./200)[g(y)|1(|xy — x| > R/40)1(|x| < 88)dxdy,

|xo — x|?

—2+s &/2 _

< [ dx r 1(|x0 x| > R/40) < CR"*e 1|52,
|xo — x|?

The left-hand side is bounded below by

/ 3 1(x =yl = ,/200)[¢(y) [1(|xo — x| = R/40)
|xo — xI?

1(]x| < 80)dxdy

(- (y))
%o

Above for the first inequality we have used that y is in a small neighborhood of x for
the integrand to be nonzero, in particular r, ~ r, and |x, — x| ~ [x, — y|. We have
thus proved that

(1-BY)

> C [ dxdyr; 1(1x =] < 7,/400)1Jg]() =

> C [ aylal ) ——=27

[ %= 31720 = BOYaO)ldy = CR™*#[e] =", (2.23)

Since all € > 0 in the proofs are arbitrarily small, this proves the same bound
for |a(xo, 7)|. It follows that [|a(2)|,1(s,,) < fBzo ~lte—e/2dx < Cr*/2 and we get the
pointwise bound for b in Q;. O

3. The Case |v| < Cr='*¢|¢|~¢/2

In this section, we prove the estimate (1.5) from the assumption |v| < Cr=!1*¢|¢|=#/2.
Our main idea is the following Theorem 3.1 which states that the space singularity
can be replaced by the time singularity.

Theorem 3.1. Suppose for some & € (0, 1/2) we have

lo(x, —1)| < Cr=""t7°2, (x, —1) € Q. (3.1
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Then for any 6 € (0,1) and 0 < o < 1/2, there is a constant C such that
lo(x, —1)| < Cr=2*t7 V% (x, —1) € Q. (3.2)

Proof. We shall need the following lemma which exchanges the space singularity
with the time singularity by replacing ¢ with 2e. The idea of the proof is to view
the Navier—Stokes equation as a linear equation with a source term v - Vv. Since this
term is in the form v?, we naturally increase the time singularity to |¢|=®. The spatial
singularity will come out correctly due to the scaling invariance of the Navier—
Stokes equation. This can be seen easily if we pretend that the kernel of the linear
Stokes equation is a heat kernel. The general case only involves a minor technicality
to deal with the divergence free condition.

Lemma 3.2. Suppose (3.1) holds in Q,. Then for any t € (0, 1) there is a constant C
such that

lv(x, —1)| < Cr-'*2°r2 (x, —1) € Q.. (3.3)

Note that (3.1)—(3.3) are all invariant under the natural scaling of (N-S).
Assuming this lemma, we now finish the proof of Theorem 3.1.

Suppose that (3.1) holds for some ¢ € (0, 1/2). Then from Lemma 3.2, we can
increase ¢ by a factor of two. In fact, (3.1) and (3.3) implies that

lv(x, —1)| < Cr P P2 (x,—1) € Q,, (3.4)

for all € < f§ < 2e. Iterating this procedure, we obtained that (3.2) holds for 0 < « <
(1 — &)/2. It remains to show that (1 — £)/2 can be replaced with 1/2.

We have shown that (3.2) holds for small «. Notice that for small « condition
(3.2) is very close to the assumption (1.2) (which is the case o« = 0). One can easily
check that all arguments in Section 2 remain valid if the assumption (1.2) is replaced
by (3.2) if « is sufficiently small. Then the conclusion of Lemma 2.2 holds in this
case. So that we are able to conclude that (3.1) holds for arbitrarily small e. Iterating
this procedure proves that (3.2) holds for 0 < o < 1/2. |

To prove the lemma, we write the Navier—Stokes equations (N-S) as a Stokes
system with force

Ov; —Av;+0;p=0,f;;s [ = —vv;.

Recall key steps in [3]: v=u+ v where v is defined as follows: Let P be the
Helmholtz projection in R?, ie., (Pg);, = g — R;Rg- Let {(x,1) € C*(R*), { >0,
{=1on Qs and { =0 on IR3 x (—o00, 0] — Q,. Notice that we cutoff at order one.
For a fixed i, define

B 0) = [ T =y 1= 90,(Fy) (v 9)dy ds.
where T is the heat kernel and F;; = f;;,{ — R;R,(f};0).

With this choice of v, u satisfies the homogeneous Stokes system in Q1. and
the following bounds: i

[IVul

i) = Ul = elvlleioy + el 3.5)
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provided that 1 < s, g < oo. One can check that the proof in [3] gives (3.5) for s = oc.
The requirement s < oo is for the estimates of .

Lemma 3.3. Under the assumption (3.1), we have
[D(xg, —1)| < Cry 2172, (xp, 1) € R® x (0, 1). (3.6)

Proof. Denote R = r,. Notice that assumption (3.1) implies (3.3) when R > /7.
Hence we may assume that R < /7. Let h = f;;{ and K = R,R;. Denote

—1) —/ /|s|_2exp|: A :~| ):|h(x s)dx ds

_/ /zexp[ _x|2:|h()”c,—t—s)d5cds,

& (x, —1) _/ / —Zexp[ — }Kh(%, —t — 5)d% ds.

