
1. INTRODUCTION 

Extensive theoretical investigations of hydraulic fracture 
propagation have been carried out following the initial 
formulation of the problem for the solution of a single 
fracture driven by internal fluid pressure [1, 2, 3]. In the 
case of fluid propagation in an impermeable medium, 
specific considerations relate to the dominant processes 
governing the coupling between the fluid front and the 
propagating crack tip (viscous or toughness controlled 
propagation) and whether a lag may exist between the 
fluid front and the advancing crack tip [4, 5, 6, 7]. 

The general numerical analysis of planar fluid-driven 
fracture propagation requires careful treatment of the 
crack tip conditions [8, 9, 10]. Additional difficulties 
arise when the fracture path is non-planar and when flow 
branching occurs. A number of interesting results have 
been established for the numerical treatment of the 
intersection of a propagating fracture with a pre-existing 
discontinuity [11, 12, 13] indicating that a variety of 
intricate effects can arise in determining the flow 
branching conditions and the conditions that determine 
discontinuity crossing or stepping. 

 

The present paper will present a plane strain formulation 
for multiple branch flow junctions, including the 
existence of a fluid lag between the fluid front and the 
crack tip. It is noted as well that in a pre-existing fracture 
network, the propagating fluid may initiate and mobilize 
fractures that are close to fluid-filled segments. Simple 
numerical simulations are presented to illustrate the 
behaviour of the model. 

2. NETWORK FLOW MODEL 

It is assumed that the volumetric fluid flow rate )(sq at 
position s in a given flow segment is governed by 
Poiseuille’s classical parallel-plate flow velocity 
averaged over the segment width, )(sw , according to the 
following relationship (see, for example, [15]):  
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where f is the fluid viscosity (Pa.sec) and sp  / is 

the local pressure gradient at position s. Consider the 
case where multiple flow segments meet at a common 

junction point as shown in Fig. 1. If Jp is the junction 
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pressure and if the opening width kw  in each branch k is 

constant then, from Eq. (1), the flow rate kq into branch 

k is given by  
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where kp is the fluid pressure that is assumed to be 

known at a point within the flow segment, located at a 
distance kc  from the junction. For no fluid accumulation 

at the junction, it is required that the sum of the flows 
into the junction should be zero. Hence, the junction 

pressure Jp must satisfy the relationship 
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Substituting Eq. (3) into Eq. (2), gives an expression for 
each branch flow rate kq as 
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In the particular case where there are N = 2 branches, 
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If 21 cc  then Eq. (5) represents the flux obtained by 
taking the harmonic mean of the cubes of the adjacent 
widths. It should also be noted that if an estimate of the 
flow rate through the junction with two branches is made 
using the average value of the adjacent flow 
widths, 2/)( 21 www  , then 
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provided 21 cc  . Consequently, defining the width 

ratio 12 / ww , it can be seen that 
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and equality between the expressions for 1q and 1q  

occurs only if 21 ww   and 1 . The flow rate 
estimates at all junctions are evaluated using Eq. (4) to 
allow the uniform treatment of multiple junctions. This 

is considered to be important as well in the special case 
where a “kinked” flow path occurs where it is evident 
that the flow width can be expected to alter 
discontinuously on each side of the junction. 

 

Multiple flow segment junction pressure

p1, w1
pJ

p2, w2

p3, w3

c1

c2

c3

 
Fig. 1. Schematic depiction of multiple flow segment junction 
pressure and adjacent flow branch width and pressure values. 

 

3. FRACTURE NETWORK SOLUTION 

The fracture segments in a two-dimensional plane strain 
fracture network are assumed to be represented by a set 
of straight-line displacement discontinuity boundary 
elements. Each element has one or more internal 
collocation points where pressure or traction boundary 
conditions are required to be satisfied. It is convenient to 
consider each collocation point to be associated with a 
specific covering segment having assigned start and end 
points S1 and S2 located at distances c1 and c2 from the 
internal collocation point respectively as indicated in 
Fig. 2. In general, one or more “external” segment 
branches may be connected to the segment end points. 

The collocation points are distinguished as being non-
flow fracture segments or as flow segments. The 
boundary conditions in the non-flow fracture segments 
are chosen to satisfy a zero traction condition in open 
cracks or to obey a defined frictional shear resistance 
that governs the slip extent across the closed crack 
surfaces. 

Alternatively, if a given collocation point is covered by a 
fluid-filled segment then the rate of change of the 
average segment flow width w is determined by the flow 
volume balance relationship 
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where outin qqq   represents the difference between 

the flow rate, inq , into the segment at end point S1 and 



the flow rate, outq , out of the segment at end point S2. Q0 

is the rate of flow of fluid that is injected into the 
segment if the collocation point is defined to be a flow 
source point. Eq. (8) is approximated using an implicit 
backward difference formula of the form 
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where w , q  and 0Q  are the flow width, flow rate 

difference and injection rate at the current time t. pw  is 
the flow width in the previous time step, tt  , with 
time step interval t . 

