MATH 421/510, 2019WT2

Homework set 8 — due March 13

Problem 1. Let 1 < p < oo and let /P be the space of complex sequences such that Z;; |2n|P < o0.
Note that ¢7 ~ (¢P)* whenever (p, q) are dual indices (why?). Let (z™),en be a sequence in /P. Prove
that 2" — z if and only if (2" )nen is bounded and 2 — 2; as n — oo for all j € N.

Problem 2. Let V be a real normed vector space. Let (v,,),en be a weakly convergent sequence
to v in V. Prove Mazur’s theorem: There is a sequence (w;);jen in V' such that w; — v strongly
and each w; is a finite convex combination of {v, : n € N}, namely
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wj = 0, Uns oy, > 0, oy, = 1.
n=1 n=1

Problem 3. Let V be a real normed vector space and X C V be a closed convex subset. Let
F: X — R be strongly continuous and convex. Prove that F' is weakly sequentially lower semicon-
tinuous.

Hint: Use Problem 2.

Problem 4. Let 0 < e < 1 and let T, € L*°((0,1))* be defined by

Tef—l/oefdx.

€

Prove that {7, : 0 < e < 1} is bounded in L*°((0,1))*, but that it is not weakly-* sequentially
compact. Interpret your result in view of the Banach-Alaoglu theorem.
Hint: Consider the function f = >0 | (=1)"X[e,,1,en) (2)-

Problem 5. Let 1 <p <2 and f,g € LP(Q2). Use Hanner’s inequality

(A5 + Ngllp) = (Lf + gllp + 11f = gllp)” + I +gll, = 1L = gllp]”

to show that if f,, = f in LP(Q) and || fu|l, — || fllp, then || frn — fll = 0 as n — oc.



