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Abstract

We consider a nonlinear Schrédinger equation with a bounded lo-
cal potential in R®. The linear Hamiltonian is assumed to have two
bound states with the eigenvalues satisfying some resonance condition.
Suppose that the initial data are localized and small in H'. We prove
that exactly three local-in-space behaviors can occur as the time tends
to infinity: 1. The solutions vanish; 2. The solutions converge to non-
linear ground states; 3. The solutions converge to nonlinear excited
states. We also obtain upper bounds for the relaxation in all three
cases. In addition, a matching lower bound for the relaxation to non-
linear ground states was given for a large set of initial data which is
believed to be generic. Our proof is based on outgoing estimates of the
dispersive waves which measure the relevant time-direction dependent
information of the dispersive wave. These estimates, introduced in [16],
provides the first general notion to measure the out-going tendency of
waves in the setting of nonlinear Schrodinger equations.
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1 Introduction

Consider the nonlinear Schrodinger equation

Oh = (~A+ V) + APy, w(t =0) = o, (1.1)

where V' is a smooth localized real potential, A = +1 and ¢ = ¥(t,x) :
R x R® — C is a wave function. For any solution () € H'(R3) the
L?-norm and the Hamiltonian

Myl = [ 5196 + VISP + Al do (1.2

are constants for all t. The global well-posedness for small solutions in
H'(R3) can be proved using these conserved quantities and a continuity
argument. We assume that the linear Hamiltonian Hy := —A + V has two
simple eigenvalues ey < e; < 0 with normalized eigen-functions ¢g, ¢1. The
nonlinear bound states to the Schrodinger equation (1.1) are solutions to the
equation

(—A+V)Q + \QI*Q = EQ. (1.3)

They are critical points to the Hamiltonian H[¢)] defined in (1.2) subject to
the constraint that the L?-norm of 1 is fixed. For any nonlinear bound state
Q = Qg, ¥(t) = Qe ! is a solution to the nonlinear Schrédinger equation.

We may obtain two families of such bound states by standard bifurcation
theory, corresponding to the two eigenvalues of the linear Hamiltonian. For
any F sufficiently close to ey so that E — ey and A have the same sign, there
is a unique positive solution @ = Qg to (1.3) which decays exponentially as
x — 00. See Lemma 2.1 of [16]. We call this family the nonlinear ground
states and we refer to it as {Qg}p. Similarly, there is a nonlinear excited
state family {Q1, g, } B, for E1 near e;. We will abbreviate them as () and
Q1. From the same Lemma 2.1 of [16], these solutions are small, localized
and Qx| ~ |E — eol /2 and [|Quz, | ~ |Er — ex]V2

Our goal is to classify the asymptotic dynamics for small initial data.
We have proved [17] that there exists a family of “finite co-dimensional
manifolds” in the space of initial data so that the dynamics asymptotically
converge to some excited states. Outside a small neighborhood of these man-
ifolds, the asymptotic profiles are given by some ground states [16]. In this
article, we shall extend the result of [16] and prove that the possible asymp-
totic profiles are either vacuum (i.e., vanishing in L® norm), the ground
states or the excited states. Furthermore, we obtain the rates of the conver-
gence for all cases.
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We first state the assumptions on the potential V', which is the same as
in [15]. Denote by L? the weighted L? spaces (r may be positive or negative)

L2(R?) = {¢pe L*(R%) : ()" ¢ € L*(RY)}. (1.4)
The space for initial data in [15] is
V=H'®R)NL: (R®), ry>3. (1.5)

We shall use L2 . to denote LQ_T,O. The parameter ro > 3 is fixed and we can

choose, say, 7o = 4 for the rest of this paper.

Assumption AO: —A + V acting on L?(R?) has 2 simple eigenvalues ey <
e1 < 0, with normalized eigenvectors ¢¢ and ¢q.

Assumption A1l: Resonance condition. Let eg; = e; — ep be the spectral
gap of the ground state. We assume that 2eg; > |eg|, i.e., eg < 2e7. Let

1
Hy+ ey —2e1 — ot

= lim I 2
Y0 = lim m<¢o¢1,

PcHwoqs%) )

Since the expression is quadratic, we have vy > 0. We assume, for some
s9 > 0,

1
Hy+ey—2e; +s— o1

inf lim Im <¢0¢§,

|s|<so o—0+

3
PCH°¢0¢%> > 290> 0. (L7)

We shall use 0¢ to replace oi and the limit lim,_,o1 later on.

Assumption A2: For )\Q% sufficiently small, the bottom of the continuous
spectrum to —A + V + )\Q%, 0, is not a generalized eigenvalue, i.e., not a
resonance. Also, we assume that V' satisfies the assumption in [18] so that
the WkP estimates k < 2 for the wave operator Wg, = lim; eitHo gitA
hold for k < 2, i.e., there is a small o > 0 such that,

VAV (z)| < C ()77, for |3 < 2.

Also, the functions (x - V)*V, for k = 0,1,2,3, are —A bounded with a
—A-bound < 1:

|@ Ve, <ooll-26l,+Clidly,  oo<1, k=0,123

The main assumption in A0-A2 is the condition 2ep; > |eg| in Al. It
guarantees that twice the excited state energy of Hy—ey becomes a resonance
in the continuum spectrum (of Hy — ep). This resonance produces the main
relaxation mechanism. If this condition fails, the resonance occurs in higher
order terms and a proof of relaxation will be much more complicated. Also,
the rate of decay will be different.
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Theorem 1.1. There is a small numberng > 0 such that if ||¢o|ly = a < ng
then exactly three possible long time dynamics may occur as t — oco:

L[z < Cygt™ %M

II. Hqﬁ(t) —QEe_iEtHw(t)HLg < Cyot™Y? for some nonlinear ground
loc
state Qg # 0 and real function w(t) = O(logt);

I ||4(t) — Q1 g, e ErtFi®) HLQ < Cyot™Y2 for some nonlinear excited
loc

state Q1.z, # 0 and real function w(t) = O(V/1).

Sufficient conditions guaranteeing the convergence to the vacuum (type
I), the ground states (type II), or the excited states (type III) are pro-
vided in [16, 17]. The type I or III solutions constructed in [17] are finite
co-dimensional subset of all small solutions, i.e., the initial data for these
solutions form a finite co-dimensional subset of {¢g : |||y < no}, the set
of all small initial data. We believe that the type I or III solutions in gen-
eral can be constructed in this way and thus have measure zero. The decay
rates of the type I or IIT solutions constructed in [17] are of order t~3/2; the
corresponding upper bounds provided in Theorem 1.1 are t~6/11 or ¢=1/2.
Since we believe that all type I or III solutions originate from the construc-
tion in [17], these bounds are far from optimal. They result from technical
considerations of our classification scheme (which will be explained in the
following).

