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SUPER-BROWNIAN MOTION

BY J. THEODORE COX! AND EDWIN A. PERKINS?
Syracuse University and The University of British Columbia

We show that a sequence of stochastic spatial Lotka—Volterra models,
suitably rescaled in space and time, converges weakly to super-Brownian
motion with drift. The result includes both long range and nearest neighbor
models, the latter for dimensions three and above. These theorems are special
cases of a general convergence theorem for perturbations of the voter model.

1. Introduction. In [13], Neuhauser and Pacala introduced a stochastic
spatial version of the Lotka—Volterra model for competition between species.
We show here that a sequence of these Lotka—Volterra processes, suitably
renormalized, converges to super-Brownian motion with a nontrivial drift. We do
this by proving a more general convergence theorem, extending the main results
of [3] on the voter model. In future work we will show that the above drifts
are connected to the questions of co-existence and survival of a rare type in the
original Lotka—Volterra model. At present our main results hold for three or more
dimensions. Our introduction is structured as follows. In Section 1.1 we describe
a special case of the model introduced in [13], and then formulate and state our
convergence result. In Section 1.2 we define a class of processes we call voter
model perturbations, and present a convergence theorem for this class. Our result
on Lotka—Volterra models is a special case of this theorem. In Section 1.3 we state
and prove a number of corollaries of the main theorem.

1.1. Lotka—Volterra models. 'We suppose that at each site of Z¢ (the d-dimen-
sional integer lattice) there is a plant of one of two types. At random times
plants die and are replaced by new plants, the times and types depending on
the configuration of surrounding plants. The state of the system at time ¢ will be
denoted by &, an element of {0, I}Zd, where &;(x) gives the type of the plant at x
at time ¢. We have chosen to label the two types 0 and 1; in [13], the types were
1 and 2. To describe the system’s evolution, we let & C Z? be a finite set not
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LOTKA-VOLTERRA MODELS 905
containing the origin, such that y € N implies —y € N. Let f; = f;(§) = fi(x, &)
be the frequency of type i in the neighborhood x + N in configuration &,

1

(1.1) fix, &) =— Y 1{(x +e) =i}, i=0,1.
N1 ex

Finally, let «g, o1 be nonnegative parameters. The dynamics of & can now be
described as follows: at site x in configuration &, the coordinate £(x) makes
transitions

0—1 atrate f1(fo+ o f1),
1—-0  atrate fo(fi + o1 /o).

(1.2)

These rates are interpreted in [13] as follows. A plant of type i dies at rate
fi + «ai fi—i, and is replaced by a plant whose type is chosen at random from its
neighborhood. In the “death rate” f; 4+ «; f1—;, @; measures the strength of inter-
specific competition of type i, and we have taken the strength of competition due
to individuals of the same type to be one. Note that the two configurations, all 0’s
and all 1’s, are both traps. Since fy + f1 = 1, the case ag = 1 = 1 gives the well-
known voter model (see [11] and [3]). In [13], an additional fecundity parameter A
allows them to consider populations in which one type has an advantage in
replacement. We have chosen to treat only the A = 1 case.

Unlike the voter model, the Lotka—Volterra model & does not have a simple
dual process. However, it was shown in [13] that if ¢g = o) = o < 1, then &; has
an annihilating dual process, a “double branching annihilating process” in which
particles move as random walks, branch, and annihilate each other. Although this
process is difficult to analyze, it was instrumental in the proof of Theorem 1
of [13], which states that for « sufficiently small (depending on ./, and excluding
N = {—1, 1} in one dimension), coexistence of types is possible. Here, coexistence
means that there is an invariant measure which a.s. concentrates on configurations
with infinitely many 0’s and infinitely many 1’s. On the other hand, comparisons
with biased voter models (see Section 4) show that for certain values of (xg, 1),
survival of a given type occurs. More precisely, let £ denote the process started
from a single 1 at the origin, and 0’s everywhere else, and define

S = [(ao,al):P( Z & (x)>0forall t > 0) > 0}.
xezd
Theorem 4 of [13] shows that S C S, where S is the set of (g, crq) such that

1 -« —ap), ifl—kl<ag<l,

(1.3) 0<o < .
1+k Nag—1), ifoag> 1,

and k = |N|.
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We treat here asymptotics for the “low density regime” where there are
relatively few plants of one type, which we take to be type 1. It is useful in this
context to change our original interpretation, and think now of 0’s as representing
vacant sites and 1’s as representing “particles” which may die or give birth to
particles at other sites. We may consider a “measure-valued” version of &; by
placing an atom of a given size at each site with a particle. For the voter model
case og = 1 = 1, it was shown in [3] (see also [2]) that appropriate low density
limits of renormalized voter model processes lead to super-Brownian motion (see
Theorem A below). Here we will consider asymptotics for Lotka—Volterra models
with the o; — 1, and will obtain super-Brownian motion with drift in the limit.

Let My (R?) denote the space of finite Borel measures on R¢, endowed with
the topology of weak convergence of measures. Let Qx, p = D([0, 00), M ¢ (R%Y)
be the Skorohod space of cadlag M ¢ (R%)-valued paths, and let 2 x.c be the space
of continuous M ¢ (R4)-valued paths with the topology of uniform convergence on
compacts. In either case, X; will denote the coordinate function, X;(w) = w(¢).
Integration of a function ¢ with respect to a measure p will be denoted by ().
For1 <n <oo,let C Z (Rd) be the space of bounded continuous functions whose
partial derivatives of order n or less are also bounded and continuous.

An adapted a.s.-continuous M ¢ (R9)-valued process X;,¢ > 0 on a complete
filtered probability space (2, ¥, ¥;, P) is said to be a super-Brownian motion
with branching rate b > 0, drift 0 € R and diffusion coefficient 6> > 0 starting at
Xo€e M f(Rd ) if it solves the following martingale problem:

(MP) For all ¢ € C3°(RY),

t 2A t
(1.4) AM@=&@%%M@—AX<o;%ﬁ—qé&@ws

is a continuous (¥;)-martingale, with My(¢) = 0 and predictable square
function

t
(1.5) W@M=AXM&M&

The existence and uniqueness in law of a solution to this martingale problem

is well known (see, e.g., Theorem II.5.1 and Remark I1.5.13 of [14]). Let

2
P}b(’og’a denote the law of the solution on Q2x ¢ (and also a probability on the

space of cadlag paths Qx p).

We define our rescaled Lotka—Volterra models following the approach used
in [3]. For N =1,2,..., let My € N (the set of positive integers), and let
ey =My~/N.Let SN =74 /¢y, and let Wy = (W), ..., W) € (Z¢/My \ {0})
be a sequence of random vectors such that

(a) Wy and — Wy have the same distribution.
(H1) (b) Thereisa finite 0> > O such that lim E(WjW3)=8;0°.
N—o0
(c) The family {|Wy |2, N € N} is uniformly integrable.
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Define the kernels py by

W

(1.6) pN(x)=P(T%=x), x € S.

For £ € {0, 1}5, define the densities £V = fN (&) = ¥ (x,&) by

(1.7) o= pyvoy—0uEG =i},  i=0,1.
YESN

We let o; = ozl-N depend on N, and let SIN be the process taking values in {0, 1)5N
determined by the rates: at site x in configuration &, the coordinate &£(x) makes
transitions

0—1 at rate Nle(fON + Otole),
(1.8)
1—-0 at rate NfON(le-i-OllfoN)-

That is, S,N is the rate- N Lotka—Volterra process determined by the parameters o lN

(and kernel py), which we will abbreviate as LV(a(I)V , a{v ). Note that we recover
the original formulation of our process by setting N = 1 and letting W; be
uniformly distributed over N, thatis, py (x) = Lixen}/|N|.

We now consider the measure X ,N determined by assigning mass 1/N’ to each
site of &N with value 1 and mass O to all other sites. Here the scaling for the
particle mass satisfies 1 < N’ < N, and will depend on the particular choice of
the Wy. Given a sequence N'(N), we define the corresponding measure-valued
process X tN by

1
(1.9) xN = ¥ > EN ()8

XGSN

(8, is the unit point mass at x). We make the following assumptions about the
initial states Sév :

@ > &' (x) < oo.
(H2) x€SN
b XY —Xo  in MpR?) as N — oo.
A consequence of (H2) is that sup, X (I)V (1) < o0, a fact we will frequently use.
The conditions (H1) and (H2) will be in force throughout this paper.
Our basic assumption concerning the rates oel.N isfori =0,1,

(H3) 0N =N@' —1)—=>6eR  asN— oo.

We will for the most part focus on Lotka—Volterra models with two types of
kernels py.
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(M1) Long range models. Let Wy be uniformly distributed on (Z4 /My) NI,
where I =[—1, 119\ {0}, and as N — oo,

MN/\/N—>00 ind=1,
M%/(logN) = oo ind=2,
My — o0 ind > 3.

It is simple to check that all the parts of (H1) are satisfied with o> = 1/3.

(M2) Fixed kernel models. Let My = 1, and let p(x) be an irreducible, symmetric,
random walk kernel on Z¢, such that p(0) = 0 and D ovezd xixIp(x) =
8;,-02 < 00. Define Wy by P(Wy = x) = p(x). It is simple to check that
(H1) is satisfied in this case.

As noted before, if we set each oel-N =1, so that 9(’)\’ = 91N = (0, then the

LV(1,1) process S,N is, in fact, the voter model. It was shown in [3] that in this
case X tN converges weakly in Q2x p to super-Brownian motion. More precisely,
let Py denote the law of X If (M1) holds and N’ = N, then

(1.10) Py= Py as N — oo.

Under (M2) we have the following (Theorem 1.2 of [3]):

THEOREM A. Assume (M2). (a) Ifd >3 and N' = N, then

2Y,,0,02
PN:>PXZE 7 as N — oo.

Here vy, is the “escape probability” of a random walk with step distribution p
[see (1.11) below].
(b)Ifd =2 and N' = N/log N, then

2 2
Py = Pf(i)w 0.0 as N = oo.

The two-dimensional case in the above theorem is the most delicate and explains
why we allowed the possibility of N’ # N in our definition of X ,N . As explained
in [3] (or see Proposition 2.3 below), the voter model may be viewed as a branching
random walk with state dependent branching rate 2 fON (x, .§IN ). For d = 2, this rate
will approach 0 as N — oo due to the recurrence of two-dimensional random
walk. To counteract this, we increase the branching rate by a factor of log N, or
equivalently, reduce the inverse mass per particle by a factor of log N. As we will
only treat either the fixed kernel case with d > 3 or the long range case below, we
will assume that

N =N in the rest of this work.

