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Abstract

This paper presents a coarse quantization algorithm (TFXA-II) for tight Gabor frame
expansions of certain functions in L?(R), an alternative to the TFZA of [10]. Using some a
priori information about the function to be quantized, TFXA-II produces an approximation in
L?(R). For a tight Gabor frame with frame bound A, we prove that the approximation error
corresponding to a kth-order TFXA-II quantizer is of order O(A_k ). Furthermore, motivated
by TFXA-II, we construct an algorithm to coarsely quantize the Fourier coefficients of certain
compactly supported functions.

1 Introduction

In the processing of audio signals, images, and video, one of the most important objectives is to
obtain a digital representation of the signal of interest that is suitable for storage, transmission,
and recovery. Since these signals are inherently analog, i.e., they have a continuous domain and
a continuous range, this is usually done in two steps. The first step is finding a sequence that
completely determines the original signal. In general this sequence is real or complex valued.
Therefore a second step is needed to reduce the continuous range of this sequence to a discrete,
possibly finite set. This second step is called quantization.

Given a signal f, obtaining the sequence {f,}nez that completely determines f usually corre-
sponds to expanding the original function f over some dictionary {¢n,}nez, i-e.,

f= anﬂon (1)

Such a dictionary is said to be redundant if the choice of {f,}nez in (1) is not unique.

In various applications it is convenient to assume that the signals of interest are elements of
some Hilbert space, e.g., bandlimited functions, L?(R), etc.. In this case, we can consider more
structured dictionaries such as frames. A collection {¢,} in a Hilbert space H is said to be a frame
if for each f € H we have

AlIFIP <K ead? < BIFIP,

where the frame bounds A > 0 and B < oo are independent from f. The frame is called tight
if A = B, and we can show that in this case, (1) holds for any f with f, := A=Yf,¢,). An
important remark is that the frame bound A of a tight frame with ||p,|| = 1 for all n “measures”
the redundancy of the system. A=1 implies that {¢,} constitutes an orthonormal basis; the larger
the frame bound A > 1 is, the more redundant is the frame.



Once an expansion of the form (1) is obtained, the next goal is to quantize the coefficients
fn- There are two different approaches to accomplish this: “fine quantization” and “coarse quan-
tization”. Given an expansion as in (1), one way to quantize the coefficients is replacing the real
numbers f,, with ¢, = § round (f,/d); if the coefficients are complex, then we replace the real and
imaginary parts separately. Here § is the step size of the quantizer. Note that by decreasing the
step size, and thus increasing the resolution of the quantizer, we can make |fn — qnl arbitrarily
small. In other words, the approximation error f — f5 diminishes as § approaches 0, where f; is
defined by replacing f, in (1) with ¢, produced by a quantizer with step size §. Such algorithms
are usually called fine quantization algorithms.

A second approach exists if the expansion of the original function f is highly redundant. In
this case, one can replace the coefficients f, with “coarsely quantized” values ¢,, and still have a
good approximation. Instead of controlling the individual differences |f, — gn|, such an algorithm
aims to produce g, so that the reconstruction error ||f — f|| is small. In particular, if we consider
tight frame expansions, the algorithm is constructed such that the approximation error f — f A gets
arbitrarily small as we increase the frame bound A. Such algorithms are called coarse quantization
algorithms. Note that a coarse quantization algorithm exploits the redundancy of the expansion
to compensate for the coarseness of the quantization.

In this paper we consider tight Gabor frame expansions of certain classes of functions in L?(R).
Gabor frames are frames of L?(R) that are generated by shifting a fixed function ¢ € L*(R) along
a lattice T = 79Z x &Z in the time-frequency plane: For ¢, ,(t) :== (t — nr)ei™t, {o, . -
n,m € Z} constitutes a frame in L*(R). Detailed discussions of Gabor frames can be found in
[2, 5, 6].