 

S1 S2

c1 c2

Collocation 
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External segments 
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External segments 
connected to point 2

 
Fig. 2. Layout of a fracture network segment, located between 
points S1 and S2, covering an internal displacement 
discontinuity collocation point. One or more external segment 
branches may be connected to each end of the covering 
segment. 

 

The entire fracture network is solved iteratively within 
each time step, t , to determine the local equilibrium 
traction and displacement discontinuity vector 
components at each collocation point. The tractions 
induced at each collocation point by the entire assembly 
of displacement discontinuity elements are determined 
by the appropriate displacement discontinuity influence 
function expressions [16, 17]. In solving the flow 
balance relationship Eq. (9) iteratively, it is important to 
note that the influence relationships imply a connection 
between the crack opening width w and the fluid 
pressure p at each collocation point. This may be 
expressed in the form 

nn EwKp  ,                                (10) 

where nK represents the crack-normal displacement 

discontinuity self-effect stiffness and nE  is the overall 

sum of the crack-normal stress component influence 
values from all elements “external” to the considered 
collocation point, plus the crack-normal field stress 

component. nK depends on the element length and on 

the elastic material constants and remains constant for all 
iterative cycles but nE varies from cycle to cycle as the 

solution converges. It can be seen that Eq. (1), Eq. (9) 
and Eq. (10) imply that the flow rate difference q will 
itself depend on the local value of the width w. Using 
Equations (2), (3), (4) and (10), the flow rate into the 
flow segment end S1, shown in Fig. 2, can be expressed 
as the following explicit function of w. 
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and where the sums are over the set of external flow 

segments eJ1  that are connected to the edge point S1 as 
shown in Fig. 2. The distance between the nearest 
collocation point in external flow segment k and the 

edge junction point S1 is designated to be e
kc  and the 

corresponding pressure and width values are designated 

as e
kp and e

kw respectively. 

The flow rate out of the flow segment end S2 can be 
similarly expressed as 
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with 2p̂  and 2ŵ  defined by expressions analogous to Eq. 
(12) and Eq. (13) respectively and with the sum taken 

over the set of external flow segments eJ 2  that are 
connected to the edge point S2 (see Fig. 2). 

Assembling the respective relationships for inq  and 

outq , given by (11) and Eq. (14) respectively, the flow 

balance relationship Eq. (9) can be written as an implicit 
function of the flow width w in the form 

 tQqqwG outin )()( 0  

  0])[( 21  wwcc p .                   (15) 

 



Since )(wG is differentiable with respect to w, Eq. (15) 
is solved within each iterative cycle using Newton-
Raphson iteration. 

4. FLUID LAG FLOW BALANCE 

In the case where the flow segment is partially filled 
with fluid, it is necessary to track the position of the 
fluid front. Let the fluid front distance from the flow 
segment edge S1 be L as shown in Fig. 3. The fill 
fraction, , in the flow segment is therefore 

)/( 21 ccL  .                                           (16) 

The flow balance relationship corresponding to Eq. (9) 
that is obtained when the fluid front falls within the flow 
segment can now be written in the form 
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where pw and pL  are respectively the flow width and 
fluid front position in the previous time step, tt  . 
The flow rate into the partially filled segment is then 
assumed to be given by 
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A suitably modified form of Eq. (15) must now be 
formulated to allow for the simultaneous solution of both 
the flow width w and the fluid front position, L. 
Applying Eq. (3) to the partially filled flow segment 
shown in Fig. 3, it can be seen that the dependence of the 
junction pressure on the partially filled segment width w 
and fluid front position L can be expressed as 
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The equivalent form for the average flow pressure, 
corresponding to Eq. (10) can be written as 
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Substituting Eq. (19) into Eq. (20) provides a quadratic 
expression in L which can be solved to express L as an 
explicit function of w. This allows an appropriate flow 
balance function, analogous to Eq. (15), to be solved for 
w during each iterative evaluation of the flow balance for 
a partially filled flow segment. 

The procedure described here has been implemented in a 
displacement discontinuity boundary element solution 
program called RIFT, [17]. The RIFT code allows for 
the incremental simulation of evolving fluid-driven 
fractures in plane strain. Fracture front propagation is 
controlled by specifying the crack tip asymptotic 
behaviour with zero fluid lag or with a fluid lag 
permitted. If a fluid lag is permitted, the propagating 
fracture is extended in incremental steps by introducing 
additional crack elements to selected crack tips in the 
element assembly. The local stress intensity is evaluated 
at each active crack tip at the end of each time step 
cycle. If the stress intensity exceeds the value of a 
specified mode I toughness value, KIc, an additional 
fracture element is appended to the crack tip in an 
appropriate growth direction. The growth direction is 
selected from a pre-defined mesh of candidate directions 
or is chosen to fall in the direction which corresponds to 
the maximum tensile “hoop” stress at a fixed distance 
ahead of the crack tip. (See, for example, [11, 12]). 
Consequently, the fracture front position is 
approximated to advance in a series of punctuated steps 
as the stress intensity at the edge element exceeds the 
assigned toughness value and then momentarily falls 
within each appended edge element. A more precise 
front tracking procedure has been described by Gordeliy 
and Detournay [10] where a variable time step procedure 
is implemented to solve for both the fluid front and crack 
front position.  

