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Abstract

In two recent papers [1, 2] investigating the use of Extended Finite Ele-
ment Method (XFEM) for modeling hydraulic fractures (HF), two classes of
boundary value problem and two distinct enrichment types were identi�ed as
being essential components in constructing successful XFEM HF algorithms.
In this paper we explore the accuracy and convergence properties of these
boundary value formulations and enrichment strategies. In addition, we de-
rive a novel set of crack-tip enrichment functions that enable the XFEM to
model HF with the full range of power law rλ behavior of the displacement
�eld and the corresponding rλ−1 singularity in the stress �eld, for 1

2
≤ λ < 1.

This novel crack-tip enrichment enables the XFEM to achieve the optimal
convergence rate, which is not achieved by existing enrichment functions used
for this range of power law. The two XFEM boundary value problem classes
are as follows: i) a Neumann to Dirichlet map in which the pressure applied
to the crack faces is the speci�ed boundary condition and the XFEM is used
to solve for the corresponding crack width (P → W ); and ii) a mixed hybrid
formulation of the XFEM that makes it possible to incorporate the singular
behavior of the crack width in the fracture tip and uses a pressure boundary
condition away from it (P&W ). The two enrichment schemes considered
are: i) the XFEM-t scheme with full singular crack-tip enrichment and ii) a
simpler, more e�cient, XFEM-s scheme in which the singular tip behavior is
only imposed in a weak sense. If enrichment is applied to all the nodes of tip-
enriched elements, then the resulting XFEM sti�ness matrix is singular due
to a linear dependence among the set of enrichment shape functions, which

∗Corresponding Author. E-mail:peirce@math.ubc.ca Tel.:+1 604 822 2104

Preprint submitted to Comput. Methods Appl. Mech. Engrg. September 18, 2014



is a situation that also holds for the classic set of square-root enrichment
functions. For the novel set of enrichment functions we show how to remove
this rank de�ciency by eliminating those enrichment shape functions asso-
ciated with the null space of the sti�ness matrix. Numerical experiments
indicate that the XFEM-t scheme, with the new tip enrichment, achieves
the optimal O(h2) convergence rate we expect of the underlying piece-wise
linear FEM discretization, which is superior to the enrichment functions cur-
rently available in the literature for 1

2
< λ < 1. The XFEM-s scheme, with

only signum enrichment to represent the crack geometry, achieves an O(h)
convergence rate. It is also demonstrated that the standard P → W for-
mulation, based on the variational principle of minimum potential energy,
is not suitable for modeling hydraulic fractures in which the �uid and the
fracture fronts coalesce, while the mixed hybrid P&W formulation based on
the Hellinger-Reissner variational principle does not have this disadvantage.

Keywords: XFEM, Hydraulic Fractures, Convergence, Tip Enrichment

1. Introduction

Hydraulic fractures are brittle fractures that are induced to propagate
in pre-stressed solid media due to the injection of a viscous �uid. These
fractures occur both naturally due to buoyant magma �ow [3, 4, 5, 6, 7, 8] or
turbulent �ooding under ice sheets [9] and glacier beds [10] or are deliberately
engineered for a variety of industrial applications such as: the remediation
of contaminated soils [11, 12, 13], waste disposal [14], to weaken the rock
to sustain the block-caving process in mining [15, 16], however the most
ubiquitous industrial application is the generation of HF in the oil and gas
industry to enhance the recovery of hydrocarbons by creating permeable
pathways [17, 18, 19].

The application to hydrocarbon extraction has intensi�ed considerably in
the last decade with the generation of HF from horizontal wells to extract
natural gas from low permeability shales. The complex mechanics of this het-
erogeneous, anisotropic, ductile host rock that typically has extensive natural
fractures poses considerable challenges to numerical modeling e�orts aimed
at simulating propagating HF in this complex environment. Even assum-
ing a homogeneous, isotropic, elastic host rock, modeling hydraulic fracture
propagation is complex, involving the solution of a system of degenerate,
hypersingular integro-partial di�erential equations along with a singular free
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boundary problem. For the latter host rock, a boundary integral formulation
of the elasticity problem is the most e�cient numerical scheme, which has
enjoyed considerable development [20, 21, 22, 23, 24, 25, 26, 27]. However,
if there is a need to model multiple, arbitrarily oriented, fractures propa-
gating in host rock that comprises more complexity than a layered elastic
material, then other methods such as the Finite Element Method (FEM) are
advantageous.

Unfortunately, the prohibitive re-meshing cost of tracking a propagating
fracture has hampered the development of Finite Element Methods [28, 29]
for modeling propagating HF. However, the XFEM [30, 31, 32] holds much
promise for the e�cient numerical modeling of propagating HF within the
FEM paradigm. In the XFEM methodology, the fracture is represented by
augmenting the space of shape functions by specialized enrichment functions
that are able to reproduce the discontinuous and singular elastic �elds asso-
ciated with the crack. These enrichment functions are restricted to elements
in the vicinity of the fracture and its tips, while �eld variables in the bulk of
the solid medium can be represented by standard polynomial basis functions.
Thus fracture propagation can be captured even on a structured mesh by dy-
namically adjusting the enrichment process to incorporate the location of the
moving fracture tips. Early applications of the XFEM to model HF propa-
gation [33, 34] had focused on propagating so-called dry cracks in which the
e�ect of �uid viscosity is not taken into account so that no solid-�uid coupling
is required and the classic square-root enrichment functions from the linear
elastic fracture mechanics can be used. It was not until the two recent pa-
pers [1, 2] that modeling the fully-coupled HF propagation problem was fully
addressed and robust techniques were established to dynamically locate the
singular free boundary. Moreover, the classic square-root enrichment is not
adequate to represent the multiscale behavior of the width �eld encountered
in HF. Indeed, for HF the width �eld behaves as w ∼ ŝλ for ŝ → 0, where
ŝ is the distance to the crack tip, and λ : 1/2 ≤ λ < 1 varies according to
the propagation regime determined by the dominant physical process active
at that time [35]. HF enrichment functions suitable for a generalized power
law index λ within this range have been presented [36] and numerical results
were provided for a static crack for both the toughness asymptote λ = 1

2

and the viscous asymptote λ = 2
3
[37]. However numerical experiments indi-

cate that these enrichment functions do not enable the XFEM to recover the
optimal O(h2) convergence rate of the piecewise linear discretization of the
underlying FEM mesh. Therefore one objective of this paper is to derive the
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appropriate enrichment functions for this general power law. We test these
novel enrichment functions in a convergence study with λ = 2/3, in which
we demonstrate that we are able to recover the optimal O(h2) convergence
rate. If enrichment is applied to all the nodes of tip-enriched elements, then
the resulting XFEM sti�ness matrix is singular due to a linear dependence
among the enrichment shape functions. Fries [38] has shown how to eliminate
this problem for the case of the classic toughness asymptote λ = 1

2
. In this

paper we show how to remove this rank de�ciency for the more general set
of enrichment functions 1/2 ≤ λ < 1 by eliminating those enrichment shape
functions associated with the null space of the sti�ness matrix.

In HF simulations the XFEM is used to repeatedly solve a suitable bound-
ary value problem accounting for the deformation of the solid medium due
to the pressurization of the crack. Typically boundary integral methods are
used in HF models to solve this boundary value problem in the form of the
Dirichlet to Neumann map between the crack opening displacement (or, frac-
ture width) and the �uid pressure on the crack faces. While the boundary
integral methods rely on specialized Green's functions for this representation,
the XFEM does not provide an accurate representation of this mapping as it
amounts to numerical di�erentiation of the displacements in order to deter-
mine stresses. Thus in HF simulations the XFEM is best suited to providing
the Neumann to Dirichlet map between the prescribed �uid pressures applied
to the crack faces and the deformation of the solid medium in the form of
the crack opening displacement. The speci�c formulation of this Neumann
to Dirichlet map that is required depends on whether the �uid front is dis-
tinct from the fracture front, in which case the HF develops a �uid lag, or
the �uid and fracture fronts coalesce, in which case the net pressure �eld is
singular at the crack tip (see [39]). If an HF develops a �uid lag, then the
fracture tip is �uid-free and is characterized by a �nite net pressure. In this
case we can prescribe the net pressure along the entire crack and the XFEM
is only required to determine the crack opening displacement, i.e. a standard
Neumann to Dirichlet map. However, if the two fronts coalesce, then the
singular net pressure at the crack tip requires special treatment. If we were
to proceed as before and prescribe the pressure �eld over the entire crack,
then the singular tip pressure can only be accurately determined in the form
of an asymptotic that has a vanishingly small region of validity. On the other
hand, the region of validity of an asymptotic expression for the crack width
typically extends to 10% of the fracture length from the crack tip. Hence
a more robust approach in this case is to formulate the boundary condition
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in the elastic part of the problem by prescribing an asymptotic expression
for the (�nite) crack width in the crack tip, and the (�nite) net pressure in
the interior region of the crack away from the tips (in the so-called chan-
nel region). With this mixed formulation we are still using the XFEM to
determine the Neumann to Dirichlet map within the channel region, which
encompasses the majority of the crack.

During the development of the fully coupled XFEM schemes applica-
ble to both �uid lag and coalescent front situations [1, 2] we identi�ed two
key boundary value problems that need to be solved repeatedly during the
modeling of a propagating HF using the XFEM. In this paper we focus on
determining the accuracy and convergence performance of the XFEM when
used to solve these two types of boundary value problems, which are stated
as follows:

(I) P → W (Neumann to Dirichlet map): given a prescribed pressure p
(possibly having a power-law singularity at the crack tips) determine
the crack opening displacement w, and

(II) P&W (Mixed): given the crack opening displacement wt in a neighbor-
hood Σt of the crack tip and the prescribed pressure pc in the interior
of the crack Σc = Σ \Σt, where Σ denotes the crack surface, determine
the crack opening displacement w along Σc.

To solve the boundary condition of type (I, P → W ) above, it is straightfor-
ward to use the classical XFEM formulation based on the variational principle
of the minimum of the potential energy. To solve the boundary condition
of type (II, P&W ), we use a new P&W scheme which is a modi�cation of
the mixed hybrid XFEM presented by [40]. This formulation is based on the
Hellinger-Reissner variational principle and requires a special enrichment to
represent the stress, in addition to the enrichment tailored to represent the
power law displacement �eld. In this paper we show that with the appropri-
ate stress and displacement enrichment, the mixed hybrid P&W formulation
is superior to the classical P → W XFEM formulation. Recall that the P&W
formulation is required in the context of a coupled model for a propagating
HF in which fracture and �uid fronts coalesce.