The upper bound t~1/2 obtained for the type II solutions in Theorem 1.1

are optimal for initial data considered in [16], where an lower bound of the
same order was provided. However, there exists a measure zero set [15]
such that the decay rate is at least of order t~3/2. We believe that all
solutions decaying to the ground states faster than t~1/2 have measure zero.
Summarizing, we believe that the type II solutions with decay rate exactly
of order t=1/2 are generic; all other behavior are of measure zero.

There is a vast literature concerning the classification of asymptotic dy-
namics for nonlinear Schrédinger equations with small initial data. We shall
only be able to mention a few: the one bound state case [1, 4, 9, 12], the
one dimension with two bound states [2, 3|, the three dimension with two
bound states [5] and [14] where results similar to Theorem 1.1 were consid-
ered. Earlier works concerning the related linear analysis were obtained in
[6, 7, 10, 11].

To explain the idea for the proof, we decompose the wave function using
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the eigenspaces of the Hamiltonian Hg as

v=ado+ysr+§ &= Py (1.8)

This decomposition is not suitable for estimation and will be replaced by the
decomposition (2.3) emphasizing the role of the excited states in the next
section. It is useful for the following heuristic explanation.

The key ingredients for proving Theorem 1.1 were originated from the
previous work [15, 16]. Apart from the standard arguments based on the
normal form and resonance decay, the main new idea introduced in [16] was
the concept of outgoing estimates. This concept allows us to capture the
time-direction dependent information of waves. Therefore, even though the
L? norm of the dispersive wave may not change much in the time evolution,
its “size” will decay in time when measured in terms of “outgoing estimates”
(see Propositions 3.1, 3.2, 3.4). Thus after certain initial time, the wave
function will fall essentially into the region considered in [16] provided that
it does not converge to some excited state or the vacuum. Hence we set up
the following flow chart:

No at ¢ No No at to
— - > — Hb

lYes lYes lYes

I 11, 111

I: Dispersion dominated region. Convergence to the vacuum.
114, II;: Nonlinear ground states dominated region. Convergence to nonlinear ground states.

III: Nonlinear excited states dominated region. Convergence to nonlinear excited states.

We first ask the question whether the dispersive part & dominates for
all time. If it is, the dynamics will converge to the vacuum, the case I. If
the dynamic fail this test at ¢;, we then ask the second question whether
|z(t1)] > |y(t1)|. If yes, the ground state component dominates and we are
in the region I1,, which was considered in [15] (formulated in a stronger form
n [16]). Otherwise, the excited component dominates. We then test again
whether the dispersive wave dominates the ground state component for all
time ¢ > t¢1. If yes, this produces the excited state dominated region III.
Otherwise, we reach the region II; at the time t5. At this point both the
ground state component and the L* norm of the dispersive wave can be
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arbitrarily small compared with the excited state component. Furthermore,
the L? norm of the dispersive wave can be much larger than even the excited
state component. In other words, we may have

1€l[L2 > [yl > |z > [|€]|

Notice that the occurrence of this scenario is due to the existence of the stable
and unstable manifolds, i.e., the dynamics may follow the stable manifold
(or the unstable manifold backward in time) for almost infinite time.

In order to understand the dispersive wave £ at the time ty, we first
notice that the radiation generated by the changes of the masses of the
bound states contribute to the dispersive wave. We shall call it the local
part of the dispersive wave. This local part, responsible for the relaxation of
the excited states, will always be of the same order as the main decay term
and will not be small. Our key observation is that the rest of {(¢2), call the
global part, is negligible when measured by an outgoing estimate. To control
the local part, we apply an initial layer argument in the interval [to, to + Ato]
until it becomes small at the time t9 + Aty. Thus up to minor changes,
we can now apply the argument of [16] from this time and the dynamics
will converge to some ground state. The essence of this approach is that it
extracts the local relevant part of the dispersive wave while treating the global
part as an error term by measuring it with an outgoing estimate.

The scheme we just described is for heuristic explanation. Its precise
form will be given in section 3. For nonlinear Schrédinger equations with
general potentials, the analysis will be more complicated. In the two bound
states case, if the condition ey < 2e; fails, the decay will be much slower than
1/4/t and thus all errors have to be controlled much more accurately. The
picture is even more complicated for multiple-bound states. The resonance
decay may be extremely slow (such as ¢7¢); the excited states may decay to
other lower energy excited states before finally decay to a ground state. So
far there has been no rigorous work in this direction. However, the notion of
outgoing estimates and the initial layer argument seem to provide the right
general notion for estimating the dispersive wave.

2 Preliminaries

Denote (t) = 1+ |t| and (z) = 1 4 |z|. We define L2 ~and L -norms by

loc loc
1Al = @) Flles WSl = @@ £]

where r; > 3 is a constant to be determined by (2.2).

L’
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2.1 Nonlinear bound states and linear decay estimates

We recall some results for nonlinear bound states and linear estimates from
[15, 16].

Lemma 2.1. Suppose that —A + V satisfies the assumptions A0 and A2.
There is a small constant ng > 0 such that the following hold. For any FE
between eg and ey + )\n% there is a nonlinear ground state Qg solving (1.3).
The nonlinear ground state Qg is real, local, smooth, \™1(E — eg) > 0, and

QE:n¢0+h7 hJ—¢07 h:O(n3)7

OpQE =

where n = [(E — eg)/(\ [ ¢4 dx)]"/2.  Moreover, we have Rp
n (Q7R)_17

Cn~2Qpr+0(n) = O(n™t) and 92Qr = O(n=3). If we define c;
then ¢1 = O(1) and Aep > 0.

There is also a family of nonlinear excited states {Qg, } g, Jor E1 between
e1 and e1 + )\n% satisfying similar properties: Qp, = m¢1 + O(m3) solves
(1.3) with m ~ CA\~Y(Ey — e1)]Y/?, ete.

This lemma can be proven using standard perturbation argument, see
[15]. For the purpose of this paper, we prefer to use the value m = (¢1, Q1)
as the parameter and refer to the family of excited states as Q1(m).

Lemma 2.2 (decay estimates for e~®0). Suppose that Hy = —A +V
satisfies the Assumptions A0-A2. For q € [2,00] and ¢ = q/(q — 1),

i —3(i-1
et BAog|,, < €38 gl (21)
For sufficiently large r1, we have

1

I
s Hy+ey—2e1 —oi

o—0+

()~ ¢ itHo <O 0ll2

(2.2)

PCHO <x>—r1 ¢

L2

The decay estimate (2.1) is contained in [8] and [18]; the estimate (2.2)
is taken from [13] and [15]. The estimate (2.2) holds only if we take 0 — 0+,
not o — 0—.
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2.2 Equations and decompositions

For initial data near excited states, the decomposition (1.8) contains an error
of order y3 and it is difficult to read from (1.8) whether the wave function
is exactly an excited state. Thus we shall use the decomposition

¥ =x¢o + Q1Y) + &, (2.3)

where

y=y, z=z—(00,Q1(y)), &=E&— PQi(y). (2.4)
Here we have used the convention that
Qi(y) == Q1(m)e®,  m=ly|, me® =y.