Let us return now to the Lotka—Volterra models £". We let Py denote the

law of XN = % ersN S,N(x)(Sx on Qx p. Under the assumption (H3) on the

rates aiN , we again have convergence to super-Brownian motion, but this time with

a (possibly) nonzero drift. Recall that (H1) and (H2) are always in force.
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THEOREM 1.1.  Assume (H3) and (M1). Then Py = Py, ""'/* as N — .

Next, we consider the fixed kernel case (M2). This time, to specify the
parameters in the limiting super-Brownian motion, we must introduce a coalescing
random walk system {th, x € Z4}. Each étx is a rate 1 random walk on Z? with
kernel p, with ég = x. The walks move independently until they collide, and then
move together after that. For finite A C 74 let T(A) = inf{s : |{l}§, x € A} =1}be
the time at which the particles starting from A coalesce into a single particle, and
write T(a, b,...) when A ={a, b, ...}. For d > 3, define the “escape” probability
(used in Theorem A) by

(1.11) Ye= Y p(e)P(r(0,e) = 00).
ecZd

Note that y, is the probability that a discrete time random walk with step
distribution p, starting at the origin, never returns to the origin. We also define

B = Z pe)p(e)P(z(e,e) <00,7(0,€) =7(0,€') = 00),

e e'eZ7d

8= Y ppE)P(z(0,e)=1(0,¢') = 00).

e e'e7d

(1.12)

Here we are considering a system of 3 coalescing random walks starting at 0,
e and €', where ¢ and ¢’ are independent with law p. Then B is the probability
the walks starting at e and ¢’ coalesce, but this coalescing system does not meet
the random walk starting at O, while § is the strictly larger probability that the
coalescing system starting at {e, ¢’} does not meet the random walk starting at 0.

2
THEOREM 1.2. Assume (H3), M2) and d > 3. Then Py = P;ge’e’a as
N — 00, where 0 =6y — 014.

Although Theorem 1.1 is a simpler result than Theorem 1.2, it includes the low-
dimensional case d < 2. Theorem A suggests that it should be possible to extend
Theorem 1.2 to the more delicate two-dimensional setting, with N’ = N/log N
and a different drift arising from asymptotic versions of B and . This is the
objective of parallel work.

In Theorem 1.1 there is no 6y dependence in the limiting law. This suggests
the possibility of a long range limit theorem without insisting that océv approach 1.
This is, indeed, the case and in a forthcoming paper we will establish a long range
limit theorem for fixed ag € [0, 1] and a{v as above. The argument, based on a
combination of ideas used here and in the corresponding convergence for the long
range contact process [6], suggests that a unification and generalization of these
results should be possible.
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Our motivation for this work is two-fold. First, it has been shown in recent years
that a number of different spatial stochastic systems at or near criticality, and above
a “critical dimension,” converge to super-Brownian motion or a near relative when
suitably rescaled. This includes lattice trees above 8 dimensions [4], long-range
contact processes above 1 dimension [6], oriented percolation above 4 spatial
dimensions [9] and, of course, the voter model (Theorem A above). (See [15] for
a nice survey.) It is natural to ask if the same is true for the LV (g, @) models.
The above results are steps in this direction, but, more generally, one could ask
if such a limit theorem will hold [in the context of (M2)] with zero limiting drift
for any “critical” LV («g, &1) model. (Of course, one must define “critical” here.)
A second motivation for proving any limit theorem is to actually use it to study the
more complicated approximating systems—especially, as is the case here, when
there are few tools available for their study. In a forthcoming paper we will use
Theorem 1.2 to refine the survival and co-existence results of [13] mentioned
earlier for (ag, @1) near (1, 1).

1.2. Voter model perturbations. In view of assumption (H3), the Lotka—
Volterra models &V can be viewed as small perturbations of the voter model. To
see this, we first rewrite the rates in (1.8) in the form

0—1 atrate Nf{¥ +605 (fV)?,
(1.13) NN N
1—-0 atrate Nfy +6, (fy )~

Adopting the notation of [11], the Lotka—Volterra model étN is the spin-flip system
with rate function cy (x, &) [which gives the rate at which coordinate £ (x) changes

tol—-§&x)],

(1.14) en(x, &) = Ney(x, ) + ey (x, £),

where ¢} (x, §) is the voter model rate function

(1.15) @ &)= pn(@UE(x +e) #E(x))
eESN

and ¢}, (x, £) is the “perturbation”

(1.16) ¢y (x, &) =6 (N (x, ) e ) =0} + 0 (£ (x, ) 1{& (x) = 1.

We will generalize the above, defining a wider class of voter model pertur-
bations, and prove convergence to super-Brownian motion for these processes
(hence, including Theorems 1.1 and 1.2 as special cases). First, we need some
additional notation. Let Pr denote the set of finite subsets of Z9. For A € Pr,
x €SN, £ € {0, 1}5~, define

xnv(Ax, &)= [] Ex+o.

ecA/ly
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We assume now that cy(x, &) is a function of the form given in (1.14), where
cy(x,&)isasin (1.15), and cj (x, &) is given by

(117 @O = Y xn(A,x,E)(BN(ALEX) =0} + Sn (AL{EX) = 1)).

AePr

Here By and 8 are real-valued functions on Pr (which may take negative values),
but we will assume throughout that

(1.18) cy(x,6)=0 forall x, &.

It is easy to check that the Lotka—Volterra rates can be written as in (1.17) [see
(1.25) and (1.26) below].

We now make a number of assumptions on the kernels py and on the
perturbation rates By and &y .

Kernel assumptions. The kernel assumptions (K1)—(K3) below are similar to
the ones in [3]. We assume that the py are given by (1.6) [recall (HI) is in
force], and we let {E,N ¥ x € SN} denote a rate-N continuous time coalescing
random walk system on Sy with step distribution py such that éév “* = x. For
finite A C SN, let 7V (A) denote the time at which all particles starting from A
have coalesced into a single particle,

tNA) =inflt > 0: (B} ", x € A} =1}.
We will also need a collection of independent (noncoalescing) rate-N con-
tinuous time random walks with step distribution pp, which we will denote
{BtN Y. x € SN}, such that B(/)v ** = x. We can now state the kernel assumptions.

We assume there is a constant y > 0 and a positive sequence {e},} with e}, — 0
and N e;“\, — 00 as N — 00, such that the following hold:

. N,0 _ _
(K1) Jim NP(BY =0)=o0.
lim Z pN(e)P(fN({O, e}) € (ex.1])=0 forall t > 0,
—>Ooe€SN
(K2) N
lim Z pn(@P(TV({0,e}) > ex) =v.
NﬁooeesN

For A € Pp, let TV (A) = t¥(A/ty), and put oy (A) = P(tV(A) < &%). [We
make the convention TV (&) = 0, so on (&) = 1.] The last kernel assumption we
need is

(K3) o(A) = Nlim on(A) exists for all A € Pr.
—00

We ask the reader to distinguish between the function o (-) defined above and the
variance parameter o2in (H1).
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We will see below that the conditions (K1)—(K3) hold if the kernels py are
either of the long range (M1) or fixed kernel (M2) type.

A key step will be to show that local spatial averages of microscopic quantities
like the local density of 1’s or 0’s near a 1 converge to certain coalescing
probabilities (like 8 or §) as N — oo. The spatial averaging will be implemented
by taking a conditional expectation with respect to the process up to time ¢ — €%,
where ¢ is the current time. So &}, must be large enough to allow enough time for
the averaging [hence, (K1) and (K2)], but still approach 0 to ensure locality of the
averaging.

Perturbation assumptions. We may assume without loss of generality that
BN(A) =48N(A)=0 if0e A.

To see why this is the case, note that the value of Sy (A) is irrelevant when 0 € A
because xn (A, x, n)1(n(x) =0) =0. If we define

o o [ if0eA,
N()‘{3N<A)+8N<AU{0}>, if0¢ A,

then a short calculation shows that replacing 8 with 8}, does not change ¢ (x, ).

The assumptions we now make appear somewhat technical, but in Section 1.3
we will show that they can be simplified (or hold automatically) in some natural
special cases. Roughly speaking, (P1) says that the “perturbations” By and &y
are appropriately bounded, (P2) and (P3) say that these rates converge in a well-
behaved way, and we require (P4) and (P5) in order to make comparisons with
the biased voter model in Section 4. As usual, £;(PF) is the space of functions
f:Pp— Rsuchthat || fll; = X acp, | f(A)] < 0.

(P1) sup »_ max(|Al, D(|Bn(A)] + 185 (A)]) < co.
N Aepp
(P2) There exist functions 8, § on Pg such that
By —> B and 6y —§ pointwise on Pr as N — 00.
(P3) If o(+) is in (K3), then as N — oo,
BN()on() — B()o(-) and Sy()on(-U{0}) = 3(-)o(-U{0})
in £1(PF).
(P4) There is a constant ks > O such that for all £ € {0, l}Zd with £(0) =1,

YN [[E@ = —ks Y pnG/en) (1 —EW)).

AePr acA yeZd

(P5) Bn(2)=0.
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Condition (P1) and (1.18) imply that the rates cy(x,n) above determine a
unique {0, 1}5N-valued Feller process. More specifically, consider the associated
Markov pregenerator

(1.19) QNfE) = Y en(x,E(fET) = F&),

XGSN

defined for functions f : Sy — R which depend on only finitely many coordinates.
Here £* is the configuration & with the coordinate at x flipped to 1 — £(x). It is
straightforward to check that (P1) and (1.18) imply the hypotheses of Theorem B3
of [12], and so there is a unique Feller process £/ whose generator is the closure
of Qp.

For our main result, Theorem 1.3, we assume now that the conditions (1.18),
(H1), (H2), (K1)=(K3) and (P1)—(P5) hold, and & is the corresponding voter
model perturbation. As before, XV is the measure-valued process determined
by é,N, X,N =(1/N) ersN StN(x)(Sx, and Py is the law of XV on Qx.p.

2
THEOREM 1.3. As N — o0, Py = P}z(g,e,a , Where y is given in (K2),

(1.20) 0= B(A)a(A)— Y (B(A)+8(A)o(AUI{0D,

AGPF AGPF
and o () is given in (K3).