While the XFEM achieves considerable savings over the FEM by avoiding
the costly re-meshing process and recalculation of the large parts of the sti�-
ness matrix, the numerical integration of the singular enrichment functions
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that is required to determine the corresponding elements of the sti�ness ma-
trix can still be costly. These sti�ness matrix elements have to be updated for
each new trial position of the fracture front. Thus inspired by the weak-form
tip asymptotics used for modeling HF with displacement discontinuity (DD)
boundary elements [27], the so-called XFEM-s scheme for HF was developed
[2]. In this scheme the singular tip enrichment is replaced by imposing the
tip asymptotic behavior in a weak-sense and only the non-singular discon-
tinuous sign enrichment functions required to represent the crack are used.
Not only does this scheme avoid the costly numerical integration of singular
functions, but the weak-form imposition of the tip asymptotics allows for
multiple intra-element tip advances without requiring that the sti�ness ma-
trix be updated. Thus the XFEM-s scheme provides an e�cient alternative
to a crack-tip enriched XFEM within a coupled XFEM-based HF simulator.
Naturally, this computational saving comes at the cost of accuracy, since the
implementation of no tip enrichment is certainly sub-optimal. Thus another
objective of this paper is to establish the spatial accuracy and convergence
rate of the XFEM-s scheme when used to solve the two classes of boundary
value problems (I) and (II), in order to provide useful information for the
design of simulators based on this formulation.

In section 2, we describe the governing equations. In section 3, we present
the weak formulations for the XFEM to solve the two types of the boundary
conditions above. In section 4 we describe the enrichment strategy, and in
section 5 we derive the new singular tip enrichment for a general crack width
power law and for discretizations in which the sti�ness matrix is singular,
we demonstrate how to eliminate those enrichment shape functions associ-
ated with the sti�ness matrix null space. Finally, in section 6 we study the
performance and convergence of the P → W and P&W XFEM formulations
with the new tip enrichment and without any tip enrichment, in the context
of �uid driven crack modeling.

2. Problem formulation

2.1. Plane strain model

Consider a hydraulic fracture in an impermeable elastic medium in a state
of plane strain whose sti�ness is characterized by the Young's modulus E and
the Poisson's ratio ν (see �gure 1). The fracture is assumed to be driven by
the injection of a viscous �uid from a point source. In two dimensions, the
fracture geometry is represented by a curve Σ; a curvilinear coordinate s is
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Figure 1: This �gure represents a hydraulic fracture Σ within the solid medium occupying
the region V with boundary Γ. The fracture depicted is assumed to be subject to a normal
con�ning stress σ̂n only and no shear stress. The origin of the curvilinear coordinate s is
located at the �uid source.

introduced along Σ, with the origin s = 0 located at the �uid source. The
medium is additionally assumed to be subjected to a uniform stress state
(such as the ambient geological con�ning stress �eld) that can equivalently be
represented by normal and shear tractions applied along the crack, denoted
by σ̂n and σ̂s. This stress �eld naturally satis�es the equilibrium equation (4)
below with a zero body force vector. In the present paper we consider a static
fracture con�guration for our convergence studies, in which the time variable
is not involved and we do not specify any properties of the viscous �uid or
the injection rate. Thus we focus on the solution of the solid mechanics part
of the problem for which the XFEM is the key component. For brevity we do
not discuss the lubrication component of the problem, coupling of the XFEM
and the discretizations of the lubrication equation, or strategies to locate the
singular free boundary. For details of this the reader is referred to [1, 2].

In HF simulations it is typically required that we construct a mapping
between the crack width w(s) and the net pressure p(s) = pf (s)− σ̂n(s), in
which pf (s) is the �uid pressure along the crack faces. Two types of boundary
conditions along the fracture are considered below, that complete the elastic
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boundary value problem (BVP):

(I) P → W (Neumann to Dirichlet map): given a prescribed pressure pn(s)
along Σ, determine the crack opening displacement w(s) for s ∈ Σ,

p(s) = pn(s), s ∈ Σ (1)

(II) P&W (mixed: interior Neumann to Dirichlet, prescribed tip widths):
given the crack opening displacement wt(s) in a neighborhood Σt of the
crack tip and the prescribed pressure pc(s) in the interior of the crack
(channel) Σc = Σ \Σt, determine the crack opening displacement w(s)
along Σc,

w(s) = wt(s), s ∈ Σt; p(s) = pc(s), s ∈ Σc (2)

These two sets of boundary conditions lead to di�erent XFEM implementa-
tions.

Finally, throughout the paper it is convenient to employ the notation E ′

for the plane strain modulus, de�ned by

E ′ =
E

1− ν2
(3)

2.2. Governing equations

The displacement �eld u and the stress �eld σ in the domain are de�ned
with respect to the Cartesian coordinate system (x, y) and are represented
by the components ui and σij, respectively. The equilibrium equation, for
a body force �eld f per unit volume, and Hooke's law for the linear elastic
medium can be written in the following tensor form

∇ · σ + f = 0 (4)

σ = C : ε(u) (5)

in which C is the tensor of elastic constants, and ε(u) is the strain tensor
associated with the displacement u,

ε(u) =
1

2

(
∇u + (∇u)T

)
(6)
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The domain is denoted by V , while its outer boundary is denoted by Γ,
and the fracture surface is denoted by Σ (see �gure 1). At the outer boundary
Γ, the displacement is assumed to be given by a known function g(x, y),

u|Γ = g (7)

To complete Eqs. (4) - (7), it is necessary to specify the boundary condi-
tions along the crack. In order to do this, the two crack faces are identi�ed as
Σ+ and Σ−, and the values of the displacement and the stress along each face
are denoted by u+ and u− and by σ+ and σ−, respectively. The unit normal
and tangent vectors along the crack are denoted by n and s, respectively,
and are oriented as shown in �gure 1. This de�nition of n and s is consistent
with the outward normal direction for the crack face Σ−.

The crack width is de�ned as the normal displacement jump at a point s
along the crack,

w(s) = [[u]]Σ · n = (u+ − u−) · n (8)

The normal and shear tractions are assumed to be continuous across the
crack. The normal traction σn is equal to the net pressure (but opposite in
sign), and the shear traction σs is equal to the applied shear stress. These
constraints result in the conditions:

σ+
n = σ−n = −p(s) (9)

σ+
s = σ−s = σ̂s(s) (10)

Here the superscript + or − again denotes the crack face along which the
stress component is computed. The normal and the shear tractions are ob-
tained from the stress tensor as σ±n = nT (σ± · n) and σ±s = sT (σ± · n).

In the above equations, the net pressure p(s) and the crack width w(s)
cannot be prescribed simultaneously at the same point s on the crack. If one
of these quantities is given, the other one has to be found from the solution
to the elastic BVP. We consider the two BVPs in which equations (4) - (10)
are complemented by the two types of the boundary conditions on the crack
(in the normal direction): (1) or (2).

3. Weak formulation

3.1. P → W scheme

Following [38] the domain V is discretized into a �nite element mesh com-
prising a set of non-overlapping quadrilateral elements. The displacement in
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V is approximated by elements of the trial spaceU h
u =

{
uh | uh ∈ U, uh = g on Γ

}
while variations are taken from the test space V h

u =
{
vh | vh ∈ U, vh = 0 on Γ

}
.

Here U is a �nite-dimensional subspace of the Sobolev space H1(V \ Σ) ×
H1(V \Σ) that consists of the shape functions representing the discretization
uh and which will be de�ned in Section 4. The domain V includes the crack
Σ. The domain V \Σ that does not contain the crack is assumed to be piece-
wise Lipshitz. The test and trial functions are assumed to be discontinuous
at the crack Σ in a direction normal to the crack.

For a test function uh that is represented by a linear combination of shape
functions, the corresponding strain ε(uh) can be computed from (6), while the
corresponding stress can be obtained from Hooke's law (5) to yield σ(uh) =
C : ε(uh). The discretized weak formulation of the elasticity problem (1) and
(4) - (10) seeks to �nd uh ∈ U h

u such that

0 =

ˆ
V \Σ

ε(vh) : σ(uh) dV −
ˆ
V \Σ

vh·f dV

+

ˆ
Σ

[[vh]] · (−pn n + σ̂s s) ds (11)

for all vh ∈ V h
u . In the above, [[v]] = (v+−v−) denotes the jump of v across

the crack.
Eq. (11) corresponds to the classical variational formulation obtained by

setting the �rst variation of the potential energy functional to zero [41, 42],

δΠ(u, δu) = 0 (12)

Π(u) =

ˆ
V \Σ

[
1

2
σ(u) : ε(u)− f · u

]
dV

+

ˆ
Σ

(−pn n + σ̂s s) · [[u]]ds (13)

in which δu is the variation of the displacement in V . The �rst two terms
in (13) represent the strain energy and the negative of the work of the body
force on the displacement. The last term represents the negative of the work
of the applied tractions on the displacement along the crack faces:

−
ˆ

Σ+

(
−pn n+ + σ̂s s+

)
· u+ds−

ˆ
Σ−

(
−pn n− + σ̂s s−

)
· u−ds (14)
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3.2. P&W Scheme

We use the localized mixed hybrid formulation introduced in [40] to spec-
ify the normal displacement jump wt along that part of the domain which
is adjacent to the crack boundary Σt, and follow the formulation similar to
that in the P → W scheme for the rest of the domain. The domain V is
discretized into a mesh F of non-overlapping quadrilateral elements e each of
which occupies the region V h

e , such that: V = ∪
e∈F

V h
e . The subset of elements

that overlap with that part of the crack Σt along which wt is prescribed is
denoted B: B = {e ∈ F : V h

e ∩ Σt 6= ∅}. The domain V is thus arti�cially
partitioned into two domains: Vo and V∗ = ∪

e∈B
V h
e , where Vo = V \V∗ contains

all elements that do not overlap with Σt (See Fig. 2). Hence, the domain
Vo overlaps with the channel region of the crack, Σc; the domain V∗ overlaps
with the channel Σc and the tip region Σt. The boundary ∂V∗ of the domain
V∗ is the interface between Vo and V∗.

Γ

Σc
V∗

∂V∗
Σt

Vo

Γ

Σc
V∗

∂V∗
Σt

Vo
a b

Figure 2: Domain decomposition V = Vo ∪ V∗ for the P&W scheme. In the depicted
example, only one crack tip is situated within the computational domain V ; the subdomain
V∗ consists of two quadrilateral �nite elements shown, that comprise the set B. The
channel-tip boundary is inside an element (a) or at the edge of a �nite element (b).

As in the P → W scheme above, the displacement in V is approximated
by elements of the trial space U h

u =
{
uh | uh ∈ U, uh = g on Γ

}
while varia-

tions are taken from the test space V h
u =

{
vh | vh ∈ U, vh = 0 on Γ

}
. Again,

U is a �nite-dimensional subspace of the Sobolev space H1(V \Σ)×H1(V \Σ)
that consists of the shape functions representing the discretization uh and
which will be de�ned in Section 4. The domain V \ Σ that does not contain
the crack Σ is assumed to be piecewise Lipshitz. The test and trial functions
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are assumed to be discontinuous at the crack Σ in a direction normal to the
crack.