For simplicity, we use the ordered triple (i, 79,&0), i-e., (¢, 70,&0) to refer to the Gabor frame
{Pnm : n,m € Z} with @, m(t) = p(t — no)e™et. Suppose (p,70,&o) is a tight Gabor frame
with the frame bound A. Then for f € L?(R), we have

f= % Z(fa Son,m)SDn,ma (2)

where equality is in the sense of L2. Recall that the frame bound “measures” the redundancy
of the frame expansion when the frame is tight and normalized such that each element has norm
1. For a tight Gabor frame (i, 79,&), it is a standard result that the frame bound is given by
A= —0 as long as ||¢|| = 1 [4]. Therefore, if 79 and & are small (so that A >> 1), the expansion
is heavﬂy redundant, thus it should be p0551b1e to coarsely quantize the frame coefficients of a
given function and still have a good approximation. Indeed, such an algorithm, called TFXA, was
introduced in [10]. TFXA produces weak type approximations of functions that are in the unit
ball of the modulation space M. In this paper, we will present an alternative coarse quantization
algorithm, which we call TFXA-II, for the tight Gabor frame expansions of those functions in the
unit ball of the modulation space M7, where G : R? — R is a fixed “envelope”, for which (2)
converges almost everywhere (as well as in L?). In this case, TFEA-II produces approximations
in L2(R).

The TFXA-II algorithm (as well as the TFXA of [10]) is inspired by sigma-delta quantization
algorithms that are commonly used to coarsely quantize oversampled bandlimited functions [11].
Given a function f which is Q-bandlimited, i.e., the Fourier transform f of f vanishes outside the
interval [—, Q], it is well known that

AZf Ce- 3)

for an appropriately chosen function ¢ and for A > 1, e.g., [3]. For such expansions the family of
sigma-delta (¥A) modulators provide efficient quantization algorithms. Given a function f in the
unit ball of L*°, a kth-order sigma-delta modulator yields a sequence {g) }nez With ¢, € {—1,1};
this sequence has the additional property that its kth-order running sums track the kth-order
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running sums of f; := f(3%5), uniformly. More precisely,

M, mo mi M;, m2 m1
A A
EDSEEED DD D D DD DR DY 1R3¢ 4)
mg—1=Nj mi1=Na n=N1 mp—1=Ny mi1=N2 n=N1
where the value of the constant C' does not depend on Ni,..., N, My, or {f)}necz. For example,

a first-order sigma-delta quantizer generates the g,), which satisfy (4) for k = 1, via the following
recursion:

Un — Up—1 = fy)z,‘ - (IQ
¢ = sign(va_1+ f3). ()
In this case, one can show that [3]
o |v,| <1 forallm,ifuvy € (—1,1) (6)
- 1 ) .
® ”f _f)\”L‘x’ < X”gI”Ll: if Suppf - [_7T77T]7 (7)

where fy := A3, ¢dp(- —n/A). In fact, this bound can be improved; [7] contains a proof
that the error can be bounded pointwise by CA~%/3*7 where C' depends on 7 and on the value
of the derivative of the original function at the corresponding point. Moreover [8] shows that the
mean-square error is of order O(A~?) in the case of a constant input. Finally, [1] shows that the
mean-square error is of order O(A~3) for bandlimited functions satisfying certain mild conditions.

A kt'-order sigma-delta quantizer is defined by replacing the first-order backward difference
operator in (5) by a kt"-order backward difference operator and adjusting the rule that determines
gn such that the |v,| stay uniformly bounded. In this case, one can prove that the L approx-
imation error is of order O(A~*). Detailed discussions of higher-order schemes can be found in
[3, 9].

In Section 2 we introduce the first-order TFXA-IT algorithm, a coarse quantization algorithm
for certain functions in L?(R); this algorithm assumes a priori information about the function
to be quantized; however, unlike the TFSA of [10], the approximation is in L?(R). In Section
2.2 we define higher-order TFXA-II algorithms and prove that for a k**-order scheme the I2-
approximation error is O(A~*) where A is the corresponding frame bound. We present numerical
experiments for the first and second-order TFXA-II in Section 2.3. Finally, in Section 3, we show
that a scheme to coarsely quantize the Fourier coefficients of certain compactly supported functions
can be constructed using the same strategy as in the construction of TFXA-II.

