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Abstract

It is shown that, if ¥ is a closed orientable surface and ¢ : ¥ — ¥ a homeomor-
phism, then one can find an ordering of 71 (%) which is invariant under left- and right-
multiplication, as well as under p.:m(X) — 71(X), provided all the eigenvalues of the
map induced by ¢ on the integral first homology groups of 3 are real and positive. As an
application, if M3 is a closed orientable 3-manifold which fibres over the circle, then its
fundamental group is bi-orderable if the associated homology monodromy has all eigen-
values real and positive. This holds, in particular, if the monodromy is in the Torelli
subgroup of the mapping class group of 3.

1. Introduction

It is well-known that the fundamental group m (%) of a closed orientable surface is
bi-orderable, that is, the elements of the group may be given a total linear ordering
which is invariant under multiplication on both sides. If ¢: ¥ — ¥ is an automorphism
of the surface, we show that m1(X) can be given a bi-ordering which is invariant under
ps:m () — m1(X) provided all the eigenvalues of the homology map induced by ¢ are
real and positive. This generalizes a similar result of [PR] for free groups to the somewhat
more complicated case of surface groups, or more generally to certain one-relator groups.
The proof depends crucially on a theorem of Labute [Lab].

We apply this result to 3-manifolds M3 which fibre over the circle as follows. Suppose
M3 — S is a fibration, with fibre a closed oriented surface ¥, and monodromy ¢: ¥ — .
M? may be regarded as the mapping torus E, of ¢. From the homotopy exact sequence
of the fibration,

1 —m((E) — m(M) — 1 (S — 1
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and the orderability of 71 (X) and 71 (S') = Z, one can conclude (for any ¢) that 71 (M?) is
left-orderable (i.e. has an ordering invariant under left-multiplication). The fundamental
group of M? is an HNN extension of 71(¥), in other words, it is isomorphic to the
group 71 (X), with an extra generator ¢, subject to the relations t =1 ot = . (), for all
generators x of w1 (). To construct a bi-ordering for 71 (M?), one needs a bi-ordering of
71(X) which is invariant under ¢,. Thus 7 (M?3) is bi-orderable if all the eigenvalues of
the homology map induced by ¢ are real and positive.

2. The main result

Let G be a group. Define the descending central series of G' by
G1= G7 Gn = [Ga Gn—l]

where [G, G,,_1] is the group generated by commutators [g,h] = ghg=*h™!, g € G, h €
Gn-1. We set L,(G) = G,,/Gpy1 and gr(G) = 52, L, (G).

Then L, (G) are abelian groups and gr(F') has a Lie algebra structure, by defining the
Lie product (u,v) — [u,v] = uvu™tv™1 € Ly iy, for u € L,(G), v € Ly, (G).

Let F be a free group generated by x1,- -+, 2z, and R € F. Let e(R) = sup{n; R € F,}.
We will assume the following condition:

(*)  e(R) > 1 and R is primitive, i.e. R is not a power modulo Fe(py{.

Suppose G = F/({R)) is the corresponding single relator group. We make the following
additional hypothesis:

(%) ﬂ Gn ={1}.

Let G be the abelianization of G. By (x), G% is free abelian of rank h. More precisely
the canonical map F% — G is an isomorphism.

Now let ¢ be an isomorphism of G, ¢, be the induced isomorphism on G*. We
consider the hypothesis.

(%% %)  @ap has all its eigenvalues real and positive (possibly with multiplicity).

THEOREM 2-1. Let G be the single relator group F/{(R)) satisfying hypothesis () and
(%), and suppose ¢ is an isomorphism of G satisfying (x*x). Then there is a bi-ordering
of G which is invariant under ¢.

This will be proved in Section 5.

COROLLARY 2-2. Assuming the hypotheses of Theorem 2-1, the HNN extension of G
by Z defined by ¢ is bi-orderable.