For a test or trial function uh, the corresponding strain ε(uh) is computed
from (6), while the corresponding stress can be obtained from Hooke's law
(5) to yield σ(uh) = C : ε(uh). However, in each element e ∈ B, the stress
σ is introduced as an auxiliary tensor variable for which Hooke's law (5) is
weakly imposed. Following [40] we approximate σ, by introducing the test
(and trial) tensor function space

S h
σ =

{
σh | σhij = σhji, σ

h
ij ∈ H−1h for i = 1, 2 and j = 1, 2

}
in which H−1h is a �nite-dimensional subspace of the space of functions that
are square-integrable in each element in B and which are discontinuous at
the element edges and at the crack Σ in a direction normal to the crack. In
Section 4 we de�ne the shape functions for this subspace on the element level
for each e ∈ B.

The discretized weak formulation of the elasticity problem (2) and (4) -
(10) seeks to �nd (uh,σh) ∈ U h

u ×S h
σ such that, for all (vh, τ h) ∈ V h

u ×S h
σ ,

0 =

ˆ
Vo\Σ

ε(vh) : σ(uh) dV +

ˆ
Σc

[[vh]] · (−pc n + σ̂s s) ds (15)

+
∑
e∈B

ˆ
V he \Σ

[
ε(vh) : σh + τ h :

(
ε(uh)− C−1 : σh

)]
dV (16)

−
ˆ
V \Σ

vh · f dV +
∑
e∈B

ˆ
Σt,e

(
[[vh]] · s

)
σ̂s ds (17)

+
∑
e∈B

ˆ
Σt,e

[(
[[vh]] · n

) (
n ·
{
σh
}
· n
)

+
(
n ·
{
τ h
}
· n
) (

[[uh]] · n− wt
)]

ds

(18)
where Σt,e = Σt ∩ V h

e , {·} denotes the averaged quantity obtained from the
two crack faces Σ±, i.e., {σ} = 1

2
(σ+ + σ−), and [[v]] = (v+ − v−) denotes

the jump of v across the crack.
The above weak form (15) - (18) can be obtained by multiplying Eqs. (2)

and (4) - (10) by arbitrary functions of suitable dimensions, integrating the
result over the corresponding domains and boundaries and using integration
by parts, following the derivation in [40]. Alternatively, this weak form can
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be obtained by setting to zero the �rst variation of a mixed hybrid potential
that includes the potential energy functional for the domain Vo, the hybrid
Hellinger-Reissner potential [43, 44, 45, 46] for the domain V∗, and an in-
terface potential that enforces the continuity of the solution across ∂V∗ (see
Appendix A for details).

From a mathematical point of view the weak form (15)-(18) allows the
transition from one of the boundary conditions in (2) to the other to occur
within a single element. However, in numerical experiments we observed a
reduction in accuracy when both types of the boundary conditions (2) are
present in one �nite element, i.e. when in a single �nite element one has to
compute integrals over Σc and Σt in (15) - (18). Thus we avoid switching the
imposed boundary condition within one element by choosing to impose only
one of the two conditions from (2) in each �nite element cut by the crack.
This is achieved by ensuring that the boundary between the channel Σc and
the tip Σt falls at the edge of a �nite element, as shown in Fig. 2b. As a
result, the elements in the tip zone V∗ do not intersect with the channel, i.e.
Σc∩V h

e = ∅ for all e ∈ B. Therefore, all numerical results in this paper were
obtained under this constraint.

4. Shape functions spaces: sign and �xed radius tip enrichment

4.1. Displacement enrichment

The fundamental idea behind the XFEM is to e�ciently represent inter-
faces and cracks by augmenting the standard set of Lagrange shape functions
by specialized enrichment functions in the elements around these features.
Following [38] cracks are represented by two forms of enrichment, namely
sign and tip enrichment, as originally suggested by [30]. Sign enrichment
is necessary to de�ne the geometry of the crack while the tip enrichment
is required to restore the order of convergence expected of the underlying
�nite element discretization of the elasticity problem, which degrades due to
the presence of the singular behavior at the crack tips. Sign enrichment is
relatively inexpensive compared to tip enrichment, which requires computa-
tionally intensive spatial integration of the singular enrichment functions in
tip-enriched elements. In this paper we will consider the accuracy and con-
vergence properties of the P → W and P&W XFEM schemes for modeling
hydraulic fractures, with and without tip enrichment. The details of the two
enrichments are as follows:
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(I) Sign enrichment: the crack geometry is de�ned by enriching those ele-
ments that intersect the crack by the sign function de�ned as follows:

sg(x) = sign(φ(x)), x ∈ V (19)

in which φ(x) = ±min
x̃∈Σ̃
|x − x̃| is the signed distance function that

has di�erent signs on the two sides of the crack or its extension Σ̃.
The curve Σ̃ includes the crack and may extend beyond each crack
tip in the direction tangential to the crack to the farthest edge of the
encompassing �nite element, for the XFEM without tip enrichment.

(II) Tip enrichment: singular behavior at the crack tip is captured by intro-
ducing specialized enrichment basis functions that are obtained from
special solutions of the elastic equilibrium equations. Motivated by ap-
plications to HF in this paper we consider the following general class
of power-law tip asymptotic behavior of the width �eld in the limit as
the distance ŝ to the fracture tip tends to zero:

wt(ŝ)
ŝ→0∼ Aŝλ, where 1

2
≤ λ<1, (20)

for some constant A. This asymptote includes the limiting toughness
dominated (λ = 1

2
) and viscosity dominated (λ = 2

3
) regimes. It can

be shown by local analysis of the tip asymptotics [47] that the corre-

sponding pressure behavior is of the form pt
ŝ→0∼ 1

4
Aλ cot (πλ) ŝλ−1 when

1
2
< λ < 1. Consistent with this asymptotic behavior, the appropri-

ate enrichment basis functions for the displacement and corresponding
stress �elds are obtained in the following section. They are of the form:

ψu,λ = rλ {sin (λθ) , cos (λθ) , sin(λ− 2)θ, cos(λ− 2)θ} (21)

ψσ,λ = rλ−1 {sin(λ− 1)θ, cos(λ− 1)θ, sin(λ− 3)θ, cos(λ− 3)θ}(22)

where (r, θ) are polar coordinates centered at the fracture tip, so that
the values θ = ±π correspond to the two crack faces. The tip enrich-
ment comprises the four singular functions {ψu

j } de�ned in (21) that
are used to represent the singular behavior at the fracture tips.

For the XFEM with tip enrichment, which we refer to as the XFEM-t scheme,
we de�ne the set It of all nodes that are within a prescribed radius ρ from
either crack tip xtip, i.e., It = {i ∈ I : |xi−xtip| ≤ ρ}, where xi ∈ V denote
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coordinates of the �nite element node i, and I is the set of all nodes. We also
de�ne the set Is comprising all the nodes of the elements cut by the crack,
excluding the nodes already in It, so that It ∩ Is = ∅.

The �nite-dimensional Galerkin space U , to which the approximations of
the displacement belong in the P → W and P&W schemes (Section 3), is
de�ned by U = H1h×H1h and is spanned by the following shape functions:

H1h =∑
i∈I

aiNi(x) +Rs(x)
∑
i∈I∗s

biNi(x)(sg(x)− sg(xi)) +Rt(x)
∑
i∈I∗t

Ni(x)
4∑
j=1

cji (ψ
u
j (x)− ψu

j (xi))


(23)

where x ∈ V \ Σ; Ni are the standard piecewise bi-linear Lagrange basis
functions; and ai, bi, c

j
i ∈ R. Here I∗s is the set of all nodes of elements that

are cut by the crack and that have at least one node in Is, and I
∗
t is the set

of all nodes in elements that have at least one node in It. Naturally, Is ⊆ I∗s ,
It ⊆ I∗t , and I

∗
s ∩ I∗t 6= ∅ provided I∗t 6= ∅. As in a standard XFEM [48],

the sign and tip enrichment functions in (23) are multiplied by the nodal
Lagrange basis functions Ni, thus maintaining the partition of unity prop-
erty su�cient for an optimal convergence rate [49]. However, in a standard
XFEM [48], there is a loss of partition of unity in the blending elements
that have both tip-enriched and non tip-enriched nodes, which results in a
reduced accuracy or a sub-optimal convergence rate. To maintain the parti-
tion of unity property in the complete domain, which is su�cient to obtain
an optimal convergence rate for the XFEM [50], special treatment is required
for the blending elements [48]. We follow the ramp function approach of the
corrected XFEM of Fries [38] and the blending strategy of Ventura et al.
[51]. Singular tip enrichment is introduced at all nodes in I∗t , and sign en-
richment is introduced at all nodes in the set I∗s . The two ramp functions
Rt(x) =

∑
i∈It Ni(x) and Rs(x) =

∑
i∈Is Ni(x) are introduced in (23) to

blend the two enrichments.
For the XFEM without tip enrichment, which we refer to as the XFEM-s

scheme, the crack geometry is de�ned only by the sign enrichment and the
representation (23) is used with I∗t = It = ∅ and Rt(x) = 0. The set Is is
de�ned for this case in a special way described below.

It should be noted that, for the XFEM without tip enrichment, the dis-
placement shape functions (23) are discontinuous along the extended crack Σ̃,
and the weak form (11) or (15) - (18) has to be reformulated for the extended
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crack Σ̃. To keep a uni�ed formulation of the XFEM schemes with di�erent
enrichment strategies and use the weak form (11) or (15) - (18) for either
enrichment, in the following we use the notation Σ to denote the extended
crack Σ = Σ̃ for the XFEM without tip enrichment and the actual crack for
the XFEM with tip enrichment. In particular, for the XFEM without tip
enrichment, the line integrals in (17) and (18) in the element containing the
crack tip are computed over the extended elemental tip region Σt,e = Σt∩V h

e ,
in which Σt is the crack tip region extended beyond the actual crack tip to
the edge of the encompassing �nite element, in the direction tangential to
the crack. We refer to the intersection of the extended crack with that edge
of the encompassing �nite element as the �virtual� crack tip, and denote that
part of the crack between the actual and the virtual crack tips as Σ (see Fig.
3). However, all input data (wt, σ̂s, pn) is set to zero beyond the actual crack
tip along Σ, i.e. the integrals of the prescribed displacement jump wt in (18),
of the prescribed shear traction in the tip σ̂s in (17) and in (11), and of the
prescribed pressure in the tip pn in (11) are computed over the actual crack
(not the extended crack) for either enrichment strategy.

Γ

V∗

∂V∗

Vo
a b

Σ

virtual crack tip

actual crack tip

Σc

channel-tip boundary

Σ

virtual crack tip

actual crack tip

nodal set
nodal set I∗s \ Is

Is

Figure 3: Structure of sign enrichment for XFEM without tip enrichment (XFEM-s):
crack extension and virtual crack tip (a) and nodal set Is (b).

As a result, for the XFEM without tip enrichment, the strong-form elastic
problem that is obtained from the weak form (either (11) or (15) - (18)) ex-
tends the boundary condition applied in the tip element (given shear traction

16



σ̂s and either given pressure pn or given crack width wt) to that part Σ of the
crack between the actual and the virtual crack tips. This approximation is
not equivalent to the original elastic problem de�ned in Section 2.2 in which
the boundary condition on Σ would be the continuity of the displacement,
[[u]]Σ = 0, if the crack was arti�cially extended beyond the actual crack tip.
However, this discrepancy between the prescribed boundary data in the ap-
proximation and the continuity of the actual displacements is only limited to
a portion Σ of the tip element.