We can bound v(x, —) pointwisely by >, ;[ (x, —#)|. Thus it suffices to show
Y& (xp, )] < CR7'*2¢¢7¢. We shall only bound &, since the bound for ¢, is
identical. For x, fixed, let

)
g(x, ) = exp|:——|x0 al i| s,
ds

Since K is symmetric, we have

1—t
& (xg, —1) = /0 s_m/ dx(Kg)(x, s)h(x, —t — s)ds.

Let h,(x,a) = 1(r = R)h(x, a) and h,(x, a) = 1(r < R)h(x, a). Then we have

/ dx(Kg)(x, s)h(x, —t — 5)

1/q

< [/ dx(Kg)?(x, s)|x — x0|”]l/p [/ dx hi(x, —t — s)|x — x0|’q]
Recall |x|* is an A, weight in R" provided that
—n<a<n(p-—1).
Thus for
0<p<3p-3,
we have

[/ dx(Kg)"(x, s)|x — x0|”]1/p - [/ dx g"(x, s)|x — xol,,]l/P

|s| 14+3/(2p) _ |s| 3/Co+1/2.
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Since h, is supported in r > R, we have for
(3-28)g>3, qg>1,
the following inequality:
1/q 1/q
[/ dx hi(x, —t — s)|x — xol’q] <tr”® |:/r>1\> dx r 721209 x — x0|4:|
< st73:r2e+3/q,

where we have used (3.1) in the first inequality. Thus we have

R2 3/(2q)
s_l/zf dx(Kg)(x, s)h,(x, —t —s) < t °R™3"% <—> .
s

Therefore, we have

R? R2 R2 3/(29)
/ s’l/Z/ dx(Kg)(x, s)h,(x, —t — s)ds < Ct’sR’”zs/ ds (—)
0 0 s
< thst(l—2s)’
provided that
3/2q) <1, 3-28&)qg>3, g>1, 0<p<3p-—3. (3.7)
For any 0 < & < 1/2 fixed, we can solve the last condition by
qg=3/2)*. (3.8)

Similarly,

1 1 R2 3/(2q)
f s_l/zf dx(Kg)(x, s)h,(x, —t — s)ds < CI_ER_3+28/ ds (—)
R? R? N
< thst(lfb:)’
provided that
3/2q) >1, 3-2&)g>3, g>1, 0<p<3p-3. (3.9)
For any 0 < ¢ < 1/2 fixed, we can solve the last condition by
qg=3/2)". (3.10)
For any m > 0 and a, b dual we have

dx(Kg)(x, s)hy(x, s)
/
< [/ dx(Kg)“ (x, s)|x — xol’"q]l/a [f dx h(x, —1 — 5)|x — x0|,mb]l/b
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If
ma < 3a — 3,

then |x|™* is an A, weight. Thus we have

1/a 1/a
[[ axtkey (. 9le = x| < [[ dxg (e 9w = xpJm] < 5@,
We can estimate the last integral by

/dx RS (x, —t — s)|x — x| ™™

IA

o0 [ dxr e < Rl — g

— t—sbeh(2+m—29)+3 /dx r—(2—2s)h1(r < 1)|x _ (xO/R)|—mh

< Ct—sbR—b(2+m—28)+3 ,

where the equality is due to scaling and we have assumed that

1-e)b<1, 1 <mb<3.

Therefore, we have
R ) 3/(2b)—m)241/2

R? R?
/ 371/2/ dx(Kg)(x, s)hy(x, —t — 5)ds < Ct’SR’G’ZS)/ ds (—
0 0 s

< thst(l —2¢) ,

provided that

3

b ’
>m+l

(1-eb<1, 1<mb<3, ma<3a-3. (3.11)

Since a and b are dual, the last condition is equivalent to m < 3/b, which is part of
the third condition. It is easy to check that the following condition implies (3.11)

3 1

1/2 b<—, b . 3.12
/2 < m, +1< <m, <1_8 (3.12)
For any 0 < € < 1/2 fixed, we can solve the last condition by
1
b= —u, m=3-3¢, (3.13)
l1—¢
for pu small enough.
Similarly, we have
1
/ s’l/zf dx(Kg)(x, s)hy(x, —t — s)ds
R2
| R2\ Y @-m212
< Ct7€R7(3728) ds <_) < Ct*SRf(lfzs)’
R? N
3
b < (1—e)b<1, 1 <mb<3, ma<3a-3. (3.14)

m+1’
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It is easy to check that the following condition implies (3.14)

1 3 1
—<b<—, b< .
m m+1 l1—¢

(3.15)

This equation has a solution provided that there is an m solving the equation
l—e<m<?2-3e.

This is clearly so for any 0 < & < 1/2 fixed. We have thus proved the lemma. O

We now conclude the proof of Lemma 3.2. Let y= % and denote
Q) = B(0) x (=1, —1). For any (x,1) € Q,, 05,(x,1) C Qu1x N Q; and hence u
satisfies the homogeneous Stokes system in Q,,(x,, t). By (3.5), assumption (3.1) and

Lemma 3.3, we have

||V”||L,°°L§(Q}.(xo,z)) = C||”||L§’°L<£(Qz-,(xw))

= C”v”L,"’L}((Qﬁ) + C”ﬁ”L,xL;(Qfl) <ct Pttt <t
By the Sobolev inequality,

leell 0,00 = €N VEll 2300, 5000 F €lMlllizricon oy = €177

Together with (3.6), we have thus proved Lemma 3.2.