For 1 with sufficiently small L? norm, such a decomposition exists and is
unique [16]. Thus we shall write

b(t) = x(t)go + Qu(m()e’®V +£(1),  &(t) € He(Ho). (2.5)

If we write O(t) = 0(t) — fot Ey(m(s))ds, we can write y(t) as

y = me'© = mexp {m(t) - z'/ot E1(m(s)) ds} . (2.6)

Denote the part orthogonal to ¢1 by h = z¢y + & From the Schrédinger
equation (1.1), h satisfies the equation

'lath - H0h+ G+A7
G = Ap*y — AQTe’®
= A\Q3(e”Oh + 2h) + AQ1(e"©2hh + e~*©h?) + A|h[*h, (2.7)

A= (61— i@ ) e®,  (Qi(m) = L@i(m)). (28)

Since m(t) and 6(t) are chosen so that (2.5) holds, we have 0 = (¢1,i0:h(t)) =
<<;51, G+ (0Q; — imQ’l)e@). Hence m(t) and 6(t) satisfy

m = (¢1,ImGe_i®) , 0= —% (qbl,Re Ge_i@) . (2.9)

We also have the equation for y:

iy = ime'® —(0— E1(m))me'® = Ey(m)y—+e® (im—mb) = Ey(m)y+ (41, G).
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Here we have used (2.9). Denote Ay = mA where 7 is the orthogonal pro-
jection mp = 1p — (p1,v¥)p1. We can decompose the equation for h into
equations for z and £. Thus the original Schrodinger equation is equivalent
to
1T :eol‘+(¢0, G—FAW),
iy = Er(m)y + (61,G), (2.10)
10 = Ho&+ P (G+ Ay).

—ieqt —iert

Clearly, x has an oscillation factor e , and y has a factor e since
E1(m) ~ e1. Hence we define
x(t) = e~ oly(t), y(t) = e “thy(t). (2.11)
Together with the integral form of the equation for £, we have
i = —ie"" (¢o, G + Ar), (2.12)
0= —ie" [(Bi(m) — e1)y + (61, G)] (2.13)

t
f(t) — e_iHOt&) +/ e—iHo(t—s) PCHo Gg(s) ds, Gg — i_l(G+A7r). (2'14)
0
This is the system we shall study.

We denote by G3 the leading terms of G, which consists of cubic mono-
mials in z and y:

Gs = A(*T + 2lyI*w)g06t + A2l "y + 2°§)g561 + Ao *zdp.  (2.15)
We can expand Ej(m) in m as
El (m) =e1+ E1,2m2 + E174m4 + E%G) (m), E%G) (m) = O(m6) (2.16)

We think of  and y as order n, and ¢ as order n3. Since, by (2.8)-(2.9),
A, is local and

1Al < 161 7 Qull + lrio] |7 @] < Clyl* 1 Glhoe (2.17)

the main terms in G¢ = i7}(G + A;) is i 'G3. These terms are explicit
and can be integrated. We integrate the first term \y?Z¢o¢? in G3 as an
example:

t
- z'/\/ e~ Ho(t=5) Py Zpoo3 ds
0
t
— _Z'Ae—iHot/ ei(Ho—Oi)s ei(eo—261)s ,U2,a chboqs% ds
0

t
— y2j¢1 _ e—iHoty2j(0)¢1 _/ e—iHo(t—s) ei(eo—2el)si (U2ﬂ) ¢1 ds
ds ’

0
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where
—-A

b, =
! Hy—0i+eg — 2e;

P.odi. (2.18)

This term, with the phase factor ey — 2e1, is the only one in GG having a
negative phase factor. Since —(eg—2ey) is in the continuous spectrum of H,
Hy + eg — 2e; is not invertible, and needs a regularization —0:i. We choose
—0i, not 404, so that the term e~H0%y2%(0)®; decays as t — oo, see Lemma
2.2.

We can integrate all terms in G3 and obtain the main terms of £(¢) as

£ (t) = y?7®1 + |y[Pax®s + 2Py ®s + 22§ P4 + |7 22 D5, (2.19)
where
—9)\ —2)
Py = P.¢o¢? Py = P.¢? 2.20
2 H(] e C¢0¢17 3 H(] el c¢0¢17 ( )
Y B b= P
4_H0—2€0—|-61 c¥o¥L 5_H0—€0 ¢ro:

The rest of (t) is

t
6(3) (t) — e—iH()tEO _ e—iH()tE(Q) (0) _ / e—iH()(t—s) PC G4 ds
0

t
+/ ¢~ iHo(t=s) p. (G£ — i Gy — i_l/\|5|2£) ds
0
t
N / e~ tHo(t=5) P, (771 \|¢[2€) ds
0

=) + 0 + ) + €0 ) + P 1), (2.21)

The integrand G4 in §§3) (t) consists of the remainders from the integration
by parts:

, d : d
_ i(eo—2e1)s 2a) @ i(—eo)s 2 24) ® 2.22
Gi=e I (v*a) ®1 +e ds (lvl*u) @2 (2:22)

+ ei(—el)s% (|u|2v) ®3 + ei(—2eo+e1)s% (u2’L_)) o, + ei(_eo)sdi (’LL2Z_L) Os.

The integrands of 54(13) (t) and £é3) (t) are higher order terms of G¢ which we

did not integrate. We single out £é3) (t) since |£|?¢ is a non-local term. Thus
we have the following decomposition for &:

60 =D+ =@+ (41 ell). (223)
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Denote 5%3_)2 = gf’) + 553) and 53()3_)5 = 5?53) + gf’) + gé?’). We have

B (1) = emitHo gy — (o)),

b (2.24)
ég—)s(t) = / e~ =)o P (G — i Gy — Gy)(s)ds.
0

We now derive a bound for H{gg(t)“ﬁ . Using Lemma 2.2 to estimate the
loc

integrand of {ég) and bounding the Lfoc—norm of the integrand of {f’) + fég)
by either its L> or L*-norm, we have, assuming (2.27) below,

t
e, < [ min{le— st 0= o9} geas(o)ds, (225)
lo 0
where
ge3—s5(t) = C||Ge — i7" Gs|| 105 + CnPlid] + Clud. (2.26)
Lemma 2.3. Suppose
[z lyl <n<a<1, [€llpznpe < a. (2:27)

Denote X = na HgHle +a|€]|3.. We have

”G”L}OC HNGe®)l prapars S n’z + X, (2.28)
IG = Gsllpr + ges—s(t) S n'a+ X, (2.29)

PROOF: From the definitions of G, G3 and by Hélder inequality, we have
IG = Gsllp1apas S (%),
where

