
MATH 309 HW 5: SOLUTIONS

Question 1. We prove by induction on n that Gn has at least two non-consecutive vertices in the
facet with n boarders with degree at most 2. Base case n = 4 is trivial.

Induction step: LetGn be a planar graph which has a facet F with n borders. If there are no other
edges, then every vertex has degree 2. Now, suppose that there is an edge (P,Q) not belonging to
F . This edge divides Gn into two planar graphs G1, G2, each having strictly less than n vertices.
(Here both G1 and G2 contain the edge (P,Q).) If Gi is a triangle, then the remaining point has
degree 2 in Gn. If Gi has at least 4 vertices, by induction hypothesis, there is a point which is not
P nor Q having degree 2. Hence, we found 2 (non-consecutive) points which have degree 2 in Gn.

Question 2. By scaling, given any ` > 0, the number of `-distances determined by n points in
R2 is upper bounded by cn4/3. As there are

(
n
2

)
distances among n points, the number of distinct

distances is at least
c′n2

n4/3
= c′n2/3.

Question 3.
• Suppose there is a crossing, formed by AB and CD. Then, the points A,B,C,D form a

convex quadrilateral. In this quadrilateral, at least one of the interior angles, say ∠A, is at
least 90◦. Then, A is closer to C than D, contradicting that CD is an edge.
• We first show that Gn has a facet with more than 3 borders. Suppose not, then the infinite

facet is bounded by a triangle ABC. By definition, this is an equilateral triangle. Since
v > 3, there is a point D inside this triangle. Note that D is closer to A than B (or C),
contradiction.
Now, we have 2e > 3f and by Euler’s formula, e < 3v − 6.

Question 4.
• It suffices to show that each of the n points can be incident to c/δ unit circles (if the shortest

distance between the centres of the circles is δ).
Let P be a point. Let C be the unit circle centred at P . The centres C1, C2, . . . , Ck of the
circles intersecting P must lie on C. (Assume Ci are oriented anti-clockwise.)
As the distance between Ci and Ci+1 is at least δ, we have

∠CiPCi+1 ≥ 2 sin−1(δ/2).

Hence,
2π ≥ 2k sin−1(δ/2),

or
k ≤ π

sin−1(δ/2)
=

πδ

sin−1(δ/2)
· 1
δ
≡ cδ

δ
.

The coefficient cδ is bounded for δ ≤ 2 away from 0. As δ → 0,
δ

sin−1(δ/2)
→ 2.

So cδ is bounded on [0, 2].
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