4. Local Maximum Estimate

In Sections 2 and 3 we have proved the bound (1.5) under both assumptions (1.2)
and (1.3) with & > 0. Our goal in the remaining Sections 4-6 is to show that
the proof in the paper [3] can be extended in this case. This section proves local
maximum estimates assuming (1.5). These estimates will be used to obtain Holder
continuity of rv, in Section 5 and to bound Q = @,/r of the limit solution in
Section 6.

Suppose u is the smooth function satisfying

2
du—L'u=0, L=A+20,—b-V. (4.1)
r

We now derive parabolic De Giorgi type energy estimates for this equation under
the assumption

|b] < C.rm 2|7 (4.2)

Above C, > 0 is an absolute constant which is allowed to be large, above € > 0 is
sufficiently small.

Consider a test function 0 < {,(x, t) <1 defined on Q, for which {;, =0 on
0B, x [—1%2,0] and {; =1 on Q, for 0 < ¢ < 1. Suppose that {,(x, —1) = 0. Now
consider the rescaled test function {(x,t) = {;(x/R,t/R*) on Q. Define (u), =
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max{=u, 0} for a scalar function u. Multiply (4.1) by p(u—k)} (2 for 1 < p <2
and k > 0 to obtain

Ap—1)
$ 22D [ s 0P

t
—R2

‘L?w—mi

A

! / Ué 2—p
- 2/_R2 di /B dx(u — k)L <45 +IVLP Al

0,

r

+13-gvc>

- 2/[ dt [ dzlu - k)
—R? B *

r=

Notice that the last term is negative.
Letv, = (u— k)’;/ ?. To estimate the term involving b we use Young’s inequality
—14o

s | elb(l)

& 14a) /o
n C~OCR72+(1+M)/1 /. . CZ R_z ﬂ (1+a)/
0 1+« R T t { '

This holds for small § > 0 and o > 0 to be chosen. Further choose { to decay like
(1 — |x|/R)" near the boundary of By. If n is large enough (depending on o) we have

c R/ / 5 CZ R2\°® V| (1+a) /o — R2 s(l+x)/o</ ,
R v — ) — — V.
° l+4a R t 4 - t By *

We also use the Holder and Sobolev inequalities to obtain

;| Crewss PEN
b (%) 55<R L (%)

<o [ Vw0l

I+o

R 1+2

20
51+oc/m3vié

(14+2)3/2\ 2/3
) / |V(UiC)|2
]R3

R

For b satisfies (4.2), there is an o small enough so that the last inequality holds.
We conclude that

R2\ £/
/}RS vib(-V{géC/lR}|V(viC)|2+CR_2 [ (7) 2. (4.3)

We have 0,{/r = d,{/p since { is radial; so that the singularity 1/p is effectively
1/R. We thus have

sup (=0l + [ V=02
—02R2<1<0 Y Borx{t} Qsr
C R2 e(14a)/a
e - — k). 4.4
cimml (5) lw-n (44)

Our goal will be to establish L? to L* bounds for functions in this energy class.
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The estimates in this section will be proven for a general function u = Q
satisfying (4.4).

Lemma 4.1. Suppose u satisfies (4.4) for | < p <2 with € > 0 sufficiently small. Then
for 0 < R <1 we have the estimate

I/p
supuy, < C(p, C,) (R_S_Z/Q |“i|p> .
R

Ory2

Proof. For K > 0 to be determined and N a positive integer we define

ky=ky=(0F2"MK, Ry=(1+2"R/2,
Ry, <Ry = (Ry+Ry,)/2<Ry.

PN =S

Notice that
Ry —Ry=(Ry—Ry;)/2= Q2" =27V R/4 = py.

Define Qy = Q(Ry) and Oy = O(Ry) C Q. Choose a smooth test function {
satisfying {y, = 1 on Qp, { = 0 outside Q, and vanishing on it’s spatial boundary,
0 <{y <1and |V(y| < py'in Qy. Further let

A*(N) = {X € Qy : £(u — ky,)(X) > 0}.
And Ay, = |[A*(N)|. Let vy = {y(u — kyy )72

Let y be a positive constant (to be chosen) such that y — 1 > 0 is very small.
Holder’s inequality yields

2
[ w—kel = [l
On+1 Oy
ny/(n+2)
< ([ poapeon) T ague e,
N

We will use the following Sobolev inequality which holds for functions vanishing
on 0By:

2/n
[ <o (s k) [
¢ Brx{t} Or

R —R2<1<0

See [9, Theorem 6.11, p. 112]. Above and below 7 is the spatial dimension, so that
n=23.
Since v, vanishes on the spatial boundary of Q, we have

ny/(n+2)
( f |vi|2(”+2)/(””)>
T
ny/(n+2)
< < / |vi|2(n+2)/(nv)>
On

2/(n+2) n/(n+2)7y
<[ (s b)) meE)
R} <t<0 B(Ry)x{t} On
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We use Young’s inequality to bound this above by

7
scl( s [ P Ve UR) |
—R% <1<0 Y B(Ry)x{1} On

From (4.4) the above is bounded as

= C[( P (e = k)17 +/Q |V(u — kNH)i/(zy)lz)

7R12\,<t<0 B(Ry)x{t}

C T
S MR

N YOn

C R2 e(l4a)/u 7
— 1 — —k rly
< [pZN /Q[ H(5) 1wk
c C g\
. _ P . -
S{/)Z/QKM kN)i|} psz[lJr(t) }

/B

N N N

Above f is the dual exponent of 7, ie., 1 + /17 = 1. For the upper bound above to

be finite we require that ¢ < a/[f(1 + oc)]f Since f > 1 we have

RZ e(1+a)/o B R2 s(l4a)p/a
/ 1+ <—> <c| |1+ <—) < CR}.
On t Oy t

From here our next upper bound is
RN (1 a1
sc(B) S [ s caoy o[- k.
PN Py Jon PN 7oy
Further assume K? > R™"~2 fQ(R) |uy|?. Now define
Vo= KR [ | —ky).l.