Further modi�cations of the XFEM without tip enrichment are possible in
order to obtain the weak form with the boundary conditions on Σ equivalent
to the original elastic problem. For example, for the P → W scheme, one may
obtain the corresponding weak form from a hybrid variational principle [46]
in which the traction vector on Σ is introduced as an independent variable
subject to variation, and an interface potential is added to the potential
energy functional (13) to enforce the continuity condition [[u]]Σ = 0. The
same approach can be used for the P&W scheme, in which such an interface
potential for Σ is added to the mixed hybrid Hellinger-Reissner potential
(51) - (53) given in Appendix A. For the P&W scheme it would result in
evaluating the integrals of the prescribed displacement jump wt in (18) and
of the prescribed shear traction in the tip σ̂s in (17) over Σt \ Σ and adding
the integrals over Σ that weakly enforce the continuity condition [[u]]Σ = 0
in the same way as it is done for the displacement jump boundary condition
in the weak form obtained in [40]. These modi�cations are outside the scope
of the present paper, which we leave for a subsequent investigation.

It should also be noted that the displacement shape functions (23) must
be continuous across the interface ∂V∗ to comply with the assumptions used
to obtain the weak form (15) - (18) (see Appendix A). In particular, the
displacement shape functions must be continuous across the �nite element
edge containing the virtual crack tip for the XFEM without tip enrichment.
To achieve this, there must be no contribution from the sign enrichment to
the displacement approximation in the �nite element that does not contain
the crack but contains the virtual crack tip. This can be done, for example, by
excluding the two nodes on the edge containing the virtual crack tip from the
sign enrichment (see Fig. 3), similar to the approach in [52]. The accuracy of
this method depends on how the crack cuts the tip element (i.e. the type of
cut in the tip element), since the crack width in this element is only enforced
weakly via (18). However, we found that it can be more advantageous to use
a ramp function approach that maintains the partition of unity property in
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the tip element. Namely, for the XFEM without tip enrichment, we de�ne
the nodal set Is for the sign enrichment as the set of all nodes of the elements
cut by the crack, excluding the two nodes on the edge containing the virtual
crack tip (Fig. 3). The set I∗s then comprises all the nodes of the elements
cut by the crack, and the ramp function Rs(x) =

∑
i∈Is Ni(x) ensures the

continuity of the displacement approximation (23) across the edge containing
the virtual crack tip. For the numerical example with λ = 2/3 and the P&W
/ XFEM-s scheme presented in Section 6.2, this ramp-function approach
provided higher convergence rates for the approximation errors than those
obtained using the method in which either (a) no ramp function was used and
all four nodes of the tip element were enriched with the sign enrichment - thus
violating the continuity requirement across ∂V∗; or (b) no ramp function was
used and only two nodes of the tip element, that do not share the edge with
the virtual crack tip, were enriched with the sign enrichment - thus satisfying
the continuity requirement across ∂V∗. For the numerical examples presented
in this paper, this ramp-function approach was used for the XFEM without
tip enrichment. Note that this ramp function is not involved in the stress
approximation within the XFEM without tip enrichment (see section 4.2).

Other research [53, 54, 55], which employed the sign enrichment to repre-
sent the complete crack, modi�ed the enrichment strategy in the tip element
so that the enrichment is only discontinuous up to the crack tip. For example,
[53] used the sign enrichment multiplied by a smooth ramp function vanish-
ing at the actual crack tip inside the element. These approaches [53, 54, 55]
would be more accurate since they capture the exact location of the crack tip.
However for a fully-coupled HF propagation model, these approaches would
be less e�cient than the present approach due to the following consideration.

Sign enrichment tailored to terminate exactly at the crack tip [53, 54, 55]
or a modi�cation of the weak form to weakly impose the continuous displace-
ment beyond the actual crack tip, described above, are means to use the sign
enrichment in the tip element while keeping a continuous displacement �eld
ahead of the crack tip. In all of these approaches, the sti�ness matrix needs
to be updated each time when the crack tip moves, even if the movement
is within a single �nite element; the updated sti�ness matrix needs to be
inverted to get an updated solution to the XFEM linear system. In con-
trast, the present approach requires us to update the sti�ness matrix only
once when the crack tip moves into a single �nite element. To give a speci�c
example, we refer to our coupled ILSA-XFEM algorithm [2], in which for
each step of a hydraulic fracture propagation the new location of the crack
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front is found using the implicit level-set algorithm (ILSA). Within the ILSA
scheme, several iterations of the crack-front may be required within a single
�nite element until convergence is reached. Further, the channel pressure
pc is represented by means of n shape functions in which n is roughly the
number of �nite elements cut by the crack; therefore each time the sti�ness
matrix is changed, the XFEM linear system has to be solved n times. The
present approach, which only updates the sti�ness matrix once per crack-tip
�nite element, o�ers clear computational savings for such an algorithm.

Thus we consider two enrichment schemes:
The XFEM-s scheme: we assume that only sign enrichment is used in

all elements cut by the crack. In the elements containing the fracture tips,
the sign enrichment extends in the fracture growth direction, beyond the
actual tip of the fracture, to the farthest edge of the �nite element. While
the sign enrichment for this case actually extends beyond the tip to the far
edge of the encompassing �nite element, in this extended region it is assumed
that all input data (wt, σ̂s, pn) is zero, so that there is no contribution from
the prescribed boundary conditions to the weak form beyond the crack tip.
In addition, the ramp function is used to cancel contributions of the sign
enrichment at the �nite element edge containing the virtual crack tip and to
the element beyond the virtual crack tip.

The XFEM-t scheme: we assume that the sign enrichment covers only
the channel elements and that crack tip enrichment is used for the tip el-
ements according to (23). For the P&W formulation, it is also assumed
that blending of the two enrichments takes place in the channel, i.e. the tip
enrichment radius ρ is chosen so that elements for which tip enrichment is
applied completely cover the tip region Σt.

4.2. Stress enrichment

In the P&W scheme (Section 3.2), the stress in each element V h
e , e ∈ B,

is represented by the shape functions from the �nite-dimensional space H−1h

de�ned on an element level as follows:

• For the XFEM-t scheme, we choose the radius of the tip enrichment
ρ so that all nodes of the elements in the set B are located within
the distance ρ from the closest crack tip, i.e. ∪

e∈B
Ie ⊂ It, where Ie

denotes the set of all nodes in element e. Hence the displacement shape
functions (23) do not involve sign enrichment in the sub-domain ∪

e∈B
V h
e ,
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and the stress components can be represented by the four singular
functions {ψσj } given in (22) and by standard Lagrange basis functions,

H−1h = { ∪
e∈B

ve(x) :

ve(x) =
∑
i∈Ie

aeiNi(x) +
∑
i∈Ie

Ni(x)
4∑
j=1

cj,ei (ψσj (x)− ψσj (xi)) if x ∈ V h
e ;

ve(x) = 0 if x /∈ V h
e }

where x ∈ ∪
e∈B

V h
e \ Σ, and aei , c

j,e
i ∈ R.

• For the XFEM-s scheme the stress components are represented by the
sign enrichment and by standard Lagrange basis functions,

H−1h = { ∪
e∈B

ve(x) :

ve(x) =
∑
i∈Ie

aeiNi(x) +
∑
i∈Ie

beiNi(x)(sg(x)− sg(xi)) if x ∈ V h
e ;

ve(x) = 0 if x /∈ V h
e }

where again x ∈ ∪
e∈B

V h
e \ Σ; aei , b

e
i ∈ R; and Ie denotes the set of all

nodes in element e.

5. Singular tip enrichment for power-law crack tip

5.1. Asymptotic solution

Within the XFEM, a crack can be e�ciently represented by augmenting
the standard set of Lagrange shape functions by specialized enrichment func-
tions in elements that are cut by the crack as well as the elements that are
close to the crack tips. The crack tip enrichment is required to restore the
order of convergence expected of the underlying �nite element discretization
of the elasticity problem, which degrades due to the presence of the singular
behavior at the crack tips. Consistently with the classic LEFM, the displace-
ment �eld at the tip of a brittle crack can be represented in XFEM using the
following square root tip enrichment (e.g. [56, 57, 31, 38, 48]),

ψu = r1/2 {sin (θ/2) , cos (θ/2) , sin (θ/2) sin θ, cos (θ/2) sin θ} (24)
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Figure 4: Crack-tip polar coordinates.

crack

(x, y)

r

θ

where (r, θ) are the polar coordinates centered at the fracture tip, so that the
values θ = ±π correspond to the two crack faces (see Fig. 4). These functions
span the dominant singularity in the displacement �eld in the asymptotic
solution at the tip of a traction-free crack by Williams [58, 59, 42]. This
enrichment basis is suitable for modeling hydraulic fractures propagating in
the toughness regime [35], in which λ = 1

2
. However, when other physical

processes are present, such as viscous dissipation or �uid leak-o�, then power
law behavior in the range 1

2
≤ λ < 1 needs to be considered.

For a general power law width asymptote (20) with 1
2
≤ λ < 1, the crack-

tip enrichment that spans the dominant singularity in the elastic solution
can also be obtained using the stress function approach used by Williams
[58, 59, 42]. In the absence of a body force, the stresses in the polar coordinate
system (r, θ) associated with the crack tip can be represented as

σrr =
1

r2

∂2U

∂θ2
+

1

r

∂U

∂r
(25)

σθθ =
∂2U

∂r2
(26)

σrθ = − ∂

∂r

(
1

r

∂U

∂θ

)
(27)

where U(r, θ) is the Airy stress function that satis�es the biharmonic equation

∇4U = 0 (28)

The strain components can be found from the stresses using Hooke's law,
and the displacement can be obtained by integrating the strain.
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We are seeking a solution of Eq. (28) that produces the displacement
proportional to rλ and stresses proportional to rλ−1, according to the power-
law tip asymptote for a power-law exponent λ. This solution has a general
form [59, 42]

U = rλ+1 {C1 sin(λ+ 1)θ + C2 cos(λ+ 1)θ + C3 sin(λ− 1)θ + C4 cos(λ− 1)θ}
(29)

where four arbitrary constants are involved. Without loss of generality, we
can assume that the crack is aligned with the x-axis. Hence the corresponding
components of stress and displacement in the Cartesian coordinates (x, y) are
found to be

σ11 = rλ−1λ {[2C3 − C1(1 + λ)] sin(λ− 1)θ + C3(1− λ) sin(λ− 3)θ

+ [2C4 − C2(1 + λ)] cos(λ− 1)θ + C4(1− λ) cos(λ− 3)θ} ;

σ22 = rλ−1λ {[2C3 + C1(1 + λ)] sin(λ− 1)θ − C3(1− λ) sin(λ− 3)θ

+ [2C4 + C2(1 + λ)] cos(λ− 1)θ − C4(1− λ) cos(λ− 3)θ} ;

