Math 256. Final
Name:
No formula sheet, books or calculators! Include this exam sheet with your answer booklet!
Part I

Circle what you think is the correct answer. +3 for a correct answer, —1 for a wrong answer, 0 for no answer.

1. The ODE 3y’ + y~2e* = y~2 with y(0) = 0 has the solution,
(a) e® —1—a3sinx (b) e” —e " — e (c) (e*—1—2a®)3 4 axe 2

(d) —(e*—1—xz)/3 (e) None of the above.

2. The system

has the general solution,
(a) uy + ugel’ + uge! (b) ure™ + uge! +uze (¢) up + uge? +uge™?

(d) wure™t +uy + uge” (e) None of the above,
for three constant vectors uy, us and us.
3. The inverse Laplace transform of

4s

"= e+

is
(a) y(t) =4e "cos2t — 2e " sin 2t, (b) y(t) = 4e * cost, (¢) y(t) =4e 'cos2t,

(d) y(t) =4e " (cost — 2sint), (e) None of the above.

4. Which of the following is a solution to the PDE ws + 9uyy — 8u = 0:
(a) u=cosz sin3y (b) uw=cos3x cos3y (¢) w=cos3xe¥

(d) w=sin3x siny () u=sinze .



Part II

Answer in full (i.e. give as many arguments, explanations and steps as you think is needed for a normal
person to understand your logic). Answer as much as you can; partial credit awarded.

1. (12 points) A couple has attraction z(t) but repulsion y(t), leading to the degree of happiness z(t), all

satisfying the ODEs,
2 +r—y=0, 9y +3y+52=0, 2 +4z+zxy=0.

Determine what happens if the relationship starts with (2(0),y(0), 2(0)) = (0,2, 0). Does happiness win out
(i.e. z(t) remain positive for t — 00)?

2. (12 points) Write the ODEs
' =2z 4y, y" =>5x—2y+8sint,
as a 2 x 2 system and then find the general solution using the eigenvalues and eigenvectors of the constant

matrix that appears in your system. What is special about the initial conditions 2:(0) = y(0) = 2/(0) = 0
and y'(0) = —27

3. (10 points) From the definition of the Laplace transform, prove that £{y"} = s%j(s) — sy(0) — /(0) and
L{f(t—a)H(t—a)} =e *f(s). Find

Using Laplace transforms, solve the ODE

J+29+ 17y = 6(t — ) cost,
with y(0) =1 and y(0) = —2, where §(¢) is the delta-function.
4. (14 points) Solve

Ut = Uz, 0< <3, u(0,t) =u(3,t) =1, wu(z,0)=0.



Fourier Series:

For a periodic function f(z) with period 2L, the Fourier series is

£@) = a0 + 3 [ancos (775 + b, sin (720
n=1

with
L nwT

ap = ;/LL f(z) dz, an= i/LL f(x) cos (sz> dx, b, = %[L f(x)sin (T) dz.

Helpful trig identities:

sin0 =sinm =0, sin(7/2) =1= —sin(37/2),
cos0=—cosm =1, cos(n/2)=cos(3r/2) =0,
sin(—A) = —sin A, cos(—A) =cos A, sin?A+cos’A =1,
sin(2A4) = 2sin Acos A, sin(A + B) = sin Acos B + cos Asin B,
cos(24) = cos> A —sin? A =1 —2sin? A, cos(A + B) = cos Acos B — sin Asin B,
sin(A + B) +sin(A — B) = 2sin Acos B

Useful Laplace Transforms:

", n=012. =  nl/s""!
et = Ys-a)
sin at N a/(32+a2)
cosat — s/(52+a2)
tsinat — 2as/(s? + a2)?
tcosat — (32 _ a2)/(s2 + a2)2

ft—a)H(t —a) — e " f(s)



Solutions:
Part I: (d), (d), (d), (e)

Part II:
1.z =e ?sin2t, y = (2cos2t — sin2t)e % and z = §(4t — 2 + 2cos 4t — sindt)e™*, so z(t) remains

positive for ¢ — oo, but get’s awfully small (a cynical view of marriage?)
2. The eigenvalues are £3 giving

(5) = (1) (AeY3! 4 Be™V3t) + <_15> (C'cos V3t + Dsin V/3t) + (31) nt

The initial conditions give A = B = C = 0 and D = v/3/3; i.e. pure oscillations.
3. The inverse Laplace transform gives

1 1
y=e 'cosdt — Ze_t sin4t — Ze_(t_’r) sind(t — m)H(t — 7).