2
() =n'zw+n? €l +nllélanme €l + 1€l 2ns I€lTs -
loc loc

~

G — G3||Llloc < n2x + (x). Since Ge = i~ HG + Ay) with [|[A]| < n? HGHLllOC
by (2.17), we have

We have [|G = Gsll ;2 S G — Gllpargas S () and Gl < 1IGally +

1Ge =Gl ipars S (), NIGellpapars S nz+ (4).
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By (2.12)—(2.13), also using (2.17),
WS IGl, +IAd SIGLy . BISIGl, +n° (230

From the definition (2.26) of g¢ 3-5(t), (2.30) and ||G||L11 < nlx 4 (%), we
have
Gea-5(t) S () +n2[Glly_+mluln® S (5)

From the assumption (2.27), (x) < n*z+na ||£||L12 +a H{H%;;. Thus we have
proved the Lemma. Q.E.D.
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2.3 Normal form for equations of bound states

Recall that we write z(t) = e~ u(t) and y(t) = e~**y(t). We have the
following normal form for the equations of % and .
Lemma 2.4 (Normal form). Suppose

@]y <n <1, €@ 2npm < 1. (2.31)
There are perturbations i of u and v of v satisfying

Ju(t) — p(t)] + [o(t) = v(6)] < Cra’la(t)], (2.32)
such that
fr = (erlp® + o)+ (ealpl* + ealpP 1] + eslv M) + gus

b= (colul + caly P + (el + aluPoP + oyl 4 g )
Here g, and g, are error terms. All coefficients c1,--- ,c1o are of order one
and, except cs and cy, purely imaginary. We have
Recs = 7o, Recg = —27, (2.34)
where g > 0 is defined in (1.6). Moreover, we can write g, as
A (T (2.35)

where E©)(Jy|) = O(|y|%) is defined in (2.16), and
|9u ()] + 190 ()]

< {om5|a;\ +n? Hf(?’)‘

i+ €y + (g, +on?) 1elEs .
loc
(2.36)

for some explicit constant C1.

PrOOF: This is Lemma 3.4 of [16]. The definitions of u,v, gy, g, are
exactly the same. The only difference is the error estimates (2.36) since
our assumption (2.31) is different from that in [16]. Since u is of the form
u 4 n?u + n*u and v of the form v 4+ n?u + n*u, their estimates remain the
same. We only need to prove (2.36).

In [16] g, and g, are defined as

Gu = Gua + Gu5 + Gu,3 + Ru,? - ieiEOt(QSOa G5,3)7
9o = Gua + Gus + vz + Ruz — i€ (p1, Gs3).
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See [16] for their exact definitions. Recall from [16] that g, 3 consists of
higher order terms of g, 1 and g, 2. Note g, 1 consists of terms of the form
n?i + nuv, and gy o consists of terms of the form n?(u — p) + nu(v — v).
Together with (2.12), (2.13) and (2.17), we can bound g, 3 by

9usl SP21G = Gallyy +nt Gl +nel.
The other terms in g, are of the form:
Jud = nta + n?’ui),
gus = n'(u— p) +nu(v —v),
Ry = (d0, n°z +n'¢ + 1 + € + 02 |G = Gyl +n (|Gl ),
Gs3 = n2§(3).
We can bound u, 0, ”GHLlloc and |G — GgHLlloc by (2.30), (2.28) and (2.29).
Summing the estimates, we have
l9ul SP*IG = Gllpy +n* Gl +n’e+n'e +ne® + € 4 n®
<z 4+ n2¢®) 4 nte 4 ne? + € +n?X,

1

where X = na ||£||leoc + a||€]|34 and all terms with £ are measured in Ly

Therefore

9 (D) S nlazl+n? €]

8 2 2 2
o Frtalel +n il (e, +na) el

Note H£||L12 <nlr+ Hﬁ(?’) HL2 . Hence we obtain the estimate of g, in (2.36).
oc loc
The estimate of g, is proved in the same way. Q.E.D.

As a result of the lemma, we have
d 1 d 2 -1 — . 4 =
il = Gl = ™ R = vl + Regui/ . (237)

Similarly, using Re g,7 = Re g, 7,

d ~ _
V1= =2%lul* vl + Reguo/|v]. (2.38)

2.4 Relaxation to Ground States

We shall need Theorem 4.3 of [16] which provides a relaxation estimates to
ground states from initial data near some ground state. It is a strengthened
form of Theorem 1.3 in [15]. For the purpose of the application in this paper,
we start the dynamics at t = t4.
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Theorem 2.5 ([16]). There are small constants ng,eg > 0 such that the
following hold. Suppose (ts4) = x(ts)do + Q1(y(ts)) + &(ta) with

|z(ts)| =n < no,  |y(ts)| < eon,
and that &(t4) satisfies, for all s > 0,

€@ < 1,
e H0g(ta)|] 14 < CrPAt(AL+ 5)7%/*, (2:39)

At —1/2
Args s

He_iSHOS(t4)HLIQOC < CTL3

for some At € [1,n_4_1/4]. Then there is a frequency Es and a function
O(t) such that || Qg |ly ~ n, O(t) = —Ext+0(logt) and, for some constant

02}
-1/2

Hw(t) — Qp.. e ‘

< Oy ((en) ™2 +~on®(t — ta))

LIZOC
2.5 Inequalities
For convenience of reference, we collect some integral inequalities here.

Lemma 2.6. (1) Suppose t > T, At > 1.

T
/ t— 5|3 ds < CAH(AL +t — T) 3/, (2.40)
T—At
U omi {(t=5)72 (t-5)1} ds < o S TE
T_Atmln s , s s < AT LT )
(2.41)

(2) Fort >T > 1,

t
/ (t — )3/ 732 ds < T~ V2734, (2.42)
T

t
/ min {(t —5)72 (t— s)_3/4} s732ds < Ct73/2, (2.43)
T

PrROOF: (1) Let t = T + 7. If 7 > At, (At + 7) ~ 7 and the integral
in (2.40) is bounded by fj?—m 7734 ds = O34 At ~ CAL(AL + 7) 73/, If
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T < At, (At+7) ~ At and the integral is bounded by f;_m |T— 5|73/ ds =
C(AH)Y* ~ CAL(AL 4 7) 73/,

For (2.41), if t < T + 1, we have LHS < constant < RHS. Hence we
assume t > T'4+1. By a translation, (2.41) is equivalent to fOAt(t—s)_g/zds <
C(At)t™ (t — At)"/2. The integral is bounded by

At
/ (t —s)™32ds = 2(t — At)~V/2 — 2t~ 1/2
0

=2[(t — A)TV2 4tV [t — AT — 7]
<2t — A2 [(t — At)THTIAL .

