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In this paper we describe an implicit level set algorithm (ILSA) [26] suitable for modeling multi-scale behavior in planar

hydraulic fractures propagating in three dimensional elastic media. This multi-scale behavior is typically encountered

when multiple physical processes compete to determine the location of the fracture free boundary. Instead of having to

match the mesh size to the finest active length scale, or having to re-mesh as the dominant length scales change in space

and time, the novel ILSA scheme is able to represent the required multi-scale behavior on a relatively coarse rectangular

mesh. This is achieved by using the local front velocity to construct, for each point of a set of control points, a mapping

that adaptively identifies the dominant length scale at which the appropriate multi-scale universal asymptotic solution

needs to be sampled. Finer-scale behavior is captured in a weak sense by integrating the universal asymptotic solution for

the fracture width over partially filled tip elements and using these integrals to set the average values of the widths in all

tip elements. The ILSA solution shows good agreement with a multi-scale reference solution comprising a radial solution

that transitions from viscosity to toughness dominated propagation regimes. The ILSA scheme is also used to model

blade-like hydraulic fractures that break through stress barriers located symmetrically with respect to the injection

point. For the zero toughness case, the ILSA solution shows close agreement to experimental results. The multi-scale

ILSA scheme is also used to provide results when the material toughness KIc is non-zero. In this case different parts

of the fracture-free-boundary can be propagating in different regimes. It is hoped that the multi-scale ILSA solutions

presented here will form a set of reference results that can be used to benchmark simulators that use a propagation

criterion based on only one dissipative process (either toughness or viscosity). The multi-scale ILSA solutions at larger

times (for which plane strain conditions develop in vertical cross sections) are compared with and show close agreement

to plane strain exact solutions for height-growth and the fracture width in vertical cross sections. This comparison

provides some measure of the accuracy of the multi-scale ILSA scheme. The multi-scale ILSA solutions are also used to

identify the regimes of applicability of pseudo 3D (P3D) approximate solutions. These ILSA solutions can also be used

to design improved P3D models.
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1 Introduction

Hydraulic fractures (HF) are a class of brittle fractures that propagate in pre-stressed solid media due to the injection

of a viscous fluid. In the oil and gas industry HF have, for some time, been deliberately created in reservoirs to enhance

the recovery of hydrocarbons by the creation of permeable pathways [12]. The application of HF in geotechnical

engineering is growing. For example, in the mining industry HF have been used to weaken the rock and enhance

the so-called block-caving process [19, 38]. Similarly, the extraction of geothermal energy requires the creation of

new fractures to increase existing fracture networks. Hydraulic fractures have also been used for waste disposal

and are likely to play a key role in the gravitational trapping of CO2 in deep, low permeability, ocean sediments.

The propagation of hydraulic fractures into undesirable locations can have severe safety consequences in the mining

industry, and can cause considerable loss of hydrocarbons and environmental damage in the oil industry. Likewise,

the perforation of the caprock by HF can reverse the costly capture process involved in CO2 sequestration. It is
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therefore of considerable importance to have accurate models in order to be able to predict the advance of HF to

achieve an effective design of the engineering parameters in the injection process.

Mathematical models of HF involve a degenerate system of hyper-singular integro-partial differential equations

defined on a domain with a moving boundary. This class of problem has been shown to exhibit a multi-scale structure

[10] in which the fracture can propagate in a number of different modes each determined by the dominant physical

process active at the tip of the fracture. A number of studies on the propagation of HF in the special case of plane

strain have clearly established the pivotal role of the asymptotic behavior of the solution in the vicinity of the fracture

tip [36, 9, 10, 3, 16, 24]. The tip behavior of HF propagating in a state of plane strain is also important for the analysis

of planar HF in 3D elastic media. Indeed, in the vicinity of the perimeter of such a planar HF, the governing equations

can be shown [26] to reduce to those of an HF propagating in a state of plane strain - provided the boundary of

the fracture is smooth. In that paper, the plane strain asymptotic solutions were combined with an implicit level

set algorithm (ILSA) to locate the HF free boundary to achieve remarkably accurate results with relatively modest

computational resources [21]. The ILSA approach developed in [26] was restricted to modeling propagating HF in

which it is assumed that a single physical process is active in determining the progress of the fracture. In this case,

one of the corresponding asymptotic solutions is used at the computational length scale to locate the free boundary.

However, more than one and sometimes multiple physical processes are often active in determining the progress

of a propagating HF [10]. In this case, multiple length scales, each associated with a different physical process, can

be active in determining the location of the free boundary. If one of the physical processes is dominant, then the

length scale associated with that process should be matched to the computational length scale or mesh size. It is also

possible for the dominant physical process to change from one to another as the HF evolves by passing through an

intermediate regime in which both physical processes contribute equally to the location of the HF free boundary. In

this case, the computational length scale needs to be adapted to match the dominant physical process active at that

time. Moreover, if heterogeneities in the rock are present, then it is possible for the propagation of different parts of

the fracture boundary to be simultaneously dominated by different physical processes. In this case, the computational

length scale needs to be adapted in space and time to match to the length scale associated with the dominant physical

process active locally. Thus the big challenge is to devise a numerical model that can capture such heterogeneous,

time-dependent, multi-scale processes. One approach would be to fix the mesh size to the finest length scale active

in the problem. Unfortunately, since the multi-scale behavior typically ranges over 6-8 orders of magnitude (see [26])

the computational cost of this option would be prohibitive. Another option would be to adapt the mesh size in space

and time to match the dominant physical process active at each location along the front. However, this would also

be an extremely complex approach to implement.

The objective of this paper is to adapt the ILSA approach to arrive at an efficient scheme that can capture this

multi-scale behavior using a relatively coarse mesh. We use a fixed mesh of rectangular elements and locate the

free boundary using a universal asymptotic solution [13] for a semi infinite fracture propagating with a constant

speed V in an infinite elastic medium under conditions of plane strain. This free boundary location is implemented

adaptively at each control point along the fracture boundary by constructing a map, which is a function of the local

front velocity, to identify the appropriate length scale at which to sample the universal asymptotic solution in order

to capture the dominant physical process currently active at that control point. Once the dominant length scale

has been identified, all the finer-scale structure of the multi-scale solution is captured in a weak sense, by using

the universal asymptotic solution to calculate the fluid volume contained in each tip element. These asymptotic tip
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volumes are then used to assign the average crack opening in all the tip elements. Having set the dominant physical

length scale to match the mesh size, and captured the finer-scale structure in a weak sense, naturally the algorithm

is also able to capture the applicable coarser-scale processes active in the problem. Thus the novel ILSA approach

provides an approximate scheme that accounts for all the multi-scale behavior active in the HF propagation problem.

We test the novel algorithm against a reference solution [23] for a radially symmetric crack in which the two physical

processes of viscous dissipation (dependent on the fluid viscosity) and energy release due to fracturing (dependent

on the fracture toughness) are both active. Though both of these the two dissipative processes are present, it can

be shown that such radial fractures initially propagate in a regime in which viscosity dominates the propagation

process, and, as the fracture evolves, the fracture toughness becomes more important and ultimately dominates

the propagation process. We also demonstrate the performance of the new algorithm in a heterogeneous situation

in which different parts of the fracture boundary propagate at different speeds that are associated with different

physical processes. We consider a hydraulic fracture that starts off radially symmetric and which is subsequently

deformed into a blade-like geometry when it encounters positive jumps in the confining stress field that are situated

symmetrically about the injection point. One of the key questions in hydraulic fracture treatments is the extent to

which an evolving hydraulic fracture will penetrate beyond the interface across which such a stress jump occurs. Until

the recent ground-breaking stress jump experiment [20], this was largely an open question. These experiments can

only feasibly be performed between two de-bonded surfaces, so they only provide benchmark height growth solutions

when the fracture is propagating in the viscosity dominated regime. What happens when the toughness is relatively

small so that there is a competition between viscous and toughness driven dissipative processes? The ILSA algorithm

can be used to model this situation since it is able to capture the multi-scale tip behavior and to autonomously

adjust the relative weight of the competing processes of viscous dissipation and energy release due to fracturing.

It is therefore possible to extend the viscosity dominated experimental results to include the intermediate regimes

in which both these physical processes compete. Thus the extension from viscosity dominated propagation through

the intermediate regime, in which both processes compete, into the toughness dominated regime provides a set of

useful benchmark results. These benchmarks can, for example, be used to validate numerical simulators that rely on

a single propagation criterion (associated with viscosity or toughness dominated propagation) to advance the front.

As the blade-like fractures become more elongated, a state of plane strain starts to develop in vertical cross sections

of the fracture sampled away from the lateral fracture tips, and fluid pressure field can be seen to vary very little

in such vertical cross sections. Assuming that a situation of plane strain prevails for any vertical cross-section, it is

possible to obtain an exact expressions for the fracture opening profile [4] as well as the height growth h - given the

fracture toughness and the pressure [35]. Indeed these assumptions and solutions are fundamental to the so-called

pseudo 3D (P3D) models [34, 22, 4], which are widely used to design hydraulic fracture treatments in the oil and

gas industry. We use these exact plane strain solutions to test the new ILSA algorithm for sufficiently large times

for the plane strain approximation to be reasonably accurate. Conversely, we also use the ILSA solution to test the

range of applicability of the P3D models.

In section 2, we state the governing equations for a planar hydraulic fracture propagating in an infinite, homo-

geneous linearly elastic medium; in section 3, we introduce characteristic scalings for the variables of the problem,

establish the viscous, toughness, and viscosity-toughness scalings associated with viscosity dominated, toughness

dominated, and transition regimes, respectively; we also state the governing equations for a semi infinite fracture

propagating with a constant velocity under conditions of plane strain, introduce the appropriate scaling, and derive
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the fundamental mapping between the semi infinite fracture and the finite fracture; in section 4 we describe the

implementation of the generalized asymptote in the implicit level set algorithm, including a brief description of the

discretization procedure, the implicit level set algorithm, the procedure used to determine the crack volume in tip

elements by integrating the generalized asymptote; in section 5 we present the numerical results in which the new

ILSA solution is compared to a reference radial solution as well as an example of a hydraulic fracture propagating in

heterogeneous geological stress field in which the propagation of different parts of the perimeter are dominated by

different physical processes; this solution is compared with experiments and solutions from a P3D model; in section

6 we provide some concluding remarks.

