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Homework set 3 – due January 31

Problem 1. Let X be a metric space with metric d. For any nonempty set E ⊂ X, define

dE : X → [0,∞), dE(x) = inf{d(x, y) : y ∈ E}.

(i) Show that dE is uniformly continuous on X.
(ii) Let A,B be disjoint nonempty closed subsets of X. Examine the relevance of the function

f(x) =
dA(x)

dA(x) + dB(x)

to Urysohn’s lemma.

Problem 2. Let (M,d) be a metric space and let K ⊂M be compact.
(i) Let C be an open cover of K. Prove that there is r > 0 such that for any x ∈ K, there is Ox ∈ C
with Br(x) ⊂ Ox.
(ii) Let U be open and such that K ⊂ U . Prove that there is r > 0 such that Br(x) ⊂ U for all
x ∈ K.

Problem 3. Let P0 = 0 and define the sequence of polynomials (Pn)n∈N by

Pn+1(x) = Pn(x) +
1

2
(x2 − (Pn(x))2) (n ≥ 0).

Prove that limn→∞ Pn(x) = |x| uniformly in [−1, 1].

Problem 4. Let (S, T ) be a topological space and let f : S → R. The function f is called lower
semicontinuous if {x : f(x) > a} is open for any a ∈ R. It is called upper semicontinuous if
{x : f(x) < a} is open for any a ∈ R.
(i) Prove that f is continuous if and only if it is both upper and lower semicontinuous.
(ii) Let O be open. Prove that the characteristic function χO is lower semicontinuous.
(iii) Let C be closed. Prove that the characteristic function χC is upper semicontinuous.
(iv) Let {fα : α ∈ I} be a family of lower semincontinuous functions, and let f = sup{fα : α ∈ I}.
Prove that f is lower semincontinuous.

Problem 5. Let (X, TX), (Y, TY ) be compact Hausdorff spaces.
(i) The family {OX ×OY : OX ∈ TX , OY ∈ TY } is a base for the box topology T on X × Y . Prove
that (X × Y, T ) is compact.
(ii) Let f ∈ CR(X × Y ) and let ε > 0. Prove that there is n ∈ N and functions {gj ∈ CR(X) : 1 ≤
j ≤ n} and {hj ∈ CR(Y ) : 1 ≤ j ≤ n} such that∣∣∣f(x, y)−

n∑
j=1

gj(x)hj(y)
∣∣∣ < ε

for all x ∈ X, y ∈ Y .