An initial test of the behaviour of the junction pressure 
and partially filled fluid segment logic described here 
was carried out using the simple case of a single fracture 
with fluid injected at a central point. Two fracture fronts 
are propagated away from the injection point in a plane 
perpendicular the minimum principal field stress 
component.  The flow parameters that were chosen are 
summarized in Table 1. Fig. 4 shows the evolving flow 
width profiles (connect lines with diamond markers) that 
arise after time intervals of 0.1 sec and 0.2 sec 
respectively. These results are compared to interpolated 
values obtained from the Oribi flow code described in 
[10]. It is apparent that there is very good agreement 
between the two procedures. 

Fig. 5 shows a comparison between the width profile 
that is obtained when there is a zero lag at the crack tip 
and the flow follows a viscous-dominated crack tip 
opening width asymptote [2, 3, 14], to the case where 
the fluid front is tracked explicitly using the flow 
junction logic described in the present paper. (The 
remaining flow parameters are as shown in Table 1). A 
similar comparison is shown in Fig. 6 for the 
corresponding flow pressure profiles. 

It is interesting to note from Fig. 5 that the crack edge in 
the case of the zero lag solution is in a similar position to 
the fluid front position in the analysis which allows a 



development of the lag region. It would seem that the 
explicit simulation of the lag region could however have 
considerable significance in the case of flow network 
fluid injection simulations where pre-mobilization of 
discontinuities may be induced prior to the invasion of 
the fluid into the fractures. In addition, the assumption of 
the fluid lag can have an appreciable effect on the time 
history of the source point injection pressure, depending 
on the assumed values of the propagating fracture 
toughness. Fig. 7 compares the injection point fluid 
pressure for the crack propagation simulation with the 
fluid lag front explicitly tracked and the case where the 
fluid lag is assumed to be zero and the crack front 
asymptotic opening shape is assumed to be viscous 
controlled. Although the crack front toughness in both 
cases is implicitly “small” there is evidently a marked 
difference in the source pressure behaviour for the two 
cases. The fluctuations in the pressure-time profile 
shown in Fig. 7 can be ascribed to the stepped increase 
in the crack length as successive growth elements are 
appended to the crack tips. 
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Fig. 3. Partially filled flow segment where the distance from 
the segment edge to the fluid front is L. The pressure is 

assumed to decrease linearly from Jp at the edge junction S1 

to zero at the front position. 

 

 

 

Table 1. Fluid-driven fracture propagation test parameters. 

Crack-normal field stress   10.0 MPa 
Intact rock Young’s modulus, E  72000 MPa 
Intact rock Poisson’s ratio, ν  0.2 
Fracture toughness, KIc   1.0 MPa.m1/2 

Fluid viscosity, f    0.2 Pa.sec 

Flow injection rate, Q0   0.1 m2/sec 
Time step interval, t    0.0001 sec 
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Fig. 4. Flow width profile comparison between flow code 
ORIBI (Gordeliy [10]) and the current algorithm implemented 
in RIFT. 
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Fig. 5. Comparison of flow width profiles at time 0.2 sec for 
fractures propagated assuming, (a) a viscous-dominated crack 
tip asymptote with zero flow lag, (b) explicit fluid front 
tracking where the fluid front position is determined using a 
zero pressure condition at the front (the zero pressure lag 
region is explicitly marked). 
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Fig. 6. Comparison of flow pressure profiles at time 0.2 sec 
for fractures propagated assuming, (a) a viscous-dominated 
crack tip asymptote with zero flow lag, (b) explicit fluid front 
tracking where the fluid front position is determined using a 
zero pressure condition at the front (the pressure is zero in the 
lag region). 
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Fig. 7. Comparison of source flow pressure as a function of 
time for toughness-controlled fracture propagation, with the 
inclusion of a fluid lag region adjacent to the crack tip, and 
viscous-controlled propagation with zero fluid lag. 