2 Mathematical Model

2.1 Assumptions

The equations governing the propagation of a hydraulic fracture in a reservoir have to account for the dominant

physical processes taking place during the treatment, namely the deformation of the rock, the creation of new

fracture surfaces, the flow of the fracturing fluid in the crack, the leak-off of the fracturing fluid into the reservoir,

and the formation of a cake by particles in the fluid. Besides the standard assumptions regarding the applicability of

linear elastic fracture mechanics (LEFM) and lubrication theory, we make a series of simplifications that can readily

be justified for the purposes of this contribution: (i) the rock is homogeneous and impermeable (toughness KIc,

Young’s modulus E, and Poisson’s ratio ν thus all have uniform values), (ii) the fracturing fluid is incompressible

and Newtonian (with a dynamic viscosity µ), (iii) the fracture is always in limit equilibrium, (iv) gravity is neglected

in the lubrication equation, and (v) the fluid front coincides with the crack front, because the lag between the two

fronts is negligible under typical high confinement conditions encountered in reservoir stimulation [14, 7, 11].

We have assumed that the rock is impermeable to enable us to focus on the treatment of the multi-scale behavior

when only the two competing dissipative processes of viscosity and toughness are involved. Incorporating leak-off

using the framework that we describe proceeds in an entirely analogous manner by incorporating the appropriate

leak-off storage asymptotics. Note that the assumption that KIc and µ are homogeneous can be relaxed without

any significant changes to the model. The assumption that E and ν are homogeneous is not trivial to relax (see for

example [29, 30, 37]), however we do assume a rectangular Eulerian grid on which an efficient multi-layer algorithm

can be implemented without revising the algorithm presented in this paper by merely replacing the Green’s function

matrix elements for a homogeneous elastic medium by those for a layered elastic medium.

2.2 Governing Equations

The solution of the hydraulic fracture problem comprises the fracture aperture w(x, y, t), the fluid pressure pf(x, y, t),

the fluid flux q(x, y, t), and the position of the front C(t), where t denotes the time and x, y are the coordinates in a

system of axes referenced to the injection point (see figure 1). The solution depends on the injection rate Q(t), the

far-field compressive stress σ(x, y) perpendicular to the fracture plane (a known function of position), and the three

material parameters µ′, E′, K ′ defined as

µ′ = 12µ, E′ =
E

1− ν2
, K ′ = 4

(
2
π

)1/2

KIc. (2.1)



Modeling multi-scale processes in hydraulic fracture propagation using the implicit level set algorithm 5

A(t)

C(t)

x

y

Q(t)

V

s

Figure 1. Planar fracture with a footprint A(t) inscribed within the curve C(t) moving with the normal velocity V . The
x− y coordinate system is centered on the point source

Here E′ is the plane strain modulus, and the alternate viscosity µ′ and toughness K ′ are introduced to keep equations

uncluttered by numerical factors. The front C(t), and the field quantities w(x, y, t), pf(x, y, t), and q(x, y, t) are

governed by a set of equations arising from linear elastic fracture mechanics, lubrication theory, and the associated

boundary conditions.

2.2.1 Elasticity

In view of the homogeneous (elastic) nature of the infinite medium, the elasticity equations relating the displacement

and stress field in the solid can be condensed into a hypersingular integral equation between the fracture aperture w

and the fluid pressure pf [8, 18]

p(x, y, t) = pf − σ = −E′

8π

∫

A(t)

w(x′, y′, t)dx′dy′

[(x′ − x)2 + (y′ − y)2]3/2
(2.2)

where A(t) denotes the fracture footprint enclosed by the crack front C(t) and having a characteristic dimension

L(t), σ(x, y) is the prescribed in-situ stress field, and p is the net pressure.

2.2.2 Lubrication

The lubrication equations consist of Poiseuille’s law

q = −w3

µ′
∇pf (2.3)

and the continuity equation
∂w

∂t
+ ∇ · q = Q(t)δ(x, y) (2.4)

Equations (2.3)-(2.4) can be combined to yield the Reynolds equation

∂w

∂t
=

1
µ′

∇ · (w3∇pf

)
+ Q(t)δ(x, y) (2.5)



6 A. Peirce

2.2.3 Boundary conditions at the moving front C(t)

We consider the singular case in which the fluid front within the fracture and the fracture front coalesce so there is

no fluid-lag. In this case [11], the boundary conditions at the front C(t) are deduced from the propagation criterion,

a zero width, and a zero flux condition. Assuming that the fracture is always in limit equilibrium and that a limiting

condition is reached everywhere along the front, implies that the fracture aperture in the immediate vicinity of the

front is given by

w ∼ K ′

E′ s
1/2 (2.6)

where s denotes the distance from the crack front C(t) (with the s-axis directed inwards as shown in figure 1). The

form of this condition is a classical result of LEFM [31].

The second condition simply expresses a zero flux boundary condition at the fracture tip

lim
s→0

w3 ∂pf

∂s
= 0 (2.7)

We note that the pressure gradient becomes infinite as s → 0 according to the Reynolds equation (2.5), since w → 0

as s → 0. Unlike a classical Stefan boundary condition at a moving front, where the front velocity is given in terms

of quantities having a definite limit at the front, the front velocity has to be extracted from an asymptotic analysis

of the non-linear system of equations (2.2)-(2.7). For an impermeable medium, the front velocity v is equal to the

average fluid velocity as s → 0

v =
1
µ′

lim
s→◦

w2 ∂pf

∂s
(2.8)

which shows that v is the limit of an indeterminate form. For a permeable medium, this limit can be finite or tend

to infinity depending on the tip asymptote [11]. It is therefore clear that front location algorithms, based on knowing

the front velocity v, face a serious challenge due to the need to evaluate large pressure gradients and large leak-off

velocities in order to estimate the front velocity.

3 Propagation regimes, scaling, and tip asymptotics

3.1 Viscous, Toughness and Viscosity-toughness scaling

The approach adopted in this section follows the work of [13, 14, 10, 15, 26, 17]. We introduce a characteristic length

scale l∗, a characteristic time scale t∗, a characteristic fracture aperture w∗, and a characteristic (net) pressure p∗
(all yet to be defined). Assuming a nominally radially symmetric fracture, the physical quantities of the problem are

thus formally expressed as

x = l∗χ, y = l∗ζ, t = t∗τ, w = w∗Ω, pf = p∗Πf (3.1)

Furthermore, in order to scale the equations, we introduce the characteristic injection rate Qo and the characteristic

stress σo such that

Q = Qoψ(τ), σ = σoϕ(χ, ζ) (3.2)

where ψ(τ) and ϕ(χ, ζ) are known functions, which we have already chosen to express in terms of the dimensionless

time τ and space variables χ and ζ. Since the x and y coordinates are both scaled by l∗, this scaling is particularly

pertinent for a radial fracture in which the fracture radius R(t) is given by R(t) = l∗γ(τ).
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In the scaled coordinates, the governing equations transform to the following:

Π(χ, ζ, τ) = Πf(χ, ζ, τ)− Σoϕ(χ, ζ) = −Ge

8π

∫

A(τ)

Ω(χ′, ζ ′, τ)dχ′dζ ′
[
(χ′ − χ)2 + (ζ ′ − ζ)2

]3/2
(3.3)

∂Ω
∂τ

=
1
Gm

∇ · (Ω3∇Πf

)
+ Gvψ(τ)δ(χ, ζ) (3.4)

lim
ξ→0

Ω
ξ1/2

= Gk, lim
ξ→0

Ω3 ∂Πf

∂ξ
= 0 (3.5)

where Σo is the scaled far-field stress field σo/p∗, Π is the net pressure, and A(τ) and C(τ) are respectively the scaled

fracture footprint region and boundary curve, and ξ = l∗s is the scaled normal distance to the scaled boundary curve

C(τ). In (3.3)-(3.5) the dimensionless quantities Gj are defined as follows:

Ge =
E′w∗
p∗l∗

, Gv =
Q0t∗
w∗l2∗

, Gm =
µ′l2∗

w2∗p∗t∗
, Gk =

K ′l1/2
∗

E′w∗
(3.6)

3.1.1 Viscosity dominated propagation

The scaling for the viscous propagation regime can be obtained by requiring that Ge = Gv = Gm = 1, from which

we obtain the following power law relationships between the viscous length scale lm, the width scale wm, and the

pressure scale pm as functions of the characteristic time t∗:

lm =
(

E′Q3
0

µ′

)1/9

t
4/9
∗ , wm =

(
µ′2Q3

0

E′2

)1/9

t
1/9
∗ , pm = E′

(
µ′

E′

)1/3

t
−1/3
∗ (3.7)

We interpret these conditions on the dimensionless quantities as follows. Consistent with elementary elasticity, the

condition Ge = 1 implies that the average aperture divided by the fracture dimension is of the same order as the

average net pressure divided by the elastic modulus. Consistent with global volume balance, the condition Gv = 1

requires that the volume of the fracture, represented by the product of the fracture aperture and the area of the

fracture footprint characterized by l2∗, must match the volume of fluid injected, which is characterized by the product

of the characteristic injection rate Q0 and the average injection time. The condition Gm = 1 on the dimensionless

viscosity implies that the average pressure matches the viscous pressure drop due to flow between the injection point

and the fracture perimeter. With these scalings the remaining dimensionless parameter associated with the fracture

toughness Gk, which we choose to represent by the symbol K(t∗), assumes the form:

Gk = K(t∗) =
(

K ′18t2∗
E′13µ′5Q3

0

)1/18

(3.8)

3.1.2 Toughness dominated propagation

The scaling for the toughness propagation regime can be obtained by requiring that Ge = Gv = Gk = 1, from which

we obtain the following power law relationships between the toughness length scale lk, the width scale wk, and the

pressure scale pk as functions of the characteristic time t∗:

lk =
(

E′Q0

K ′

)2/5

t
2/5
∗ , wk =

(
K ′4Q0

E′4

)1/5

t
1/5
∗ , pk = E′

(
K ′6

E′6Q0

)1/5

t
−1/5
∗ (3.9)