Since k% are increasing for + or decreasing for — and Q, are decreasing, Yy is
decreasing.
Chebyshev’s inequality tells us that

Ay = [{Oy s £(u—ky,y) > 0} = [{Qy : £(u — ky) > £(ky,, — k)}]
= |{QN : :l:(lfi — kN) > K/2N+1}‘ < 2P(N+1)Rn+2YN,

Putting all of this together yields

ny/(n+2)
fQ (= kyyp)a|” < ([Q |Ui|2(n+2)/(nv)> Aﬁiﬂ(lﬂ’))/(nﬂ)
N

N+1

1 n(1-y))/(n
< C(p_Z/Q |(u — kN)i|I’>R37/ﬂ22N*///3 (zp(N+1)Rn+2YN)(2+ (1=)/(n+2)
N N
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<C (LZK”R"“ YN) R31/B92Ny/B (2p(N+1)Rn+2 YN)(2+"(1—7))/("+2)
B PN

< C(C,n)KP RNy FeH =/ nt2),

We have just used R < 1. Also the exponent is given by

g= 2 =nlp 2

2.
n+2 ﬂ+

We have thus shown
Yy < C(C,, n)2Ny,reH=m/e2), (4.5)

We now choose 7> 1 such that the exponent of Y, is larger than one:
2+n(l—7y)>0.

One can check that if x is large enough, then the following identity will be
preserved by (4.5):

Yy <27V,

We are still free to choose K large enough such that the following initial condition
holds: ¥; <27*. O

5. Holder Continuity

In this section we prove a Holder continuity of the function I' = rv, at + = 0 under
the assumption (1.5). Earlier than ¢ = 0, the function T" is smooth. Additionally I"
satisfies

dr 20
— —IT=0, L=A——-———b-V. 5.1
dt ror (5-1)

Notice that I'(r = 0, 1) = 0 for all —1 < ¢ < 0. One can check, using this condition,
that both (4.4) and Lemma 4.1 hold. Together with (4.2) we then have

SUPO 1T =) = € < 00.

—1=<t<

Our argument makes use Nash’s fundamental idea for a lower bound (Lemma 5.2).
We consider this interesting in particular because the lower bound is obtained for a
solution directly rather than the usual lower bound for a fundamental solution.

5.1. Preliminary Bounds
Let X = (x, t). Define the modified parabolic cylinder at the origin

Q(R,7)={X:|x| <R, —tR* <t < 0}.
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Here R > 0 and t € (0, 1]. We sometimes for brevity write Qp = Q(R) = Q(R, 1).
Let

m,=inf I, M,=supl, M=M,—m, > 0.
. 0(2R) : Q(21re)) : :

Notice that m, <0 < M, since I'|,_, = 0.
Define

20— my) /M if —m, > M,,
y= ( 2)/ 2 2 (52)
2(M, —TY/M else.
In either case
O0<u(x,t)<2, a=u|_, >1, (5.3)

and u solves equation (5.1).

Since now u is nonnegative, we can make u positive by adding arbitrary small
constant to u. This part of argument is standard and from now on we assume that
u>0.

5.2. Lower Bound on |u]|,

Our goal in this section is to prove that there is a lower bound on u with a more

general assumption than that was used in our previous paper [3]. The bound that we

prove in this section will serve as an input for Nash’s argument as we shall describe

it later on. Actually, we only need a lower bound on |[|u], for some 0 < p < 1.
Consider the following probability measure on Qg

dow = R2dtR 3 dx. (5.4)

Define the norm

1/q

_ O dt (¢ dx .\
I lizzor = [ e ([ 7]

We will sometimes write L”(w) = L{?/(w). Our main result in this section is the
following lemma.

Lemma 5.1. Suppose u solves (5.1) and satisfies condition (5.3). Assume that for some
small > 1 we have

”b”Lif"‘(w) < CR™". (5.5)
Then for arbitrary p € (0, 1) the following holds:

a < Cllul

’L’fféw)- (5.6)

Above o, is the dual exponent to f.
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Notice that for b satisfying (4.2) with any 0 < € < 1/2 fixed, there is a f such
that the condition (5.5) is satisfied. The following proof is a small modification of
the proof in [3].

Proof. We test the equation with pu?~'(?> for 0 < p < 1 and { > 0 to have

6
L =) 1,
=2

where

ou 0 o
Pl — = 2w | — = =1 +1,,
/Q<R>pu T [/BRCML /Q(R)u ‘o =hth

pueiean = D s [ o] - v 22 2]
p O(R) o(R) p

O(R)

=L+1,
pul'%b - Vu = — 2uPb - {V{ = I,
O(R) O(R)
—1 22 0 2

f puP= F=0,u = — 4u”C<_“,p/p—/ dt/ dz2(Lu?)|,—

Q(R) r Q(R) —R? R
= 16 + 17.