(2) Note, by rescaling,

t
/ (t — )34 s732ds = Ct=P* < oT~ V2734,
t/2

If ¢t < 2T, the integral on the left of (2.42) is bounded by the above integral.
If t > 2T, it is bounded by the sum of the above integral and

t/2 t/2
/ (t—s)3/ ™32 ds < Ct_3/4/ s732ds < Ct3/MAT12,
T T

Hence (2.42) is proven. For (2.43), note the left side is bounded by
t t
/ (t—s)"32 ()32 ds + / (t — s)~3/473/2s,
0 t—1/2

and both integrals are bounded by Ct—3/2. Q.E.D.
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3 Estimates

We have assumed that the initial data is small in || - ||y in Theorem 1.1. We
shall however use only the following properties: Let 1y = xopo + Q1(yo) + &o
with & € H¢. Then we have for all t > 0,

[zo| + |yol + [[€oll 2 <
le= " 0go|| 4 < a ()1, (3.1)
He_itHo&)Hlﬁ S o <t>_3/2 )

loc

From now on, we shall use these three conditions as our assumption for
Theorem 1.1.

Recall the orthogonal decomposition (1.8) that () = z¢o+y¢1 +£. We

have [z(t)]? + [y(t)]> + Hé(t)HiQ = ||lo(t)]|32 < a?. If we decompose (t) via
(2.3), i.e

Y(t) = zdo + Q1(y) + &, (32)
we have y =y, v =z + O(y?) and € = £+ O(y?). Thus
(@), ly@)s €@z < o (3.3)

Choose ¢ and d so that
0<:<02, 06<d<1l, d+:<1. (3.4)
(We set 6 = 3/4 in the statement of case I in Theorem 1.1.)
Let

t1 = sup {t >0 (max {|z(s), ly(s)|)* < a(s)™?, vs e [O,t]} . (3.5)

t1 may be co; we may assume t1 > 1 by enlarging . Our guiding principle
is the following chart. The time t5 is defined in Proposition 3.2.

e e

Yes Yos Yes

I IIa IH

1. 4 (¢) vanishes locally.
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II,. () relaxes to a ground state and stays away from nonlinear excited states for all time.
1I,. %(t) approaches some nonlinear excited state but then relaxes to a ground state.

II1. (t) converges to a nonlinear excited state.

The analysis of case I}, is very subtle since the time scale that () stays
near an excited state may be infinite compared to its local size. We have the
following time line picture for this case:

0 t1 to t3 tq

y=n y=n y=n T=n

246 = at;3/2 n?tip = at;3/2 T =en y=en

r<n

We first establish an estimate in the interval [0, ).

Proposition 3.1. Fort € [0,t1), we have

(@) ly()] < [o () =22 E+),

l@llze < (140 af)™/", (3.6)
Hg(t)Hleoc < (1 + L) o <t>—3/2 ’ .
HGﬁ(t)HLlanxm < Ca’3/(2+9) <t>_3/2 ‘
Suppose t1 = co. Then
2O+ [y®] + €Wl 2 < CEFED agt oo (37)
Suppose t1 < co. Let
n = max {|z(t1)], ly(t1)|}- (3.8)
We have 0 < n < 2 and
n2+5 . <t1>_3/2 ) (39)

Moreover, for all t > t1, we have the following outgoing estimates on the
dispersive wave &:

B PRI

He‘i(t_tl)Hog(tl)‘ < (141) at™3/2,

2
Lloc



TAI-PENG TSAI and HORNG-TZER YAU 125

PROOF: The estimate for |z(t)[, |y(¢)| in (3.6)1 is by the definition of ¢;.
We will prove the rest of (3.6) by a continuity argument and assume that

@ pe <2007, €@l < 20 )72, (3.11)

We explain the idea of continuity argument: Suppose the estimates in (3.6)

is true only up to ¢t < T with T" < ¢;. Since the estimates (3.11) are weaker

than those in (3.6), they remain true for ¢ € [0,7 + 7] for some 7 > 0,

T + 7 < t1, by continuity. Our proof then implies (3.6) for t € [0,T + 7].

This is a contradiction to the choice of T'. Hence (3.6) holds for all ¢t € [0, t;].

We will use similar continuity arguments to prove Propositions 3.2-3.4.
Recall

t
£(t) = e Moy + / e~ =9t p G (s) ds, (3.12)
0

and G¢ =i~ 1(G + A). Since
16280 pors < MNENTss N1€%€0 o < NEN Lo IENTA (3.13)
and [|€]| janz2 < 2a, assuming (3.11) we have
1Ge ()| inpass < CUz(9)] + ly())Y ) +1I€() | ange 1€(s) 70
< C(a(1 4 5)73/2)3 @) L Ca3(1 4 5)73/2
< CaPCH) (1 4 5)732 = 0(1) a(1 +5) 72,

Here we have used 6 < 1, see (3.4). Using (3.1) and (2.42), £(t) is bounded
in L* by

(14+)a

t
€| o < o ()™ +/0 C(t = 8) 74| Ge(5) pass ds < oA

To bound ||§(t)||L12 , we bound the integrand in (3.12) in L for s small
and in L* for s large. Hence, using (3.1) and (2.43),
t
lE@e <o+ /0 Cmin { (£ = )72, (t = )7/} | Gel9) | a s ds
< (1+)a )32,
Hence we have shown all estimates in (3.6), by a continuity argument.

Suppose t; = co. It follows from (3.6) that everything vanishes and we
have (3.7). Suppose t; < co. That n < 2« is by (3.3). Eq. (3.9) is by the
definition of ¢;. We want to show (3.10). For t > ¢; we have

. . t1 .
e_l(t_tl)Hof(tl) — ¢ Hog, 4 / e~ it=T)Ho P.G¢(7) dr.
0
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Hence, using [|Ge(7)[| ;147478 < 0(1)a(1 + 5)73/2 and (2.42)(2.43), we have

. tl
He—z(t—t1)Ho€(t1)HL4 < at_3/4 +/0 (t—T)_3/4 |’G§(T)”L4/3 dr

< at™3 M 4 o(1)at™3* < (1 + )at ™34,

[emtmmitogay)|

12

loc

t1

0
< (14 )at™3/2,

This proves (3.10) and we conclude the proof of Proposition 3.1.

Q.E.D.

The significance of ¢; is that it is a time when the dispersion loses its
dominance over the bound states. If ¢t; = oo, the dispersion dominates for
all the time and everything vanishes locally by (3.7). This gives us case I of

Theorem 1.1. Suppose now t; < co. There are two possibilities:

Lo Jz(t1)] > [y(ta))*,
2. |a(ty)] < [y(tr) .

We will focus on the second case since it is more subtle. We will come back

to the first case, which corresponds to case 1I,, at the end.

Proposition 3.2. Suppose t1 < 0o and
it =n, |et)] <n*, ot *? =0t
Define
to = sup {t >t n?Tz(s)| < a (s>_3/2, Vs € [tl,t]} .
For t € [t1,t2), we have

/v € (3, 2.
|z(t)| < min {2n2+6,n_2_ba <t>_3/2} 7

€@ e < (14 20)a (8) 34,
1€z < Cn™*a (ty=3/2.