2 The Time-Frequency Sigma-Delta Quantization Algorithm
IT (TFXA-II)

In this section we will introduce an algorithm (TFXA-II) to quantize the frame coefficients of
certain functions in L?(R). This algorithm will produce an approximation to the original function
in L2 and we will prove that the corresponding L?-approximation error is of order O(A~*) for a
kth-order scheme. Note that these results are much stronger than the analogous results that were
presented in [10] although the TFXA-II algorithm is not translation invariant, unlike the TFEXA
of [10]. Furthermore, the class of functions which can be quantized using TFXA-II is smaller than
the class of functions that can be quantized using TFXA.

2.1 The First-Order TFXA-ITI Algorithm

Let G be a fixed function in L?(R?) that is smooth with nice decay. Let (¢, 7o,&) be a Gabor
frame and denote by B¢ the collection of functions in L?(RR) which satisfy

|<fa Qo'ruﬁ)l < G(Ta §)a (8)



where ¢, ¢ = p(t — 7)e’t. Note that when ¢ is a suitable function, B¢ coincides with the unit
ball of the modulation space M7 equipped with the norm |-l Mg, = [I[Vo(-)G||L. Here
V. f = <f; P, 5)

Let f be in BE. Denote the frame coefficients of f, (f, ¥n,m), by ¢n,m; define cn m and cn m as
the real and imaginary parts of ¢y, respectively. Since ¢y m = Vi, f(n79, m&o) and since f € Bg,
we clearly have
< G(nm,mé&), and

et ml

|C£L,m| < G(’I’LT(), m§0)

I
Cnm

R
CTL m . —_— 5
m " G(nto,mé&o)’

In other words, if we define &7, == gr %y

be bounded by 1.

The algorithms that we consider in this paper quantize the real and imaginary parts of the frame
coefficients in an identical manner. Therefore, to simplify notation, we will use the superscript S
whenever an expression, an equation or a system of equations is valid for both S =" R" and
S =""I". Now, define the first-order TFX.A-II scheme as follows:

and ¢ both |&f, | and &} | will

S S _ ~S
Upm ~Un—1,m = Cnm ~ Pnm
S _ S S
pn,m - Slgn( nfl,m + cn,m)
S S _ S S
Unm ~Unm—-1 = Upm ~ Tnm
S _ : S S
,rn,m - Slgn(vn,mfl + un,m)' (9)

Note that the scheme described in (9) is stable, i.e. the internal state variables, u®,v®, stay

uniformly bounded: Since |&, | is bounded by 1, |u;, ,,| is bounded by 1 via (6); but this implies
that v} , is also bounded by 1, again because of (6). Clearly,

(AlA?UR)n,m = ég,m - g,m + Alrf,m): (10)
and similarly
(A1A2U1)",m = 5£,m - i,m + AITTIL,m); (11)
thus we have
(AIATU)n,m = én,m - (pn m + Alrn m) (12)
R R . R ~ Cn,m
where vy, = m T+ wn m> Pnom = Pnom t Pnms Tnom = Trom + zrn m> and &p 1= ClnremEo)”

Multiplying both 51des of (12) by G(no,m&) yields
G(n1o,m&o)(A1A20)n,m = cn,m — G(n10,m&0) (Pr,m + A17n,m)- (13)

This suggests us to define T'rrrr as the mapping that maps the sequence ¢ = (¢p,m) to the sequence
q= (QTL,m) with
Gn,m = G(n10,Mm&) (Pr,m + A170,m)- (14)

Theorem 1. Let (p,70,&) be a tight Gabor frame of L?*(R) with frame bound A. Let f € BE,
¢ = ({(f,onm)), ¢ = Trrri(c),and define fa = A1 > nm dnm$Pn,m. Suppose ¢ and G satisfy