For arbitrary p € (0, 1), we see that I; and I, are both nonpositive.

Recall p = |x|. We choose { = {;(p){,(1) where {;(p) =1 in By, and {,(p) has
compact support in Bg; also {,(f) =11if r € (—%Rz, —%RZ) and {,(r) has compact
support in (—R?,0). Thus /; = 0 and we have

6 6
ZR3aP <-L=3Y1I.
j=2

Clearly,

c C
125—2/ W, I, <0, 14+165—2/ "3
R Jor) R* Jor)

For any dual «, f§, we now bound /s:
15| < RORTMIBN 20 g 1071 13-

We thus have for any o > 3

C
8 N L ST g Py e

Since p is arbitrary positive number less than one, this proves the lemma. Notice
that we only use I; < 0 in this case. O
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5.3. Nash Inequality

In this section we prove a Nash inequality. We shall need this inequality in the next
section when we prove a Nash lower bound estimate.

Consider a function f, which satisfies the bounds 0 < f < M for some M > 1.
Let p be a probability measure. Now consider the average

oc:/logfdu.

And define g = log f — «. We have the following inequality

I < lgl. (57)

oc—log/fd,u

Above we are using the following definition

I/p
lell, = ([ lg1” du) .

In the rest of this section we will give a short proof.
Proof. For 0 < ff <1 we have

[ gePsdu _ [ &ffdu - gl L2l - lgll,m?
[ ePdu [ frap = AL PRI

%log/ ePsdu =

Additionally, since f is bounded, we have

B
s (5 orzs (5w,

We conclude

M
0p log/ ePedu < &
171
This is all we need. Now integrate the above with respect to § from 0 to 1 to obtain
M
log/egd,uzlog/fd,u—ocf &
11
Hence we have (5.7). d

5.4. Nash’s Lower Bound

Consider solutions u to equation (5.1) which satisfy (5.3). Let v = —logu. Then v
solves the equation

2
ov=Av—=0,v— (b-V)v— (W)
r
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We will show that solutions to this equation satisfy one of the fundamental
inequalities in the work of Nash.

First we define #(x) to be smooth and radial with # =1 on B,,, and support
in B;. We rescale

ng(x) = n(x/R)R™">.

Further suppose that [, n°dx = 1. Now we may define the weighted spaces

ey M
Now we may state the following lemma.
Lemma 5.2. Suppose that for some 0 < g < 1 we have
16() N2y < CR™Fs 72 (5.8)
Then there is a 6 > 0 such that
_/1113 log u(x, l‘)l’]idx <C, for —0R><1t<0. (5.9)

Notice that this implies the key step, equation (3.9) in [3], and thus proves the
Holder continuity. In fact, since (5.9) holds for every time, it is stronger than (3.9)
which involves time integration. Further we remark that (4.2) is enough to ensure
(5.8) with ¢ = 2e whenever € > 0.

Proof. We first rescale by a factor R for x and R? for t. We define vg(x, 1) =
v(Rx, R*t), which satisfies

20
0,vp = Avg — 2 %%

For (Rbg - V)vg — (VUR)2~

Above bg(x, t) = b(Rx, R*t). Our goal is now to prove that
—/]R} verfdx < C, for —d<1<0. (5.10)
The rescaled version of the assumption on b becomes
IRbR (-, )l 12y < Cls|™2. (5.11)

Since we will only use (5.11), we shall drop all R in the subscript from now on and
set R = 1. We have

2
f o,up*dx = / {Av ——0,v—(b- V)v} N dx — / (V)i dx.
R3 R3 r R3

We will estimate the terms in parenthesis.
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For the first term we use the Cauchy—Schwartz inequality
1
20y — — . - 2.2 2
[ Avdx = Z/JR}VU Vi dx < S/IRS|Vv| 0 dx+8/w|vn| dx.
Next let
vi=v(s, x) — (v)(s), (v)(s):= / v(s, x)n’dx.
R3

We now consider the middle term inside the parenthesis. Integrating by parts,
we have

2 2 ®
- 0. vptdx = —[ 0. ondx = —[ 2on’dz
R3 1 —o00

R3 ¥

o 2
+ / Z90,n*dx
r=0 R3 1

0

rnndx.
,

<Cc- C<v)(s)+4/ p
R3
We have just used

o)

- /_ " 2ndz

/_ " 2ntdz

r=0

< /m 2u0(t, z, r = 0)* (z, r = 0)dz < C — C(v)(s).

r=0

We remark that the constant is u(t, z, r = 0) = a > 1. Furthermore,

_0,m i, 1
4 f 0 ndx < 1l 10/ rliam,) < C+ g0l

,
Here we used the spectral gap estimate

/ |Vv|2n2dx2c/ Pntdx.
RR3 R3

Finally we consider the last term in parenthesis. We use the Cauchy-Schwartz
inequality together with (5.11) to obtain

1
/]R}(b - Vyoitdx < [|b]| 2y Vol 2y < 41161172, + Z||VU||iz(,7)
_ 1
= C|S| 1 + Z”VUH%Z(;])

