
MATH 309 HW 5.

There are four questions to answer.

Question 1.* Let us suppose that a planar graph, Gn, has a facet with n boarders, i.e.
fn ≥ 1. Prove that the graph has at least two vertices with degree at most 2. (Hint: try
to prove it by induction.)

Question 2. In class we proved the cn4/3 upper bound on the number of unit distances
determined by n points in R2. Use this result to give a lower bound on the minimum num-
ber of distinct distances. Compare your bound with the

√
(n) bound we had in class.

Question 3. Given n points in the plane. We define a geometric graph, Gn, as follows:
The points are the vertices and two points p, q are connected by a line segment (i.e. (p, q)
is an edge) if q is the nearest point to p. In case of a tie, if there is more than one point
obtaining the minimum distance from p, we connect all of them with p.

• Show that the resulting graph is planar.
• What is the maximum number of edges in Gn? Prove that if n > 3 then the number

of edges is strictly less than 3n− 6.

Question 4. Given n points and m unit circles in the plane. We know that the shortest
distance between the centres of the circles is δ.

• Prove that the maximum number of incidences between the points and unit circles
is at most cn/δ, where c > is an absolute constant, independent of n,m or δ.

• Use the bound above to bound the number number of unit distances between n
points if the minimum distance between the points is δ. For what values of δ do
you get a better bound than what we had in class for the unit distances problem?

Due date: March 14, in class.
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