1-4v:
i. |p| %G1 € L? where x stands for convolution and G1(s) = [ |010:G(s, z)|dz.
ii. |¢'| x G2 € L? where Ga2(s) = f |02G (s, 2)|dz.
iit. t(|¢| x G3)(t) € L? where G3(s) = [101G(s,z)|dz, and



w. t(|¢'| x G4)(t) € L? where G4(s) = [|G(s, 2)|dz.

where 0;G is the ith partial derivative of G. Then the L?-approzimation error satisfies

17— Fallee < S, (15)
with C:= [| || * G2 + [ [¢'| * Gall> + [lt(le] x Gs) (@) ]| L2 + [[E(["] x Ga) (@] >
Proof. We start by writing the pointwise error, which is given by
~ 1
f@#) = fat) = A g(cn,m = qn,m)Pn,m(t) (16)
for almost every t. Then,
= 1
f(t) - fA(t) = Z Z G(’I’LTo, m&O)(AIAZUI)n,m‘pn,m(t) (17)
1 o
= 7 Z Un,m A2 A1 G (19, m&o)on,m(t), (18)

where the first equality is due to (13); the second equality is the result of summation by parts. Note
that the boundary terms disappear since G has nice decay in both its arguments. Now, denote
AzAlG(nTo,m&])(pn,m by In,m- Then

In,m(t) = AQAIF(nTOam§Oa t)a (19)
where '
[(s,2,t) = G(s,2)p(t — s)e**. (20)
Let us rewrite I, ,,, as
In,m (t) = AQ(F(TLT(), mEO,t) — F((n + 1)7’0,m§0, t)) (21)
nrto
= A / 4T (s, méo, t)ds (22)
(n+1)70
nrto
= [ @i méo,t) — (s, (m+ Do, )ds (23)
(n+1)70
mé&o
- / / Do T (s, 2, t)dzds. (24)
(n+1)70 J (m+1)&o

Note that since both ¢ and G are smooth with nice decay, so is I'; thus all the steps above are
justified. Next, we substitute (24) in (18) and take the absolute value of both sides to get

. m&o
£@) - fa)] < (V] / / DuOnT (s, 2 t)dzds (25)
4 Z (n+1)70 J (m+1)¢0
< Z||U||lw||3zalf(';',t)||L1(m2), (26)
for almost every t. To complete the proof, we will write that D(t) := [|020:1T(-,-, 1)1 (2 is

uniformly bounded in L2 ie. ||D||z> does not depend on the particular choice of f, which implies
that the error ||f — fal|lz2 is O(A™!). A simple calculation yields
01T (s,2,t) = (s —1)e*t(0,0,G(s,2) + itd1G(s, 2))
—¢' (s — 1)e* (092G (s, 2) +itG(s, 2)). (27)



Thus,

D(t) < (Gixlel)(t) + (G2 * ' D(D)
+HE((Gs * o)) (#) + (Gax [¢'])(1)), (28)

where G; are defined as in the statement of the theorem. Finally since ¢ and G are chosen such
that the conditions stated in Theorem 1 are satisfied, ||D||2 is finite and

DIz < I @l x Gillez + | ¢ % Gallpe + [[t(|e] % G3) @)l L2 + [It(¢"| * Ga)®)llLz,  (29)

thus we conclude o
If = fallze < 7 (30)
with C' as in the statement of the theorem. O

Remark 1. Note that (15) still holds up to some small correction term if the frame (p,79,&) is
“almost tight”. A frame is said to be almost tight if the ratio of the frame bounds is close to
1. Suppose (p,70,&) is a Gabor frame with frame bounds A and B. If we denote the quantity
B/A —1 by r, for any function f € L%(R) we have

2

f= m Z(fa (Pn,m>(Pn,m + Rf, (31)

where ||R|| < /(2 + r). In this case, after defining

~ 2
:: —_— 2
fa (2 T ’I")A E dn,m®Pn,m (3 )
we can apply the proof of Theorem 1 to show that
C r

- 2
|[f = fal < (2+r)z+2+r'

Thus, the approximation error ||f — fa||2 still has the same behavior when 7 = 0.