8 A. Peirce

With these scalings the dimensionless viscosity Gm, which we choose to represent by the symbol M(t∗), assumes the

form:

Gm = M(t∗) =
(

E′13µ′5Q3
0

K ′18t2∗

)1/5

= K−18/5 (3.10)

3.1.3 Viscous to toughness transition for a radial fracture and intermediate viscosity-toughness scaling

For a radial fracture K and M depend on time and, as a result, the propagation regime evolves with time. Indeed,

from (3.8) we observe that very early in the evolution of a radial fracture the dimensionless toughness K is very

small so that the majority of the energy required for the fracture to grow is expended in viscous dissipation. Since

K grows at a rate t
1/9
∗ , for large times K increases till the dominant energy involved in extending the fracture is

expended in breaking the rock. Consistent with this evolution in propagation regimes, from (3.10) we observe that

the dimensionless viscosity M is initially very large and ultimately tends to zero at large times. For a radial fracture

the transition time tmk between these two modes of propagation is determined by the time at which K = 1, which

is given by

tmk =
(

E′13µ′5Q3
0

K ′18

)1/2

(3.11)

The corresponding length, width, and pressure scales are given by

lmk =
E′3µ′Q0

K ′4 , wmk =
(

E′µ′Q0

K ′2

)1/2

, pmk =
(

K ′6

E′3µ′Q0

)1/2

(3.12)

while the characteristic velocity is given by

Vmk =
lmk

tmk
=

(
K ′10

E′7µ′3Q0

)1/2

(3.13)

To understand the implications of this, assuming parameter values that might be encountered in the field, we

consider a rock with a plane strain modulus E′ = 60 GPa; a toughness of KIc = 1 MPa.m1/2; and injection of a gel

with a viscosity of 0.05Pa.s at a rate of Q0 = 2.65× 10−2 m3/s (or 10 barrels per minute). In this case the viscous

to toughness transition time tmk is close to 12.7 years, which is far in excess of the approximately 2 hours typical of

a hydraulic fracture stimulations. On the other hand if, instead of the gel, water having a viscosity of 10−3Pa.s is

injected, then the viscous to toughness transition tmk occurs within 0.26 seconds. Recall that these estimates are made

assuming a radial fracture, which is implicit in the scaling due to the fact that the x and y coordinates were assigned

the same length scale l∗ in (3.1). However, radially symmetric propagation is frequently disturbed by inhomogeneities

in the material properties of the host rock often due to sedimentary layering or jumps in the geological confining

stress across layer interfaces. In such situations, the mode of propagation is not uniform throughout the fracture, but

can vary all along the perimeter of the fracture depending upon the length scale implied by the local velocity of the

front. Below we provide numerical examples of this situation in which the fracture footprint is deformed by a pair of

stress barriers.

3.2 Tip behavior

3.2.1 Tip equations and the semi-infinite fracture moving with a constant velocity

Provided the fracture front is sufficiently smooth that a finite radius of curvature can be defined at each point along

its perimeter, then it can be shown [26] that the governing equations (2.2), (2.5), and (2.6) for the aperture w(s, t)
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and net pressure p(s) in the vicinity of the fracture front reduce to those for a semi-infinite fluid-driven fracture

steadily propagating at a constant velocity V and characterized by zero lag (see [14, 15]), namely:

ŵ3

µ′
dp̂

ds
= V ŵ, p̂ =

E′

4π

∫ ∞

0

dŵ

dz

dz

s− z
, lim

s→0

ŵ

s1/2
=

K ′

E′ (3.14)

Here s represents a coordinate located on the moving tip and pointing toward the interior of the fracture. The

consequence of this reduction is profound in that the tip asymptotic solution for a finite fracture at any time is given

by the solution of the stationary semi-infinite crack problem whose constant tip velocity corresponds to the current

propagation speed of the finite fracture. The tip solution is thus autonomous. Note that the spatial variation of the

far-field stress can be ignored when viewed at the tip scale, unless the stress field is discontinuous (in which case, the

tip solution outlined here is not relevant).

3.2.2 Scaling the semi infinite fracture equations

We introduce the characteristic tip length scale L̂∗, the characteristic tip opening Ŵ∗, and the characteristic pressure

P̂∗ as well as the normalized distance from the tip ξ̂. The tip opening and net pressure asymptotics can now be

expressed as Ω̂(ξ̂) and Π̂(ξ̂), where

s = L̂∗ ξ̂, ŵ = Ŵ∗ Ω̂, p̂ = P̂∗ Π̂ (3.15)

With these scalings the governing equations (3.14) become

1
Ĝm

Ω̂2 dΠ̂

dξ̂
= 1, Π̂ =

Ĝe

4π

∫ ∞

0

dΩ̂

dξ̂′
dξ̂′

ξ̂ − ξ̂′
, lim

ξ̂→0

Ω̂

ξ̂1/2
= Ĝk (3.16)

where

Ĝe =
E′Ŵ∗
P̂∗L̂∗

, Ĝm =
µ′L̂∗V

W 2∗ P̂∗
, Ĝk =

K ′L̂1/2
∗

E′Ŵ∗
(3.17)

Viscous regime:

We impose the condition Ĝe = Ĝm = 1, from which we obtain the following fundamental power law relations:

Ŵ∗ = L̂1/3
m L̂

2/3
∗ and P̂∗ = E′

(
L̂m

L̂∗

)1/3

(3.18)

Here L̂m = µ′V
E′ is the viscous length scale, and if we choose L̂∗ = L̂m then Ŵ∗ = L̂m, and P̂∗ = E′.

Toughness regime:

We impose the condition Ĝe = Ĝk = 1, from which we obtain the following fundamental power law relations:

Ŵ∗ = L̂
1/2
k L̂

1/2
∗ and P̂∗ = E′

(
L̂k

L̂∗

)1/2

(3.19)

Here L̂k =
(

K′
E′

)2

is the toughness length scale, and if we choose L̂∗ = L̂k then Ŵ∗ = L̂k, and P̂∗ = E′.

Intermediate/viscosity-toughness scaling:

If we wish to identify the length scale L̂∗ at which both the fundamental width asymptotes (3.18) and (3.19) are

both valid then

Ŵ∗ = L̂1/3
m L̂

2/3
∗ = L̂

1/2
k L̂

1/2
∗ (3.20)

Using this condition, we obtain the intermediate length scale L̂mk and the characteristic opening Ŵmk and pressure
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Figure 2. The stationary solution Ω̂(ξ̂) for a semi-infinite fracture propagating with a constant velocity V is denoted by the
solid line (colored red online). The toughness asymptote, represented by the dashed line (colored blue online), is valid for

ξ̂ . ξ̂k = 10−5. The viscous asymptote, represented by the dotted line (colored magenta online), is valid for ξ̂ & ξ̂m = 10−1.

P̂mk, which can be expressed as follows:

L̂mk =
L̂3

k

L̂2
m

=
K ′6

E′4µ′2V 2
, Ŵmk =

L̂2
k

L̂m

=
K ′4

E′3µ′V
, P̂mk = E′ L̂m

L̂k

=
E′2µ′V

K ′2 (3.21)

In the intermediate scalings (3.21), for which Ĝe = Ĝm = Ĝk = 1, a detailed asymptotic analysis [13, 14, 15] of the

governing equations (3.16) yields the following asymptotic expansions for Ω̂(ξ̂)

ξ̂ → 0 : Ω̂ = ξ̂1/2 + 4π ξ̂ + 128
3 ξ̂3/2 ln ξ̂ + O(ξ̂3/2) (3.22)

ξ̂ →∞ : Ω̂ = β0 ξ̂2/3 + β1 ξ̂h + o(ξ̂h) (3.23)

where βo = 21/3 · 35/6, β1 ' 0.0371887, and h ' 0.138673. The complete semi-infinite tip solution to (3.16), which

was obtained by numerical solution in [13], is plotted in figure 2, where it can be seen that the LEFM behavior (ξ̂1/2)

applies for ξ̂ . ξ̂k = 10−5 and the viscous dissipation asymptote (ξ̂2/3) applies for ξ̂ & ξ̂m = 10−1.

Mapping the tip of a planar fracture to a semi-infinite fracture moving at a constant speed V :

We relate the finite and semi infinite scalings as follows

s = L̂mk ξ̂ = lmkξ and ŵ(s) = ŴmkΩ̂(ξ̂) = wmkΩ(ξ) (3.24)

Introducing the dimensionless velocity v, we relate the semi-infinite fracture velocity V to the characteristic finite

fracture velocity Vmk, defined in (3.13), as follows:

V = Vmkv (3.25)

The semi infinite and finite scaled coordinates and widths can be expressed succinctly in terms of the dimensionless

velocity v as follows:
lmk

L̂mk

= v2 and
wmk

Ŵmk

= v (3.26)

from which it follows that

ξ̂ = v2ξ and Ω̂ = vΩ (3.27)

The fundamental mapping between the scaled width function Ω(ξ) and the universal asymptote Ω̂(ξ̂) is thus given
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by

Ω(ξ) =
1
v
Ω̂(v2ξ) (3.28)

4 Implementing the generalized asymptote within the Implicit Level Set Algorithm (ILSA)

4.1 Discrete equations

We assume [26] that the fracture will grow within a rectangular region that has been tessellated into a fixed uniform

rectangular mesh ∪∆Am,n with dimensions ∆χ and ∆ζ in the two coordinate directions (similar to the unscaled

fracture shown in figure 1). The fracture footprint A(τ) is then covered by rectangular elements ∆Am,n such that

A ⊆ ∪∆Am,n. Constant displacement discontinuity (DD) elements are used for the elasticity computations [8] along

with collocation at element centers, while the lubrication equation is discretized via the finite volume method to yield

a five node finite difference stencil [37]. The resulting, extremely stiff, system of ODEs is solved using the backward

Euler scheme. Finally, assuming that the front positions in each of the tip elements is known from the Level Set

scheme described below, the tip asymptote (3.28) is used to set the fracture aperture in each tip element to be equal

to the average fluid volume contained within that particular element. This approach makes it possible to impose the

tip asymptotic behavior on the solution in a weak sense. Since the tip elements are treated differently, it is notionally

convenient to separate the DD elements representing the fracture into two sets, namely: the tip elements At and the

channel elements Ac. The tip elements are the partially filled elements colored by light shading in figure 1, while the

channel elements comprise those elements surrounded by the tip elements that are completely filled with fluid.