σ12 = rλ−1λ {C2(1 + λ) sin(λ− 1)θ − C4(1− λ) sin(λ− 3)θ

− C1(1 + λ) cos(λ− 1)θ + C3(1− λ) cos(λ− 3)θ} ;

u1 = rλ

E′(1−ν)
{[κC3 − C1(1 + λ)] sin(λθ)− λC3 sin(λ− 2)θ

+ [κC4 − C2(1 + λ)] cos(λθ)− λC4 cos(λ− 2)θ} ;

u2 = rλ

E′(1−ν)
{[κC4 + C2(1 + λ)] sin(λθ) + λC4 sin(λ− 2)θ

− [κC3 + C1(1 + λ)] cos(λθ)− λC3 cos(λ− 2)θ}

where κ = 3− 4ν.
By examining the terms involved in the above expressions for the dis-

placement and stress, a basis comprising four functions can be identi�ed
that spans the representation of the solution in the vicinity of the crack tip.
This basis for the displacement �eld in the Cartesian coordinates is given by

ψu,λ = rλ {sin (λθ) , cos (λθ) , sin(λ− 2)θ, cos(λ− 2)θ} (30)

and the corresponding basis for the stress �eld is

ψσ,λ = rλ−1 {sin(λ− 1)θ, cos(λ− 1)θ, sin(λ− 3)θ, cos(λ− 3)θ} (31)

These bases can thus be used as the enrichment functions in the vicinity of
the crack tip in XFEM, for a power-law exponent λ : 1

2
≤ λ < 1.
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5.2. Discussion

The new enrichment is equivalent to the classic enrichment when λ = 1/2.
For the particular case of a LEFM asymptote at the crack tip (20) with

λ = 1/2, the enrichment basis (30) is equivalent to the classic basis (24),
since each function in the basis ψu,1/2 in (30) can be expressed as a linear
combination of the functions in the basis ψu in (24), and, conversely, each
function in the basis ψu can be expressed as a linear combination of the
functions in the basis ψu,1/2.

The new enrichment is distinct from the Lecampion enrichment [36] for
λ 6= 1/2.

The enrichment functions (30) and (31) do not assume any particular
boundary conditions at the faces of the crack. For a particular case when the
shear traction at the faces of a �uid-driven crack does not have a singular
component, and the normal traction on both sides of the crack is equal to
the singular pressure,

σθθ(π) = σθθ(−π) = −p, σrθ(π) = σrθ(−π) = 0, (32)

the four constants involved in (29) must satisfy

C1 = C3 = 0, C4 = C2
1 + λ

1− λ (33)

and the general singular solution yields the following crack width and pres-
sure:

w = Arλ, p =
E ′

4
Aλ cot (πλ) rλ−1 (34)

where A = C2
8
E′

1+λ
1−λ sin (λπ). Note that (34) agrees with the asymptotic

behavior obtained by local analysis [47]. For λ 6= 1
2
, the singular pressure in

(34) is non-zero.
For the general power-law crack tip asymptote with the exponent λ,

Lecampion [36] used the displacement enrichment basis di�erent from (30).
The basis used in [36] included the following functions:

Ψu,λ = rλ {sin (λθ) , cos (λθ) , sin (λθ) sin θ, cos (λθ) sin θ} (35)

which reduce to the basis ψu in (24) for λ = 1/2. However, for λ 6= 1/2, the
basis Ψu,λ in (35) and the basis ψu,λ in (30) span di�erent function spaces,
because the functions g1(θ, λ) = sin (λθ) sin θ and g2(θ, λ) = cos (λθ) sin θ,
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involved in the angular part of Ψu,λ, cannot be expressed as linear com-
binations of the four angular functions in ψu,λ. To show this, we denote
the angular functions in ψu,λ as f1(θ, λ) = sin (λθ) , f2(θ, λ) = cos (λθ),
f3(θ, λ) = sin ((λ− 2)θ) and f4(θ, λ) = cos ((λ− 2)θ), and construct the
Wronskian for the six functions g1, g2 and fi (i = 1, ..., 4):

W (θ;λ) = det


g1 g2 f1 · · · f4
∂g1
∂θ

∂g2
∂θ

∂f1
∂θ

· · · ∂f4
∂θ

...
...

...
. . .

...
∂5g1
∂θ5

∂5g2
∂θ5

∂5f1
∂θ5

· · · ∂5f4
∂θ5

 (36)

θ

λ

−W (θ,λ)

Figure 5: Negative of the Wronskian, −W (θ;λ), for −π ≤ θ ≤ π and for 0 ≤ λ ≤ 1

Fig. 5 shows the plot of the negative of the Wronskian, −W (θ;λ), for
−π ≤ θ ≤ π and for 0 ≤ λ ≤ 1. It is seen that for λ 6= 0, 1/2, 1, the
Wronskian is a nonzero function of θ, so that the six functions g1, g2 and fi
(i = 1, ..., 4) are linearly independent for these values of λ. The consequence is
that span Ψu,λ is not su�cient to represent the elastic solution in the vicinity
of the crack tip, which corresponds to the asymptotic crack width (20), for
λ 6= 0, 1/2, 1. Section 6.2 presents a numerical convergence study, with
λ = 2/3, which demonstrates that using the enrichment functions ψu,λ, the
O(h2) optimal convergence rate is recovered using the XFEM. In addition,
our numerical experiments show that the enrichment functions Ψu,λ do not
achieve this convergence rate.
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Other power law enrichments
Huang et al. [60] modeled a crack in a thin �lm on a subtrate using

another set of four singular enrichment functions that involve a power law
dependence rλ on the distance r to the crack tip, for 0 < λ < 1. That
enrichment was based on the asymptotic solution for the crack tip at a bi-
material interface, in which the exponent λ is determined as a function of the
Dundurs parameters [61]. The enrichment in [60] and the present power law
enrichment (30) are not equivalent, and they span solutions to di�erent elastic
problems. In the range 0 < λ < 1, these two enrichments are equivalent only
for λ = 1

2
, corresponding to a crack in a homogeneous material under the

assumptions of LEFM.

5.3. Linear dependence of the power-law tip enrichment

As it is mentioned above, the singular tip enrichment functions ψu,λ are
multiplied by the Lagrange functions Ni in the approximation (23), in order
to achieve partition of unity. The blending strategy in (23), adopted after
Fries [38] for its simplicity in comparison to other available techniques [48],
restores the partition of unity in the blending elements. In this approach,
the singular shape functions Ni(x)ψu,λ

j (x) are introduced in all four nodes of
tip-enriched elements.

While the classical square-root tip enrichment (24) is represented by four
linearly-independent functions ψu

j (x), Fries [38] shows that the singular shape
functions Ni(x)ψu

j (x), involved in the approximation (23) of the displace-
ment in a bi-linear element, are linearly dependent if all nodes of the element
are enriched with the square-root tip enrichment (24). In particular, among
these 16 functions (4 nodes of a quadrilateral element × 4 enrichment func-
tions (24)), only 14 are linearly-independent. This linear dependency does
not manifest itself in the global sti�ness matrix if there are tip-enriched el-
ements in which some of the nodes are not tip-enriched. However, in an
XFEM formulation where the tip enrichment is introduced in all nodes in
the set I∗t and a ramp function Rt is used to blend the tip enrichment, i.e. if
in the tip-enriched elements all four nodes are tip-enriched (which is the case
for the present XFEM-t formulation, see (23)), this linear dependence results
in the rank de�ciency of the global sti�ness matrix of 2, per displacement
component, per crack tip. For the case λ = 1/2 Fries [38] demonstrated that
it is possible to obtain a modi�ed global sti�ness matrix with full rank by
eliminating from the system of equations those shape functions that can be
expressed as linear combinations of the other shape functions.
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Similarly, the general linearly-independent power-law tip enrichment bases
for the displacement (30) and stress (31) result in linearly dependent shape
functions Ni(x)ψu,λ

j (x) and Ni(x)ψσ,λj (x) in a bi-linear quadrilateral element
with four tip-enriched nodes. Among the 16 functions for the displacement
Ni(x)ψu,λ

j (x), only 14 are linearly-independent, and the same applies to the

16 functions for the stress Ni(x)ψσ,λj (x). In addition, in the present XFEM-
t approximation the stress shape functions (section 4.2) are de�ned on the
element level and are discontinuous at the FE nodes and edges, which mul-
tiplies the rank of the linear de�ciency from the stress shape functions by
the number ntip of the elements in the set B (elements with stress degrees of
freedom). This results in a rank de�ciency of the global sti�ness matrix of
4 + 6ntip per crack tip, on account of the 2 displacement components and 3
components of the symmetric stress tensor.

In order to obtain a sti�ness matrix with full rank, we choose to elimi-
nate from the displacement representation (23) two displacement functions
Ni(x)ψu,λ

j (x) for j = 3, 4 and any node i ∈ It, and to eliminate from the

stress representation, given in section 4.2, two stress functions Ni(x)ψσ,λj (x)
for j = 3, 4 and any node i ∈ Ie for each element e ∈ B. Using a similar
procedure to that used by Fries [38], in Appendix B we show that the rank
de�ciency can be removed by expressing these two displacement functions in
terms of the remaining fourteen of the sixteen functions Ni(x)ψu,λ

j (x) for an
element aligned with the Cartesian axes. Moreover, the same applies to the
stress functions Ni(x)ψσ,λj (x).

In the numerical results presented in this paper, all sti�ness matrices had
full rank by virtue of this elimination of the unnecessary shape functions.

Fries's corrected XFEM has been used for a three-dimensional problem
in [62], where the linear dependency in the shape functions was removed
by eliminating several (one or three) functions from the basis (24). This
approach removes more shape functions than required to achieve the full
rank. In contrast, only linearly-dependent shape functions are removed in
the present approach.

6. Numerical results

In this section we present a comparison of the P → W and P&W schemes
with the power law tip enrichment (XFEM-t) and without the tip enrichment
(XFEM-s), for a problem in which the singularity in the crack-tip �elds
corresponds to one of the two limiting regimes of HF propagation: λ =
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1/2 (toughness-dominated) or λ = 2/3 (viscosity-dominated). We consider
a model problem for which a closed-form solution is available, namely the
asymptotic crack-tip solution obtained for 1/2 ≤ λ < 1 in Section 5.1, with
the constants given by (33) and C2 = 1.

We consider a square domain V = [0, 2]× [−1, 1] discretized into a mesh
of N ×N square elements of side length h = 2/N . The crack is assumed to
have a unit length ` = 1 and is inclined at 30◦ to the x-axis (Fig. 6). The
crack's open end is placed at xo = (0,−0.5). A Dirichlet boundary condition
(7) is prescribed along the outer boundary Γ by setting the displacements
at the nodes along this boundary to the displacements associated with the
asymptotic solution given in Section 5.1. In addition, in the sign-enriched
element adjacent to Γ, which encapsulates the crack's left end, the values
of four sign-enrichment degrees of freedom, associated with the two nodes
along Γ and two displacement components, are set so that the displacement
at the crack's open end xo = (0,−0.5), on each crack face, is given by the
asymptotic solution. The applied shear traction along the crack faces is
zero, σ̂s = 0. The boundary values for the crack width and the pressure,
given by (34), are used in both the P → W and the P&W schemes to set the
boundary conditions according to (1) and (2), respectively. In all simulations,
the Poisson's ratio was set to ν = 0.2. The radius of the displacement tip
enrichment in XFEM-t simulations was ρ = 0.25. The continuity of the
displacement approximation at the virtual crack tip in XFEM-s simulations
was restored by using the ramp function Rs(x) (see Section 4.1).