 

5. FLOW BRANCHING AND FLOW 
NETWORK SIMULATION 

As an illustration of the flow branching logic developed 
in section 3, consider the case where flow is initiated at 
the central element of a straight flow path segment of 
length 2.2 m that is divided into 11 elements of length 
0.2 m. The flow path is allowed to bifurcate into four 
branch segments at the ends of the initial segment. The 
separation angle between the branches at each end of the 
initial flow segment is 60 degrees. Plots of the evolved 
flow patterns at times t = 0.1 sec and t = 0.2 sec are 
shown in Fig. 8a and Fig. 8b respectively. It is 
interesting to note that the flow pattern is generally 
symmetric for the first plot at time 0.1 sec (Fig. 8a) but 
becomes somewhat asymmetrical at time 0.2 sec as 
indicated by the flow segments marked “Branch 1” and 
“Branch 2” in Fig. 8b. 

Fig. 9 is a plot of the estimated average flow rate in the 
right-hand end element of the 2.2 m source flow 
segment, compared to the average flow rates in the 
initial elements of the Branch 1 and Branch 2 flow 
segments, shown in Fig. 8b. It is interesting to observe 
the progressive breaking of the flow rate symmetry 
between Branch 1 and Branch 2 in Fig. 9. It should be 
noted as well that the sum of the Branch 1 and Branch 2 
flow rates shown in Fig. 9 do not imply a loss of fluid 
through the junction when compared to the average flow 
rate through the end element of the source segment. This 
apparent discrepancy arises because the average flow 
rates shown in Fig. 9 are computed for each element 
adjacent to the junction and not at the junction point 
itself. The overall fluid volume stored in the flow 
segments was found to be reasonably accurate and is 
over-estimated by approximately 1.0 percent at the 

simulation end time of t = 0.2 sec. (The total injected 
volume of fluid is 0.02 m2 at this time). 
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(b) Time = 0.2 sec
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Fig. 8. Plot of fluid-filled and open crack elements in a 
constrained flow mesh with symmetrical flow branches at the 
ends of an initial flow segment. (a) Activated elements after 
elapsed time 0.1 sec. (b) Activated elements after elapsed time 
0.2 sec. 
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Fig. 9. Average flow rates at the last element of the source segment 
and at the initial elements in the right-hand flow branches shown in 
Fig. 8b. as a function of time. (The average element flow rates are 
scaled to the flow source injection rate). 

 



A further illustration of the flow branching logic is given 
in Fig. 10 where fluid is allowed to propagate from one 
or two specified source elements in a random Delaunay 
flow path mesh. The flow is constrained to follow 
selected paths from the designated segments shown in 
Fig. 10. The maximum element length in the mesh is 0.3 
m and each flow segment contains multiple flow 
elements. The primitive stress field is assumed to be 
hydrostatic and equal to 10 MPa. The flow source 
parameters correspond to the values given in Table 1. 

The flow path selected for the case of a single flow 
injection element is shown in Fig. 11, indicating that a 
number of activated branch paths are terminated, 
subsequently leaving one major flow path that is 
confined to a relatively localised flow channel. A fairly 
extensive network of mobilized crack elements, which 
are not fluid filled, are seen to be joined to the ends of 
the fluid-filled segments. 

Fig. 12 shows the results of repeating the simulation 
with two flow source elements. In this case, it can be 
seen that the lower flow path merges with the path that is 
propagated from source element 1 (See Fig. 10). 
Interestingly, relatively fewer unfilled but mobilized 
crack segments seem to be attached to the edges of the 
fluid-filled segments when compared to the fracture 
pattern shown in Fig. 11. 
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Fig. 10. Random Delaunay mesh flow network paths to 
illustrate flow branching evolution from one or two floe 
source injection elements. (Hydrostatic primitive stress field = 
10 MPa). 

 

 

 

 

Single flow source element: Elapsed time = 0.2 sec
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Fig. 11. Flow path evolution from flow source element 1 in the 
Delaunay mesh shown in Fig. 10. (Time = 0.2 sec). 

 

 

Two flow source elements: Elapsed time = 0.2 sec
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Fig. 12. Flow path evolution from both source elements 1 and 
2 in the Delaunay mesh network shown in Fig. 10. (Time = 0.2 
sec). 

 

6. CONCLUSIONS 

A simple procedure has been described to simulate flow 
path branching, including the ability to model the lag 
region between the fluid front and the mobilized fracture 
front. Preliminary results indicate that there is good 
agreement between the method developed in this paper 
and an independently developed approach that has been 
reported for tracking the fluid front position. 

It appears that significant differences in the injection 
pressure-time history can arise between a flow 
propagation model that includes fluid lag with a nominal 
small toughness control for the crack tip advance and a 
propagation model with zero fluid lag and viscous-
controlled asymptotic crack tip velocity. Simple 
applications of the model to flow branching simulations 
indicate as well that significant mobilization of non 
fluid-filled fractures may arise at the edges of fluid-filled 
fracture segments. 



Future studies will attempt to extend the model 
developed here to the analysis of three-dimensional 
fluid-driven fractures. 
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