Remark 2. Theorem 1 lists several conditions on ¢ and Gj; these are all fulfilled if, for example, ¢
and G are in the Schwartz spaces S(R) and S(R?), respectively.

Remark 3. Clearly, the algorithm is not shift-invariant; knowing the exact index of a quantizer
output is essential, because to construct fa4 we need to multiply the quantizer output pn,m, +
(AlT')n’m, by G(m‘o,m&)).

Remark 4. The TFXA-IT algorithm suggests an algorithm to “coarsely quantize” the Fourier
coefficients of a function with compact support; this will be discussed in Section 3.

2.2 Higher-order schemes

We will define the k*"-order TFXA-II scheme as follows: Let (p,7o,&) be a tight Gabor frame
with frame bound A. Suppose f is in BE. Let cnm = (f,¢nm), ¢F s €h s €5 and &L be as

in Section 2.1. Let the superscript S be as before and consider the recursion relations

(Alfus)",m = 6i,m - pi,m

pg,m = Sign(M(A(l)ui—l,n'u tet Allc_lui—l,m7 csmm)) (34)
(Agvs)”,m = aﬁ,m - Ts,m

Tg,m = Sign(AgUE,m—D tet Ag_lvg,m—la 'L_”g,m) (35)



S . R R

where k is a positive integer, 4% := u®/Cj p and M is a function which guarantees that u
u! and v! are uniformly bounded in [ by Ck - Note that the recursmn relations (34) and (35)

correspond to k"-order standard sigma-delta quantizers with ¢3 ,  and un m respectively as their

input. Thus, since all these sequences are bounded in [*° by 1, such an M exists for any positive
integer k due to [3]; for a wider class of admissible M when k = 2, consult [9].
Now set v = vf +iv!, p = pf +ip!, and r = rf + ir!. Note that

Ck,MG(nTO: mé‘O)(Alchgv)n,m =Cnm — G(nTO-m£0)(pn,m + Ck,MAan,m); (36)

which suggests us the following definition of Trpr; r: Trrrr—k will denote the mapping that maps
¢ to § with §n.m = G(n10.m&) (Pnm + Crmr AT m)-

Theorem 2. Let (¢, 7,.8) be a tight Gabor frame with frame bound A. Suppose f is in BE. Let
Cnym = (f,on,m) and put ¢ = Trprr—r(c) where k > 1 is an integer. Define far by far =
% Zn’m Gn,mPn,m- Suppose G and ¢ are chosen such that for l,ll in {0,--- ,k},

(199 %Gy (1) € A(R) (37)
where G, p is defined by

G ()= [ ()00 s 2 (39)

In this case, the approzimation error satisfies

lf = Farllze < % (39)

where C' is given by
0= Z ¢ ) S 1 (901w G o (40)
I'=0

Proof. Let us start by writing the error term:

f(t) - fA,k(t) = % Z(Cn,m - qnm)cpn,m

1
= A Z Ck,MG(”TOa mgO)(Alngv)n,MWn,m

n,m

C o
= IZM Zvn,mAlfAI;G(nTmmgO)‘pn,m: (41)

where the second equality is due to (36); the third equality is obtained by partial summation. Now
set T'(s, 2,t) = G(s, 2)p(t — s)e*!, and rewrite (41) as
C
1) = fan() = =5 ZvnmA ALT (n1o, méo, t). (42)