4.1.1 Discrete elasticity equation

The elasticity equation (3.3) is discretized by assuming that the fracture opening Ω(χ, ζ, τ) is piecewise constant over

each rectangular element Am,n, i.e.

Ω(χ, ζ, τ) =
∑
m,n

Ωm,n(τ)Hm,n(χ, ζ) (4.1)

in which

Hm,n(χ, ζ) =
{

1 for (χ, ζ) ∈ Am,n

0 for (χ, ζ) /∈ Am,n
(4.2)

is the characteristic function for element (m,n). Substituting this expansion into the integral equation (3.3) and

evaluating the pressures at the collocation points located at the element centers, yields a system of algebraic equations

of the form

Πk,l(τ) =
∑
m,n

Ck−m,l−nΩm,n(τ) (4.3)

where

Ck−m,l−n = − 1
8π

[√
(χk − χ)2 + (ζl − ζ)2

(χk − χ)(ζl − ζ)

]χ=χm+∆χ/2, ζ=ζn+∆ζ/2

χ=χm−∆χ/2, ζ=ζn−∆ζ/2

It is also convenient to express the discretized elasticity equations (4.3) in the following operator form

Π = CΩ (4.4)
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4.1.2 Discrete Reynolds Equation

Integrating the Reynolds equation (3.4) over the time interval [τ − ∆τ, τ ] and over the element Ak,l and applying

the divergence theorem we obtain
∫

Ak,l

Ω(τ)− Ω(τ −∆τ)dA = ∆τ

[∫

Ck,l

Ω3 ∂Π
∂n

dC
]

τ

+∆k0,l0

τ∫

τ−∆τ

ψ(τ)dτ ′ (4.5)

where ∆k0,l0 is the Kroneker delta symbol and Ck,l represents the boundary of the (k, l)-th element. In order to

discretize the integral form of the fluid flow equation (4.5) in a way that is compatible with (4.3) we use the pressures

Πk,l(τ) and average widths Ωk,l(τ) sampled at element centers along with central difference approximations to the

pressure gradients on the boundaries of the elements, and divide by ∆χ∆ζ to obtain

Ωk,l(τ)− Ωk,l(τ −∆τ) = ∆τ [A(Ω)Π]k,l +
∆k0,l0

∆χ∆ζ

τ∫

τ−∆τ

ψ(τ ′)dτ ′ (4.6)

where A(Ω) is the difference operator defined by

[A(Ω)Π]k,l =
Ψk+ 1

2 ,l −Ψk− 1
2 ,l

∆χ
+

Ψk,l+ 1
2
−Ψk,l− 1

2

∆ζ
(4.7)

Here Ψk± 1
2 ,l are the fluxes along the vertical edges of the element defined as Ψk± 1

2 ,l = ±Ω3
k± 1

2 ,l

(
Πk±1,l−Πk,l

∆χ

)
,

where Ωk± 1
2 ,l are the corresponding edge widths defined by Ωk± 1

2 ,l =
(

Ωk±1,l+Ωk,l

2

)
. The fluxes and widths along

the horizontal edges of the element are defined analogously. Zero flux boundary conditions are implemented in tip

elements by removing those terms associated with the element faces having zero boundary fluxes from the difference

operator.

The the discrete lubrication equations (4.6) can be expressed in the following operator form

∆Ω = ∆τA(Ω)Π + Γ (4.8)

where A(Ω) is the second order difference operator defined on the right side of (4.7) and Γ represents the vector of

source terms.

4.1.3 The coupled width-pressure equations

Once the front position in a tip element has been defined, the width profile within the element is determined by

the applicable tip asymptotic solution as given above and the corresponding tip fluid volume can be calculated by

direct integration (see section 4.2.3). Thus the fracture width in the tip elements can no longer be used as a primary

variable. To conserve fluid volume, average width values calculated from the tip fluid volumes must then be allocated

to the DD element tip width values in a way that is consistent with the volume of fluid that has flowed into the tip

element. Thus the primary unknowns within the tip elements become the fluid pressures, which are calculated in

such a way that mass balance is preserved. We now provide details of the computation of the mixed field variables.

Since we treat the tip and channel variables differently, we introduce a superscript c to represent a channel variable

and a superscript t to represent a tip variable. Thus Ωc and Πc represent the vectors containing the channel widths

and fluid pressures respectively, while Ωt and Πt represent the corresponding tip variables. From (4.4) the channel

pressures can be expressed as

Πc = CccΩc + CctΩt (4.9)
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where Ccc and Cct represent the channel-to-channel and tip-to-channel Green’s function influence matrices. From

(4.8) the channel lubrication equation can be written in the form

∆Ωc = Ωc −Ωc
0 = ∆τ

(
AccΠc + ActΠt

)
+ ∆τΓc (4.10)

where Ωc
0 is the channel width at the previous time step. For the tip, the lubrication equation (4.8) can be re-written

as

∆Ωt = Ωt −Ωt
0 = ∆τ

(
AtcΠc + AttΠt

)
+ ∆τΓt (4.11)

Now using (4.9) to eliminate Πc from (4.10) and (4.11) and re-arranging terms, we obtain the following system of

non-linear equations for the channel width increments and tip pressures:

[
I −∆τAccCcc −∆τAct

−∆τAtcCcc −∆τAtt

] [
∆Ωc

Πt

]
=

[
∆τAcc

(
Ccc

0 Ωc + CctΩt
)

+ ∆τΓc

−∆Ωt + ∆τAtc
(
Ccc

0 Ωc + CctΩt
)

+ ∆τΓt

]
(4.12)

Since the front positions and therefore the tip widths Ωt are assumed to be known, the solution to this system of

equations yields the channel widths Ωc = Ωc
0 + ∆Ωc and the tip pressures Πt. By freezing the matrix coefficients

and the right hand side components at the current trial solution, we obtain a linear system for ∆Ωc and Πt. Efficient

preconditioners for this system of linear equations (4.12) can be found in [27, 28]. The value of ∆Ωc is then used

to update the trial solution Ωc and the process is repeated to yield a fixed-point iteration scheme that is continued

until convergence is achieved.

4.2 The implicit level set algorithm ILSA-MK

4.2.1 Determining the distance to the free boundary by inverting the generalized asymptote

Having determined the trial fracture widths Ωc in the channel elements and tip pressures Πt by solving the coupled

pressure-width equations (4.12), the trial solution for the channel widths along with the stationary solution Ω̂(ξ̂) can

be used to determine a new estimate for the location of the free boundary C(τ). In the ribbon of channel elements

∂Ac on the boundary of the channel region Ac that share at least one side with a tip element (see the dark shaded

elements in figure 1), the current trial fracture widths are used to determine the shortest distance ξ from the centers

of these elements to the free boundary. At each of these collocation points, the fundamental mapping between the

known fracture width Ω(ξ) and the corresponding abscissa in the universal asymptote shown in figure 2 is given by

(3.28). In this equation the dimensionless velocity v in the direction normal to the front is also unknown. However,

assuming that the distance ξ0 to the previous front is known and that ξ is the distance to the current front that we

desire, an approximation to this normal velocity can be expressed as

v =
ξ − ξ0

∆τ
(4.13)

Using (4.13) to eliminate the normal velocity v from (3.28), we obtain the following nonlinear equation from which

we can obtain the shortest distance ξ to the free boundary corresponding to a given Ω:

Ω− ∆τ

ξ − ξ0
Ω̂

((
ξ − ξ0

∆τ

)2

ξ

)
= 0 (4.14)

The monotonic function Ω̂(ξ̂) is approximated as follows: on the interval [0, 10−5) we use the toughness asymptote

(3.22); within the intermediate interval [10−5, 100], on which the values of Ω̂ are represented in figure 2 by a solid
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red line, we interpolate the numerical values of Ω̂ in log-log space by a spline function; and on [100,∞) we use the

viscous asymptote (3.23).

4.2.2 Locating the free boundary by solving the eikonal equation

Having determined the shortest distance from the collocation points to the free boundary for each of ribbon of channel

elements adjacent to the tip elements, these distances are used as initial conditions

T 0(χ, ζ) = −ξ for all (χ, ζ) ∈ ∂Ac (4.15)

to construct the signed distance function T (χ, ζ) by solving the eikonal equation

|∇T | = 1 (4.16)

The negative sign in the initial condition (4.15) enforces the sign convention that T (χ, ζ) < 0 for all points (χ, ζ) that

lie within the fracture boundary curve C(τ), while points for which T (χ, ζ) > 0 lie outside C(τ). Moreover because

the initial condition (4.15) defines the distance to the free boundary, the fracture boundary curve C(τ) is defined by

the level set T (χ, ζ) = 0.

Using a simple first order scheme [33, 25] to discretize the Hamilton-Jacobi equation (4.16), it is possible [26] to

use two neighboring values Tm−1,n and Tm,n−1 to determine Tm,n using the formula

Tm,n =
Tm−1,n + βTm,n−1 + Θ

1 + β2
(4.17)

where Θ =
√

∆χ2(1 + β2)− β2∆T 2, β = ∆χ/∆ζ, and ∆T = T m,n−1 − Tm−1,n. The fast marching method [33]

is then used to extend the initial values of T 0
m,n of the signed distance function along ∂Ac to a narrow band that

includes the fracture front. Using this solution, the location of the fracture front in a tip element is defined by

` = −
(Tm,n−1 + Tm−1,n

2

)
and tan α =

β(Θ−∆T )
Θ + β2∆T (4.18)

where ` is the distance from the front to the farthest interior corner of a tip element (line segment AG in figure 3)

and α is the angle that the local outward normal to the front makes with the tip element edge as shown in figure 3.