4. We put v = v(z,t) — 1 to homogenize the boundary conditions, then separate variables, giving
> 2.2 nmwx
u(z,t) =1+ 7; bpe ™ ™ /% in (T) ,

with 5
b, = —[(=1D" —1].
= (-1 = 1]



Math 256. Final variation
Part I

1. The ODE 4y + e®y~3 = y=3 with y(0) = 0 has the solution,
(a) e® —1—a3sinx (b) e” —e " — e () (e*—1—2a®)3 4 ze

(d) (1—e"+z)/* (e) None of the above.

2. The system

{<\

Il
W =
_ o O
O = O

<

has the general solution,
(a) uy + uzeb + uze (b) ure™ + uge! + uze (¢) ure’ +uge® + uge”

(d) wupe™t +uy + uge” (e) None of the above,

2t

for three constant vectors u;, us and us.

3. The inverse Laplace transform of
_ 4
yls) = (s24+4s+5)
is
(a) y(t) =4e 'sin2t — 2e " sin 2t, (b) y(t) = 4e *sint, (c) y(t) =4e 'sin2t,
(d) y(t) = 4e (cost — 2sint), (e) None of the above.

4. Which of the following is a solution to the PDE g, + 9uyy — S8ugy = 0:

(a) w=cosz sin3y (b) w=cos3x cos3y (¢) u=cos3ze¥
(d) w=sinze¥, (e) None of the above.
Part II

1. (12 points) Solve the ODEs,
P4+r—y=0, y+3y+10x=0, 2 +4z+zy=0.
with (2(0),4(0), 2(0)) = (0, 3,0).
2. (12 points) Write the ODEs
2’ =5y — 2z +8sint, ¢y’ =2y+ux,
as a 2 x 2 system and then find the general solution using the eigenvalues and eigenvectors of the constant

matrix that appears in your system. What is special about the initial conditions z(0) = y(0) = ¢’(0) =0
and z'(0) = —27?

3. (10 points) From the definition of the Laplace transform, prove that £{y"} = s?3(s) — sy(0) — /(0) and
L{f(t—a)H(t—a)} = e *f(s). Find
s
o)
Using Laplace transforms, solve the ODE
J— 29+ 10y = 6(t — 7) cos 3t,
with y(0) = ¢(0) = 1, where 6(¢) is the delta-function.

4. (14 points) Solve
U = Nige, 0< <4, u(0,t) = u(4,t) =2, wu(z,0)=1.



Math 256. Another Final variation

1. The ODE ¢ — 4x + 32%y = 0 with y(0) = 0 has the solution,

222 — 1 1—2z2 5z — 4 3x2 — 2
(a) xT (b) Tx (¢) :UST (d) :UST (e) None of the above.

2. For certain initial conditions, the system

100

y'=(1 0 4]y

3 40

has the solution,
(a) uy +uge +uge™ (b) ure? + uge?® + uze (¢) upe +uge® 4 uge™
(d) ure™ +uge " + uze? (e) None of the above,
for three constant vectors uy, us and us.
3. The inverse Laplace transform of
6—s

(s) =

R

(s24+4)(s—1)
is
(a) y(t)=e "+ cos2t, (b) y(t) =e ' —cos2t, () y(t)=e " —sin2t,
(d) y(t) =e " — cos2t — sin 2t, (e) None of the above.
4. Which of the following is a solution to the PDE w; — ug, + 3u = 0:
(a) u=cost sinx (b) u=ce" cosw () u=e* sing

(d) u=sinz+e, (e) None of the above.

5. The Laplace transform of tesint is

S+ 2 s+ 1 S S

@ vy O ere Y erra 9o errer

(e) None of the above.

Part 11
1. (12 points) A satellite satisfies the equations of motion,
=20 +2y=0, ¢y +2y—4x=0, 2 =dxz(y—2x),

Find the path taken by the satellite if it starts at the point (2(0),y(0),z(0)) = (1,1,1). Does the satellite
eventually fall into the sun at x =y = 2 = 07

2. (12 points) Write the ODEs

2" — 2y +2x =cost, y'+2y—22=0,



as a 2 X 2 system and then find the general solution using the eigenvalues and eigenvectors of the constant
matrix that appears in your system.

3. (10 points) From the definition of the Laplace transform and for constant a, find
Lyy'}, Ly}, Lyt —a)H(t - a)},
in terms of F(s) = L{y(t)}, y(0) and y’(0). Using Laplace transforms, solve the ODE
§—4y+ 13y = (> +t+1)6(t — 1),
with y(0) = 1 and y(0) = 4, where 6(¢) is the delta-function.
4. (14 points) Solve

Qup = Uz, 0<z <4, u(0,t) =0, wu(4,t)=4, u(z,0)=0.