Combining the inequalities in this paragraph we have
/ 2 2 1 2.2 -
Av—=0v—(b-Vyv{ndx — —/ (W) ndx < C(1 + |s]79 — (v)(¥)).
R3 r 2 R3
Thus there is a constant C such that
1
[ awlsntdx < €U+ 157 = (0)(s) = 5 [ [VolPdx,
R3 2 Jrs

We will use this inequality to prove the lemma.
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We plug the Nash inequality (5.7) with M = 2 into the inequality above (also
using the spectral gap estimate) to obtain

Cllu(s)I2,,

2
M? '

0,(v)(s) = C(A + |s]* = (v)(s)) — (5.12)

() (s) + log [[u($) | 11y

This differential inequality will now be manipulated into a form which we find
useful. For some k > 0, (5.6) lets us conclude

||u||L1(Q1/2) > K. (5.13)

Let y be the characteristic function of the non-empty set
W= {s: ||u(s)||L1(Bl/2) > x/10}.

Since u is bounded above by a constant M, it follows from (5.13) that

K
W= ——. 5.14
W]z (5.14)

Hence for some O(1) constants C > 1 and y > 0 we have
0,(v)(s) = C+ [s] 77 = (W)(s)) = Cr() () 21 [0 (5) + Tog u(s) 11|
< C(1+ 5|7 = (0)(5)) = 32(5) | (v} (5) + log u(s) | 1| (5.15)
Notice that, since ¢ < 1, this inequality implies for s, > s, that
()(s2) = =) (s) + Ce,
Therefore we may assume that
(v)(s) = 4|log(10/x)| +4C(1 + |s|7%), forall —1 <s < —k/(20M). (5.16)

Since, otherwise, we would have (v)(s) < C, for some s, in that range and then for
all times later on. This would prove the lemma.

Under assumption (5.16), we have for —1 < s < —k/(20M) and some positive
constant C, that

0,(v)(s) = =Cux(s){(v)(9)*. (5.17)

Divide both sides by (v)(s)? and integrate the inequality from —1 to ¢. We have for

t = —55;; the following

W) — () < _/_’l C,1(s)ds < —C,. (5.18)

Notice that the range of ¢ and (5.14) guarantee that C, > 0. Since by assumption

(5.16), (v)(=1) = 0, this proves (5.9) at time t = —55; and hence all the time

later on. u
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5.5. Proof of Hilder Continuity

From Lemma 5.2, there is a 0 < t < 1 such that for any & > 0 there is an ¢ so that

{X € O(R, 1) - u(X) < d}| < €|O(R, 7)|,

(5.19)

Let U = 0 — u, where ¢ is the constant from (5.19). U is clearly a solution of (5.1)

and U|,_y = 0 —a < 0. So we can apply Lemma 4.1 to conclude

B L B o 1/2
QSEE)((S “) < <|Q(d)|'/Q(d)|(5 “) |> '

Let d = /7R so that Q(d) C Q(R, 7). By (5.20) and (5.19),

c 172
§— inf u<(——r 5— ”)
T (IQ(d)I Q(d)l( 2

which is less than % if € is chosen sufficiently small. We conclude

. o
inf u> —.
0(d/2) 2

This is the lower bound we seek.
We define

m,;= inf I, M,= sup I'.
SNTFT) <= o

Then from (5.2) we have

2(my; — my) /M if —m, > M,,

inf u
0(d/2) 2(M, — M;)/M else.

(5.20)

Notice that both expressions above are non-negative in any case; thus we can add

them together to observe that

2

< —
M

N>

{M — osc(I',d/2)}.

Here osc(I, d/2) =M, —m, and osc(I’,2R) = M, —m, = M. We rearrange the

above

osc(I, d/2) < <1 — g) osc(T’, 2R).

This is enough to produce the desired Holder continuity via the standard argument.
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6. Proof of Main Theorem

In this section we prove Theorem 1.1 under the assumption (1.5). It is similar to [3]
Section 2, which assumes a stronger assumption |v| < C,(r> — t)~"/2. First we show
that our solutions, which satisfy (1.5), are in fact suitable weak solutions. Recall that
a pair of suitable weak solution (v, p) satisfy

ve LTLX(Q), WYwel*Q), pelL’*0Q). (6.1)

and the local energy inequality.
Fix p € (1,5/3). For t € (—T,, 0), we have by (1.5)

/ Iv(x,t)l“d </ 1 C,rdrdz
R3 |x|/ﬁ - R3 |x|/)' (,,.2 _ t)2—89r8.9|t|4a’
C.rdr

— = —(1+p)/2
=C R2 (12 — £)28e pf—1+48s ¢ |4e = CC,l1] ’

where we have used the scaling and  — 1+ 8e < 2 so that it is integrable. Define
R.’s to be the Riesz transforms: R; = ﬁ We consider the singular integral

1
p(x, 1) = f Zaiaj(vivj)(y)m dy =3 RiR;(vv;).