6.1. Comparison of P → W and P&W

We �rst compare the performance of the P → W and P&W formulations
using the XFEM-t and XFEM-s enrichment strategies with the same �nite
element mesh. Fig. 7 shows the relative errors in the crack width obtained
using N = 41 and N = 321 elements along the side of the domain V , for
the case λ = 2/3. The crack's open end corresponds to s = 0, and the
crack tip corresponds to s = 1. In the P&W formulation, two elements were
included in the tip zone Σt (i.e. ntip = 2). The resulting boundary between
the channel Σc and the tip Σt is depicted in the �gure by the vertical solid
black line. For the XFEM-s schemes, the results are not shown for the �nite
element that includes the crack tip, since in this last element, the crack is
virtually extended to the element edge, and the displacement jump is only
approximated in an average sense (see section 4). For the case N = 321, only
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Figure 6: Crack con�guration and the FEM mesh for N = 21.
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20% of the crack in the vicinity of the crack tip, s ∈ (0.8, 1), is shown in the
�gure in order to emphasize the di�erence of the results near the crack tip.

We can see that among the four schemes presented, the combination
P&W / XFEM-t is the best. Comparing the two tip-enriched schemes P&W
/ XFEM-t and P → W / XFEM-t, we see that the P&W scheme provides
a more accurate solution near the crack tip. The solution of the P&W /
XFEM-t scheme near the crack tip is approximately one order more accurate
at the channel-tip boundary than that of P → W / XFEM-t scheme. Further
away from the crack tip, the results from these two schemes coincide, and as
N is increased while ntip = 2 is kept constant, the region of equivalence of
these two solutions is extended to cover most of the crack. This behavior is
to be expected, since when the tip zone Σt, over which the width boundary
condition (2) is speci�ed, vanishes, the P&W formulation reduces to the
P → W formulation. However, in practice it may only be feasible to use
a moderate number of elements to cover the crack (e.g in a fully-coupled
problem for a propagating HF), while the accuracy of the solution near the
crack tip has a dominant e�ect on the accuracy of the total evolution of
the solution for a propagating HF. For such cases, the P&W / XFEM-t
formulation is superior to P → W / XFEM-t.

There is another, even more important, reason why the P → W formu-
lation is not suitable for use in a fully-coupled problem for a propagating
HF. In a coupled model, if the P → W takes the pressure as input data
and solves for the crack width, this pressure has to be obtained from the
solution of the nonlinear lubrication equation that governs the �uid �ow (see
e.g. [2]). The solution to this nonlinear equation for the pressure has to be
obtained iteratively. Given the fact that the pressure is singular at the crack
tip when the �uid and the fracture fronts coalesce [39], an iterative solution
for the pressure is likely to be inaccurate at the nodes very close to the crack
tip. This inaccurate numerical pressure cannot be replaced by an available
asymptotic solution, due to the vanishingly small validity region of such a
solution for the pressure. On the other hand, the P&W formulation does
not have this disadvantage because it separates the tip zone Σt, in which
the pressure is singular, from the channel zone Σc where the pressure is �-
nite, and only requires the input data for the XFEM for the pressure in the
channel. An iterative solution of the nonlinear lubrication equation for the
pressure in the channel only (as required for the P&W formulation) is less
prone to instability than the solution for the pressure in the complete crack
including the tip (as required for the P → W formulation).

29



The di�erence between P → W and P&W is more signi�cant for the
case of the XFEM-s enrichment and the �ne mesh with N = 321. It may
seem surprising that the accuracy of the P → W solution is not increased
when N is increased from N = 41 to N = 321. The reason for this is that
this scheme, as well as the P&W / XFEM-s scheme, is sensitive to the type
of the cut in the tip element, due to the fact that the actual crack tip is
approximated only in a weak sense and that the boundary conditions along
the crack extension Σ beyond the actual crack tip are not satis�ed by the
weak form (see Section 4). Oscillation of the approximation errors for the
XFEM-s schemes is further discussed in Section 6.2. The P&W scheme
provides a higher accuracy of the crack width near the channel-tip boundary,
i.e. at the nodes which are used to predict fracture propagation in a coupled
model. Note that the P → W / XFEM-s cannot achieve the accuracy level
of 10% near the crack tip, while the P&W scheme achieves the accuracy level
of 3% in this example. To improve on the quality of the P → W / XFEM-s
solution, a modi�ed scheme with correct boundary conditions along the crack
extension Σ could be used, as discussed in Section 4. However, the general
disadvantage of the P → W scheme regardless of the employed enrichment
strategy outlined above for a fully-coupled HF problem (vs. P&W ) does not
warrant the use of such modi�cations. On the other hand, the results of the
P&W / XFEM-s have acceptable accuracy. Another observation from these
plots that can be useful in the design of XFEM algorithms is that, in order to
predict fracture propagation within a coupled P&W scheme with the present
structure of the sign enrichment in the tip element, it may be advantageous
to use the crack width at a node a few elements away from the channel-tip
boundary, rather than the node on the channel-tip boundary.

While the two tip-enriched schemes o�er higher accuracy by including the
special singular enrichment derived above, the sign-enriched P&W / XFEM-
s scheme can o�er a more e�cient solution with an acceptable accuracy, when
it is used to model propagation of a hydraulic fracture with the full coupling
between the elasticity and the �uid �ow [2]. The e�ciency of the P&W /
XFEM-s in comparison to the XFEM-t schemes in solving a dynamic problem
is due to the following (i) when the crack propagates within one �nite element,
there is no need to update the sti�ness matrix; (ii) upon crack propagation,
the enrichment has to be updated only for those elements that are cut by
the crack for the �rst time; (iii) no singular integrals have to be calculated
to obtain the sti�ness matrix; and (iv) the size of the sti�ness matrix, that
has to be inverted multiple times at each crack propagation step, is reduced
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(see [2] for more details). The combination P → W / XFEM-s cannot o�er
such accuracy-e�ciency trade-o� because its results are prone to inaccuracy
near the crack tip, and because of the general disadvantage of the P → W
approach for a fully-coupled HF problem with singular crack-tip pressure, as
discussed above.

6.2. Convergence study

Next we study the convergence rates of the XFEM schemes as the mesh
size h is reduced. Odd numbers of elements along the side of the square
domain V were varied between N = 21 and N = 321. More meshes were
considered for the XFEM-s schemes in an attempt to reduce the sensitivity
of the numerically obtained convergence rates to the way in which the crack
cuts the tip element (the cut type). In the P&W formulation, two elements
were included in the tip zone Σt (i.e. ntip = 2) for all N . The approximation
error in the displacement �eld was quanti�ed by means of the integral L2-
and H1-norms as follows:

Eu,L2 =
||u− uref ||L2(V )

||uref ||L2(V )

, Eu,H1 =
||u− uref ||H1(V )

||uref ||H1(V )

where the superscript ref denotes the reference solution, and

||u||L2(V ) =

√ˆ
V \Σ

(u1)2 + (u2)2dV

||u||H1(V ) =

√
||u||2L2(V ) +

ˆ
V \Σ

∑
i=1,2

∑
j=1,2

(ui,j)2dV

The error in the crack width was quanti�ed by means of the L2-norm over
the complete crack Σ,

Ew =
||w − wref ||L2(Σ)

||wref ||L2(Σ)

(37)

where

||w||L2(Σ) =

√ˆ
Σ

w2ds

Figure 8 shows the convergence rates of the errors for the P → W /
XFEM-t and P → W / XFEM-s schemes for λ = 2/3. Figure 9 shows
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Figure 7: Relative error |w − wref |/wref in the crack width for λ = 2/3, obtained with
N = 41 (top: the complete crack) and N = 321 (bottom: to emphasize the results only
20% of the crack in the vicinity of the tip, s ∈ (0.8, 1) is shown). The crack tip is at s = 1.
Results correspond to: P →W (dashed red with triangles for XFEM-t, dashed blue with
diamonds for XFEM-s) and P&W (solid red with squares for XFEM-t, solid blue with
circles for XFEM-s). The vertical solid black line in each plot depicts the location of the
boundary between the channel Σc and the tip Σt for the P&W formulation.
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the convergence rates of the errors for the P&W / XFEM-t scheme for
λ = 1/2, 2/3 and the P&W / XFEM-s scheme for λ = 2/3. These results
reveal that the tip-enriched schemes P → W / XFEM-t and P&W / XFEM-
t with the new tip enrichment for the displacement and the stress (for P&W )
achieve optimal convergence orders corresponding to the bi-linear elements
in the underlying FEM mesh,

||w − wref ||L2(Σ) ∼ O(h2) (38)

||u− uref ||L2(V ) ∼ O(h2), ||u− uref ||H1(V ) ∼ O(h) (39)

This con�rms the validity of the new enrichment for the displacement and
the stress for a general power law index 1/2 ≤ λ < 1. In contrast, our
numerical experiments show that the enrichment functions (35) presented in
[36] do not achieve these optimal convergence rates.

The convergence rates in the XFEM-s solutions show less uniformity be-
tween P → W and P&W schemes. The integral norms of the errors for
the P&W / XFEM-s scheme have higher convergence rates, and the results
for the P&W / XFEM-s have smaller (or equivalent) overall errors in the
crack width Ew and in the displacement Eu,L2 for all values of h used in this
example, as shown in Fig. 10. In particular, it is seen that for N = 41 the
errors for the two XFEM-s solutions are almost identical, but for N = 321
the P&W / XFEM-s is more accurate, which agrees with the detailed plots
of the crack width shown in Fig. 7 for these two values of N .

In comparison with the XFEM-t schemes, the results from XFEM-s show
signi�cant oscillations due to the representation of the crack tip by the sign
enrichment alone, the imposition of the crack width �eld in a weak sense
and the discrepancy between the continuity in the displacements beyond
the actual crack tip and the boundary conditions imposed along the crack
extension Σ; the accuracy of such a representation depends on how the crack
cuts the tip-enclosing �nite element, i.e. the cut type in the tip element. It
is observed that the results for P&W / XFEM-s are less sensitive to the cut
type as they exhibit smaller oscillations.

It should be noted that the stress enrichment, required in the P&W /
XFEM-s, employs the same shape functions as those used for the displace-
ment (see Section 4) rather than requiring a special set of shape functions
conforming to the derivatives of the displacement shape functions as in P&W
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/ XFEM-t. Convergence rates for the same enrichment strategy (displace-
ment and stress are approximated by the bi-linear Lagrange functions and
sign enrichment) were studied for the mixed-hybrid XFEM in [40] for the
problem of a prescribed displacement jump along the interface between an
inhomogeneity and the enclosing medium. They reported linear convergence
of the error in the interfacial displacement and the convergence rate of 1.5
in the L2-norm of the displacement in the domain, attributing the reduced
convergence rate in the interfacial displacement to shear-locking for that
problem [40]. In the present problem, which is, in fact, more di�cult for the
XFEM to solve due to the presence of the singular �elds associated with the
crack, the convergence rate of P&W / XFEM-s for the displacement in the
domain is equivalent to that obtained in [40] and the convergence rate for
the crack width is slightly above the rate obtained in [40] for the interfacial
displacement (see Fig. 9).