Suppose to = co. Then there is a Yoo ~ 1 such that

ly(O] = yoo| + 2Ol +1ED 2 < CE2 ast — oo,

(3.14)

(3.15)

(3.16)

(3.17)
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Moreover, ©(t) = —FE1 (Yoo )t + O(tY/2) as t — oo, where O(t) is the phase of
y(t), defined in (2.6).

Suppose ty < co. We have n?*|x(ty)| = a(t2>_3/2 and, for all t > tg,
the following outgoing estimates on the dispersive wave &:

”e—z‘(t—tg)H0£(t2)HL4 < (1+ 20)at™3/4,

2 ; (3.18)
Cn?|z(t2)|t ) V2,

< (1 + 20)at™3/? t
< (142 +t1+t_t2<

et

2
Lloc

PROOF: We first consider t € [t1,t2). By definition of ¢9, we have
lz(t)] < n 2"t ™32 (8 <t < ty). (3.19)
Using a continuity argument we may assume

y®) /vt €z, 3l lz(0)] < 3,

3.20
Ol <2007, el <20naln e O

< n?z + X with

~

We first estimate (t). By Lemma 2.3, [|G¢(5)| 17475
X(s) =nallélp +alélis < Cn'~a® +a®)s2,
where we have used (3.20) in the last inequality. Using (3.19), we thus have

1Ge(s)| prapass < Cn~tas™3/2. For &(t) with t € [t1,t2) we have

£(t) = e W Hoe)y 4+ g@1),  J(t) = / it P Ge(s) ds.

t1

The estimate for e~*(t=")Hog()) is provided by (3.10) of Proposition 3.1.
Hence it suffices to estimate the integral J(¢). We have

t t
() s < C/ [t = |7/ |Ge(9) | ars ds < C [ |t —s|7/ 0" as™ 2 ds
t1

t1
< Cn—batl—l/2t—3/4 < Ca2/3p2+0)/3-1=3/4 at_3/4,

where we have used the inequality (2.42) to bound the last integral, and also
a1/3t1_1/2 = n(2+9)/3 by (3.14). Similarly,

t
Il <C / min {|t = 5| 7%/2, [t = 5|} |Ge(s) | s ds
1

t
< C/ min {|t — |72t — s|_3/4} n"tas 3% ds < Cn~tat™3/?

t1
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by (2.43). We have proven the estimates of £(¢) in (3.16).

We will estimate x and y using the normal form in Lemma 2.4 with the
initial time ¢ = ¢;. Recall that x(t) = e~*tu(t), y(t) = e *ly(t) and the
perturbations p of u and v of v satisfy (2.37) and (2.38). We first estimate
the error terms g, and g, in (2.37)—(2.38), for which we need a bound on

lEP Oz, -

Recall ¢€6) = §3) + 553) + fé?’_)5 is defined in (2.21). We set the initial
time to t; and replace &y by (1) in (2.21). The estimate of §§3) is given by
(3.10). H{ég) (75)HL2 is bounded by Cn?|z(t1)| (t — t1>_3/2 by Lemma 2.2 and

loc

the definition (2.19) of £ (t1). For §§3_)5 we have the integral estimate (2.25)
and we can use Lemma 2.3 to bound the integrand, ge3-5(s) < n'z + X <
C(n*>ta+n'"ta® + a®)s™3/2 = o(1)as—3/2. Summing all the estimates, we
can bound £6)(t) by

H§(3> (t)‘ < (1 +)at™32 4 0?0 (t — t,) 32

L2

loc

t
+ / min {|t — |72 )t — 8|_3/4} o()as™?ds

t1
< (1 +0)at 32 4 en273% 4+ o(1)at™3/? < 20t/

Here we have used n29 (t — t,)73/2 < Ct=3/2 for t > t,. Using (2.36), (3.19),
(3.20) and (3.9), we can bound the error terms g, and g, by

9ul: 15| S an®la] 4+ n? ¢

2 2
, Tl + (€l +an?) ]2,

loc

L
< n2at=%/2.

We now estimate z(t). If t > n=193 using § + ¢ < 1 we have |z(t)| <
n=2 tat=3/2 < =2 ta(n=10/3)73/2 < 249,

If t € [t1,n'9/3], using (2.37) we have,

"
ds < C | nYax(s)| + |gu(s)| ds
t1

et = e < [ |l

t
<C | n*n?*® 4+ n2as32ds
t1

< OnSHOn 103 4 on?a ()72 < 0?0, (3.21)

Here we have used al/gtl_l/2 = n+9/3 and § < 1. Since p = u + O(n’u),
together with (3.19) we have proved the estimate for z(¢) in (3.16).
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We now estimate y(t). Using (2.38) and (3.19), for all ¢ € [t1,t2) we have

¢
ds < C | n*a(s)| +|9,(s)| ds
t1

ol =il < [ |3t

t
<C | n*tas™3?ds < Cn* o (t1>_1/2 <n. (3.22)
t1

Since v = v + O(n?u), we have proved the estimate for y(¢) in (3.16). The
proof of (3.16) is complete.

Suppose to = co. The bounds of z(¢) and ||§(t)||L12 in (3.17) are given
by (3.16). By the same argument as in (3.22), we have for all t > 7 > ¢,

t
||V(t)| - |V(7')H < C/ n2_bas_3/2 ds < C’nQ—La <7_>—1/2’

which converges to zero as t,7 — oo. Hence |v(t)] and |y(t)| have a limit yo.
Moreover, |[yo| — |[V(7)]| < C17 12 as 7 — oo and ye — |y(t1)| is bounded

by Cn®ta (t1) Y% < n. Hence yoo ~ n. The phase O(t) of y(t) is given in
(2.6), ©(t) = 6(t) — fot Ei(|ly(s)])ds. Let Eoo = E1(yoo). Using (2.9) we have

t
O + Exct] < 00) + [ 101+ |Er(u(s)) ~ Ewlds
0
t
<Ct [ OGOy, + Cn ly(o)] ~ el ds
0 ocC
t
<C +/ C(1+s)"Y2ds < C(1 4 t)/2.
0

We have completed the proof of (3.17).
Suppose now ty < 0o. For t > t9 we have
e MmtIHog (1)) = eI (1)) 4 Ty (1),

where .
2 .
Jo(t) = / e~ it=s)Ho pHo G () ds.

t1

The estimate for e~*(t=*)Hog(#)) is provided by (3.10) of Proposition 3.1.
Hence we only need to estimate J5(t). Recall ||G¢(8)]| 143,10 < Cn"ta <S>_3/2

for s € [t1,t2]. Hence, by (2.42) and (3.14),

to ¢
[ J2(t)][ 12 < C/ jt— 5|73/ |Ge(s)| jays ds < C | |t — s| 734 tas ™3 2 ds
t1

t1
< Cn—batl—lﬂ <t>‘3/4 < Ca2B3p2H+0)/3=14=3/4  (4=3/4,
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This proves the first bound in (3.18).