By techniques identical to those used in the proof of Theorem 9 of [10] we have

; Cr,m|v||z

[(#8) = far®] < == 103017 (-, 1) 11 (43)
We complete the proof by estimating ||050FT'(-, -, t)||z1. Note that
- k ) - k (k—1") o(k—1)
k ok _ l l U (k=1 -
050 T(s,2,t) = lz;(_l) (l) et —s) l,z: (l') (it)" 05 o G(s, 2), (44)
— -



which yields
k k k
’ k-1 k—1
(050 (s, 2, 1) Z()so(” Y () )18 o Vel )
=0 I'=0

By integrating both sides, we get

o5t ,t>||L1(Rz)<ZZ\t|“( D [ (60wl [ (7)o 06, 2ias) as. (as)

=0 —

Finally by setting G, (s) == [ (} )|6‘§k l)a(k YG(s, z)|dz, we obtain

~ C AIES k
1£8) = Fau(p) < Selll= 5 3 ( )|t| (Il % Gpp) (0. (47)
1=07=0
which, by taking the L2-norm of both sides, yields
C
2 < Ik (48)
where ¢ = Gealitlies 53k 5ok OB 1 (0] % G ) (8) ]2 O

2.3 Numerical Experiment

In this section we will fix a Gabor frame and quantize the frame coefficients of a function in BE
via the first- and second-order TFXA-II algorithms. We shall consider the Gabor frame gener-
ated by the function ¢(t) = m'/ 1e~*7. One can show that (¢, 70,&0) constitutes an almost tight
Gabor frame (i.e., both frame bounds A and B are approximately equal to 27 /(70&o) if 70 =~ &
is sufficiently small. For all the frames we use in this section, |r| is smaller than the arithmetical
precision of the computer, where, as in Remark 1, we define r by r := B/A — 1.

Consider the function

ft) = 0.5¢ 10-9t° ,—0.05¢% (49)

which clearly is in BZ. We use an FFT-based algorithm to compute the frame coefficients (f, ¢n,m)-
For simplicity, we use G(7,€) = 2|(f, ¢r¢)| and quantize the frame coefficients according to the
algorithm given in (9) for the first-order scheme, and according to the algorithm given in (34)-(35)
(with k = 2) for the second-order scheme. We apply the algorithms to different frame expansions
of f with different frame bounds. The frames we use are (@, 79, &y) with 79 = & ranging from 0.2 to
1.5. Figure 1 shows the L2-approximation error estimates as a function of the frame coefficient of
the expansion. The graphs of f4 which is obtained from the original function f via the first-order
TFXA-II is given in Figure 2. In Figure 3 we show the L2-approximation error estimates that are
obtained using the second-order TFX A-II. Finally, in Figure 4 we present the graphs of f4 o that
are obtained from f via the second-order TFXA-II.

3 Coarse quantization of the Fourier coefficients of certain
compactly supported functions

Let f be a function in LP(R) with p > 1 such that its support is on [—m,7]. Clearly we can extend
f to a periodic function fy by setting fi(t) = f(t) for t € [-Am, Aw), and fa(t—2A7) = fa(t). Then
the Fourier series of fy is given by fi(t) = ﬁ oo f(R)efrt, where equality holds pointwise by
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Figure 1: The L?-approximation error ||f — fallL> vs. the frame bound A for the first-order case;
fa is the approximation generated by the first-order TFXA-IT algorithm. The solid line is the
graph of {(4,7A™1)}, and the dashed one is the graph of {(4,30471%)}

Figure 2: The graph of fa, the L?-approximation of f obtained via the first-order TFLA-II
algorithm, for three different values of the frame bound A, along with the graph of f. In each
figure, the top graph is the real part of f and fa: the solid graph belongs to f and the dashed to
f 4; the bottom graph is the imaginary part of f and fa: the solid belongs to f and the dashed to
fa. Figure 2a is the graph of fi5.g3 along with f; Figure 2b is the graph of fas.16 and Figure 2c is
the graph of f100.64-
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Figure 3: The L%-approximation error ||f — fA72|| r2 vs. the frame bound A for the second order
case; fa 2 is the approximation generated by the second-order TFXA-II algorithm. The solid line
is the graph of {(4,400472)}, and the dashed one is the graph of {(A,1500472-5)} .
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Figure 4: The graph of fA727 the L2-approximation of f obtained via the second-order TFXA-II
algorithm, for three different values of the frame bound A, along with the graph of f. In each
figure, the top graph is the real part of f and f 'A,2: the solid graph belongs to f and the dashed
to fA,z; the bottom graph is the imaginary part of f and fA,z: the solid belongs to f and the
dashed to ]FA’Q. Figure 4a is the graph of f12.83,2 along with f; Figure 4b is the graph of f25.16,2
and Figure 4c is the graph of f100,64,2.
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our choice of f. Here f denotes the Fourier transform of f, i.e., f(£) := \/#27 [ f(t)e~itdt. Note
that we also have