Proof If 1 = A —- B — C — 1 is an exact sequence of groups, with A and C
bi-orderable, then B is biorderable provided conjugation of B upon A preserves a bi-
ordering of A. The ordering is defined by taking by < by in B if either b1_1b2 lies in A and
is greater than the identity there, or else its image is greater than the identity in C. O

Remark : Hypotheses (x) and (xx) are verified for G the fundamental group of a
closed orientable surface of genus g. Here h = 29, F = (x1,---,%g,Y1, ", Yg) and R =

[z1, 1]~ [Igvyg]-
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COROLLARY 2-3. Let ¥, be a closed oriented surface of genus g, ¢ a homeomorphism
of L4 such that the induced isomorphism on Hy(X4;Z) has all eigenvalues real and pos-
itive. Let E, be the mapping torus of ¥, associated to ¢ (this is a S-manifold fibering
over S1). Then the fundamental group of E,, is bi-orderable. This is true in particular if
@ belongs to the Torelli subgroup of the mapping class group of ¥4 (that is, p. = id at
the homological level). O

COROLLARY 2-4. If M is a 3-manifold which fibres over the circle, with fibre a torus
(possibly with punctures), then m (M) is virtually bi-orderable. In fact, it has a bi-
orderable subgroup of index at most siz.

Proof The monodromy matrix A is a 2 x 2 matrix with determinant 1 (if the fibre
is a punctured torus, the monodromy is the block sum of A with a number of identity
matrices). By considering the characteristic polynomial x 4(t) = t? — trace(A)t + 1, we
see that the eigenvalues of A are real if [trace(A)| > 2, and otherwise are roots of unity
of order 2, 3, 4 or 6. Accordingly the matrix AP, with p = 1,2,3,4 or 6, will have real
positive eigenvalues. This is the monodromy matrix of a p-fold cover of M. |

S

Fig. 1. Curves on a genus 2 surface

Example: Let 71, ...,T5 denote the Dehn twists along the curves labelled 1,...,5 on
the genus two surface pictured in Figure 1. Define ¢ = T1T3(T5)?*T; Ty *. According to
[CB], p.79, the characteristic polynomial of ¢, is t* —9t3 +21¢2 — 9t + 1. It is irreducible
over Z and has all it roots real and positive, so ¢, satisfies (** *) and the corresponding
3-manifold E, has bi-orderable fundamental group. Moreover, ¢ is pseudo-Anosov and
therefore E, is hyperbolic.

Remark: It was mentioned in the introduction that for any homeomorphism ¢ : ¥ —
>}, the fibred manifold F, has left-orderable fundamental group. We note that if ¢ is
periodic, even at the fundamental group level, then 7 (E,) cannot be bi-orderable. If
there were a bi-ordering on m(E,,), which is the HNN extension determined by ¢, :
m1(2) — m1(X), then the ordering would be invariant under conjugation and therefore
ps-invariant. However, if ¢, # 1 but ¢f = 1 for some p > 1, we would have an element
z € m(X) C m(E,) such that p.(x) # = but ¢f(z) = z. Suppose, without loss of
generality, * < ¢.(x) in the bi-ordering. Then ¢.(z) < ¢?(x), and by induction and
transitivity we conclude z < ¢f(x) = x, a contradiction.
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3. Review of some basic facts on Lie algebras

Let F be a free group. By ([Fox], section 4.5), z € F,, if and only if z — 1 € I"™ where
I is the augmentation ideal of Z[F] (I = Ker ZF -57). The map 7(z) = z — 1 gives an
injective homomorphism:

(1) Lo(F)=F,/Fpy1 — I"/1""
In fact if x, y € F),, then
may) =ay—l=(x—-D)+@y—-)+(@-1)(y—-1)=(x—1)+ (y—1) mod I"".
LEMMA 3-1. 7 induces an injective homomorphism of Lie algebras:

(2) 7 L(F) =8 L, (F) — ZI=g>, 1"/

where the Lie product on T is defined by [a, f] = af — Pa.

Proof For x € F,, y € F,, we have

nlr,y] =y ly Tt -1
= (zy —yz)z ™y~

= (zy —yz) + (zy —yz)(@ 'y = 1)
@ =1y —1)— (y— 1) —1)] mod Im+m+1

m(@)7(y) — m(y)m(x).