Finally, the normal velocity field can be determined using

v =
T (χ, ζ, τ −∆τ)− T (χ, ζ, τ)

∆τ
(4.19)

4.2.3 Tip volume calculation

Since the DD method assigns the width field in a partially filled tip element to be the average volume of fluid

contained in that element, it is necessary to determine this fluid volume. Once the level set scheme has been used to

determine the current location `, orientation α, and normal speed of the front v, the fluid volume corresponding to

the tip asymptote can be calculated. The procedure used to determine this tip volume is depicted in figure 3. In this

figure the fluid is shown to fill the polygonal region ABHID within the rectangular element ABCD of size ∆χ×∆ζ

in which the fracture front HI is a distance ` from the bottom left vertex of the element (point A) and moving at

a speed v in a direction with direction cosines (cos α, sin α). The line parallel to the front and passing through B

is a distance `ζ = ∆ζ sin α from the point A, while that parallel to the front and passing through D is a distance

`χ = ∆χ cos α from A. The maximum value Λ that ` achieves, when the front passes through the point C, is given
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Figure 3. Scheme to integrate the universal asymptotic solution, backwards from the front, over the partially filled
rectangular tip element ABCD.

by

Λ =
−→
AC · (cosα, sin α) = ∆χ cos α + ∆ζ sin α = `χ + `ζ (4.20)

When the front is moving horizontally, α = 0 so that `χ = ∆χ and `ζ = 0, while for a front that is moving vertically,

α = π/2 so that `χ = 0 and `ζ = ∆ζ.

Now observing that the length of MN can be expressed in the form

∣∣MN
∣∣ =

ξ̄

cosα sin α
= mξ̄, where m =

1
cos α sinα,

(4.21)

the volume of the fracture in the triangular region AEK is given by

V(`) =

`∫

0

Ω(`− ξ̄)mξ̄dξ̄ (4.22)

Making the transformation ξ̂ = (` − ξ̄)v2 = ξv2 and using the mapping formula (3.28), we obtain the following

expression for V(`) in terms of the universal asymptote Ω̂(ξ̂);

V(`) =
m

v5

{
`v2V0(`)− V1(`)

}
(4.23)

where V0(`) =
`v2∫
0

Ω̂(ξ̂)dξ̂ and V1(`) =
`v2∫
0

Ω̂(ξ̂)ξ̂dξ̂ are the zeroth and first moments of Ω̂. In the definition of V(`)

no reference is made to the rectangle ABCD. Indeed, V(`) may be defined to be the volume associated with the

universal asymptote that is trapped in the triangular region that is completely determined by the normal distance `

from the front moving with a speed v and whose direction of propagation is defined by α. Thus the dimensions of the

rectangular element ABCD do not enter the expression for V(`). The formula for V can therefore be used to define

the volume associated with the universal asymptote that is trapped within any triangle that is similar to AEK. Two

such triangles of particular importance are BEH and DIK. Since
∣∣BF

∣∣ = `− `ζ and
∣∣DI

∣∣ = `− `χ, it follows that

the volume within the triangular region BEH is given by V(`− `ζ), while that within the triangular region DIK is

given by V(`− `χ). Using these triangular volumes it follows that the volume of the tip asymptote in the pentagonal
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region ABHID is given by

VABHID = V(`)− V(`− `ζ)− V(`− `χ) (4.24)

In figure 3 and in the subsequent analysis `χ > `ζ , whereas the case `χ < `ζ can be treated analogously. To represent

both cases it is convenient to define

`0 = min {`χ, `ζ} so that Λ− `0 = max {`χ, `ζ} (4.25)

Similar to (4.24), it is possible to use the volume for a triangular region (4.23) as a basic building-block to construct

the volume Vi,j(`) associated with the tip asymptote over the i, j-th tip element having any possible configuration.

Indeed, the elemental tip volumes Vi,j(`) for all the different cases in which the fluid-filled region can be a triangle,

a quadrilateral, or a pentagon, are summarized as follows:

Vi,j(`) =




V(`)−H(`− `0)V(`− `0)−H(` + `0 − Λ)V(` + `0 − Λ), 0 ≤ ` ≤ Λ, m 6= ∞
∆ζ V0(`)/v3, 0 ≤ ` ≤ ∆ξ, α = 0
∆ξV0(`)/v3 0 ≤ ` ≤ ∆ζ, α = π/2

(4.26)

where H(s) is the Heaviside Step function. Finally, the average fracture aperture Ωi,j is defined in terms of the

asymptotic tip volume as follows:

Ωi,j =
Vi,j(`)
∆χ∆ζ

(4.27)

The fact that the average tip apertures encapsulate, in a weak sense, all the multi-scale tip asymptotic behavior right

down to the finest scale has profound consequences in terms of modeling efficiency. Typically for radial fractures

the tip asymptote is valid within a distance that is 10% of the radius from the crack tip, i.e. 0.1γ. Now consider

modeling a hydraulic fracture that is propagating in the viscous regime in which the effects of toughness are sub-

dominant, but not negligible. Capturing the finest length scale active in this problem directly would require that we

choose the smallest element size to match the finest length scale. Modeling such multi-scale behavior directly would

require prohibitively fine meshes (see [21]). However, since the tip averaging process just described accounts for this

multi-scale behavior albeit in an average sense, we are able capture the effect of this finer-scale behavior even though

we only set the mesh size to match the dominant length scale active in the problem. Thus the algorithm is able to

represent, in a weak sense, all the fine-scale structure of the problem on a relatively coarse mesh.

5 Numerical Results

In this section we present numerical results that illustrate the performance of the new ILSA-MK algorithm. For

the first test problem, we compare the results obtained using the new algorithm with a reference solution for a

propagating radial fracture that traverses the M-K edge of phase space (see [26]). This example illustrates that

the implementation of the universal asymptote enables the ILSA-MK scheme to faithfully capture the multi-scale

tip behavior on a relatively course mesh, whose mesh size is dictated by the desired accuracy for the discretization

of the elasticity and lubrication equations and not by the finest length scale active in the problem. In the second

test problem, we consider a fracture that propagates in an elastic medium in which there are positive jumps in the

confining stress field located symmetrically with respect to the fluid source. This example is chosen to illustrate the

way in which the new ILSA scheme is able to capture the different length scales that are active at different points

along the perimeter of the fracture, depending upon the magnitude of the local normal velocity.
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5.1 M-K transition of a radial fracture

As a reference solution for this problem we use the radial solution provided by [23]. The ILSA scheme uses a fixed

mesh in which ∆χ = ∆ζ = 0.16 and initial solution set to the M-vertex radial solution (see [32] or Appendix C.2 in

[26]) with a starting radius of γ = 0.6506, which corresponds to a time τ = 0.996. In order to be able to cover a large

range of times in a single simulation we use the following scheme to adapt the time step

∆τ =
1
2

min
(χ,ζ)∈At

Λ
v

(5.1)

The ILSA solution was determined for τ ∈ [0.996, 6.8608× 103] during which K = τ1/9 ∈ [0.9996, 2.6685].
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Figure 4. Left: Evolution of the fracture radius γ plotted on a linear scale. Right: Evolution of the fracture radius γ plotted
on a log− log scale. The multi-scale ILSA-MK solution is denoted by the small circles (colored red online), the M-vertex
solution is denoted by the dashed line (colored magenta online), and the near K-vertex solution is denoted by the solid line
(colored blue online). The large black circles represent the points at which the pressures and widths are sampled in figure 5
below.

In figure 4 we plot the evolution of the fracture radius γ on (a) linear and (b) log− log scales to emphasize the

transition from the M-vertex solution to the near K-vertex solution (see [26]). We observe that the multi-scale ILSA

scheme is able to faithfully capture the intermediate solution from close to the M-vertex solution all the way to the

near K-vertex solution.

In figure 5 we plot the spatial distribution of (a) the fracture opening Ω and (b) the fluid pressure Π versus

the normalized fracture radius ρ for a selection of values of the dimensionless toughness K. The multi-scale ILSA

solution shows close agreement with the reference solution [23] across the range of K values considered. The largest

discrepancy between these solutions corresponds to K = 1.25, which, since it is early in the simulation, corresponds

to a relatively coarse mesh. We observe that even though the transition value is nominally K = 1, the ILSA and

reference solutions for K = 1.25 are still fairly close to the M-vertex solution. By the time K = 2.5, the ILSA and

reference solutions are virtually indistinguishable from the K-vertex solution. It should be noted that the multi-scale

ILSA scheme, which in spite of the fact that it uses a structured rectangular mesh, provides an accurate solution to

this radially symmetric problem because of the weak form representation of the fracture opening in the partially filled

tip elements. This example demonstrates that incorporating the universal asymptote into the ILSA scheme makes
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Figure 5. Left: Fracture opening Ω vs normalized fracture radius ρ for different values of the dimensionless toughness K.
Right: Fluid pressure Π vs normalized fracture radius ρ for different values of the dimensionless toughness K. The multi-scale
ILSA values are denoted by the solid red lines, the reference solution [23] is denoted by the solid black circles, the M-vertex
solution is denoted by the dash-dotted magenta lines, and the near K-vertex solution is denoted by the dashed blue lines. The
snapshots shown correspond to the large black circles shown in figure 4.
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Figure 6. A blade-shaped fracture formed by a jump in the confining stress field from a value σp within a pay zone to a
level σb within two symmetric stress barriers. The fracture extends beyond the pay-zone of height H to a achieve a maximum
height h while the fracture half-length is denoted by `.

it possible to capture the full range of length scales accurately using a relatively coarse mesh. This is achieved by

autonomously adjusting the appropriate length scale to the computational mesh, while also capturing the complete

fine-scale structure of the tip solution appropriate to the computational mesh scale by imposing the complete tip

asymptotics in a weak form.