REMARK 1.4. Our assumption that Sy (A) =Sy (A) =0if 0 € A implies that
B(A) = 8(A) =0 if 0 € A. Therefore, letting P, = {A € Pp:0 ¢ A}, the sums
over Pr in (1.20) can be replaced by sums over P. Similarly, in (P3), we need
only consider convergence in ¢ (P,é).

1.3. Applications of Theorem 1.3. In this section we specialize Theorem 1.3
to kernels py which satisfy (M1) or (M2). We will see that in each case, the kernel
conditions (K1)—(K3) hold, and that some of the perturbation conditions may be
simplified. We also show that the Lotka—Volterra Theorems 1.1 and 1.2 follow
from Theorem 1.3. We consider first the fixed kernel case.

Assume first that (M2) holds [and, hence, (H1)], and d > 3. Then the conditions
(K1)—(K3) follow for any sequence e}, — O such that e}, > N —1/3_To check (K1),
we make use of the local limit theorem bound (see Lemma A.3 of [3], e.g.),
P(Bt0 =0)< Ct~%/2 for some constant C. Since d > 3,

NP(BéVTV’O =0)=NP(BY =0) <C(Nef) ™2 >0 asN — oo,
Next,
Z pn(e)P(Tn(0,e) > ex) = Z p(e)P(t(0,e) > Ney)

eeSN ecZd

— Z p(e)P(1(0, e) = 00) = yp.

ecZd
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A similar calculation, using transience of the random walks, shows that the first
limit in (K2) holds. For A € PF,

on(A) = P(V(A) <el) = P(t(A) < Ne§y) — P(t(A) < 0) =0 (A),

so (K3) holds as well. Furthermore, a little rearrangement shows that we may
rewrite the limiting drift 6 given in (1.20) in Theorem 1.3 in the form

0= Z B(A)P(t(A) < 00, T(AU{0}) = 00)
AEPF

— > S(AP(r(AU{0}) < 00).

AePr

(1.21)

We can now present several corollaries of Theorem 1.3. We will assume, of
course, that the rates cy(x, &) are nonnegative and are given by (1.14) and (1.17),
and that (H2) and (M2) hold, and d > 3, but all other assumptions will be specified.
We will consider the alternative conditions

(P1Y Bn(A) =8n(A)=0 if |A| > ng for some finite no,
and for some 8, § € £{(PF),

(P3)Y By — B and Sy — 4 in £ (PF).

COROLLARY 1.5. Assume that the perturbation rates {fy}, {0n} satisfy (P1),

2
(P3), (P4) and (P5). Then Py = P)Z()(:E,Q,G as N — oo, where y, is the escape
probability in (1.11) and 6 is the drift specified in (1.21).

PROOF. To apply Theorem 1.3, it suffices to check that (P2) and (P3) hold. It
is clear that (P3)" implies (P2), and an easy uniform integrability argument using
on < 1 shows that (P3)’ also implies (P3) [recall (K3)]. Thus, the conclusion of
Theorem 1.3 holds. [

COROLLARY 1.6. Assume that the perturbation rates {fn}, {8y} satisfy (P1),

2
(P3), (P4) and (P5). Then Py = P)Z()(:E,Q,G as N — oo, where y, is the escape
probability in (1.11), and 0 is the drift specified in (1.21).

PROOF. It is easy to check that (P1)" and (P3)" imply (P1), so we may apply
Corollary 1.5. [

If we consider kernels p with finite range (as for simple symmetric random
walk), then the technical condition (P4) follows automatically from (a weaker
version of ) (P1).
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LEMMA 1.7. Assume (M2) and that p has finite range. If

(1.22) sup Y Sy (A)T < oo,
N AGPF

then (P4) holds.

PROOF. The fact that ¢y (x, &) > 0 implies that if £ € {0, I}Zd and £(0) =1,
then

Yo [[e@=-N Y p(1 &) =—Nfo(0,8),

Aczd acA yezd

where fo(x,&) =3, p(y —x)(1 —&)). If fo(0,&) =0, then (P4) holds trivially
by the above. If f(0,&) > 0, then the finite range assumption implies that for
some ¢ > 0, fp(0, &) > ¢. Then (1.22) implies that for some C > 0,

YosnA [[s@=— ) sn(A)” =—C.

AePr acA AePr

Since fp(0,&) > ¢, —C > —(C/¢) fo(§), and (P4) follows in this case as well. [

COROLLARY 1.8. Assume that the perturbation rates {Bn}, {§n} satisfy (P1),

2
(P3) and (P5), and p has finite range. Then Py = P)Z(Z"’G’U as N — oo, where
Ve IS the escape probability in (1.11), and 6 is given in (1.21).

PrROOF. By Lemma 1.7, (P4) holds, and so the result is immediate from the
previous corollary. [

We consider now the long range case, and will suppose that (M1) [and,
hence, (H1)] hold until further notice. To verify that the kernel conditions
(K1)—(K3) hold for suitable &}, and o (A), we rely on results from [3].

The first fact we need is that

(1.23) lim  sup P(tM(A)<t)=0  forallz>0.

N—=00 Acpp, |A|>2

To prove this, we need only take the sup over |A| = 2 in the above, but this case
is covered in the proof of Theorem 5.1(a) of [3]. Only minor notational changes in
that argument are required. We also need Lemma 5.2 of [3], which states that there
is a finite constant C such that for all # > 0,

C
M (Nt +1)d/2

—Nt
P(BtN’0=0)§exp< 5 >+

The condition (K1) follows easily from this last estimate for any &3 — 0,
provided &y > N~ for d > 3, en > max(M;2,4logN/N) for d = 2, and
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en > max(NM§2,4logN/N) for d = 1. If we set y = 1, then the kernel
condition (K2), for any sequence e} — 0, is an immediate consequence of (1.23).
Setting 0 (A) = 1{|A| < 1}, condition (K3) also follows from (1.23). In view of
the above Remark 1.4, the drift 6 in Theorem 1.3 takes the form

(1.24) 0= |: Z ﬂ({a}):| — 6(9).

aeZ4

As in the fixed kernel case, we consider two alternative perturbation assump-
tions:

(P1)” sng(wN(An + 185 (A)]) < o0,
A

(P3)” {BvUaD) geza = (BUaD}yeze  in £1(Z9.
Recall that we are assuming (H2) and (M1).

COROLLARY 1.9. Assume that the perturbation rates {Bn}, {8} satisfy (P1),
(P1)", (P2), (P3)", (P4) and (P5). Then Py = Px."'”* as N — oo, where 6 is
given in (1.24).

PROOF. To apply Theorem 1.3, we need only check that (P1) and (P3) hold.
Condition (P1) is immediate from (P1)" and (P1)”. For (P3), we note by (1.23) that
there is a sequence ny — 0 as N — oo such that

Yo BNAlon(AUOh = > [8n(A)lon(AU{0})

A€Pp,A#2 A€P,,A#D
<nv Y. I5n(A)]
AeP} A#D
<nyC—0,
the last inequality by (P1)”. A similar argument shows that

lim Y |Bn(A)]on(A)=0.
N=00 4 cprlal=1

These last two results, (P3)” and limy_, o éy(9D) = 8(&) [which follows
from (P2)] imply (P3), so we are done. [

We now derive Theorems 1.1 and 1.2 as applications of Corollary 1.9 and
Corollary 1.6, respectively.

PROOF OF THEOREMS 1.1 AND 1.2. As previously noted, the rate func-
tion cy(x,&) for the Lotka—Volterra rates (1.8) can be written in the form
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Ncy,(x, &) +cy(x, &), where ¢, (x,&) is given in (1.15) and ¢}, (x,&) is given
in (1.16). For configurations £ with £(x) = 1, one can rewrite (1.16) in the form

oY =201 3" py@E(x+e) +6) Y pn(e)py(e)Ex +e)E(x + ).
eeSN e,e’eSN

It follows easily that if we define By and §y by

0 (pnta/en)’, A={a},
(125 AN =120 py(a/tw)pn(@/ty).  A={a,d'},
0, otherwise,
and
oY, A=0,
(126) 8wy = | O [(pv(@/en))’ =2pnGa/tn)].  A=la),
20 pn(a/tn)pn(a /en), A={a.a'},
0, otherwise,

then (1.17) is satisfied.

Before considering the two types of models separately, we note that condi-
tion (P4) is satisfied in both cases. This is because (1.13) shows that for & € {0, I}SN
with £(x) =1,

3 v an (A, x, &) =6 (1 (. ©)* = — 16V | 1 (x, ).

Aczd
This implies that for & € {0, 1}2’ with £(0) = 1,
> ovA) [[&@=—1611 Y pn(y/en)1{EQL) =0},
Aczd acA yeZd

and, thus, (P4) follows. Conditions (P1)" (with ng = 2) and (P5) are also clear for
both models.

Consider the long range model (M1), and let I'y = ([—My, My1¢ N 74 \ {0}.
The formulas for 8y and 8y simplify to

60 1{a e T}/ ITN 2, A={a},
BN(A)=12601{a,a’ eTn}/ITN>,  A={a,d},
0, |A| # 1 or 2,
and
or, A=0,
elNﬂ{aerN}[L—i], A={a},
SN(A) = N2 TN
20N 1{a,a’ e Tn}/ITN 1%, A={a,d},

0, 1A] > 2.
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If we set B(A) =0forall A, §(@) =06 and §(A) =0 for A # &, then clearly (P2)
holds. It is also trivial now to verify (P1)” and (P3)”. Theorem 1.1 is thus a
consequence of Corollary 1.9.

Consider now the fixed kernel model (M2). Due to the assumption py(a/
{n) = p(a), By and dy only depend on N through QiN . Therefore, if we define
B(A) and §(A) as By (A) and 55 (A), but with 6; in place of OiN, (P3) is a simple
consequence of (H3). The hypotheses of Corollary 1.6 are therefore valid.

