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Homework set 10 — Solution

Problem 1. (i) Let 9¢ = (27i)~'d(. Since
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we conclude that indeed
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(ii) Linearity of f +— f(T) is immediate. We claim that if f, g are analytic in €, then (fg)(T) = f(T)g(T).
Let ©,T be two contours as above such that © is completely in the interior of I". Then
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Now (0 —T) — (y —T) = 6 — 7, which yields when multiplied by (§ —T)~*(y —T)~*(6 — )~ the identity
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Hence

The first term vanishes since f@ 1) d0 = 0 because I lies outside of the interior of ©. The second term
reduces to

f9T) = - §
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<% g()bv> (0 —T)"f(0)00 = — }{ (0 =T)"1f(0)g(0)20 = (f)(T).
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(iii) Let pn € f(o(T), namely p = f(A) for some A € o(T). Since f is analytic, the function F({) =
(C = XN)7LHf(C) = f(N)) is analytic in Q so that F(T) is a well-defined element of £(V). By (ii) applied to
(¢ = NF(¢), we conclude that (T'— N F(T) = f(T) — p. But A € o(T') implies that the left hand side is
not invertible, and hence f(7T') — u is not invertible, namely u € o(f(7T)). Hence f(o(T)) C o(f(T)). Let
now p ¢ f(o(T)), namely f(A) —p # 0 for all A € o(T). Then g(A) = (f(\) — )~ ! is analytic in an open
neighbourhood of ¢(T), and hence g(T) is well-defined in £(V'). But then (f(\) — u)g(A\) = 1 implies by (ii)
that (f(T) — u)g(T) = 1, proving that g(T) is the inverse of f(T") — u, and hence p ¢ o(f(T)). This shows
that o(f(T')) C f(o(T')) and concludes the proof.

Problem 2. (i) A calculation:

lu+ vl + llu = ol* = (u, w) + {(u,v) + (v, 0) + (0, 0) + (u,u) = (u,0) = (v,u) + (v,0) = 2]|u]]* + 2]|v]|*.
(ii) First fo all, we check that v — —v exchanges the two real terms with each other, and similarly with
the imaginary terms, so that (u,—v) = —(u,v). Let now a = ™ with m € NU{0},n € N. If m = 0,

then (u,0v) = 0 indeed. Let now m € N. In order to prove that (u, Zv) = ™(u,v), we show equivalently
with o = v that n(u,md) = m(u,nv). Since (u,v +w) = (u,v) + (u,w} we have by induction that



(u, Nv) = N{u,v) for any N € N. Hence, n{u, md) = nm(u,?) = m{u,nv) indeed. We conclude that for
any a = £ iig, with m,n,p,q € N,
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The fact that (u,v) = (v,u) implies that (u,u) is real. Therefore, the last two terms vanish and hence
4(u,u) = ||2ul|?, namely (u,u) = ||ul|?. This shows that (u,u) > 0 and it vanishes iff u = 0.

We turn to the Cauchy-Schwarz inequality. It is trivially satisfied if (u,v) = 0. Hence we assume that
(u,v) = 0, which implies in particular that both ||u|| # 0,||v|| # 0. For any A, v € C with rational real and
imaginary parts, we have by the above

0 < [+ pol® = (A + po, Mu+ po) = (AP |Jull® + Madu, v) + Mafu, v) + [ul?[lo]*.