For the L2

i norm we have

t—4 t2

Q(s)ds +/ Q(s)ds,

to
1)l < [ Qs)ds <
oc t2 _Z

t1 VA

where ¢ = t;/2 and Q(s) := min {|t — s|73/2 |t — s|_3/4} Cn~tas™3/2. We
have

t—t t—¢ t/2
Q(s)ds < Cn_ba/ |t—s|73/2573/2ds = 2Cn_‘a/ |t—s|73/2573/2ds.
¢ ¢ ¢

The last integral is bounded by
t/2
/ +7320m " as32ds < Cn~tal~V2473/2 « ot =3/2.
¢

Recall at2_3/2 = n?*|z(t2)]. Since s ~ ty for s € [ta — £, 2], by (2.41) we can
bound the second integral by

t2 to
[ s < [ min =702 1= o} ooty s
to—¢ to—4

< Cn?|x(ty)] (t —ty) "1,

C+t—ty

Combining these two bounds, we have proved the second bound in (3.18).
Q.E.D.

The significance of to is that it is a time when the dispersion loses its
dominance over the ground state. If to = oo, by (3.17) the solution ()
converges locally to an excited state Q1(yoo). This gives us case IIT of The-
orem 1.1. We shall consider the other case to < oo, which corresponds to
case IIy, in Propositions 3.3-3.4.

Proposition 3.3. Suppose that the assumptions of Proposition 3.2 hold and
to < 0o. Let

ts =inf {t > to: |z(s)] < 0.001n, Vs € [to,t]}.

We have
ty +n7t <ty < o0, |z(t3)| = 0.001n,
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and the following estimates for all s,t with to9 < s <t < t3:
ly(®)/y(t2)] € 35, 32,
3 5
j(t)/z(s)] € [ eT0 (=9 5 eqronit=o)]
1E@)]| 12 < Canlz(t)| + (14 3L)at_3/4,
E@)llz2 < Can®la(t)] + (1+30)at™/?, (3.23)

oo

3 —3/2
. < Czan?|z(t)] + (1 + 3v)at

oc

t1 —1/2
Csn2|z(te)|——— (t — to) V2,
+ Csn \x(z)\tl+t_t2< 2)

for some explicit constant Cg > 0.

ProoF: Using a continuity argument we may assume
ly(t)/y(t2)] € (55, 3]
L 3
2(t)/z(s)] € [5 6570"4@_5), 3 6570"4(t—8)]
1E@®)|| 4 < 2C3 n|a(t)] + 2at~3/4,
@)z < 2C3 n?[x(t)] + 2a8~%/2,

Hg(?») (t)‘ 203m%|a(ta) |t

—-1/2
t—t .
t 1 —tg (¢ —12)

(3.24)

L < 2C30m>|(t)] + 20473/ +
1

oc

We now apply Lemma 2.4 with the initial time set to t = to to obtain the
normal form for z and y and the decomposition of &.

<niz+

~

We first estimate G¢ and g¢ 3-5. By Lemma 2.3, [|Ge ()|l 14/
X with

X(s) = na HgHleoc +« H§H%4 < Can?|z(s)| + Cals™3/2,

Hence ||Ge(8)| p1pa8 < On?|z(s)|+a3s73/2. By the same Lemma g¢ 3_5(s) <

1
nf|z(s)|+X < Can?|z(s)|+a’s~3/2. Note we have |z(s)| < 2|x(t)|e_§7°"4(t_s)
for to < s <t <ts by (3.24).

We now estimate £(t). For ¢ € [to, t3] we have
t
£(t) = e DHog(y) 4 J(1),  J(t) = / ¢~ =) B G (5) ds.
to

The estimate for e *(*=12)Ho¢(t,) is by (3.18) of Proposition 3.2. Hence it
suffices to estimate the integral. By the above estimate of G¢ we have, using
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(2.42),
t
1)l < C / 1t — 8|73/ | Ge(s)] e ds
2

¢ 1
<C |t — 3|—3/4 <n2|x(t)|e—§’70n4(t—s) + a33_3/2> ds
t2

< Cr2jz(®)|(nHM* + Cadty V434 < Cnla(t)] + o(1) at =34,

For the L?

2 norm, since & = £ 4+ ¢B) and H§(2) (t)HLQ < Cn?|z(t)] by its
loc
explicit form, it suffices to estimate £3) = 553) + gég) + 5?53_)5. By the above

estimate of g¢ 35 and (2.25),

t
L?océ/t min{\t—s\_3/2,\t—s]_3/4}95,3—5(3)d3

2

|25

t
<C min{|t—s|_3/2,|t—s|_3/4}

to
1
: <an3]az(t)]e_§'y°"4(t_s) + a33_3/2> ds
< Canlz(t)] + Ca’t=3/2,

The estimate of §§3) (t) is given in (3.18). We also have
t
| @] 1

—1/2
L S
n+t—m< 2)

L, S OnPfa(t)] (- 1) 7 < OnPla(ty)|
1

oc

by its explicit form and Lemma 2.2. Hence the Lfoc-bounds of € and £€®) are
proved.

We next estimate g, and g,. By (2.36) of Lemma 2.4, (3.24), and
at_3/2 < TL2+5,

9ul, 1G] S anla] +n? ¢

2 2
, Fnlel3s + (el +an®) el

loc

L

< an®|z(t)] + an®t =32 + ntlz(ty)) (t —ty) " Y2,

.
t+t— to

We now estimate x(¢) and y(¢) using the normal form (2.33) in Lemma
2.4 for the perturbation u(t) of u(t) = e*tx(t) and v(t) of v(t) = e*ly(t).
Recall that the initial time for normal form and the decomposition of & is
reset at t = to. We first consider ¢ € [ta,to + n~!]. Using the estimate of g,

and at; > = 2+ (ty)],

d _
| S e+ bl $ el + a2 S ().
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Therefore ||,u(t)| - |,u(t2)|‘ < Ontz(ta)|(t —t2) < |z(t2)|, and hence |z(t)| ~
|(t2)]. Similarly |y(t)] ~ |y(t2)].