It remains only to verify the form of the drift 6 given in Corollary 1.6. Recall
the definitions of 8 and § from (1.12). The term involving the 8(A)’s in the drift 6
of (1.21) equals

Y B(A)P((A) < 00, (AU {0}) = 00)
A
=60 Y p*(e)P(t(0, ) = 00)

+60 ) ple)p(e)P(t(e,e) <00,7(0,e,¢) =)
e#e’

=00y _ple)p(e)P(t(e,e) <00, 7(0,e) =1(0,¢') = 00) = .

e,e

The term involving the §(A)’s is

0 |:1 + X:(p(e)2 —2p(e))P(7(0,e) < 00) + Z p(e)p(e)P(z(0,e,¢') < oo)]
e e#e’

=6 |:1 + Zp(e)p(e/)(l — P(7(0,e,€') = 0))

—2) p(e)P(r(0,e) < oo)}
=0 |:22p(e)P(r(0, e) = 00)

— Zp(e)p(e’)(P(t(O, e) =00) + P(r(0,e) <00,7(0,¢) = oo))]

e,e

=0, [Z p(e)P(1(0,¢) = )

=Y pe)pE)P(t(0,¢) <00, 7(0,¢) = oo)] =0,6.

e,e
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In the next to last line we used symmetry to interchange e and e’. This shows the
drift in Corollary 1.6 equals that in Theorem 1.2, and so Theorem 1.2 is proved
as well. [

For our final application of Theorem 1.3, we consider rescaled Lotka—Volterra
models in which the dispersion kernel is still py, but the competition kernels for
the two types may be different. We focus on the fixed kernel case (M2) with d > 3,
and fix a pair of competition kernels p” and p? on Z¢. The latter two kernels are
arbitrary laws on Z¢ satisfying p?(0) = p¢(0) = 0, while the dispersal kernel p
still is as in (M2). The rates for the rescaled process SZN on Sy = 74 / VN are now
given by

0—1 at rate Nle(fob’N‘FO‘(j)vflb’N)’
(1.27)
1-0 at rate NfON(ffi’N‘f‘O‘{V (?’N)'

Here fl.b’N is the local density of type i with respect to the rescaled kernel P?v’ and
similarly for fid’N . We continue to assume (H2) and (H3). As before, X ,N is the

empirical measure which assigns mass 1/N to the site of each 1 in §;N ,and Py is
its law. Finally, we define

B'= > plp’E)P(r(ee) <00, 7(0,e)=1(0,¢)=00),

e,e’eZd
8= Y ppl)P(r(0,e)=1(0,¢) = o0).
e,e’eZd
r 2
COROLLARY 1.10. Py = P;Z“’e 7" as N — oo, where ' = OB — 6018'.

PROOF. This is another application of Corollary 1.5 with

oy p(a)p®(a), A ={a},
Bn(A) =16l (p@)p®@) + pa)pP@), A={a,d),
0, otherwise,
and
o, A=02,
N do _d _
S (A) = 91N (p(a)pdm/) p(a)/ r @),  A=f{a),
0y (p(a)p® (@) + p(a’)p®(a)), A={a,d'},
0, otherwise.

One proceeds by verifying the conditions of Corollary 1.6 and applying that
result as in the proof of Theorem 1.2—the arguments are similar and left for the
reader. [
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The outline of the rest of the paper is as follows. In Section 2 we derive some
crude bounds on the size of XV(1), and obtain a semimartingale decomposition
of XtN (¢) for a large class of test functions ¢. In Section 3 the proof of our
main result is reduced to a moment bound (Proposition 3.3) and a key estimate
(Proposition 3.4). Given these results, we establish tightness of our sequence X N,
and show all limit points converge to super-Brownian motion with the given
parameters. A comparison scheme with the biased voter model in Section 4 will
give the above moment bound, and play an important role in the proof of the
key estimate. The latter is proved in Section 6 after some necessary probability
estimates are established in Section 5.

2. Construction and decomposition. Our goal in this section is to de-
rive the martingale problem for XV and derive some elementary bounds on
|.§IN [=>, StN (x). We assume that S,N is the spin-flip system with pregenera-
tor Qpy described in the previous section. In this section we will not need any
of the kernel assumptions, and will only need (P5) and the following weaker form
of (P1) of the perturbation assumptions:

(P1)” 3" (IBN(A)] + 85 (A)]) <00 forall N.
AGPF

Recall also that (H1) and (H2) hold as always. Throughout this section, N will
be fixed, and we will let ¥; be the canonical right-continuous filtration associated
with S,N . All martingales will be understood to be #;-martingales.

PROPOSITION 2.1.

(2.1) E<sup |5,N|P) <oo  forallp>0andT €0, 00).

t<T

PROOF. Let ¢y =) ,cp, |BN(A)] [finite by (P1)"], and let ¥ be a selection
function on the nonempty subsets in P, thatis, ¥ (A) € A/£y for all nonempty A.
Define

c,m =N Y py@nx+e)+ Y IBv(Aln(x + ¥ (A).

eeSN AePr

Let n(-) € ZiN be the pure birth particle system such that 7(x) — 7(x) + 1 with
rate ¢(x, n). Then |7;| = >, 7;(x) is a pure birth process with birth rate N + ¢
for each particle (this makes the existence and uniqueness of this system starting
from a configuration of finitely many ones obvious). If (x) = 1(7(x) > 1), then
n is a spin-flip system with jump rate ¢’(x, n) = ¢(x, n)1(n(x) = 0). It is easy to
use (1.14) and (1.17) to see that if £(x) = n(x) =0, then cy(x,&) < '(x,n). If
n(x) =1, then cy(x, &) > 0= c'(x,n). By Theorem III.1.5 of [11], if no = Sév,
we may construct versions of £V and 7. so that with probability one, S,N <n; for
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allt > 0. [For &, £’ € {0, 1}5N, £ < £ means that &(x) < &’(x) for all x € Sn.] This
implies that

N
sup|&; | <supn| = In7|.
th t§T

(Here, it is easy to use (P1)” to check the condition (0.3) on page 122 of [11],
and so Theorem III.1.5 may be applied.) Since the pure birth process |77| has
moments of all orders (see, e.g., Example 6.8.4 in [8]), so does |7 | and the proof
is complete. [l

PROPOSITION 2.2. Forall x €e SN and t > 0,
2.2) N ) =g )+ MM+ DM,

where {MN-* x € SN} are orthogonal square-integrable martingales with pre-
dictable square functions given by

t
(MN>), = fo [ 3 Npn (=0 EN () — 6N ()

YESN

(2.3) + Y v (A, x, M) (Br (A)LEY (x) =0}
A

+8n(ALEN (x) = 1})] ds

and
N ! N N
D = / [Z Npn(y —x)(EN () — &N (x))
0 YESN
(2.4) + > (A X EN) (BN (ALEEN (x) =0}
AGPF

— SN (ALEN (x) = 1})] ds.

PROOF. We will use the fact (e.g., Theorem 1.5.2 of [11]) that for ¢ in the
domain of Qy,

25 M=) — &) — /0 Qu(E)ds  isamartingale.
Letting ¢, (§) = &(x), a calculation shows that
Qnéx (€)= Y Npn(y —x)(E() — &)

YESN

+ > v (A X, HIBN(ALE(x) =0} — Sy (A)L{E(x) = 1}].

AGPF
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An application of (2.5) now gives the decomposition in (2.2). It follows from (2.2)
that M,N ** is uniformly bounded on compact time intervals and, hence, square
integrable.

To derive the facts about the square function, we proceed as follows. Define ¢
(in the domain of Qy) by ¢y ,(§) = &(x)&(y), and apply 1td’s formula to ¢, .
Since (S,N (x))? = g,N (x), we obtain the (second) decomposition of étN (x),

t t
£ (0 =& (0)+2 f EL () dDY +2 / N () dMN > + MV,
0 0

where [MV*]. is the square variation function of M N.x_The stochastic integral
above is a martingale, as is [MN-X], — (MN”‘),, and, hence,

t
6 - &' 0 -2 [ &Y wap)T -,

is a martingale. Thus, we have written étN (x) as the sum of a martingale and a
continuous process of bounded variation in two ways. Equating the processes of
bounded variation leads to

t
(MN-%), =D — 2/0 £N (x)aDN.

A short calculation now gives (2.3).

The proof that the martingales M, tN ** are orthogonal proceeds in the same way.
We use (2.5) with ¢ = ¢, to obtain a semimartingale decomposition for the prod-
uct étN (x)é,N (y). We then apply 1t6’s formula to obtain a second decomposition.
Equating the processes of bounded variation leads to (M-, MN-Y); =0, and the
proof is complete. []

With Proposition 2.2 in hand, we can now obtain a decomposition for X IN (9).
First we introduce the following notation. For

. 0
Y € Cp(SN), ¢ =ds(x), s (x) = g(ﬁ(s, x) € Cp([0,T] x SN),
and s < T, define

ANW) = Y Npn(y —x) (¥ () — ¥ (x)),

YESN

t .
DV (¢) = /0 XN (Ands + ) ds,

1 t
DtN’2<¢>=N/O S 60 S Br(A)xw (A, x.EN)ds.

XESN AePr

1 t
DY (@) =+ /0 37 de(x) Y (B (A) + 8N (A)EN ) xw (A, x, £N) ds,

xeSN AePr
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(MY (@)1= — Z¢ @) Y Npwv (& —0EN ) - &N )’ d
N

xGSN yESN

(MM ()2, =3 / Y i) Y an (A x EN(BN(ALEY () =0)

xeSN AePr
+ 8N (ATEY (x) = 1}) ds
Note that (MV (¢))2,; may be negative.

PROPOSITION 2.3.  For ¢, ¢ € Cp([0, T] x SN) and t € [0, T],

(2.6) XN (¢) = X3 (90) + DN (9) + MY (),

where

2.7) DY (¢) = DN (@) + DN*(¢) — DY (9),

and MY (¢) is a square-integrable martingale with predictable square function
(2.8) (MN (@) = (M (@)1 + (M (@)

PROOF. Use Proposition 2.2 and integration by parts to see that

t t
31 0OEN (1) = po(0EY (x) + /0 o) dMNE + /O s(x)dDV
2.9

t .
+ [ duwed s
Using (P5) and the elementary inequality
(2.10) Ax g s— > &Ga+ta. A#o
14 |aeA/eN
we have

D (A x EN(IBVAILEY (1) =0) + [sn (AL(EN () =1))

xeSN AePr

< [ o> A Y e« +a/€N)|ﬁN(A>|}

xeSN AePr acA

(2.11)

+ [|SSN| > |5N<A)|]

AGPF

<IEM D" (IBN (A + 185 (A)]).