1

Let H" = H®---® H (n times) where H = F,;, and let H = &2° , H®"™.
LEMMA 3-2. a. For any positive integer n, the map
(3) Y /T — g

given by (z;;, — 1)+ (x5, — 1) — a;, ® -+ ® a;, 18 a homomorphism of abelian groups,
where x; is a generator of F' and a; is the canonical image of x; in H = Fgp.

b. The map ¢ = P, : T = ®I"/I"T — H = QH®" is an isomorphism of Lie
algebras, where the Lie structure of H is given by [, ] = a® - B a, for a € H®™,
B e H®™,

Proof The proof is routine (see [PR]). O

4. Review of some results of Labute

Let R € F = (x1,---,2p), e =sup{n € N ; R € F,}. We suppose e > 1 and R
primitive. Let G = F/((R)) and R be the class of R in F./F..1 C gr(F). We of course
have a natural map gr(F) — gr(G). Let I(R) be the ideal generated by R in the Lie
algebra gr(F) = ®@F,/Fni1.

That is, I(R) = {\ R+ nR; A€ gr(F),n €Z} where \= A1 @& Ao B -+ BN, D+,
A\ € LZ(F) and \ - R = @1[>\1,R]
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THEOREM 4-1 (Labute [Lab)]). With the above hypothesis on R,
1. L, (G) = G, /Gry1 is a free Z-module of finite rank, for any positive integer n.
2. gr(G) =2 gr(F)/I(R). m|

Remark : Condition 2. means the following: L, (G) is the quotient of L, (F') by the
equivalence relation ~,, defined as follows. Let x, y € F,,, Z, § their classes in F,,/F},11.
Then Z ~,, g if and only if Z * =1 € I(R) ( is the abelian law in F,,/F,1). That is
Txy~ ' =X-R+pR, for some \ € gr(F), and p € Z. Since Z * y~ ! has degree n in
gr(F), and R has degree e this means:

(i) for n <e, Lyn(G)= L,(F).

(ii) for n = e, L.(G) = L.(F)/(R), where (R) is the subgroup generated by R.

(iii) for n > e, z ~ g if and only if 2y~ = [\,_, R] for some \,,_, € L,,_(F).

Recall the following homomorphisms:

Lo (F) Xz ny/ e+t Loy gen

L(F) " T =l /1" 2 H = aH®".

Denote by pg the image of R in H®¢ by 1), o me.

Denote by J(pg) the image in H of the ideal I(R) by 1 o 7.

So J(po) =4{A-po+npo; A€ Im(ypom), n € Z} is an additive subgroup of H, but
no longer an ideal of H since 1 o 7 is not surjective. The reason for considering J(po)

instead of the ideal of H generated by pg is that the induced map
=\ Yom
(4) L(F)/1(R) — H/J(po)

continues to be injective. Of course H/J(pp) is no longer a Lie algebra. It induces an
injective homomorphism (of abelian groups)

(5) Ln(G) = Lp(F)/ ~p— H®n/ ~n

where H®™/ ~,, has the following meaning. This is the quotient of H®™ by the relation:
forz, y € H®", o ~, yifand only if x —y = X\~ po + ppo = A ® po — po ® A + ppg for
Ae€Im(ypom), pelZ.

Soifn<e, H®"/ ~, = H®

Ifn=e H®/~.,= H®/{(py),

Ifn>e, z~,yifand only if z —y = A® pg — po ® A for some A € Im(¢y,—¢ 0 Tp—e).

Now let ¢ be an isomorphism of G and ¢4 the induced isomorphism of H = Ggp =~ Fp.
Let ¢ : FF — F be any homomorphism of the free group such that the following diagram
commutes:

F 2 F

(6) l l

G =
Then $up = pap- Denote by ¢, the induced homomorphism
Q/E:,; : Fn/Fn+1 — Fn/Fn+1.

In [PR] we proved that the following diagram is commutative:
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PnOTy

Fn/Fn+1 — H®n

(7) @ l l(ﬁ;@bn:(pab ® - ® Yab

PnOTy

Fn/FnJrl — H®n
LEMMA 4-2. % (po) = £po.

Proof Because of the commutativity of diagram (6), ¢(R) € ((R)), where ((R)) denotes
the normal subgroup of F generated by R.

