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Homework set 4 – due February 07

Problem 1. Let (M,d) be a compact metric space. Prove that ‖f‖ = sup{|f(x)| : x ∈ M} is a
well-defined norm on CC(M) with respect to which CC(M) is complete.

Problem 2. Let (V, ‖ · ‖) be a normed linear space.
(i) Assume that V is complete. Prove that W ⊂ V is complete iff W is closed.
(ii) Let {x1, . . . , xn} be a linearly independent set in V . Prove that there is c > 0 such that∥∥∥ n∑

i=1

λixi

∥∥∥ ≥ c n∑
i=1

|λi|.

(iii) Assume that W is finite dimensional. Prove that W is complete.

Problem 3. Let V be a vector space. Two norms ‖ · ‖1, ‖ · ‖2 are equivalent if there are positive
constants c, C such that c‖v‖2 ≤ ‖v‖1 ≤ C‖v‖2 for all v ∈ V .
(i) Prove that equivalent norms generate the same topology.
(ii) Let V be finite dimensional. Prove that all norms are equivalent.

Problem 4. Let V be a normed linear space and let C ⊂ V be a proper closed subspace. We say
that v ∼ w ⇔ v − w ∈ C, denote [v] = {w ∈ V : w ∼ v} and let V/C = {[v] : v ∈ V } be the set of
equivalence classes.
(i) Prove that ‖[v]‖ = inf{‖w‖ : w ∈ [v]} is a norm on V/C.
(ii) Assume that V is complete. Prove that V/C is complete.

Problem 5. Let (Ω,F , µ) be a measure space.
(i) Let 1 ≤ p < q ≤ ∞. Prove that if f ∈ Lp(Ω) ∩ Lq(Ω) then f ∈ Lr(Ω) for all p ≤ r ≤ q.
(ii) Let p <∞. Prove that if f ∈ Lp(Ω) ∩ L∞(Ω) then ‖f‖∞ = limq→∞ ‖f‖q.