AEPF
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This, together with Proposition 2.1, (H2) and (P1)"”, shows that each of the terms
in (2.9) is nonzero for only finitely many values of x for all # < T a.s. Here we first
make this conclusion for each of the terms other than the martingale integral and,
hence, infer it for the martingale integrals. We therefore may sum (2.9) over x, and
after a bit of rearranging, obtain the required decomposition with

1 t
2.12) M@ =5 O [ sam.

xeSN

Now use (2.11) and Proposition 2.1 to see that

E<X§N</O'¢s(x)dM§V’X>T) < o0,

This shows that the series in (2.12) converges in L? uniformly in r < T and
so My(¢) is a square integrable martingale. It also shows that its predictable
square function is

. 1 ) N,x
Jim 5 2 ([ o am)

where the limit exists in L' by the above but also for all # < T a.s. by monotonicity.
A simple calculation using (2.3) now gives (2.8) and the proof is complete. [

3. Convergence to super-Brownian motion. Our strategy in proving The-
orem 1.3 is standard. We will prove that the family {X", N > 1} is tight, and
that all weak limit points X. satisfy the martingale problem characterizing super-
Brownian motion X. with the specified parameters. Hence, X" = X. as N — oo.
Our task here is less complicated than in [3], because we consider only the high-
dimensional case, d > 3. The appropriate mass normalizer is N' = N, which fits
well with Brownian space-time scaling. Many of the complications in [3] arose
considering the delicate d = 2 case, for which the appropriate mass normalizer
was N’ = N/log N. On the other hand, our task here is more difficult than in [3]
because the Lotka—Volterra and perturbed voter models do not have tractable dual
processes, as does the basic voter model.

A sequence of probability measures { Py} on D ([0, o0), E) (E a Polish space)
is C-tight iff it is tight and every limit point is supported by C ([0, 00), E). Recall
that Py is the law of XV on D([0, 00), M f(Rd)), and that the assumptions of
Theorem 1.3 are in force. Our strategy requires proving the following two results.

PROPOSITION 3.1.  The family of laws { Py, N € N} is C-tight.

PROPOSITION 3.2. If P* is any weak limit point of the sequence Py, then
P* = P2)/,9,O‘2‘
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Clearly, Theorem 1.3 follows from these propositions.

We now state a pair of key technical results, Propositions 3.3 and 3.4 below,
whose proofs we defer to Sections 4-6. Assuming these two propositions, we give
the proofs of Propositions 3.1 and 3.2 in this section.

PROPOSITION 3.3.  For K, T > 0, there exists a finite constant C3(K, T) such
that if supy X3 (1) < K, then

(3.1 supE<supX,N(1)2> <C3(K,T).
N t<T

This bound allows us to employ L? arguments. Note that it is a consequence
of (H2) that there will exist a K as above.

Our second (and key) technical bound will need the following notation. For
A € Pr, ¢:[0,T] x SN — R bounded and measurable, K > 0 and ¢ € [0, T],
define

Env(A, 0, K, 1)
i N N ?
= sup E f & Y a0 (A, 8N — o (XY @) | ds
xY <k 0 x

[recall that oy (A) = P(tn(A) < e})]. For ¢ : SNy — R, define

IélLip = @ lloo + Sip lp(x) —p(lx —yI~ L.
x#y

Also, recall that £y = My~/N — 00. By (P1), cg = supy Y pcp, Bn(A)T < 00
and we may set ¢ = cg + ks, where k; is as in (P4).

PROPOSITION 3.4. There is a positive sequence ey — 0 as N — oo, and, for
any K, T > 0, a constant C4(K,T) > 0, such that for any ¢ € Cp([0, T] X SN)
satisfying sups<r losliLip < K, nonempty A€ Pp,ac A, J >1,and 0 <t <T,

EN(A, ¢, K, 1) < Cy(K, T)[eke®N + J 72
+ 2 (en|Al + (on (A) A (en + lal/em))]-

In particular, limy _ o sup; <7 En(A,¢,K,t)=0.

3.2)

This result says that
1
5 2B XN (A, X, &) X on (X (9y),
X

in some average sense, and is the key to identifying any weak limit of X%,
We proceed now assuming the validity of the above two propositions.
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We begin by obtaining more precise information on the terms in the decom-
position of X,N (¢) given in Proposition 2.3. Lemma 3.5 below estimates the
terms in the increasing process (M N(¢));, Lemma 3.6 estimates the terms in the
drift DN (¢).

LEMMA 3.5. There is a constant C such that if ¢:[0,T] x SN > R is a
bounded measurable function, then

(@) (MN(9))2s = fo my S(¢) ds, where

(3.3) md ()] < C ”¢”°°XN(1>

(b)

N ! N, 2 ¢N N ! N
G4 (M), =2 /0 XN (2 €M) ds + /0 ml () ds,
where

C
(3.5) m (@) < b—w

(c) Fori =2,3, DtN’i(qﬁ) fo dN A(p)ds fort <T,whereforall N ands <T,

16,17, )| A 218X D1

1dN ()] < Cllglloo XN (D).
PROOF. (a) The definition of (M"Y (¢))2,r implies

|m§V,S<¢>|_ ST es P Y (IBN (A + 18 (A ) xn (A, x, EY)

xeSN AePp\@
1
+ Nxﬁv (@) |85 (D).

By (P1) and (2.10), there is a constant C such that

A)|+ 18N (A
mY @ <912 (1Bn (A)] + [8n( )I)Z TN ( N)

AePr\Q |A| aeA xeSN

2 SN(Q)

(3.6) + P2, xN)

||¢||oo

xNa).

(c) This is proved by making minor changes in the derivation of (a).
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(b) A little rearrangement is necessary to handle the term (MN @DN1.:
We rewrite it in the form

1 t
S X evo = 0@ le 0 - €Y ) + (1 -8 )e" ;] ds

x,yESN

1 t
~ [ T & wsiwpnt -0 -g'0)ds

X,YESN

1 t
+— / S V020 pn(y — 0 (1 — N () ds

N Jo Xx,YESN

1 t
T N/O Y PN =) — I (MIEY (1 — &N () ds.

Xx,VESN
That is, (3.4) holds where
1
mi @)=~ 2 pvG =07 —glM)E (1 -1 ).
Xx,VESN

Note that |¢s(x)? — ¢s(¥)?| < 2||¢s||ﬁip|x — y|, and also, by (HI) for some
universal constant C,

> Py —x)lx =yl = E((Wn])/v/N < C/(2VN).
y
These inequalities establish (3.5). [

Let T >0 and ¢:[0,T] x SN — R be such that ¢, (,b € Cp([0,T] x SN), and
define

1
Sn(s.) =Y ﬂN(A){N > ¢s<x)xN(A,x,s§V>—aN<A>XSN<¢s)],

AePr xeSN

1
Sy (s.9) =Y (Bn(A)+ (SN(A)){N > () xn(AUL0}, x, E))

A XGSN

—on(AU{OpH XY (@)}.

It follows from (2.10), (P1), (P5) and Proposition 3.3 that these series converge.
Also, set

d)' =" Bn(Aon(A)— > (BN(A)+8n(A))on(AU{O)),

AePr AePr
and note by (P1) that

(3.7) c1 =sup|d}’| < oo.
N
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With this notation, (2.6) of Proposition 2.3 may be written as
t .
X! (80 = X4 90) + MY @)+ [ XY (A + o) ds

t t
(3.8) +/O déVX;V(d)S)der/o (BN (s, @) — 8% (s, })) ds
forallr € [0, T].

LEMMA 3.6. There is a sequence e?\, — 0as N — oo and for each K, T >0

a constant Co(K, T) (increasing in each variable) such that if ¢ : [0, T] x SN — R
satisfies sup, r ||@s||Lip < K and supy X(’)V(l) < K, then

(3.9) f;?[E«/ot Sh (s, ) ds>2 + (fot 8% (s, ) ds>2>]1/2 < Co(T, K)&%

forall N.

PROOF. Assume ¢ and X(I)V are as above. If ¢ € [0, T'], then by Cauchy—
Schwarz and (P1),

E((/()t Sy (s, d) ds>2>

- 1L N
_E(<A§F,3N(A)/O [N Z ds(xX)xn(A, x, &)

XESN

(3.10) )
—on(A)XY (@)} ds) )

<C ) IBn(A)IEN(A, ¢, K, 1)

AGPF

for a constant C. Proposition 3.4 and (P1) show that for some positive sequence
gy —> Oandany J > 1,

t 2
sup E((fo 5 (s. 9) ds) ) < CT, K)(Ely + T2+ I3k + 1),

t<T

where C(T, K) does not depend on the choice of ¢, and

v =Y_IBv(A)|(on(A) A (ey + lal/Ln)).
A

(Recall a denotes some element of A.) By (P3) and a uniform integrability
argument, ny — 0 as N — 00. Optimize the above over J to see that for some
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ositive sequence &7, — 0,
N

' 2
supE((/O a}v(s,qs)ds) ) < C(T, K)ey,.

t<T

A similar argument goes through for 512\/ (s, ¢) [note that oy (AU{0}) < on(A)] and
so the result follows (the monotonicity requirements on Cq are trivial to realize).
O

The proof of Proposition 3.1 (tightness) proceeds as follows. We first establish
tightness for X (¢) for an appropriate class of test functions ¢. We then prove
a “compact containment” condition for X¥. We can then appeal to a version
of Jakubowski’s theorem for weak convergence in D([0, c0), M f(Rd)) (see
Theorem I1.4.1 in [14]), completing the proof of Proposition 3.1.

PROPOSITION 3.7. For each ¢ € C;’S(]RJr x R?), each of the families
(XN (¢.), N eN}, {(DN(¢), N e N}, {(MN(#))., N € N} and {MN ($), N € N} is
C-tight in D([0, 00), R).

PROOF. Fix ¢ as above and recall the decomposition of X tN (¢¢) in Proposi-
tion 2.3. We start with the drift terms and recall an analytic estimate (Lemma 2.6)
of [3]:

2

A

3.11) sup o7 Ads

s<T

-0 as N — oo.
o0

<74>N (¢s) -

Since D} (¢) = [¢ XN (An¢s + ¢)ds, (3.11), Proposition 3.3 and the Arzela—
Ascoli theorem imply that

{DN-1(¢), N eN} s tightin C([0, 0), R).
Fori =2,3, D) (¢) = [} dV/(¢) ds, where by Lemma 3.5(c),
[N (@) < CllpllooXY M), i=2.3.
Again Proposition 3.3 and the Arzela—Ascoli theorem imply that
{DNi(¢), N eN} istightin C([0, 00),R),i =2,3.