5.2 A symmetric stress barrier: distinct propagation regimes along the periphery

In this section we consider a hydraulic fracture that starts off radially symmetric and which is subsequently de-

formed into a blade-like geometry when it encounters positive jumps in the confining stress field that are situated

symmetrically about the injection point (see figure 6). We compare the ILSA results to the stress jump experiment

[20] for the viscous case K ′ = 0 and use the ILSA-MK algorithm to provide results in which the multi-scale effects

of viscous dissipation and fracture toughness are included using the universal asymptote. We then use the algorithm
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to establish the range of applicability of pseudo 3D (P3D) models [34, 22, 4] that are widely used to design fracture

treatments in the oil and gas industry.
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Figure 7. Time evolution of the fracture half-length `, height h, well-bore width wwb, and well bore pressure pwb. The red
solid circles denote the experimental results, which should be compared to ILSA M-Vertex solution denoted by the thick solid
magenta line. The ILSA MK solutions, corresponding to the different toughness values K′ (in MPa.m1/2) are represented by
thin black lines with the following symbols: H−K′ = 0.75, dashed line −K′ = 1.0, • −K′ = 1.25, F−K′ = 1.5, ¨−K′ = 2,
and ¥−K′ = 3.

5.2.1 Comparison with an M-vertex experiment and extension to toughness via ILSA-MK

Since there is no analytic solution for this situation, we consider as a reference solution, the symmetric stress jump

experiment reported by Jeffrey and Bunger [20]. In order to be able to compare the numerical solution to the

experimental results, we assume the same parameter values as those reported for the experiment: Young’s modulus
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E = 3.3 MPa, Poisson’s ratio ν = 0.4, fluid viscosity µ = 30.2 Pa.s, nominal injection rate Q0 = 0.0017 ml/s,

payzone height H = 50 mm, stress in the payzone σp = 2.2 MPa, stress in the barrier zones σb = 6.5 MPa, and

stress jump ∆σ = σb − σp = 4.3 MPa. Due to fluid compressibility effects early in the experiment, the following

two-stage injection schedule has been recommended [20]:

Q0 =
{

0.0020 ml/s for 0 < t ≤ 243 s

0.0013 ml/s for 243 s < t
(5.2)

This experiment was simulated using ILSA in which the leading order term in the viscous asymptote (3.23) is used

to locate the free boundary. A fine spatial mesh was used in which the 50 mm payzone was divided into 41 elements,

so that ∆x = ∆y = 1.2195 mm while a constant time step ∆t = 0.2620 s was used throughout the simulation. In the

experiment the two sides of the “fracture plane”, in which the hydraulic fracture developed, were pushed together

by flat jacks but were not bonded together, thus the experimental results correspond to the zero toughness M-vertex

solution.

Plots of the fracture half-length, height, well-bore width, and well-bore pressure vs time for the experiment and

the M-Vertex solution are shown in figure 7. For t > 250 s, the ILSA M-vertex solution, represented by the thick line

(colored magenta online), shows close agreement to the experimental results, represented by the isolated sequence of

dots (colored red online). The initial discrepancies between the two sets of results stem largely from the fact that the

numerical solution assumes a point source (having a log singularity in the pressure field) whereas a finite injection

tube was used in the experiment, which naturally has a finite well-bore pressure. This initial discrepancy can also be

seen by the time that two fractures take to reach the stress barriers: the experimental fracture takes 74 s to achieve

a fracture radius of 25 mm while the numerical solution takes 32 s.

However, if the two sides of the fracture plane were bonded together then the fracture toughness implied by this

bond needs to be taken into account. Because different parts of the fracture boundary will be moving at different

speeds, the fracture may evolve in such a way that one part of the boundary is advancing in the viscosity dominated

regime while another part of the boundary is advancing in the toughness dominated regime. Between these extremes,

it is also possible that for some time the fracture boundary may be advancing according to some intermediate

asymptote as shown in figure 2. In order to be able to capture this multi-scale behavior it is necessary to use the

ILSA-MK scheme described in section 4.2. Assuming the same mesh and time step as before, the ILSA-MK scheme

was used to simulate the same experiment multiple times in each case assuming that the two sides of the fracture plane

are bonded and have one of the following scaled toughness values K ′ = [0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 2, 2.5, 3, 3.5]. The

results of these simulations are also plotted in figure 7. To be able to make more general conclusions, independent of

the specific stress jump or payzone height, we use the dimensionless toughness Kσ defined in [4]:

Kσ =

√
2π

H

KIc

∆σ
(5.3)

Using the experimental values for the payzone height H and the stress jump ∆σ, the values of the dimensionless

toughness Kσ corresponding the above sequence of values of K ′ are as follows:

Kσ = [0.20, 0.41, 0.61, 0.82, 1.02, 1.23, 1.63, 2.04, 2.45, 2.86]

It can be seen that for moderate values of the dimensionless toughness in the range Kσ ≤ 1 the presence of toughness

has little impact on the half-length `, the well-bore width wwb, and the well-bore pressure pwb, but has a noticeable

effect of on the height growth h.
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Figure 8. Horizontal (x) and vertical (y) cross sections of the width and pressure fields for the M-vertex solution sampled at
times t = 32.12, 100, 200, 300, 400, 500, 603 s. The solid vertical lines in the vertical plots represents the interface across
which the confining stress jumps.

In figure 8 we plot the spatial distributions of the ILSA M-vertex solution for the width and pressure fields at a

selection of time steps within horizontal and vertical cross sections through the injection point. The smallest sample

time t = 32.12 s corresponds to the time at which the hydraulic fracture crosses the stress jump, while the largest

sample time t = 603 s corresponds to the last time for which experimental data is provided in [20]. We observe that

the y cross section of the pressure field varies considerably initially (∞ at the well-bore to −∞ at the fracture front)

but as time progresses the pressure field flattens appreciably. However, the vertical cross section of the pressure field

is still not constant, which will be seen to have a significant impact on the accuracy of the P3D solution in this

regime.
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Figure 9. Horizontal (x) and vertical (y) cross sections of the width and pressure fields assuming K′ = 1.25 MPa.m1/2 (or
Kσ = 1.02) sampled at times t = 35.26, 100, 200, 300, 400, 500, 603 s. The solid vertical lines in the vertical plots represents
the interface across which the confining stress jumps.

In figure 9, we plot the spatial distributions of the ILSA-MK solution for the width and pressure fields assuming

K ′ = 1.25 MPa.m1/2 (or Kσ = 1.02). Comparing figures 8 and 9, we observe that, due to the toughness, the crossing

time is delayed slightly to t = 35.26 s, the fracture half length ` is reduced slightly, while the fracture height is

reduced significantly. This is consistent with the results shown in figure 7. The vertical cross section of the pressure

field at later times is even flatter.
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Figure 10. Horizontal (x) and vertical (y) cross sections of the width and pressure fields assuming K′ = 1.5 MPa.m1/2 (or
Kσ = 1.23) sampled at times t = 37.36, 100, 200, 300, 400, 500, 603 s. The solid vertical lines in the vertical plots represents
the interface across which the confining stress jumps.

In figure 10 we plot the spatial distributions of the ILSA-MK solution for the width and pressure fields assuming

K ′ = 1.5 MPa.m1/2 (or Kσ = 1.23). Comparing figures 8 and 10, we observe that, due to the toughness, the crossing

time is delayed slightly to t = 37.36 s, the fracture half length ` is reduced somewhat more, while the fracture height

is also reduced significantly.
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Figure 11. Fracture footprints C(t) at time t = 32 s for different values of the fracture toughness. In each of the figures, the M-
vertex footprint (shown red online) encompasses the MK footprint (shown blue online), which is sampled at the corresponding
time. The DD mesh is denoted by the thin grid lines and the thick horizontal lines represent the interface across which the
confining stress field jumps. The length scale ξ̂ active in locating the free boundary is depicted by the shaded elements.

In figure 11 we plot the fracture footprints at t = 32 s of the M-vertex solution along with the footprints for

the following values of the dimensionless toughness K ′ = 0.75, 1.25, and 1.5 MPa.m1/2. Only the first quadrant

is shown due to the symmetry of the problem. This particular time has been chosen as it corresponds to the time

at which the M-vertex solution breaks through the stress barrier and before which the solutions are all radially

symmetric. Since the toughness retards the progress of the fracture, in each case the M-vertex footprint encompasses

the MK footprint sampled at the corresponding time. In each case the ribbon of elements used to locate the MK

free boundary (see section 4.2) is shaded by the dominant length scale from the universal asymptote ξ̂ (see figure

2) that is active in that element. From figure 11 (a) we observe that when K ′ = 0.75 MPa.m1/2 there is very little

difference between the M-vertex and the MK front positions. This is corroborated by the fact that, in this case,

the all the ribbon elements for the MK solution are associated with a length scale ξ̂ ≈ 10−1.5, which according

to figure 2, is still very close to the viscous regime. As further evidence that at this time, even with this non-zero

toughness, the progress of this fracture is dominated by viscous propagation, the transition time for a radial MK

solution in this case is tmk = 686.26 s (see equation (3.11)). Assuming K ′ = 1.25 MPa.m1/2 the MK and M-vertex

footprints shown in figure 11 (b) are now distinct, while the length scale in the ribbon elements is ξ̂ ≈ 10−2.5. The

corresponding transition time in this case is tmk = 6.92 s so the MK radial fracture is well into the intermediate

asymptotic regime. Assuming K ′ = 1.5 MPa.m1/2, the MK and M-vertex footprints shown in figure 11 (c) are now

even further apart, while the length scale in the ribbon elements is ξ̂ ≈ 10−3.5. The corresponding transition time

in this case is tmk = 1.34 s so the MK radial fracture is still in the intermediate asymptotic regime, but starting to

move toward the toughness regime.
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In figure 12 we plot the fracture footprint at t = 603 s for the M-vertex solution along with the MK footprints for

the following values of the scaled toughness K ′ = 0.75, 1.25, and 1.5 MPa.m1/2. In all cases it can be seen that the

mode of propagation for the lateral wings of the fracture, whose dominant normal velocity component is horizontal,

is different from the mode of propagation from those parts of the front whose dominant normal velocity component

is vertical. This difference is more pronounced for smaller compared to larger values of the fracture toughness. From

figure 12 (a) we observe that when K ′ = 0.75 MPa.m1/2, that part of the fracture front within the payzone, for which

the dominant component of the normal velocity field is horizontal, is associated with a length scale ξ̂ ≈ 10−1.5, which,

according to figure 4.2, is still very much in the viscosity dominated regime. In this region the M-vertex and MK

fracture front positions are very close. By contrast, that part of the fracture front beyond the interface is associated

with a length scale ξ̂ ≈ 10−4, which is close to the toughness dominated regime. In this region the M-vertex and MK

fracture front positions show a noticeable discrepancy, which results in the significantly different height growth shown

in figure 7 (b). In figures 12 (b) and (c) all points along the boundary are associated with length scales ξ̂ ≈ 10−4

or smaller, so that the fracture is propagating in the toughness dominated regime. In both these cases, due to the

influence of the toughness, the MK footprints have significantly smaller half-lengths and heights.