As a function of the real and imaginary parts of A, u, the right hand side is continuous. It is nonnegative
on a dense set of C x C, and therefore extends by continuity to a nonnegative function on C x C. But then,

ices A — (LY? and 7 = — fwer (1ul)'? ] o
the choices A and [ yields the Cauchy-Schwarz inequality.
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Finally, let « € C, and let (a,)nen be a sequence of complex numbers with rational real and imaginary
parts, and converging to a. Then

[(u, an) = (u, av)| = [(u, (an — a)v)| < [[uf[[[(an — @)oll = |an — af|ull||v]|
converges to zero and hence (u, av) = limy, o0 (U, V) = limy, o0 ap (u, v) = a(u, v), concluding the proof.
Problem 3. (i) Since ||w| = sup{|[{u, w)| : |Ju|| = 1},

[A*| = sup [JA™v[= sup sup  [(u, A"v)| = [|A]
veH, [lvl=1 veH,[[vll=1 ueH, [ul =1

where we noted that |(u, A*v)| = |(Au, v)| = [(v, Au)|.
(ii) The equality for A* follows from 1 = 1*, the fact that (7'S)* = S*T™*, and

TeGI(H) <3S e L(H)st. ST=TS =135 € L(H) st. T*S* = S*T* =1 T* € GI(H),

applied to T = A — A. As for A=1, it suffices to write A\l — 4 = MA(A~! — A711) to conclude that if
A € GI(H), then A1 — A € GI(H) iff (A1 — A™1) € GI(H).

(iii) By Cauchy-Schwarz, |(v, Av)| < |[v]|||Av| < ||v||?||Al|, proving that ||A|| > sup{|(v, Av)|/|[v|*,v € H}.
For the reverse inequality, we pick v € H such that |v|| = 1 and Av # 0 (if no such vector exists, then A =0
and there is nothing to prove). Let v = ||Av||"/?v and w = ||Av||~*/?Av. Then |u||®> = ||Av|| = |Jw|?. For
T =1u-+w,y=u—w, we compute

(z, Az) — (y, Ay) = 2(u, Aw) + 2(w, Au) = 2(v, A%v) 4 2(Av, Av) = 4]|Av|?
since A = A*. On the other hand, if S = sup{|(v, Av)| : ||v|| = 1}, the triangle inequality yields that
(@, Az) — (y, Ay)| < S(l2|* + llyl*) < 25(full* + [[0]|*) = 45| Av]

by the parallelogram identity. Hence || Av|| < S. Taking the supremum over v yields the claim.
(iv) Since A*A is self-adjoint, we see that ||A*A|| = sup{(v, A*Av) : ||v|| = 1} = sup{[|Av|? : ||v|| = 1} =
|| A||?. With that, and if A is normal,
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[AZ[J* = [[(A)* A% || = [[(A"A)*" || = [I(A*4)* (A" A)* | = [(4"4)* |
which yields ||A%"||> = ||A*A||>" by repeating the last steps and finally [|42"||?> = HA||2"+1. The claim follows

from this by the very definition of (A).



(v) If X € p(BA), and X # 0, then
(M — AB)(1+ A\ — BA)™'B) = Al

since A\(A1—BA)™1 —A\71) = BA(A1 - BA)~!, which shows that A1 — AB is invertible on the right, showing
that o(BA) \ {0} C 0(AB) \ {0}. The inverse inclusion follows by exchanging the roles of A, B.

Problem 4. Let (f)nen be a bounded sequence in L?(Y, v) and let M = sup{|| fu||2(v,») : 7 € N}. Since, by
the Riesz lemma, any Hilbert space is reflexive, there is a weakly convergent subsequence (f,,, )xen - We claim
that (K fn, )ken converges to K f in the norm topology of L?(X, u). Since [y |k(z, y)[Pdu(z)dr(y) < oo,
we have that [} [k(z,y)|?dv(y) < oo for p-almost every @ € X. Therefore, for any such z,

lim (K fn,)(x) = lim (k(z,-), fo,)L2(ve) = k(@) flrzw) = (Kf)(z)

k—o0 k—o0
by weak convergence. Moreover, the Cauchy-Schwarz inequality yields
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Note that by assumption, H € L?(X, u). In other words, K f,,, converges pointwise p-almost everywhere
to [, k(x,y)f(y)dv(y), and it is bounded uniformly in k by the function H € L?(X,p). We conclude by
dominated convergence that

1, = K = Jim [ 10€F)(@) = (K7)(@) dula) =0,