We turn now to the martingale terms. By (2.8) and Lemma 3.5(a, b), there is a
finite constant C such thatforO <s <t <T,

t
(3.12) MY @) — (Y @) = IR, [ XY D du.
N
Consequently, Proposition 3.3 shows that

(MY (#))., N eN} istightin C([0, o), R).
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Since the maximum jump discontinuity in MtN (¢) is bounded above by ||¢ oo/ N,
it follows from Theorem VI.4.13 and Proposition VI1.3.26 of [10] that

{MN($), N eN}  is C-tightin D([0, 00), R).

In view of (H2), we see from the above and Proposition 2.3 that X,N ()
and DtN (¢) are each a sum of C-tight processes in D([0, c0), R). Since a sum
of C-tight processes in D([0, co), R) is also C-tight, the proof is complete. [J

To derive the appropriate compact containment condition, we will first need an
estimate on the mean measure of XV. Let P denote the semigroup associated
with the generator Ay .

PROPOSITION 3.8. There is a constant c1 > 0, a positive sequence e,‘v — 0

as N — oo, and constants (C1(K,t), K,t > 0), nondecreasing in each variable,
such that if supy X(’)V(l) <K, and ¢ :SN — R satisfies ||p||Lip < K, then

E(XN (@) <e XY (PN¢) + C1(K, t)ey.
PROOF. Assume cg is asin (3.7) and ¢ is as in the statement of the proposition.
Fix t > 0 and define
¢s(x) =e PN p(x),  (5,x) €[0,1] x Sn.
Then (3.8) becomes

t
e ' xNp) = x{' (PN p) + MY (¢) + (dY _Cl)/o XY (ps) ds

t
+ fo (83 (s, ) — 8%, (s, P)) ds.

Note that the third term on the right-hand side is nonpositive. It is easy to
verify that sup,_, [|¢s|lLip < K. Therefore, we may use Lemma 3.6, and take

expectations in the above with T = ¢, recalling that M,N (¢) is a mean zero
martingale (Proposition 2.3), to arrive at

E(XN (@) < e XY (PNg) 4 e 2C (K, 1)ey.

The result is then immediate. [

For the following, let B(x, r) denote the open ball in R? of radius r centered
at x.

PROPOSITION 3.9 (Compact containment). For all € > 0, there is a finite
p = p(€) such that

supP( sup XN(B(0, p)°) > e) <e.

N r<e~!
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PROOF. Let i, :R?Y — [0, 1] be a C* function such that
BO,n) C{x:h,(x)=0}C{x:h,(x) <1} C{BO,n+ 1)}
and

sup Y [ (En)illoo + 1 tn)ijlloo + | (hn)iji lloo = Ci < 0.
"o jk<d

Let c; be as in (3.7) and use (3.8) with ¢} (x) = e~ “"*h, (x) to get

t
e VXN (hy) = X{ (hy) + MY (™) + fo e XN (Anhy)

(3.13) t
+ (dY —cl)X;V(¢;1)ds+/0 Sh (s, ¢") — 8% (s, @) ds.
Note that
2
E(/t X§V(|ANh,,|)ds> < HANhn _ T Ak E(/txgv(l)ds)
(3.14) 0 oo \JO

t 02| Ahy,|
+E(f0 X§V< 5 n)ds).

The first term in (3.14) approaches zero as N — oo, uniformly in n by (3.11) and
Proposition 3.3. Choose

(3.15) K >max(1,Ch(02/2+ 1),supX(])V(1)>.
N

Then ¢ = 02| Ah,|/2 satisfies the hypotheses of Proposition 3.8 and so that result
bounds the second term in (3.14) by

t 2| Ahy,
(3.16) /OeC‘SXév(PSN(G '2 '))ds+c1(1(,z)te}v.

Since Ah, =0 on B(0, n), we may use (H1) and (H2) to conclude that

XY (PN (1ARAD) < CrX (PN (Lp0.n)))
< Cp (XY (B0,n/2)°) + XY Q) P(1BON| > n/2))
< Cp (XY (B0, n/2)°) + X Men2s)
-0 as n — oo uniformly in N and s <1t.

The above proves

(3.17) lim E(/Ot X§V(|ANhn|)ds) =0.

(N,n)—>o0
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Use (2.8) and Lemma 3.5 to see that [recall ¢} (x) = e ¥ h, (x)]
E((MY(@")) <C(N! + N—l/z)E( /0 X ds)

+2E(/OZX;V(h,%)ds>.

Now use Proposition 3.8 to bound the second term in (3.18) [just as in (3.16)] and
Proposition 3.3 to bound the first term in (3.18) and conclude

(3.19) lim  E(MN(@"),)=0  foralls> 0.
(N,n)—o00

(3.18)

Lete > 0. By (H2), (3.17) and (3.19) there is an ng € N such that for N, n > ny,

—1
P(e“ XY () + sup e | MY (¢)]
t<e!

(3.20) 1
-
+/ VI XN(ANh, ) ds > e) <e.
0

Turning now to the last term in (3.13), note first the trivial bound

183 (5, ™)+ 16% (5. ™1 < D (IBN ()] + 185 (A))4XY (1)
3.21) 4
<cxN,

the last inequality by (P1). Our choice of K in (3.15) shows that each ¢" satisfies
sup; |l¢? lILip < K and so Lemma 3.6 implies that for all 7' > 0,

)0

as N — oo uniformly in n fori =1, 2.

supE(‘/Ot 8 (s, ™) ds

t<T

(3.22)

Now (3.21) and Proposition 3.3 show that { f; 85\, (s,9")ds:N eN},i=1,2, are
tightin C(R4, R), while (3.22) shows that each limit point of the above sequences
is identically 0. This shows weak convergence of [;8} (s, #"0)ds to the zero
process and, therefore,

} > e) =0.

Now use the above and (3.20) in (3.13), noting that (d(l)v —cX ﬁv (¢s°) <0, and
conclude that there is an Ny so that if N > N,

t t
lim P( sup ec"{ / Sn(s.¢")ds| + ‘/ 83 (s, ¢"0) ds
0 0

N—o0 r<e—1

P( sup XN (hyy) > 26) < 2e.

t<e~!
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By increasing ng if necessary to handle N < Ny, we get

sup P( sup XN (hyy) > 26) < 2e,

N t<e—!

and the proof is complete because h,, > 1gQ ng+1)c. U

PROOF OF PROPOSITION 3.1. The C-tightness of {Py, N € N} is now
immediate from Propositions 3.7 and 3.9 above, and Theorem 11.4.1 in [14]. O

PROOF OF PROPOSITION 3.2. We assume below that ¢ € C;’3([0, T] x R%),
supy X(I)V(l) < K [such a K exists by (H2)] and 0 <¢ < T. First, (3.11) and
Proposition 3.3 imply

(3.23) E((D,N’](qb) - /Ot X§V<02A¢S +q'>s> ds>2> -0  as N — oo.

2

We also have
N2 N3 N p N[N
DY)~ D@ = [ sk, -} s +ad [ XV @
0 0
It follows from (P3), on (A U {0}) <on(A), (P2) and (K3) that
Bn()on(-U{0}) — B(-)o (- U{0}) in£;(Pfr)as N — o0.

This and (P3) imply that dév — 0 as N — 0o. We may apply these results with
Proposition 3.3 and Lemma 3.6 to conclude

(3.24) E((D,N’z(qﬁ) —DN3(¢) — 9/01 X§V(¢s)ds>2> —~0  asN — oo.

We claim now that

(3.25) E(((MN(¢)>, _2y /Ot X§’(¢§)ds>2> 50 asN — oo.
Define

ynv= Y pn(@P(EN({0,e}) > e})

eESN

[recall TV (A) = tN(A/ty) for A C Z9]. By (2.8), Lemma 3.5, (K3) and
Proposition 3.3, to prove (3.25), it suffices to prove that

(3.26) E((/Ot xXN(@2NEN)) - - yN)ng(qsf)ds)z) -0 as N — oo.
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To do this, we expand the integrand above in the form
XY (e A ED) = A=y X @)

1
=+ 2 AE @ 3 v = 0[E D) = PEY(0, (6 —0tw) <ey)]

XESN yESN

1
=2 Oy 2 PZOEN [EN (x + y) — P(N(0, yty) < e}y)]

yESN X€ESN

1
=Y pN(a/zN)[ﬁ Y ¢r)xn({0.a} x, &N) — oy ({0, ah) X (¢3>}.

acZd xeSN

Applying Cauchy—Schwarz, the left-hand side of (3.26) is bounded above by

1
3 pN<a/eN>E<( /0 [ﬁ S g2 xw ({0, a}. x. €Y

aezd x€SN

2
—on({0,apx¥ <¢3>} ds) )

Proposition 3.4 now completes the proof of (3.26) and, hence, of (3.25).
The above L? estimates [i.e., (3.23)—(3.25)] imply that for ¢ > 0,

2
P(‘D,N(qj)—/Otxf,v(%mm‘)s)ds—efotxj,v(gb)ds

> 8) -0
and

t
P(\(M%)» ~ 2y [ x¥gdds

>8>—>0

as N — oo.

Now suppose that P(XNe €)= P(X. € ) in D(]0, 00), Mf(Rd)) for some
X. € C([0, 00), M (RY)) as k — oco. Since (XN, DNe(¢), (MNk(¢)).) is C-tight
in D([0, 00), Mr(R?) x C(R) x C(R1)) [by Theorem 3.7 and Proposition 3.1], by
Skorohod’s theorem (taking a further subsequence if necessary), we may assume
that

(xNe, DN (@), (MNe(9))) — (X., D.(¢). L.($))  as.,

where (X., D.(¢), L.(¢)) is continuous. By the probability estimates above,
it follows that
t

2
(3.27) D,(¢)=/0 Xs(%A¢+q3s>ds+9/()th(¢s)ds Vi>0as.

and

(3.28) Li(¢) =2y /0 l Xs(¢pHds  Vi=Oas.
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By Proposition 2.3, MNk () > M.(¢p) € C(R) a.s., where
o2 A
2
and M, (¢) is continuous and ZX -measurable. By (3.25) and Proposition 3.3,

sg}p E((MN(¢))2T) < 00.

! ) '
(329)  Xi(d) = Xo(do) + M,(®) + fo Xs( +¢s)ds+ /0 X, (0¢y) ds.

