Mathematics 442

Homework 6: Solutions

2017/2018

1. In order to get from graph G1 to G2 we repeatedly either add in a vertex to an edge
increasing both the number of vertices and number of edges by 1, or delete a vertex of degree
2 decreasing both the number of vertices and number of edges by 1. Hence, repeatedly, the
(number of vertices)-(number of edges) stays constant, or m1 − n1 = m2 − n2 .
2. Let us do a proof by contradiction and assume that such a polyhedral graph G exists. Let
v denote the number of vertices in G, then since G is polyhedral it satisfies Euler’s theorem
and hence v − 24 + 8 = 2 and so v = 18.
Since every vertex has degree at least 3 we know from counting degrees that 3v ≤ 2e since
every edge has 2 ends. Hence since v = 18 and e = 24 substituting this in we have that
54 = 3.18 ≤ 2.24 = 48, a contradiction. Therefore no such polyhedral graph exists.
3. The dual of the cube is the octahedron and vice versa; the dual of the dodecahedron is
the icosahedron and vice versa; the dual of the tetrahedron is itself.
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4. If G is regular of degree k > 0 then every vertex has degree k so every edge meets k − 1
other edges at a vertex it is incident to. Every edge is incident to 2 vertices, that is has 2
ends, and hence every edge meets 2k − 2 other edges in total. Thus in L(G) every vertex
has degree 2k − 2 by definition, so L(G) is regular of degree 2k − 2.
5. In G let e be an edge incident to vi of degree di . Then in L(G) the vertex corresponding
to e, ve , will be adjacent to (di − 1) other vertices by definition of L(G). Since there are di
possibilities
for e, each vertex vi generates di (di − 1) edge ends in L(G) and hence there are
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6. We have that the bipartite graph K1,n for n ≥ 3 satisfies L(K1,n ) = Kn . This is because
in K1,n every edge meets the n − 1 others, and hence in L(K1,n ) every vertex is adjacent to
the n − 1 others. This is Kn by definition.