= H yiRy; ! H lyi, R |R% = H R = R®%)  mod F,y;. By
i= i=1 =1

commutativity of diagram (7) : % (po) = pei. Since ¢%¢ is an isomorphism of free
abelian groups then Xe; = +1. O

COROLLARY 4-3. 0% : H®" — H®" induces a map on the quotient HE"/ ~,,.
Proof From the definition of ~,, (see (5)) it is sufficient to prove that
O3 (An—e - po) € J(po) for A\p— € Im (3 o 7):
(p?bn ()\n—e : pO) = (Pil@b()‘n—e & po—po X )\n—e)
= 05 An—e) © (£p0) = (£p0) ® Pl (An—e)-
By the commutativity of diagram (7), ¢%, (Ay—.) € Im (1 o 7).
So diagram (7) gives rise to a commutative diagram:

Gn/GnJrl — H®n/ ~n

(8) en | Lo

Gn/GnJrl — H®n/ ~n

where the vertical arrows are isomorphisms and horizontal ones are injective.
Tensoring diagram (8) by R, we get a commutative diagram

(Gn/Gn-l-l) ® R < (H®n/ N") ® R
(9) ©n (9 idR l l (,0 ® ZdR

(Gn/Gn-l-l) ®R — (H®n/ N") ® R

where the horizontal arrows are still injective.

Denote by V;, (resp. ¢y,) the R-vector space (H®"/ ~,) @ R (resp. 9% ® idg). Since
G, /Gry1 is torsion-free, by Labute’s theorem we get a commutative diagram, where the
horizontal arrows are injective:

Gn/Gn+1 — Vn

(10) ¢n | L én
Gn/Gn+1 — Vn
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LEMMA 4-4. If pq, : H — H has only real positive eigenvalues, the same holds for

Dn for any n.
Proof Tensoring the following diagram by R:

HO®™ —_— H®”/ ~n
! ‘P;@bn | ‘p;@bn

H®"  —— H®"/~,

we get a commutative diagram of vector spaces with exact rows, where F denotes the
kernel, and the map E — FE is the restriction of @?b" QR:

0— EF — H®"®@R — V, —0
! L5 oR L é&n

0— EF — H®"®@R — V, —0

The matrix of <p;®b" ® R has the following form in a suitable basis :

al?
(517)
where « is the matrix of wfb" ® R restricted to F and 3 the matrix of ¢,,. The eigenvalues

of cp?b" ® R are products of the eigenvalues of p,, ® R and therefore all real and positive.
So ( has only real positive eigenvalues. |

5. Proof of Theorem 2-1

Assuming that G and p: G — G satisfy the hypotheses of Theorem 2-1, we need to
construct an ordering of the elements of G which is invariant under multiplication on
both sides, and also invariant under the map ¢. We may proceed exactly as in section 4
of [PR], which we outline here for the reader’s convenience.

Go back to diagram (10), where the vector space isomorphism ¢,, has all its eigenvalues
real and positive. By standard linear algebra, there exists a basis vq, - -, vx for V,, with
respect to which the matrix for ¢ is upper triangular and has its (positive) eigenvalues
A1, -+, A\, on the diagonal. We order the vectors in V,, by reverse lexicographical ordering,
using their coordinates relative to the basis vy, -+, vg. Thus if x = zqv1 + - - - + 2,V and
Yy = y1v1 + - - - + yrog are distinct vectors in V,,, we define x < y if and only x; < y; (in
the usual ordering of R), at the last ¢ for which the coordinates differ. It is routine to
check that this ordering of V,, is invariant under vector addition and also that x < y if
and only if ¢(x) < @(y). Restricting this ordering to the abelian group G,,/Gy+1 defines
an ordering which is invariant under the isomorphism ¢,,.

We now have ¢,-invariant orderings of the lower central quotients G,,/G,,+1, for each
n € Z, and use this to define a p-invariant bi-order on G using a well-known technique
for ordering groups which are residually nilpotent and have torsion-free lower central
quotients. Namely, let g, h € G and consider n = n(g,h) = n(h, g) to be the greatest
integer such that g~!h belongs to G,,. Then define g < h if the coset of g=1h is greater
than the identity in the ordering of G,,/G,+1 and h < g otherwise. It is routine to check
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that this defines a bi-ordering of G, and it is invariant under ¢ because the orderings of
G /Gpy1 are invariant under ¢,. O
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