Using Burkholder’s inequality and the fact that |[AMYN (¢)(1)| < ||¢]loo/N, We
obtain

supE(sup |Mtlv(¢)|4> < 0.
N t<T

Consequently, M.(¢) is a continuous, L2, F X -measurable martingale, and
t
(M@, = Jim (MM @) =27 [ X,@Dds  as.
k— 00 0

Consequently, P(X. € -) satisfies the martingale problem characterizing PZV’G*”Z,
and so P(XM e ) = pr0:0% ag Ny — oc0. O

4. Comparison with biased voter models. In this section we show that we
can dominate the process &" by a biased voter model £". That is, we show that
the two processes can be coupled so that with probability one, & < &N for all
t > 0. Easily obtained bounds on E (IEtN ) and E (|§tN ) thus provide bounds
on E(XN(1)) and (E(XN(1))?). The results in this section will use (P1), (P4)
and (P5), but not any of the kernel assumptions.

Let p and p be two probability kernels on Z¢, and fix parameters v > 0, b > 0.
Fori =0, 1, define

fit,m)y =Y ply —x)1{n(y) =i}
yezd
and

fite,my =Y ply—0)1{n(y) =i}.

yezd

. = . . n . . d .
The biased voter model & is the spin-flip system taking values in {0, 1% which
in state £ makes transitions at x,

0—1 at rate vfy (x, &) + b fi(x, &),

4.1) _
1—-0 atrate vfp(x, &).

If b =0, we obtain the voter model, while if » > 0, there is a bias in favor
of creating 1’s. It is clear from these rates that we may as well assume
p0)=p(0)=0. _

We will need the following estimates on the first two moments of |&;|.
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LEMMA 4.1. Assume that |&y| < 0o. Then |&]| is submartingale such that

(4.2) E(|&]) < e |&|,

and &% is a submartingale such that
= - b+2v bz
43) E(E ) Se””<|so|2+ - ”’>|so|>.

PROOF. First, note that by bounding |£;| above by a pure birth process just
as in the proof of Proposition 2.1, one may conclude that for 7 > 0, the first and
second moments of sup, . |E; |are finite. Next, if Bi1({a}) = %ﬁ(a), B1(A) =0 if
|A] #£ 1, and §; = 0, then |§t/v| is precisely th (1), where X! is as in Theorem 1.3
with N = 1. Clearly, B81(A) =0 if 0 € A, (P5) holds and (P1)"” is valid, so from
Proposition 2.3,

_ _ t _ _ _
@d  El=lEl+ [ Y b+ —Ew)ds + i,

x,e€Z4

where M, is a square-integrable martingale with predictable square function

- t _ _
(M), = / > [vp(y — ) L(E(x) #&(y))
x,yezd

(4.5)
+ Y bpeE(x+e)(l— és(x))] ds.

x,ecZd

By (4.4),
_ _ o _ _
|Sz|§|§0|+fo bIE,| ds + M,

and as we have already noted that || has a finite mean, (4.2) follows by taking
means in the above and using Gronwall’s lemma.

Using some stochastic calculus in (4.4), we get (with [M]; the square variation
function of M;)

_ _ o _ _ _
B2 = ol + fo 206163 5e)E(x +e)(1 — E(x)) ds
(4.6) t ] x’e_
0

Proposition 2.1, the fact that |&;| can be bounded by a pure birth process and (4.5)
imply that the stochastic integral in the above is a martingale, as is [M]; — (M),
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consequently,

- —_ t —_ —_
E(& ) < &> +2b f E( 1) ds + E((M)y)
4.7) 0

_ 2 t - 2 t -
=< %o +2b/0 E(|&] )der/O (2v +b)E(|&]) ds.

From this, (4.2) and the previously noted fact that E (|&|?) is bounded on compact
time intervals, (4.3) is easy to derive. Finally, the fact that |&| and || are
submartingales is clear from (4.4) and (4.6). [

Our task now is to define a biased voter model §IN taking values in {0, 1}5N
which dominates the voter model perturbation £ To do this, we must determine
the appropriate kernels and rates v = vy and b = by, which we do by considering
the maximum and minimum values of ¢y (x, &) given by (1.14), (1.15) and (1.17).
We assume that N > kg [recall (P4)] in what follows.

For S,N , at site x in configuration & with £(x) = 1, the flip rate from 1 to O is

NG, E)=N DY pnO =01 —EM)+ Y Sn(A)xn(A, x,8)

)’ESN AGPF

> (N —ke) f (x, £),

where we have made use of assumption (P4).
Similarly, at site x in configuration £ with £(x) = 0, the flip rate from O to 1 is

en(xE) =N Y pyny—0EM + Y Bv(A)xn(A,x,§)

YESN AePr

4.9) < NN &+ Y By (Axn(A, x. &)

AePrp

(4.8)

(A
<N e+ 3 YA S e g,

AEPF | | acA

where we have used (2.10). To simplify this last expression, we define a probability
kernel py on Sy by setting cfgv = Aepy ,B;; (A) and

. 1 B (A)
pn@=— Y o
CB A:acA/ty Al

I cg = 0, the construction simplifies considerably and the necessary modifica-
tions will be obvious.) Note that py (0) = 0. Now if

N o) = vy —0LEQ) =i},
y
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inequality (4.9) can be rewritten as
(4.10) en(x. &) < NFN (. &)+ cff Y (x,6).

Recall by (P1), cg = supy cg < 00, and we use this constant to define another
probability kernel py on SN by
_kspn(a) +cgpla)

ks + cp '

pn(a)
It follows then, with f;¥(x,&) = ¥, pn(y — x)L{E(y) = i}, that (recall ¢ =
ks +cp)
(4.11) NN &) +cf fY &) < (N —ks) [V (6, &)+ EfY (8).
We now let £/ be the biased voter model with rate function
(N =ks) [ e, )+ /Y §),  ifE() =0,
(N —ks) o' (x, &), ifEx) =1,
From (4.8), (4.10) and(4.11), we see that if £ <&,
en(x,§) <en(x, &)  ifE(x) =0,
eN(x.E) = in(x,E)  ifEX) =1

On account of this (see Theorem IIL.1.5 of [11]), we may construct versions
of étN and 5;N on a common probability space such that if Sév = 5(;\/ , then with
probability one,

4.14) gN <EN forall > 0.

(4.12)  on(x,§) =

(4.13)

In Section 5 we will also need a voter model dominated by étN . Let étN be the
process with the same flip rates specified in (4.12), except with ¢ = 0. Then étN is
a voter model, and if éév x) < éé\' (x) for all x, then, as above, we can define étN
and é,N on a common probability space so that with probability one,

(4.15) EN <EN  forallr > 0.
We also note that |§tN | is a martingale [e.g., by (4.4) with b = 0], so
(4.16) E(EN) =&Y  forallz > 0.

We record now some consequences of Lemma 4.1, including the proof of
Proposition 3.3. We assume that X IN and X IN are as above, with Sé\’ = Sé\’ = Eév .
Let X)(¢) = (1/N) X, ¢0)E" (x) and X[V (¢) = (1/N) X, ¢(x)§" (x). By

Lemma 4.1,

(4.17) E(xXN @) <e XY ).
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Also by Lemma 4.1,
_ - c+2(N —k .
(4.18) EXN(1)? <e* (xg’(l)2 + W(l — e—C’)X{)V(l)).

Since X tN (1)? is a submartingale by Lemma 4.1, it follows that for 7 > 0 and
K > 0, there exists a constant C (7', K) > 1 such that

(4.19) sup E(sup xN (1)2> <C(T,K).
XY=k t<T

PROOF OF PROPOSITION 3.3._ This is now immediatf: from the above
inequality, since the coupling &V < &N implies that XN (1) < XN (1). O

Note that by (4.17) and the fact that X ,N (1) is a submartingale,
(4.20) 0<EXND) - XY@ < —1x) ).

To get similar bounds on the difference XIN 1) — Xév (1), use Proposition 2.3
and Lemma 3.5 to see that XN (1) — XY (1) = [5d¥ M) ds + MM (1), where
E (MtN (1)) =0, and there is a constant C such that

¥ <cx¥ay <cxMa

for s < T. It follows therefore from (4.17) that
N N e —1 N
4.21) E(X;'(D)— X, ()| <C = o (D).

5. The key lemma. For bounded functions ¢ on Sy and nonempty A € Pp,
define

v (XY, A b,9)

5.1
1
= ‘Exév<ﬁ Y d@xn(A x, &) — P(zV(A) < s)st(¢>))‘
and
(5.2) v, (A, ¢, s)= sup ny(X(, A ¢, s).

XY=y
The proof of Proposition 3.4 is based on the following lemma. We assume the

hypotheses of Theorem 1.3 are in force.

LEMMA 5.1. There is a finite constant C and a positive sequence ey — 0 as
N — o0 such that for any J, K > 1, ¢ :SN — R such that ||¢||Lip < K, nonempty
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finite A C Z8anda € A, and s > 0,
N (X(, A, b, 5)
(5.3) < CK[(eES —DIA| + (P(IN(A) <s)A (% + E|B§V’0|))}X(1)V(1)

+ CK|AINP(BN = 0)(x) (1))?

and

5.4 nn.J(A, ¢, 87\,) < CKJ2<8N|A| +on(A) A (La_| + 81\7)).
N

PROOF. Let J, K, ¢ and A be as above. Let £V be the biased voter model and
let étN be the voter model from the previous section, with f;‘é\’ = .%V = éév , coupled

so that g,N < étN and étN < étN. By the triangle inequality, nN(X(])V, A, ¢p,s) is
bounded above by the sum of the following four “error” terms:

1 _
(5.5 nl(s)= E(ﬁ > p)Ixn (A, x,EN) - XN<A,x,ssN>J)',

1 - N
(5.6) 1y (s)= E(ﬁ D ™ Ixn (A, x, EY) —XN(A,x,ssN)J)',

’

1 ~ “
(5.7 nY(s)= E([ﬁ Z(/’J(X)XN(A,x,ésN)] — P(V () <s5)Xx{ <¢)>

5.8) nN(s)=P(xV(A) <) EXY (@) — XV (@)

(recall )A(év = X(])V).