F@) = AOXxram (B (50)
which for ¢ € [—Am, An] yields
1 pMy in
f(t) = ors) ;f(x)e ‘. (51)

Now let us fix a continuously differentiable function G, i.e., G € C!(R), such that G and
G' are in L'(R). Let f be a function in LP(R) with p > 1 which is compactly supported with
supp(f) C [—m,n] and whose Fourier transform f satisfies

HGIEXEG! (52)
Denote the collection of all such functions by Bg. For f € Bg, we clearly have
F(%)
< 1. 53
el (5)

Therefore, we can use the standard first-order sigma-delta scheme to quantize the sequence ( ary):
A
Consider the recursion relations

&
Av n - AL — qz
Bk = G
A , &)
G, = sign(vp_1+ =5 54
Since we have (53), we have |v,| < 1 for all n by [3] assuming |ve| < 1. Let us define T as the

—~

mapping that maps the sequence (f(%)) to the sequence ¢*, where ¢ := G(%)q). Note that

G(3)(wn = vn-1) = f(3) = @ (55)

>3
>3

Now define

A) = \/QI_M T e, (56)
nez

Clearly, for t € [—m, 7],
1 2 in
#O - hOl = ZS130E) - et

N n _ ing
= ZOG e vt

_ 1 E int n+1 jrtly
= /] DGR~ G
1 n, n+1 ;na1
< —mAZW(X)ext—G( e 0 (57)

the second equality is the result of summation by parts (note that the boundary values vanish
again since G(¥) tends to zero as |n| approaches infinity); the final inequality follows because |vy,|

11



is bounded by 1. Now set T'(z,t) := G(2)e** and rewrite (57) as

n+1

1 n
fO-HO1 < Zm EING)-T5=0)

1 %
< (2, 1)|d
< MA2/| (2,1)\dz

1
< o IaTC (58)

Note that the second inequality is due to the fact that T" is smooth.
Finally we will calculate [|0:(+,¢t)||z1. Clearly,

AT (z,t) = G'(2)e¥t +itG(2)e*, (59)

which yields
(
V27

But since f is supported on [—7, 7], we can conclude that

16T )l < G Il + Gl L1)- (60)

sup | f(t) = fa(B)] <

te[—m,m)

> Q

with C = v2r (5= ||G’||1 + 3||Gl|L1). Thus we proved

Theorem 3. Let G € C*(R) be a fized function such that G and G' are in L*(R). Suppose f is
i Bg. Then

£ . redirn LnaGih,q
sup (0) — fo()] < LRl £ 516),

(62)

where fy is defined as in (56).

Remark 5. Tt is straight-forward to define the higher-order versions of the above described scheme.
The k**-order scheme can be defined by replacing the first-order backward difference operator
in (54) by a ktP-order backward difference operator, i.e. a k**-order quantizer is defined by the
following recursion relations:

@
(Akv)n = G(%)—qﬁ
D = sign(M(A%), 1, (A1), 13D (63)
" G(%)

where M is chosen such that v is uniformly bounded in [*°. The existence of such M due to [3] for
arbitrary k.

In this case, the approximation error is O(A™*) for functions in Bg with G € C*(R) such that
GY e L'(R) for j =0,1,...,k. The proof is similar to the proof of Theorem 2.
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