Since |x|~# is a A, weight function, we have

1

. 1 _
|x|? |p(x, 1)|*dx < c/ 0 v(x, D)|*dx < ¢ + c|t|" P2, (6.2)

With this estimate, the same argument as in [3] proves that p(x, t) = p(x, t) for all
x and for almost every t. Moreover, from (6.2) and f§ < 5/3 we conclude that

0 1 3/4
/ \p(x, 0)[Pdx dr < c/ (/ — |p(x, t)|2dx> dr < C. (6.3)
Qi -1 B |x|ﬁ
Since ¢ is arbitrarily small, the pointwise estimate (1.5) on v implies
1 1 1 1
ve LILYQ), —+->2, g<-—. (6.4)
qg s 2 £

We will use (s, q) = (3,3). Thus the vector product of (N-S) with u¢ for any
@ € C*(Q,) is integrable in Q, and we can integrate by parts to get

2 /Q |Vol2e = /Q {00 + Ag) + (0P +2p)v- Vo, Yo e C¥(Q), ¢=>0. (6.5)

For any R € (0, 1) and ¢, € (—R?,0), we can further choose a sequence of ¢
which converges a.e. in Q, to the Heviside function H(t, — t). Since the limit of d,¢
is the negative delta function in ¢, this gives us the estimate

ess sup [ [v(x, t)|2dx+/Q |Vof? < CR/Q (P + |pI?). (6.6)
R 1

—R2<1<0 “YBg
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These estimates show that (v, p) is a suitable weak solution of (N-S) in Q. Note
that these bounds depend on C, of (1.5) only, not on || p|l 53w x(-1,,0)-

To prove Theorem 1.1, it suffices to show that every point on the z-axis is
regular. Suppose now a point x, = (0,0, x;) on the z-axis is a singular point of
v. Without loss of generality, we assume that x; = 0. We will use the following
regularity criterion, a variant of the criterion in [1] and proven in [13], to obtain a
contradiction.

Lemma 6.1. Suppose that (v, p) is a suitable weak solution of (N-S) in Q(X,, 1). Then
there exists an €, > 0 so that X, is a regular point if

lim sup lv® < &,. (6.7)

P R L
Let (v*, p*) be the rescaled solutions of (N-S) defined by
v (x, 1) = dw(x, 1), pr(x, 1) = P2p(ix, A1), (6.8)
For (v*, p*) with 0 < 4 < 1, the pointwise estimate (1.5) is preserved:
[v*(x, £)| < C, (P — )72 7572, (x,1) € R? x (=T, 0).

Fix R, > 0. Since we assume x, is a singular point, by Lemma 6.1 there is a sequence
24, k € N, so that 4, — 0 as k — oo and

1 ] 1
— [ P = se. 69
R /QR* ] (R A)? /Qm,uk)IU' - 69

We will derive a contradiction to this statement.

Since (v*, p*) satisfies the pointwise estimate (1.5), we have v* € LI(Q,) for
q € (1,4). Moreover, the same argument as above provides the uniform bounds for
R<1:

ess sup [ [v'(x, z)|2dx+/ IV < c/ WP+ PP <C (6.10)
Or [}

—R2<1<0 VBg

Following the same argument in Sections 2.3 and 2.4 of [3], we conclude from these
estimates that there is a subsequence of (v, p*), still denoted by (v, p*), weakly
converges to some suitable weak solution (v, p) of the Navier-Stokes equations in
Qp and

vt — v,

strongly in L4(Q;) foralll <g<4and 0 <R < 1.
Now the Hoélder continuity of I' = rv, at + = 0 proven in Section 5 implies

/ |vj|§C/l°‘—>0 as 210
(@)

R

for some o > 0. Thus the limit v has no-swirl, v, = 0.
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Let @ = V x v be the vorticity of v and @, = 0.v, — 0,v, be the 0 component of
. The function Q = ®,/r solves

_ 2
(a,+b.V—A—-a,>Q=o, (6.11)
r

where v, = 0 is used and b = v,e, + v,e, = 1.

Since v is the limit of v*, it satisfies (1.5) and also satisfies (6.4). Following the
argument of Section 2.4 in [3], we conclude from (6.4) and the estimates for the
Stokes system that

- - 2 -
”Vv”LfMLi/z(Qs/g) < C||v||Lf/2L§(Q3/4) + C||v”L5/4(Q3/4) <C.
Hence ) has the bound
||Q||L2°/19(Q5/8) < ”VD”L/S“Lf-/Z(Qs/s)HI/FHL?L.%"/“(Qs/g) <C. (6.12)

Since b satisfies (1.5), it also satisfies (4.2). We conclude from the local
maximum estimate Lemma 4.1 and (6.12) that

Qe LOO(QS/16)'

Furthermore we know that curlv = @ye, € L*(Qs,;6) from the above estimate on ()
since v, = 0. Now we can apply the div-curl estimate

||Vk+1v||L‘i(BR2) = C”deiV U”L‘i(BR]) + C”churlUHLq(BRl) + C”U”LI(BRI)’
to obtain L™ estimate for v. Since divv =0 and v € L;"’Li_(QS/l()) by (1.5), we thus
conclude Vv € L*L(Q, ,4) by taking ¢ =4 and k =0 in the div-curl estimate. By
the Sobolev embedding, we have v € L*(Q,4).
Now we can deduce regularity of the original solution from the regularity of
the limit solution. We have shown that

[o(x, )| < C, in Q.