We next consider ¢ € [to +n~!, t3]. The previous estimate of g, and g,
becomes

(9uls [90] S an®lz ()] + an®t=2 4 02 a(ts)| < On*Fla(t)].  (3.25)
Here we have used at=3/2 < n?Tt|z(ty)] and |z(t2)| < |=(t)].
By the estimate of ¢, and (2.37), we have
1 d 3. 04 5. 4
|l EM € [370n”, 3y0m7].
Hence, for all s,t with to < s <t <3,
3. 4 5. 4
() /()] € [ea0™ 72) | earom (=2,

Since ||z] — |u|| < Cn?|z|, we have proven (3.23); for |z(t)/x(s)|. Since
|z(t)| < 0.001n for all ¢ < t3, we must have t3 < co. Moreover,

- 4z (t3)| - Az (t3)|
H=1 1o <ts—ty < (ByenH) ! 1o . 3.26
) 5]%(152)] >~ {3 2 = (470 ) g 3’$(t2)’ ( )

(%70”

We now estimate |y(t)/y(s)|. By the estimate of g, and (2.38), we have

= |~2y0luPvP + Regoa/ ]| < 3onlz(s).  (3:27)

d y
dt
By (3.24)

t t 1 4
o)) = ]| < [ snontla(o)ds < [ Bpan2ia(e)e s ds
to to
< 12]z(t)] < 0.012n.

Since ||y| — |v|| < Cn?|z|, we have proven (3.23); for |y(t)/y(s)|. Q.E.D.

Proposition 3.4. Assume the same assumptions of Proposition 3.2. Let
ty =sup{t >tz: |y(s)| >en, Vselts,t)}, (3.28)
where € = eo/4 and g9 > 0 is the small constant in Theorem 2.5. We have

t3 <ty <tz + C(ye’n®)™ . (3.29)
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We also have the following estimates for tg <t < t4:

ot < sl <20, Jy(t)] < 2n, 5.30)
(ts)] > §n,  |y(ts)| = en.

€@ 1o < Canlz(t)] + (1 + de)at /4,
@)z < Canla(t)] + (1 +40)at /2, (3.31)

241
2 < Cyn~"z(t)],

(SRIG]
~2,,—4

for some explicit constant Cy > 0. Moreover, for t > t4 and At = ¢~ *n
we have the following outgoing estimates on the dispersive wave &:

“e—i(t—t4)H0§(t4)“L4 < CTLSAt(At e t4)_3/47

3.32
<Cn? At (14t —ty)" Y2 (332

—i(t—t4)H0 t ‘
He )], At+t—1ty

Hence the conditions of Theorem 2.5 are satisfied at t = t4 and the solution
P (t) converges locally to a nonlinear ground state.

PROOF: By a continuity argument and (3.3), we may assume

T < |a(t)] < 2n, ly(t)] < 2n,
6| o < 2Cyn|z(t)] + 20t 34,
@)z < 2Can®la(t)] + 208722, (3.33)

[P , <20m* ).

The estimates for G, &, ge 35, § ®), g, and g, can be proved in the same
way as those in Proposition 3.3. The only difference is on the estimates of
the bound states z and y, which we now focus on.

For any t < t4, we have |y(t)| > en. By (2.37), (3.25) and (3.33), we
have

d i
21l = 0[] + Re gui/ |l > o n? || = O] = Groe™n|pl.

Hence [z(t)], |u(t)] > |z(ts)|(1—Cn?) > 5n. By (2.38), (3.25), (3.33), and
v=uv+ 0(n’),

d ~
2Vl = =2%[pl* V] + Re g7/ v

< —270(g465)[VI* + O < =100 |v].
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Let p(t) = {[v(ts)| 72 +2010"%)y0n?(t — t3)} /%, We have p(ts) = |v(t3)|

and % p = —107%yyn?p®. By comparison principle,

()] < p(t) = {|(ts)| 72 + 200 yon?(t — t5)} /7.

Since |v(t)| > en/2 for t € [t3,t4], we have ty < oo and ty—t3 < Cyg le2n =%
Similarly,

d

— vl = =3yon?v .
We can compare it with p_(t) = {|v(t3)| 2 + 6von?(t — tg)}_1/2 and obtain
v(t) > p_(t) by comparison principle. This gives a lower bound t4—t3 > C'At
if |v(t3)] > 2en.

We finally prove the outgoing estimates (3.32) for (t4). For ¢t > t4,
e—’i(t—t4)H0§(t4) — e—i(t—tz)Hog(t2) + J4(t),

where J4(t) denotes the integral
14 )
Ti(t) = /t e =) Ho PHo G, () ds.
2

The estimate of e~*t~t2)Hog(ty) is by (3.18) of Proposition 3.2. Hence we
only need to estimate Jy(¢). We have shown in the proof of Proposition 3.3
that, for s € [to, t3],
1
Ge(8)|| p1ppars < nPla(ts €_§ﬁ/0n4(t3_s) + a33_3/2, to <5 <13).
3 LnL4/

For s € [t3,t4], using t3 > n™*,
HGE(S)HleLMS < 0713, (t3 < s < ty).

By the exponential decay, (2.43), (2.42) and t4 — t3 < CAt, At = e 2n~4,

ta
[Ja(@)] 4 < C/t |t — 5|7 || Ge(5) pass ds
2

t3 1
</)“—ﬂﬁﬂ<ﬁmﬁﬂkﬁwﬁ%”tﬂﬁfwﬁds
t2

tq
+/ It — s|73/*Cn’ds
t3

t3 tq
<C |t—8|_3/4n3ds+0a3t2_1/2t_3/4+C’ it — s|7/*n3 ds

t3—n—4 t3

< CrBAH(AL +t — t4) 3% + Cadty V234,
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Since at3/4 < Cn3At(At +t — t4)_3/4 for t > t4, we have the L* estimate

in (3.32). For L -norm, we have

ta
1a@)ll2 < C / min { |t = 572, [t = 5|4} | Ge(s) | s ds
2

t3 1
< / |t — 5|73/ <n2\x(t3)\€_§70"4(t3_3) + a33_3/2> ds
to

tq
—l—/ min{|t—s|_3/2, |t—s|_3/4}0n3d8
t

3
t3
<C It — s| 7320 ds + Ca’t3/?

tz—m—4

At
+ Ongm(l + t— t4)_1/2

<o At

2 qqt—ty)2
e S )

Here we have used the exponential decay, (2.41), (2.40), and that a®t—3/2 is
less than the last quantity for ¢t > t4 > n~%. The proof is complete. Q.E.D.

We now come back to case II, where ¢ = ¢; and we have |z(t1)] >
ly(t1)|?+°. We further divide it to three subcases:

L |y(t1)] = n, n®*° < |z(t1)| < 0.001n.
2. max(|z(t1)], ly(t1)]) = n, 0.001n < |z(t1)] < n, egn < |y(t1)| < n.

3. |z(t)] = n, [y(t1)] < eon.
In case 1, we can set to = ¢t; and our analysis in Propositions 3.3-3.4 and
Theorem 2.5 for t € [ty,00) goes through. In case 2, we set t3 =ty = t; and
apply Proposition 3.4 and Theorem 2.5. In case 3, we can set t; = t; and
apply Theorem 2.5 directly. The proof of Theorem 1.1 is complete.
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