As discussed above, the quality of the XFEM-s solutions can be improved
by using correct boundary conditions along the crack extension Σ within the
weak form. The low convergence rates for P → W / XFEM-s can be a
consequence of such inequivalence of the boundary conditions.

In our previous work [2] we investigated the convergence of the coupled
model for HF propagation, which used P&W / XFEM-s with no ramp func-
tion in the tip element, while all four nodes of the tip element were enriched
with the sign enrichment, thus violating the continuity requirement across
∂V∗. For such formulation, linear convergence in the crack width was ob-
served for the present numerical example,

||w − wref ||L2(Σ) ∼ O(h) (40)

6.3. P&W with a �xed tip zone

In the convergence study in the previous section, exactly two elements
were included in the tip zone Σt in the P&W formulation (ntip = 2). As
was mentioned in Section 6.1, when N is increased, the size of the tip zone
is decreased and eventually the P&W formulation converges to P → W . To
assess the convergence of the pure P&W / XFEM-t formulation in which
the size of the tip zone Σt is �xed and does not decrease with N , we perform
simulations in which the tip zone Σt = {s : s ∈ (0.9, 1)} covers the 10% of
the crack closest to the tip, for all N .

In the simulations, we observed a reduced accuracy of the results when
both types of the boundary conditions (2) are present in one �nite element,

34



Figure 8: Convergence rates of the errors in the crack width and the displacement �eld,
for the P →W formulations and λ = 2/3. Results correspond to: XFEM-t (solid red with
squares) and XFEM-s (solid blue with circles).
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Figure 9: Convergence rates of the errors in the crack width and the displacement �eld
for the P&W formulations. Results correspond to: XFEM-t and λ = 2/3 (solid red with
squares), XFEM-t and λ = 1/2 (dashed red with triangles), and XFEM-s and λ = 2/3
(solid blue with circles).
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Figure 10: Comparison of the convergence rates of the errors in the crack width and
the displacement �eld, for P → W / XFEM-s (blue) and P&W / XFEM-s (magenta).
Results correspond to λ = 2/3.
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i.e. when in a single �nite element one has to compute integrals over Σc

and Σt in (15) - (18). Thus we choose to use only one of the two conditions
from (2) in every single �nite element cut by the crack. To achieve this, we
increase or decrease the length of Σt within one �nite element that encloses
the point s = 0.9, to the closest edge of that element. As the result, for all
N , the length of Σt is approximately 10%, and no single �nite element has
both types of boundary conditions (2) present simultaneously. The results
of this version of the P&W / XFEM-t formulation for λ = 1/2, 2/3 are
shown in Fig. 11. Optimal convergence rates for all three computed errors
are obtained. This once again con�rms the validity of the new enrichment for
the displacement and the stress for a general power law index 1/2 ≤ λ < 1.

7. Conclusions

In this paper we have explored the accuracy and convergence properties
of a number of schemes and enrichment strategies useful for modeling prop-
agating HF using the XFEM [1, 2]. The primary role of the XFEM in a
fully coupled HF propagation model is to repeatedly solve a boundary value
problem to determine the deformation response of the solid medium to the
�uid pressures applied to the crack faces. By introducing specialized enrich-
ment functions around the crack, the XFEM is able to avoid the re-meshing
process required of the FEM when adapting to the moving boundaries of
propagating cracks. If there is a �uid lag, so the �uid and fracture fronts are
separate, then the pressure �eld is �nite at the crack tip and the so-called
P → W XFEM scheme can be used to determine the standard Neumann
to Dirichlet map. However, if the �uid and fracture fronts coalesce then the
pressure �eld is singular at the crack tip, which renders the P → W XFEM
scheme a poor choice since capturing this singular behavior numerically is
inaccurate and using an asymptotic solution for the pressure in the tip is
precluded since its region of validity becomes vanishingly small. In this case,
the preferred formulation is to make use of the appropriate asymptotic ex-
pansion for the �nite crack width in the vicinity of the tip and prescribe the
�nite pressure in the so-called channel region away from the tip. This mixed
boundary value formulation, which we have named the P&W scheme, en-
ables the XFEM to model propagating HF with coalescent �uid and fracture
fronts and a singular pressure �eld. In this paper we have also presented
a new P&W variational formulation, which is a modi�cation of the mixed
hybrid XFEM by [40].
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Figure 11: Convergence rates of the errors in the crack width and the displacement �eld,
for the P&W / XFEM-t scheme with Σt covering the 10% of the crack closest to the tip.
Results correspond to: λ = 2/3 (solid red with squares) and λ = 1/2 (solid blue with
circles).
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Propagating hydraulic fractures typically involve multiple physical pro-
cesses that can switch dominance as the fracture evolves. In order to be able
to capture these di�erent physical processes when their characteristic length
scale is of the same order as the computational length scale, it is necessary
to be able to represent crack width �elds whose asymptotic behaviors span
the range of power laws 1

2
≤ λ < 1. This class of power laws needs to be

implemented in the prescribed width �elds within the crack for example in
the P&W scheme as well as in the crack tip enrichment functions. Numeri-
cal experiments show that existing tip enrichment functions available in the
literature [36] for such power laws do not achieve optimal convergence. We
have therefore derived a new set of enrichment functions for the displace-
ment and the stress �elds that span the required range of power laws. We
have presented numerical results that demonstrate that when using these new
tip enrichment functions, the XFEM scheme is able to recover the optimal
O(h2) convergence rate we expect of the underlying piece-wise linear FEM
discretization. If tip enrichment is applied to all the nodes of tip enriched
elements, then the resulting sti�ness matrix is singular due to the linear de-
pendence of some of the enrichment shape functions. For this new class of
enrichment functions, we have shown how to eliminate this linear dependence
by expressing the shape functions associated with the sti�ness matrix null
space in terms of the remaining linearly independent shape functions. The
resulting sti�ness matrix has full rank. The numerical results in this paper
are presented for two values of power law index λ. This is appropriate for a
wide class of one dimensional HF propagating in a state of plane strain [35]
in which the power law index does not change during the evolution of the
fracture. However, for planar HF in a 3D elastic medium one may need to
change the power law exponent λ, as the propagation regime changes along
the fracture boundary [35, 27]. To choose a suitable power law λ for en-
richment in this case, one may use an e�ective power law applicable over
multiple length scales or a tangent power law whose index corresponds to
the dominant length scale applicable at that part of the fracture boundary
at that particular time.

While the XFEM, with the appropriate tip enrichment, is able to achieve
optimal accuracy without re-meshing, the computational burden of integrat-
ing singular enrichment functions for each new trial position of the fracture
front is not insigni�cant. We have thus sought, sub-optimal, but more ef-
�cient schemes that can also be used to model propagating HF with rea-
sonable precision. One such scheme [2] is the so-called XFEM-s scheme in
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which only discontinuous enrichment functions are introduced to represent
the crack and there is no tip enrichment. However, the pressure �eld (in the
P → W scheme) and the tip width �eld (in the P&W scheme) are imposed
in a weak sense. To distinguish it from the XFEM-s scheme, the XFEM
scheme with full tip enrichment is named the XFEM-t scheme. In order to
provide a practical guide for the development of XFEM algorithms for model-
ing propagating HF, we have conducted a detailed study of the accuracy and
convergence characteristics of the following schemes : P → W / XFEM-t,
P&W / XFEM-t, P → W/ XFEM-s, and P&W / XFEM-s. To assess the
performance of these schemes we have considered a static crack subjected to
precisely the same type of boundary conditions that would be imposed at
any given time-step in the XFEM component of a fully coupled algorithm
when modeling a propagating crack. The �ndings are summarized below:

(i) Spatial error distribution: From a detailed spatial plot of the error
in the width �eld it follows that the P&W / XFEM-t scheme is uniformly
the most accurate scheme. Away from the tip both XFEM-t schemes have
almost identical accuracy pro�les, while the P&W / XFEM-t scheme is
approximately one order of magnitude more accurate than the P → W /
XFEM-t scheme close to the channel-tip boundary. The XFEM-t schemes
outperform the XFEM-s schemes. The P&W / XFEM-s scheme has more
accurate results than the P → W / XFEM-s scheme.

(ii) Global error measures - convergence: By re�ning the underlying FEM
mesh the following convergence rates were established:

EXFEM−t
w,L2

= O(h2), EXFEM−t
u,L2

= O(h2), and EXFEM−t
u,H1

= O(h),

E
P→W/XFEM−s
w = O(h0.7), E

P→W/XFEM−s
u,L2

= O(h), and E
P→W/XFEM−s
u,H1

=

O(h3/5),

E
P&W/XFEM−s
w = O(h1.2), E

P&W/XFEM−s
u,L2

= O(h1.5), and E
P&W/XFEM−s
u,H1

=

O(h3/5)
The quality of the XFEM-s solutions can possibly be further improved by

avoiding the violation of the boundary conditions along the crack extension
beyond the crack tip to the farthest edge of the encompassing �nite element.

Thus in this paper we have derived a new set of enrichment functions that
are required by the XFEM to model the multiscale processes typically en-
countered for propagating HF. We have also shown how to restore the sti�ness
matrix associated with these enrichment functions to full rank. The conver-
gence tests establish the optimal convergence of the XFEM-t schemes and
the sub-optimal but linear/super-linear convergence of the XFEM-s schemes
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for both P → W and P&W classes of boundary value problem. These results
should prove very useful in the design of new XFEM algorithms to model
propagating HF in complex media.

Acknowledgments

The MATLAB codes used for numerical simulations in this paper were
based on the original MATLAB software package for XFEM implementation
in a domain with a crack by Dr.-Ing. T.-P. Fries (RWTH Aachen University),
available at www.xfem.rwth-aachen.de/Background/Download/XFEM_Download.php.
The authors gratefully acknowledge this resource. The authors also thank
Professor Dominik Schoetzau (University of British Columbia) for fruitful
discussions. This work was partially funded by the NSERC Discovery Grants
program, which both authors gratefully acknowledge.

Appendix A: Variational formulation of the P&W scheme

In this appendix we present the derivation of the variational formulation
of the P&W scheme, using the de�nitions given in Sections 2.2 and 3.2.