The scaled fracture half-length `/H and height growth λ = h/H values at times t = 603 s and 1048.5 s are sampled

for different values of the dimensionless toughness Kσ and plotted in figure 13. As was observed in figure 7, for values

of Kσ < 1 the fracture lengths do not vary much whereas the fracture height values change considerably over this

interval. For Kσ > 1, the effect of the fracture toughness starts to significantly reduce the fracture half-length, which

decreases monotonically as Kσ increases. As expected, initially the height growth also decreases with increasing Kσ.

However, a value of Kσ is reached at which the height growth achieves minimum value and beyond which it is easier

for the fracture to grow vertically rather than horizontally.

5.2.2 Comparison to an equilibrium P3D model

As the aspect ratio h/2` of these blade-like fractures decreases, a condition close to a state plane strain starts to

develop in any vertical cross section located away from the fracture tips. Thus, once the aspect ratio is sufficiently

small, vertical cross sections of the ILSA-MK solutions can be compared to the solutions for a plane strain crack

subject to a prescribed pressure field. Indeed, these plane strain solutions form the basic building blocks for so-called

P3D models that are specifically designed to approximate symmetric stress jump configurations such as the one

shown in figure 6. The objective of this section is to try to validate the ILSA-MK model by comparing vertical

cross-section of the ILSA-MK solutions to the analytic solution for a pressurized plane strain crack. In addition, we

take the opportunity to compare the ILSA-MK solutions to the corresponding P3D model solutions. This comparison

helps to establish the regions of applicability of the P3D model as well as exposes some of deficiencies, which can be

linked directly to the underlying assumptions of the P3D model.

In this comparison we make use of the P3D formulation and scalings presented in [4]. In order to discuss the

discrepancies between the P3D results and the experimental and ILSA results, it is important to summarize the

three basic assumptions used in the P3D model for an impermeable rock-mass, which are as follows: (I) The lateral

wings of the fracture are vertical and restricted to the pay zone; (II) the vertical fluid flux is sufficiently small that the

fluid pressure pf can be considered constant in any vertical plane; (III) The aspect ratio h/2` is sufficiently small that

a condition of plane strain exists in any vertical plane. The nonlocal elasticity equation can then be replaced by a local

relation between the average width and the fluid pressure. This local assumption breaks down in the lateral leading
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Figure 12. Fracture footprints C(t) at time t = 603 s for different values of the fracture toughness.
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Figure 13. The scaled fracture half-lengths `/H (¥) and fracture heights λ = h/H (¨) sampled at times t = 603 s and
1048.5 s and plotted as a function of Kσ. The solid circles (colored red online) represent the experimental scaled half-length
and height.
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Figure 14. The scaled fracture half-lengths `/H (¥) and fracture heights λ = h/H (¨) sampled at time t = 603 s and plotted
as a function of Kσ for both the ILSA-MK (solid lines) and P3D (dashed lines) models. The solid circles (colored red online)
represent the experimental scaled half-length and height.

edges of the fracture a distance O(H) from the tip, which precludes the imposition of any appropriate propagation

condition. Instead, the kinematic condition w = 0 (and therefore pf = 0) is imposed. Nonlocal corrections to this

model in the case h = H can be found in [5].

Finally, we note that for this comparison we assume that fluid injection rate is Q0 = 0.0017/ml/s throughout the

simulations, otherwise we use precisely the same parameters as in the previous sub-section.

In figure 14 we plot the ILSA-MK and P3D scaled fracture half-lengths `/H and scaled heights λ = h/H sampled
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at time t = 603 s versus the dimensionless toughness Kσ. When Kσ = 0, we observe that the P3D model grossly

over-estimates the height growth registered by the experiment and the ILSA scheme but provides a good estimate of

the fracture half-length `. The poor height growth estimate of the P3D model is largely due to the assumption of a

constant fluid pressure pf in the vertical direction used in the P3D model, which is clearly not valid as can be seen

from figure 8 (d). The P3D fracture half-length shows good agreement with the ILSA model and the experiment,

which is consistent with the fact that the fracture half-length ` is determined largely by viscous dissipation over the

length of the fracture and conservation of fluid volume. The initial height-growth error in the P3D model decreases

as Kσ is increased but is still significant in the range 0 < Kσ < 1/2. As Kσ is increased, the pressure variation in the

vertical direction (and therefore the fluid flux qy) is decreased sufficiently for the P3D assumption (I) - of constant

pressure in vertical cross-sections - to become valid. Indeed, for 1/2 < Kσ < 2 the P3D model gives reasonable height

growth estimates that are within 10% of the ILSA-MK solution. For for 0 ≤ Kσ < 1 the P3D model provides an

estimate of the fracture length that is also within 10% of the ILSA-MK, since within this range the ILSA-MK fracture

length is almost identical to that of the M-vertex solution, and is influenced very little by the toughness. Recall that

the P3D model cannot account for toughness in the propagation of the lateral wings of the fracture, while it does

account for toughness in determining the vertical height growth. Thus in the P3D model, since increasing Kσ offers

no additional resistance to lateral growth of the fracture, while it does place increased restriction on the vertical

height growth, conservation of fluid volume dictates that the P3D length estimate must increase with increasing Kσ

until the toughness is so large that h = H and ` no longer increases with Kσ. In contrast, for Kσ > 1, the ILSA-MK

half-length ` decreases monotonically with increasing Kσ.
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Figure 15. The ILSA-MK well-bore pressures vs λ represented by the solid curve (black online) terminated by a ¥ symbol
and the corresponding P3D Πf vs λ from equation (5.4) represented by the solid curve (colored red online) with a solid F
symbol. For the M-vertex case Kσ = 0, the experimental results are represented by the solid circles (red online). The dashed
line in each case represents the aspect ratio h/2` for the ILSA-MK solution.

Assuming a constant fluid pressure pf in any vertical cross section, the following expression relating the scaled

fluid pressure Πf = pf

∆σ , the dimensionless toughness Kσ, and the scaled height growth λ = h/H can be derived [4]:

Πf =
Kσ

π
√

λ
+

σb

∆σ
− 2

π
sin−1

(
1
λ

)
(5.4)

In figure 15 we plot as functions of λ the P3D pressure Πf given by (5.4) as well as the ILSA-MK well-bore pressure

for the cases Kσ = 0, 1.02, and 2.04. For the case Kσ = 0 we also plot the corresponding experimental well-bore

pressures as a function of λ. From figure 7 (b) we observe that, since h is a monotonically increasing function of t,
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we can regard λ in figure 15 as a proxy for time. Thus initially the well-bore pressures for the ILSA-MK solutions

as well as the experiment are decreasing with time as is characteristic of a radially symmetric solution. However, as

the fracture aspect ratio decreases, the well-bore pressures reach a minimum (at λ = 1.56 for Kσ = 0, λ = 1.31 for

Kσ = 1.02, and λ = 1.21 for Kσ = 2.04), and, for the larger toughness values, the well-bore pressures asymptote

to just above the increasing P3D pressures. Because the ILSA-MK solution approximates a log singularity, due to

the point source model of the well-bore, it is to be expected that the ILSA well-bore pressures should be slightly

higher than the P3D pressures, which represent the average pressure over each vertical plane (see figures 8 (d)-10(d)).

For the zero toughness case, the last solid circle, the solid square, and the F symbol represent the experimental,

ILSA-MK, and the P3D values corresponding to time t = 603 s, respectively. There is a large difference between the

pair (λ, Πf ) for P3D and the corresponding experimental and ILSA-MK pairs, which are relatively close. For the case

Kσ = 1.02 the corresponding (λ,Πf ) pairs for the ILSA-MK (¥) and P3D (F) solutions are relatively close, which

is consistent with the reasonably accurate P3D height estimate if Kσ ≈ 1. When Kσ = 2.04 the ILSA-MK (¥) and

P3D (F) solutions start to diverge significantly even though the ILSA-MK well-bore pressures are approaching the

P3D pressures asymptotically for increasing λ. This is due to the poor estimate of λ for the P3D solution because

the P3D solution does not account for toughness in its lateral wings and therefore grossly over-estimates the fracture

half-length `. Fluid volume conservation therefore dictates that the P3D λ values will be too small.

0 25 50 75 100 125
0

25

50

75

100

x [mm]

w
[µ
m
]

(a) Width vs x

0 10 20 30 40 50 60 70
0

25

50

75

100

y [mm]

w
[µ
m
]

(b) Width vs y

Figure 16. Horizontal (x) and vertical (y) cross sections of the width and pressure fields for the M-vertex case Kσ = 0
sampled at time t = 603 s. The solid vertical line in the vertical plot represents the interface across which the confining stress
jumps. The ILSA-MK widths are represented by the solid lines with the • symbols, while the corresponding P3D solutions
are represented by dashed lines.

