MATH 143 — SLANT ASYMPTOTES

We have seen that a rational function f(z) = %&} will have a horizontal asymptote if the degree
of the numerator p is less than or equal to the degree of the denominator d. In particular, if the
degree of p is strictly less than that of d, then the z-axis will be the horizontal asymptote—a
geometrical condition that can be expressed analytically by saying f(z) — 0 as x — oo and as
Ir — —OQ.

If the degree of p is greater than or equal to the degree of d, then long division can be
used to obtain more accurate information about the large scale behavior of the rational function.
Recall that p(z) divided by d(z) gives a quotient ¢(z) and a remainder r(z), provided that
p(z) = d(z) - q(x) + r(z) and provided that the degree of r is strictly less than the degree of d.
In terms of rational functions, we have

_ p(x) _ r(z)
f(z) = i q(z) g

Because of the degree condition on r, it is clear that %&% approaches zero as * — 00, so that

f(z) and g(x) are close to each other when |z| is large. Thus the graph of the rational function
f(z) is asymptotic to the graph of the polynomial ¢(x) as z — =oc. In other words, the
two graphs are close to each other as z — oo and as  — —oo. In the special case where the
degree of p is one more than the degree of d, the quotient is a linear function, whose graph is a
nonhorizontal line in the plane. That line is called an oblique or slant asymptote to the graph of
the particular rational function.
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Problems: Determine all intercepts and asymptotes for the graphs of the following rational func-
tions and use that information to help you sketch the graphs of the functions.
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ANSWERS TO SLANT ASYMPTOTE PROBLEMS

(a) 23" 2 (b) z3 — 3x2 x—3
- = (e Vi 1 D L Wel TN R
oI . ki P g DO
N 1 | . .
Wt ! | l
. 1 [ [
N 0 | | | /
= K} - —1 1
3 % g | | 0 | 3 Hh
=2~ | | 19 y,
> A
Slant asymptote: \‘\ ! 13!/ Slant asymptote:
y=-2z-—2 : e S ! y=1x—3
2N |
T, P |
©  @+z)@2-3q) P d) g3 _ (o1 432!
¥ (2z + 3)? 0 2z + 3)° L e (z—2)(z+1)
| y 1 y 1
[ | Asymptote: | |K///
[ ¢ ol _% [ | s
| % | i
sy, I—% % A 0 Wit Slant asymptote:
i z [ | asiiy =gl
| \ —11 e sl ]
—\—][— Bicadasasa s R . =
: 4| Special point: P : : Special points:
43 8 Z
I (_?O-’_Z) //\l | (Oa %)a (—%a%)
| |
(e) 22— 2z z(z —2) (f) 1-—2° 2
= - = = —I e
S (x+1)(xz2 -z +1) 4 z
Y Y
: Asymptote: Asymptote:
[ L=y y = —z°
|
-1, 0 ETR 0
, 2 u ' &
| /
! /\
Al 4
(g) 23— 1 1 1 (h) g S e
V= 3 = Tpioi et brppyd il e
Y )
i W/
I 1 3 “ \ 74
| % ( ) 4)/ = A 74
_ll x o - % 18 //
=0 e el 2 )
-7l
- | Slant asymptote: Asymptote:
/\' y=4%z g= g = 2
|