In view of the domain decomposition V = Vo ∪ V∗, the elastic problem
associated with the P&W scheme is formulated in the strong form as follows:

∇ · σ + f = 0, ε(u)− C−1 : σ = 0 in V∗ (41)

∇ · σ(u) + f = 0 in Vo (42)

σ±(u) · n = −pc n + σ̂s s on Σc ∩ Vo (43)

σ± · n = −pc n + σ̂s s on Σc ∩ V∗ (44)

s · σ± · n = σ̂s on Σt (45)

[[u]] · n = wt, n · [[σ]] · n = 0 on Σt (46)

[[u]]∂V∗ = 0, [[σ]]∂V∗ · n∗ = 0 on ∂V∗ (47)
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u = g on Γ (48)

Above, the unit normal vector along ∂V∗ is denoted n∗ and is consistent
with the outward normal direction for the domain V∗. We also de�ne the
displacement jump along ∂V∗ via [[u]]∂V∗ = uo − u∗ where uo and u∗ denote
the values of u in the domains Vo and V∗, respectively; the stress jump is
de�ned similarly. To complete the problem, the boundary conditions (46) and
(47), that enforce a displacement jump or the displacement continuity, are
supplemented with the continuity of traction in the direction of the enforced
jumps.

The weak form (15) - (18) can be obtained by setting to zero the �rst
variation of the following mixed hybrid potential,

Π(u, σ, tΣ, t∗) =

ˆ
Vo\Σ

[
1

2
σ(u) : ε(u)− f · u

]
dV (49)

+

ˆ
Σc∩Vo

(−pc n + σ̂s s) · [[u]]ds (50)

+

ˆ
V∗\Σ

[
σ : ε(u)− 1

2
σ : C−1σ − f · u

]
dV (51)

+

ˆ
Σc∩V∗

(−pc n + σ̂s s) · [[u]]ds (52)

+

ˆ
Σt

[σ̂s ([[u]] · s) + (n · tΣ) ([[u]] · n− wt)] ds (53)

+

ˆ
∂V∗

t∗ · [[u]]∂V∗ds (54)

This functional is a combination of the potential energy functional for the
domain Vo ((49), (50)), the hybrid Hellinger-Reissner potential [43, 44, 45,
46] for the domain V∗ ((51) - (53)), and the interface potential (54) that
is used to introduce the continuity of displacement across the interface ∂V∗
between Vo and V∗ [46]. To impose the displacement jump constraints within
the hybrid variational principle [46], we introduce two independent interface
variables, namely: the traction vector tΣ along Σt that is consistent with
the normal direction on the side Σ−, and the traction vector t∗ along ∂V∗
that is consistent with the outward normal direction for the domain V∗.We
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consider the variation δu of the displacement in V , the variation δσ of the
stress in V∗, and the variations δtΣ and δt∗ of the traction vectors tΣ and t∗,
respectively. The �rst variation of the potential (49) - (54) has the following
form:

0 = δΠ =

ˆ
Vo\Σ

[σ(u) : ε(δu)− f · δu] dV (55)

+

ˆ
Σc

(−pc n + σ̂s s) · [[δu]]ds+

ˆ
Σt

σ̂s ([[δu]] · s) ds (56)

+

ˆ
V∗\Σ

[(
ε(u)− C−1σ

)
: δσ + σ : ε(δu)− f · δu

]
dV (57)

+

ˆ
Σt

[(n · δtΣ) ([[u]] · n− wt) + (n · tΣ) ([[δu]] · n)] ds (58)

+

ˆ
∂V∗

[δt∗ · [[u]]∂V∗ + t∗ · [[δu]]∂V∗ ] ds (59)

After integration by parts is performed, the following variational form is
obtained:

0 = −
ˆ
Vo\Σ

(∇ · σ(u) + f) δu dV (60)

+

ˆ
V∗\Σ

[
− (∇ · σ + f) δu +

(
ε(u)− C−1σ

)
: δσ

]
dV (61)

+

ˆ
Σc∩Vo

[(−{σ(u)} · n− pc n + σ̂s s) · [[δu]]− ([[σ(u)]] · n) · {δu}] ds (62)

+

ˆ
Σc∩V∗

[(−{σ} · n− pc n + σ̂s s) · [[δu]]− ([[σ]] · n) · {δu}] ds (63)

+

ˆ
Σt

[(−s · {σ} · n + σ̂s) ([[δu]] · s)− ([[σ]] · n) · {δu}] ds (64)

+

ˆ
Σt

[(n · δtΣ) ([[u]] · n− wt) + (n · tΣ − n · {σ} · n) ([[δu]] · n)] ds (65)
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+

ˆ
∂V∗

[
δt∗ · [[u]]∂V∗ +

(
t∗ − {σ}∂V∗ · n∗

)
· [[δu]]∂V∗ −

(
[[σ]]∂V∗ · n∗

)
· {δu}∂V∗

]
ds

(66)
Above, the average values along ∂V∗ are de�ned by {δu}∂V∗ = (δuo + δu∗)/2
where δuo and δu∗ denote the limiting values of δu in the domains Vo and
V∗, respectively; and {σ}∂V∗ = (σ(uo) + σ)/2.

On the account of the fact that independent variations can be arbitrary,
we recover the strong form of Eqs. (41) - (45) using (60) - (64). Further,
(65), together with the last term in (64), and (66) recover the strong form of
Eqs. (46) and (47) and additionally impose the conditions:

n · tΣ = n · {σ} · n (67)

t∗ = {σ}∂V∗ · n∗ (68)

Thus, the governing equations are recovered in the strong form, except for
the Dirichlet boundary condition (48), which is satis�ed by the choice of the
solution from the space U h

u of functions that satisfy (48).
The discretized weak form (15) - (18) is obtained from Eqs. (55) - (59),

by using v = δu and τ = δσ, and on account of the fact that we choose
the test and trial functions, u and v, to be continuous across ∂V∗, thus the
terms (59) are not involved, as in the derivation in [40]. Finally, we choose
the traction vector tΣ to satisfy (67) exactly, in order to obtain the weak
form similar to that used in [40]. In other words, we use the average normal
traction n · {σ} · n as a work conjugate for the normal displacement jump
across the crack.

Alternatively, the weak form (15) - (18) can be obtained following the
derivation in [40]. Each equation in (41) - (47) is multiplied by an arbitrary
function of a suitable dimension, that is generally a work conjugate of the
displacement, stress, displacement jump, etc., and the result is integrated
over the corresponding domain or boundary, after which integration by parts
is used. The derivation in [40] omits the traction continuity conditions along
the boundaries for which the displacement continuity or the displacement
jump is prescribed. However it is seen from the above components (64) -
(66) of the variational formulation that it is necessary to include the trac-
tion continuity conditions in the boundary conditions (46) and (47) to com-
plement enforced displacement jumps and enforced displacement continuity.
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Figure 12: Quadrilateral element aligned with Cartesian axes, and crack-tip polar coordi-
nates.
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The present variational formulation additionally justi�es the use of the nor-
mal traction n ·{σ}·n as a work conjugate for the normal displacement jump
across the crack in (18).

Appendix B: Linear dependence of power law crack-tip enrichment
in a bi-linear element

Consider a bi-linear element aligned with the Cartesian axes, with the
nodes placed at (x1, y1), (x2, y1), (x2, y2) and (x1, y2), as shown in Fig 12.
The side-lengths of the element are denoted by hx = x2 − x1 and hy =
y2 − y1. Consider a crack-tip segment inclined to the x-axis by an angle
θc. We assume that all nodes of the element are enriched with the power
law displacement tip enrichment (30), where (r, θ) are the polar coordinates
centered at the fracture tip, so that the values θ = ±π correspond to the two
crack faces. Without loss of generality, the crack tip is placed at the origin
of the coordinate system (0, 0). The Cartesian coordinates of a point x are
given by x = r cos θ̂, y = r sin θ̂, where θ̂ = θ + θc.

The bi-linear Lagrange shape functions Ni(x) associated with the element
nodes i = 1, ..., 4 can be expressed in polar coordinates as

N1(x) =
1

hxhy
(r cos θ̂ − x2)(r sin θ̂ − y2),
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N2(x) =
−1

hxhy
(r cos θ̂ − x1)(r sin θ̂ − y2),

N3(x) =
1

hxhy
(r cos θ̂ − x1)(r sin θ̂ − y1),

N4(x) =
−1

hxhy
(r cos θ̂ − x2)(r sin θ̂ − y1) (69)

We seek to express functions Ni(x)ψu,λ
j (x) for i = 4 and j = 3, 4 as

a linear combination of the remaining fourteen of the total sixteen singular
shape functions Ni(x)ψu,λ

j (x) (i, j = 1, .., 4). This can be achieved by �nding
two 4× 4 matrices A with entries Aij such that

4∑
i,j=1

AijNi(x)ψu,λ
j (x) = 0 for all x (70)

and such that either
A43 = 1, A44 = 0 (71)

or
A43 = 0, A44 = 1 (72)

In matrix form, Eq. (70) reads

NT (r, θ)AΦ(θ) = 0 for all (r, θ) (73)

in which
N(r, θ) = hxhy × [N1(x), N2(x), N3(x), N4(x)]T

Φ(θ) = [sin (λθ) , cos (λθ) , sin(λ− 2)θ, cos(λ− 2)θ]T

The bi-linear shape functions (69) can be expanded into powers of r via

N(r, θ) = r2 sin θ̂ cos θ̂ v2 + r(cos θ v1
1 + sin θ v2

1) + v0 (74)

in which the vectors v2, v1
1, v2

1 and v0 do not depend on r and θ. Combining
Eqs. (73) and (74) makes it possible to separate equations associated with
di�erent powers of r. In particular, we get

vT2 AΦ(θ) = 0, vT0 AΦ(θ) = 0, for all θ (75)

47



Because the functions in Φ(θ) are linearly-independent, (75) implies the fol-
lowing eight equations for the unknown entries Aij:

vT2 A = 0, vT0 A = 0 (76)

Separating the terms linear in r in Eq. (73) implies that

(cos θ c1 + sin θ c2)TΦ(θ) = 0 for all θ (77)

where ck = ATvk1 for k = 1, 2. The entries of the vector ck are linear
combinations of the unknown entries Aij and are denoted by ckm for m =
1, ..., 4. By substituting θ = 0, π, ±π/2 into (77), we obtain the following
four equations for Aij:

c12 + c14 = 0, c11 + c13 = 0, c22 − c24 = 0, c21 − c23 = 0 (78)

Using (77) and (78), one can also obtain the following two equations:

c11 + c22 = 0, c12 − c21 = 0 (79)

Finally, combining eight equations (76), four equations (78), two equa-
tions (79) and two equations from either (71) or (72), we obtain sixteen
equations for the sixteen unknown entries Aij. In all numerical tests per-
formed, these sixteen equations were found to be linearly independent and
this procedure resulted in successful elimination of the linearly-dependent
shape functions from the XFEM formulation.

This con�rms that we can express two functions Ni(x)ψu,λ
j (x) for i =

4 and j = 3, 4 through the rest fourteen of the total sixteen functions
Ni(x)ψu,λ

j (x), without the need to explicitly construct matrix A.
It can be seen that the stress enrichment (31) can be expressed via the

displacement enrichment (30) as

ψσ,λ(r, θ) = ψu,λ−1(r, θ) (80)

Therefore, the above derivation applies to the stress shape functions, upon
the change of λ to λ− 1.
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