Introducing the following scalings h = Hλ, y = Hζ, w = w∗Ω, where w∗ = πH∆σ
2E′ , and assuming a constant

pressure for vertical cross sections and that conditions of plane strain prevail, it follows [4] that for |ζ| < λ/2 and

ζ 6= 1/2 the scaled fracture opening can be written as:

Ω(ζ, λ) =
8
π2

{
Kσ

2
√

λ

√
λ2 − 4ζ2 − ς log

∣∣∣∣∣

√
λ2 − 4ζ2 + 2ζ

√
λ2 − 1√

λ2 − 4ζ2 − 2ζ
√

λ2 − 1

∣∣∣∣∣ +
1
2

log

∣∣∣∣∣

√
λ2 − 4ζ2 +

√
λ2 − 1√

λ2 − 4ζ2 −√λ2 − 1

∣∣∣∣∣

}
(5.5)

and when ζ = 1/2 the last two terms in (5.5) should be replaced by − log
(

1
λ

)
.
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In figure 16, we compare the ILSA-MK and P3D horizontal and vertical width cross sections for the M-vertex case

Kσ = 0 sampled at time t = 603 s. The isolated solid circles (colored red online) plotted along the axes represent the

corresponding height, half-length, and width results measured in the experiment. In plot (b) the solid curve without

symbols (colored red online) represents the width profile given by (5.5) assuming the ILSA-MK λ value. We observe

from 16 (a) that the ILSA-MK and P3D horizontal cross sections of the width and the fracture half-lengths show

close agreement in this case, both of which agree with the experimental well-bore widths and fracture half-lengths.

This close agreement is due to the fact that the fracture length, in this case, is largely determined by the viscous

dissipation that takes place over the length of the fracture, which is largely the same for the two models. We observe

from 16 (b) that the vertical cross sections of the ILSA-MK and P3D widths have similar maximum values but within

the stress barrier (y > 25 mm) the two solutions show a significant difference. This is largely due to over-estimation

of the fracture height h by the P3D model as it assumes a constant pressure field rather than the decreasing pressure

field characteristic of the ILSA-MK (see figure 8 (d)). We note the close agreement between the ILSA-MK well-bore

width and height and the corresponding experimental values, which are depicted by the isolated solid circles (shown

red online) plotted on the axes.
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Figure 17. Horizontal (x) and vertical (y) cross sections of the width and pressure fields for the case Kσ = 1.23 sampled at
time t = 603 s. The solid vertical line in the vertical plot represents the interface across which the confining stress jumps. The
ILSA-MK widths are represented by the solid lines with the • symbols, while the corresponding P3D solutions are represented
by the dashed curves.

In figure 17, we compare the ILSA-MK and P3D horizontal and vertical width cross sections for the case Kσ = 1.23

sampled at time t = 603 s. We observe from 17 (a) that the ILSA-MK and P3D horizontal cross sections of the

width and the fracture half-lengths are markedly different in this case. This difference is due to the fact that the

fracture toughness has a significant impact on the ILSA-MK solution, whereas the P3D lateral growth cannot account

for toughness and is largely determined by viscous dissipation. As before, in figure 17 (b) the solid curve without

symbols (colored red online) represents the width profile given by (5.5) assuming the ILSA-MK λ value. The close

agreement between the width profile given by (5.5) and that given by the ILSA-MK scheme, indicates that the

blade-like fracture has moved into a regime in which a state of plane strain prevails in vertical cross sections and

the pressure field is almost constant. This close agreement also indicates that the ILSA-MK scheme estimates the
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fracture width and fracture height h accurately. For the ILSA-MK scheme, nothing is particularly special about

this particular sample time, except that the fracture footprint has evolved sufficiently for the plane strain condition

and near constant pressure to hold in vertical cross sections, which makes a comparison with an analytic solution

possible. From this comparison we are thus able to get an idea about the accuracy with which the ILSA-MK scheme

is able to capture the fracture width w and estimate the fracture height h. Moreover, since the ILSA-MK scheme uses

precisely the same logic to determine the fracture length (or any point along the fracture boundary for that matter),

it seems reasonable to expect that the ILSA-MK scheme is able to provide similar orders of accuracy throughout

the simulation time. We observe from this figure that the vertical cross sections of the ILSA-MK and P3D schemes

also show extremely good agreement. This is partly due to the fact that plane strain and near constant pressure

conditions hold in vertical cross sections, and the fact that the P3D over-estimate of the fracture length is partially

compensated for by a corresponding under-estimate of the fracture widths between the well-bore and the tip. Due

to the significant decrease in the variation of the ILSA-MK pressure field that can be seen from figure 10 (d), which

implies that the assumption of a constant fluid pressure in vertical cross sections used in the P3D model is a good

approximation in this case.
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Figure 18. Horizontal (x) and vertical (y) cross sections of the width and pressure fields for the case Kσ = 2.04 sampled at
time t = 603 s. The solid vertical line in the vertical plot represents the interface across which the confining stress jumps. The
ILSA-MK widths are represented by the solid lines with the • symbols, while the corresponding P3D solutions are represented
by the dashed curves.

In figure 18, we compare the ILSA-MK and P3D horizontal and vertical width cross sections for the case Kσ = 2.04

sampled at time t = 603 s. We observe from 18 (a) that the ILSA-MK and P3D horizontal cross sections of the

width and the fracture half-lengths are significantly different in this case. The fracture toughness has a large impact

on the ILSA-MK solution, whereas the P3D lateral growth is still determined by viscous dissipation. From figure

18 (b) we also observe that there is a significant difference between the ILSA-MK and P3D solutions, due to the

poor estimation of the fracture height by the P3D solution. This poor P3D height estimate is due to the significantly

different distribution of the fluid volumes in the P3D and ILSA-MK solutions, because the P3D solution significantly

over-estimates the fracture half-length. The solid curve without symbols (colored red online) representing the width
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profile given by (5.5) assuming the ILSA-MK λ value, is slightly larger than the ILSA-MK solution. Comparing figures

18 (b) and 17 (b), it is surprising that there is a larger discrepancy in the case with a larger toughness, because the

fluid pressure in vertical cross-sections, if anything, can be expected to vary even less in this case. This discrepancy,

is likely due to the fact that the aspect ratios are different in these two situations, which impacts the assumption

of a condition of plain strain in vertical cross sections used to derive (5.5). However, despite this slight discrepancy,

the close agreement between the ILSA-MK width field and that given by (5.5) indicates that the ILSA-MK scheme

provides an accurate estimate of the field variables.

6 Conclusions

It is well established that hydraulic fractures often involve the competition between multiple physical processes,

which manifest themselves at multiple length scales and on multiple time scales [10]. Accurately capturing such

multi-scale behavior, which typically involves length scale variations of 6-8 orders of magnitude, using reasonably

modest computational resources poses significant challenges for the numerical modeler. Setting the mesh size to

the finest active length scale would resolve the problem, however this approach would require so many computing

resources and so much CPU time that it is impracticable. On the other hand, adapting the mesh to the constantly

changing length scale of the dominant physical process is also a daunting task - particularly in the context of the

singular free boundary problems typically encountered when modeling hydraulic fracture propagation.

To resolve this multi-scale problem, we have developed an implicit level set algorithm (ILSA) [26] suitable for

capturing the multi-scale behavior typically encountered when modeling propagating hydraulic fractures that involve

multiple competing physical processes. In this paper we have illustrated this formulation for two competing dissipative

processes one associated with viscosity involving viscous dissipation and the other with fracture toughness involving

the fracture energy required to break the rock. The key component in this algorithm is a universal solution [13] for

a semi infinite hydraulic fracture propagating in a state of plane strain. This solutions connects the classic LEFM

O(ξ1/2) behavior [31] close to the fracture tip associated with the toughness, with the O(ξ2/3) behavior [9] at infinity,

which is associated with viscous dissipation. Between these extremes this solution captures all the intermediate

behavior in which the two competing physical processes contribute to a varying degree. The methodology outlined

here can also be used to model more than two competing physical processes. For example, if, in addition to viscosity

and toughness, we need to model a third physical process such as Carter leak-off into the reservoir, the appropriate

generalized asymptote [17] needs to be used. In this paper, we have chosen to focus on these two competing processes

so that we can demonstrate efficacy of the new multi-scale algorithm in a regime for which there is a published

reference solution and whose solutions can be compared to experimental results. We defer the implementation of

three or more competing processes for further research.

The ILSA-MK scheme uses an appropriate mapping procedure, based on the local front velocity, to identify the

dominant length scale at which the semi infinite solution should be sampled in order to locate the unknown free

boundary. Moreover, by integrating the semi infinite solution over tip elements, the ILSA-MK scheme is able to

capture, in a weak sense, all the finer-scale structure of the solution between the current dominant length scale and

the tip. Having matched current dominant length scale to the mesh size, the ILSA-MK scheme is also able to capture

all the coarser-scale behavior of the finite fracture. Thus by dynamically adjusting the dominant length scale the

ILSA-MK algorithm is able to represent, on a relatively coarse rectangular mesh, all the length scales active in the

problem, which can vary along the boundary of the fracture and with time.
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We provide a comparison between the novel ILSA-MK solution and a reference solution [23], comprising a radial

fracture evolving from a viscous dominated regime to a toughness dominated regime. The fracture radius evolution,

fracture width and fluid pressure profiles of the ILSA-MK and reference solutions show very close agreement. To

illustrate the capacity of the ILSA-MK scheme to model heterogeneous situations in which different parts of the

fracture boundary can be propagating via different dominant physical processes, we considered a problem involving

a symmetric stress jump, which is a typical situation encountered in hydraulic fracture treatments in the oil and gas

industry. As a reference configuration we chose to consider the symmetric stress jump experiment reported by Jeffrey

and Bunger [20]. This enabled the experimental results to be used as a reference solution for the zero toughness case

K ′ = 0. The ILSA-MK solution showed close agreement with the experimental results in this case. The ILSA-MK

scheme was used to generate solutions to non-zero toughness situations in which K ′ > 0. It is hoped that these

solutions will be useful to establish the applicability of simulators that use a propagation criterion based on only one

dissipative process (either toughness or viscosity). For advanced times, when the fracture has evolved sufficiently for

a situation of plane strain to develop in vertical cross sections, the ILSA-MK solution was compared to the plane

strain exact solutions for height growth and fracture width in such vertical cross sections. The ILSA-MK solutions

showed close agreement with these exact solutions when they could be expected to agree. The ILSA-MK scheme

was also used to establish the regimes of validity of the equilibrium P3D models, within which height growth and

fracture length estimates are reliable. Moreover, it is also hoped that these benchmark results can also be used to

design enhancements to P3D models that will improve their accuracy.
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