The strategy behind this decomposition is as follows. We want to argue that for
small s, the perturbed voter model SSN is close in some sense to the voter model éSN ,
and then compute with §SN using voter model duality. However, we cannot directly
compare SSN with .»:TSN , but must instead argue that both ésN and éfv are close to ESN .
These two comparisons can be made because of the couplings and the inequality
ITT' 2 — [T7; wil < X7, lzi — w;| for numbers z;, w; bounded in absolute
value by 1.

In preparation for estimating the nlN (s), by the previous inequality,

v (A, EN) — xnv (A, x EN < ST EN (v +a/tn) — N (x +a/ty)]

acA

=Y N +afen) —gN (x +ajey)),

acA
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the last step following from the coupling £V < &V Thus,

1 - _
~ > vA x EY) — (A x ED < [AXY () — XY ().

XESN

A similar argument shows that
1 - - _ A
5 2 v x, ENy —xn (A, x, N < 1A1(XY @) - XY (1)).
xeSN
Consider the first error term n{v (s). By the above,

1 _
Y (s) < ¥ Y IP@IEIxn (A, x.EN) — xn (A, x, &N

XGSN
<ll¢llool AIE(XY (1) — XN (1))
< KIA|EXN @) = x{ @)+ [E(xY @) — xN )]

[recall }_((I)V 1) = X(])V (D)]. By (4.20) and (4.21), this implies there is a constant C
such that

(5.9) Ny () < CK(e™ — DIAIX( (D).

For név(s), using E()A(;iv(l)) = )A((I)V(l) = X(’)V(l) [see (4.16)] and arguing as
above, we get

5 () < llpllool AIE(XY (1) — XN (1) < KIAIE(XY (1) — X (D).
Now apply (4.20) to see there is a constant C such that
(5.10) nd (s) < CK|A|(e” — )X} (1).

Turning to nf (s), by adding and subtracting X gv (¢) and then proceeding as
above, there is a constant C such that

(5.11) ny (s) < CK (e — XY ).

We come now to the main term, né\’ (s). Here we will use the independent
random walk system {B,N . x € SN} and the coalescing random walk system
{B,N ¥ x € SN} introduced in Section 1. Recall that for A € P,

N (A) =inflr: |{B)", x e AJty} =1).

For y € SN, let 1:;\] (A) =1V (y€n + A). By translation invariance and symmetry,
for any y € Sy and finite A C Z4,

(5.12)  P(1)(A) <s)=P(tg (A) <5) = Pty (—A) <5) = P(z) (—A) < s).
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Also, we may assume here that our coalescing random walk system is constructed
from the independent random walk system via some collision rule. In particular,
for a # a’ € Z¢, we may assume that

P(é;\’,x-l—a/ﬂ]v =y, éé{\’,x-FaV[N =2z, T;V({a’a/}) ~ S)
(5.13) — P(BNHY =y BN 2 N (g, d}) > 5)
< P(BsN’x+a/€N — y)P(B;V,X+a//ZN — Z)-

Finally, we will make use of the well-known duality between the voter model and
coalescing random walk (see Section 3 of [5], e.g.) in the form

(5.14) E(xn(A, x,EN) = P(BN 4/t ¢ £V v a € A).

We will evaluate the right-hand side above by decomposing the event according to
whether 7V (A) < s or not.
To estimate név (s), we define

’

(5.15) Y1 (s) = '% Y ) P(BYTN eV Vae A, TN (A) > )

XGSN

(5.16) iy ()= '% Y ) P(BYTN e £V Vae A, TN (A) <)

XESN

— P(eV(A) <5) X} (¢)

’

and observe that the duality equation (5.14) above implies that

Ny (s) <051 () + 0o (s).

We proceed now to estimate each of these terms.

For né\fl(s), fix any a € A. Since {rﬁ’(A) > s5)} = UaeA\{é}{rjﬁv(a,&) > s},
it follows from (5.13) and P(BSN’Z =w) < P(Bf,v’0 =0) (e.g., see Lemma A.3
of [3]) that

1 ~ ~
W@ = Igloy S D PBY e,
xeSn acA\{a}
BN-<talty e BN tN(a,a) > s)

1
<ldllos Y. ¥ > PBNtN =)

acA\{a} X,y,2€SN

x P(BN*T/ = )EN (1)EN (2)
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1
<ldloo Y. e Y NPBN=0)

acA\{a} X,Y,2ZESN
x P(BY 0 = 8 (&Y (2).
By symmetry and time reversal, P( Afv’xw/e’v =z)= P(Ig’sN’Z =x+a/ly). Thus,

in the inequality above, if we carry out the summation first over x, and then over
y and z, we obtain the estimate

(5.17) Y1) < KAl = DNPBYO =0) (%) (1),
For né\{ ,(s), we begin with a calculation that uses time reversal, symmetry and
translation invariance. For any a € A,
P(BNF/t =y tN(A) <)
=P(BNO=y—(x+a/ty), B}' = BN/ vyq e A)
=P(BY'=(x+a/ty)—y, BY'= BN/ Vyac A)
= P(

nN,y—a/ly __ nN,y—a/ly _ pN,y—a/l
BSya/N—x,Bsya/N—Bsya/NVaEA)
= P(éstV—é/ZN =X, ‘[}I)v(—A) S S).

Using this equality, we have, for any fixed a € A,

1 A A
5 > p)P(BY TN e Vae A N (A) <)

XESN
1

N 2 P MPBYIN =y oV (4) <)

Xx,YESN

=5 X SR BN = (- <)

Xx,VESN
1 2 AN,y—a
= 2 &0 WE@BTN); ol (=4) <5).
YESN
Furthermore, since P(tV(A) <s) = P(ryN(—A) <) for all y € SN [by (5.12)],

adding and subtracting ¢ (y) in the sum above gives

1 . X
¥ Y p)P(BY- TN eEVVae A TN (A) <)

xGSN

1 n N _
=5 2 &0 WE@BTTY) —g(); 7)) (—4) <)
YESN

+ P(eV(A) <5) XY (¢).
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Therefore,

1320 < Zso WIE@BY =) —p(3): ) (—A) <5).

yGSN
Now, since [|@||Lip < K,

[E(@(BY Y4y — p(y); 1) (—A) <5)|

< 2KP(eN(4) <s) A E(‘d)(y - % + 39”0) - d)(y)D

< 2K<P(rN(A) <s)A (' 4l +E(|BN0|)>>

Assembling these estimates, we obtain
5 |al
o) =262 PV ) =5) 4 (1 + £GBID))

It now follows from the estimates on né\" 1 (s) and 173’2(s) that

ny (s) < 2KX(1)V(1)[P(rN(A) <s)A (MJV&«'/W + E|B§V~°|)]

+KIAINP(BY0 =0)(X§ ()",

Combining (5.9)—(5.11) and (5.18) completes the proof of (5.3). Setting s = ¢},
in (5.3) and using the kernel assumption (K1), we obtain (5.4), provided

that E(|B;V?V’0|) — 0 as N — oo. But this follows easily from (H1), since
E(BLP) = ey E(WyI). O

(5.18)

6. Proof of Proposition 3.4. Let T,K,¢p,A, J and 0 <t < T be as in the
statement of Proposition 3.4. Define the hitting times

TV =inf{s > 0: XY (1) > J}.
By Proposition 3.3,
(6.1) sup P(TYN <1) < C3(K,T)J 2.
N

Let e} > 0 be as in (K1)~(K3). Also, define
1
AN(A, ¢, ) = ~ Y b xn (A, x, &) — P(tn(A) <ey) X[ (¢s).

Step 1. We claim that forr < T,

t 2
E((f AN(A,¢S,SSN)ds) )
(TN +ei)nt

(6.2) t
<4K’TC3(K,T)J 2| E(xN@))’ds
0
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This inequality is easily derived. For any a € A, xn (A, x, g{V) < ésN (x+a/ty),
and, hence,

AN (A, ¢5. &) < %Z |¢s<x>|(ssN(x + %) + ssN(m)

(6.3) .
< 2plloc Xy (1).

With this inequality, Cauchy—Schwarz implies
t 2
(/ s > TN +ex1aVN (A, ¢y, gjv)ds)
0

N 2 ! N 2
<tP(TY < D4lI% /0 (XY (D)2 ds

and the claim follows from (6.1).
Step 2. Because ]l{TJN <85 < TJN +eylifs1+ey <52 < TJN +ey} =0,

(T} +e)ne 2
(6.4) E<</0 AN(A,¢S,$SN)ds) ) =1(N,J,t)+ L(N, J,1),

where
t
N0 =2 [CE[L g AV (46 E)
0 =J N
(6.5)
(s1+ery)nt
x /sll ]l{sziTjN—l-s ) (A ¢sz,§gz)) ds21| dsq
and
t
N N
DL(N, J,t)= 2/0 E|:1{S1§TJN}A (A, ¢Sl,gsl)
(6.6) t
N N
X /(s|+g;"v)/\l ]l{sziTJN—i-s;fv}A (A,(]ﬁsz,gsz)dsz} dsi.

By (6.3), (4.17) and the Markov property,
W00 <810 E( [ X! [ i XN(I)dSZdSI)
<sio12E( [ XX / VB (XX, (D) dsads1 )
<sIp12E( [ XN et xd as )

= 8K e} %N /0 E(xN @)’ ds
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Now consider I5(N, J,1). Let 0 <51 < s <t satisfy 51 + &y <52 < T]N +ey,
in which case Xg_s* (1) < J. Then
N

|E(1{s1 < T} {s2 < T} + eN}AN(A, @51, E]) AN (A, ¢s,. E]))]
<E({si < TV {s2 < T} + ey} An(A, ¢5,8))]
x[Exx | (An(A.00.6X))

<E(Usi < TV{s2 < T} + e} An(A, b5y, E)) v s (A, bsy. £3))
<N, (A, ¢y e8)20Illo E (XD (1),

the last by (6.3). By these estimates we have

t t
(6.7) L(N, J,t)§2/0 nN,,(A,qss,efv)dszK/O E(XN(1))ds.

Now for the proof of (3.2). By the above bounds, and Proposition 3.3 and
Lemma 5.1, if a, ¢y and J are as in Lemma 5.1, then for ¢t < T,

En(A, b, K, 1)
. T
< C(K, T)[(J—2+s;<ve661v)/o E(xN1)?)ds

T

T
+ [ awsaseias | E(Xf(l))ds}

<C(K, T)[J—2 + £% eV + J2<5N|A| +on(A) A (ﬁi + 81v>):|,
N

and we are done.
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