Above C, depends upon C, but not on the subsequence /,. Since the constant can
be tracked, we may initially choose R, sufficiently small to guarantee that

1 -
w ), a2

where &, is the small constant in Lemma 6.1. Since v** — v strongly in L?, for k
sufficiently large we have

1 ; 1 1

A3 =13 A =13
E— v < _/ v + _/ vV i—v < &,.
Ri /;R* | | Ri Ok, | | Ri Og, | I l

But this is a contradiction to (6.9). We have proved Theorem 1.1.
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Appendix: The Case £ = 0

In this appendix we prove Theorem 1.1 under the assumption |v(x, )| < C,r~', the
e =0 case. The argument in this appendix was obtained after a preprint of [12]
appeared. Note that this argument does not take scaling limits and all bounds are
computable.

Let M be the maximum of |v| up to a fixed time #,. We will derive an upper
bound of M in terms of C, and independent of ¢,. We may assume M > 1. Define

WM(X, T) = M w(X/M, T/M?), X = (X,,X,,Z).

For x = (x;, x,,z) and X = (X}, X,, Z), let r = (x} + x})!/? and R = (X? + X3)'/%.
We have the following estimates for all » and R for time ¢ < ¢, and T < M?t:

lv(x, 0| < C/r, [WM(X,T)| < C/R, Vo] < C,. (A1)

The last inequality follows from |[v"||,;~ < 1 for # < ¢, and the regularity theorem
of Navier—Stokes equations. Its angular component (we omit the time dependence
below) v} (R, Z) satisfies v}/ (0,Z) =0 = 0,v}/(0,Z) for all Z. By mean value
theorem and (A.1), [v)(R,Z)| < CR and |0,v}/(R, Z)| < CR for R < 1. Together
with (A.1) for R > 1, we get

[vif] < Cmin(R, R™"), |0,v}| < Cmin(R, 1), for R > 0.
By [3, Theorem 3.1], under the assumption |v(x,t)| < C,r~!, I' =rv, satisfies
|T'(r, z, t)| < Cr* when r is small, uniformly in r and ¢, for some C and small o« > 0
depending on C,. Thus, [v)(R, Z)| < CR™""*M~ for R > 0. From these estimates
we have

10,04’ (R)| _ Cmin(R, R™**M~*) -min(R, 1) _ c
R2 — R? — R3-AM* 4+ 1

(A.2)

Consider now the angular component of the rescaled vorticity. Recall Q = w,/r.
Let

f=0"X,T)=QX/M, T/M* )M~ = o} (X, T)/R.

Since w}! and Vo) are bounded by (A.1) and w)!|z_, = 0, we have |f| < C(1 + R)~".
From the equation of w, (see (2.7)), we have

2
Or—-L)f =g L=A+E6R_bM'VX’

where g = R720,(v)')* and o™ = v¥ep +vMe,. Let P(T, X; S, Y) be the evolution
kernel for 0, — L. By Duhamel’s formula

X, T) =/P(T, X; S, VY, S)dY+/Tf P(T, X: 7, V)g(Y, 7)Y dt =: 1 + 1L.
N
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By Carlen and Loss [4], in particular its equation (2.5), the kernel P satisfies P > 0,
[ P(T, X; S, Y)dY =1 and, using ||b™ ||, < 1,

2 T 2
P(T, X S,Y) < C(T — §) e "X=YT=9 " p(q, T) = C%(l - —) .
a

+
Using e7"@D < Ce= /T we get for X = (X,, X5, X;) and ¥ = (¥, V>, V3)
P(T, X; S,Y) < C(T — §) 32 CIX-Hl/T=9) (A.3)

Here we only assert the spatial decay in the X; direction so that the proof of [4],
where the term R~!0, in L is not present, needs no revision. With these bounds and
Holder inequality we get
3
1 <[ [ P x5 5, 0170 $)Par]

1
_3 _c-nl RdR 3 B
= [C(T_S) e (1‘+‘R>'s"z] <Cr-970 (A4

and

T v RdR
|II| < fg /(T — ‘C)_3/2€_C‘ T-t | m dZ dt < C(T — S)I/ZM_21/3. (AS)

Combining these two estimates and choosing S =T — M* > —T M? (hence f is
defined), we have |f(X, T)| < CM~*/°. Thus

wy(x, )| < |oM(rM, zM, tM?)|M? < |QM (rM, zM, tM?)|M*rM < CM*>~*/%r.
lg(x, )] < oy (rM, zM, tM7)|M~ < |QY (rM, zM, tM7)| <
Therefore, we have
|wy(x, 1)] < CM*"2, for r < M~'H¥/12, (A.6)
Let b=v,e, +ve, and B,(x) = {x:|x— x| <p}. By (220) and (2.9), b

satisfies —Ab = curl(wye,), and hence the following estimate with p > 1 (see e.g., [7],
Theorem 8.17)

_3
sup [b] = (™ 1blla 0 sUP o). (A7)

B, (xp) 20 (x0)

Letp =M% x, € {(r,0,z) : r < p}and | < p < 2. By the assumption |v| < C/r,

_3 3 C ~ »
P71l o = o P I Pllaoia o < 5750 < C(pyM' ",

This together with (A.6), (A.7) and the fact |v)| = M|v})/| < MC min(R, R~'""*M~)
imply

lu(x, 1)] < CM'=***,  for r < M~1H#/%, (A.8)



20:23 20 March 2009

Downl oaded By: [Princeton University] At:

232 Chen et al.

On the other hand, the assumption [v] < C/r implies |v] < CM!'=%* for
r > M~/ Since M is the maximum of v, this gives an upper bound for M. O
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