Math 256. Final
Name:
No formula sheet, books or calculators! Include this exam sheet with your answer booklet!
Part I
Circle what you think is the correct answer. +3 for a correct answer, —1 for a wrong answer, 0 for no answer.
1. The ODE y’ = e*~¥ with y(0) = 0 has the solution,

(a) €", (b) In(2-—e€"), (¢) In[2—(1-ux)e"], (d) =, (e) None of the above.

2. The general solution of the system,

2 6 7
y'=10 4 0|y,
0 3 1
is
(a) ue ™ +uge 2 +uze”! (b) uret + uye?’ + uge! (c) ure? + uge! + uze
(d) we™" + uge’ + uge (e) None of the above,
for three constant vectors uy, us and us.
3. The inverse Laplace transform of the function,
_ 4s
§)= —5—-—"—,
y(s) (2 +4s+5)

is
(a) y(t) =4e 'cos2t — 2e " sin 2t, (b) y(t) = 4e % cost, (c) y(t) =4e ‘cos2t,

(d) y(t) = 4e *(cost — 2sint), (e) None of the above.

4. Which of the following is a solution to the PDE u, + 9uyy — 8u = 0:
(a) u=cosx sin3y (b) u=cos3x cos3y (¢) w=cos3xe?

(d) w=sin3x siny () u=sinze .

5. Separation of variables
(a) is a method for turning ODEs into PDESs, (b) wuses the Laplace transform,

(¢) determines the integrating factor of an ODE, (d) s cool if you like that sort of thing,

(e) identifies resonant behaviour for a driven oscillator.



Part II

Answer in full (i.e. give as many arguments, explanations and steps as you think is needed for a normal
person to understand your logic). Answer as much as you can; partial credit awarded.

1. (12 points) Professor X patents a machine that claims to consume power z(t) whilst producing ice cream
z(t) and chocolate w(t). He models the machine with the ODEs,

¥’ —x=—2sint, 2 cost—zz=1, w =zw?.
For the initial conditions, 2(0) = 0, 2/(0) = 1, 2(0) = 0 and w(0) = 1, what are the solutions? What happens
to the ice cream and chocolate as time increases up to %w?

2. (12 points) Write the ODEs
2" =2y —4x +sint, y"' =2x —y+ 2sint,

as a 2 X 2 system and then find the general solution using the eigenvalues and eigenvectors of the constant
matrix that appears in your system. What is special about the initial conditions z(0) = y(0) = 0, 2’(0) = —1
and y'(0) = —27

3. (10 points)
(a) From the definition of the Laplace transform, prove the two shifting theorems.
(b) The current in an electrical circuit satisfies the ODE,

j+2y+y=e 'l -H(t-1)],

with y(0) = A and y(0) = B, where H(t) denotes the step function and A and B are constants. Solve this
ODE.

(¢) For what values of A and B does the current vanish for ¢ > 1?7

4. (14 points)

(a) The function f(z), defined on 0 < 2 < 7, is extended as an odd, 2r—periodic function to —co < z < 0.
State the Fourier series of the extended function, giving the formulae for its coefficients as integrals over the
original interval [0, 7].

(b) Consider the PDE
Up = Ugy +cosz, 0< <, uw(0,t) =1, wu(mt)=-1, wu(z,0)=0.

Find the steady-state solution, u — U(z). Then solve the PDE.



Fourier Series:

For a periodic function f(z) with period 2L, the Fourier series is

£@) = a0 + 3 [ancos (775 + b, sin (720
n=1

with
L nwT

ap = ;/LL f(z) dz, an= i/LL f(x) cos (sz> dx, b, = %[L f(x)sin (T) dz.

Helpful trig identities:

sin0 =sinm =0, sin(7/2) =1= —sin(37/2),
cos0=—cosm =1, cos(n/2)=cos(3r/2) =0,
sin(—A) = —sin A, cos(—A) =cos A, sin?A+cos’A =1,
sin(2A4) = 2sin Acos A, sin(A + B) = sin Acos B + cos Asin B,
cos(24) = cos> A —sin? A =1 —2sin? A, cos(A + B) = cos Acos B — sin Asin B,
sin(A + B) +sin(A — B) = 2sin Acos B

Useful Laplace Transforms:

", n=012. =  nl/s""!
et = Ys-a)
sin at N a/(32+a2)
cosat — s/(52+a2)
tsinat — 2as/(s? + a2)?
tcosat — (32 _ a2)/(s2 + a2)2

ft—a)H(t —a) — e " f(s)



Solutions:
Part I: (d), (e), (d), (e), (d)
1. The ODE is separable:

/eydy:/ewda:JrC — Y=e"+C or y=hC+ e

where C' must equal 0 from the starting condition. i.e. y = x. But by inspection (and with rather less effort)
one can also see that this answer (d) clearly solves the ODE and starting condition.

2. The system is second-order and 3 x 3. Therefore, there must be six homogeneous solutions, two of
which have the time dependence exp(£+/2t) (one of the eigenvalues is 2).

3. We have

4s o As+2) 8
(s+2)2+1 (s+2)2+1 (s+2)2+1

= 4L{e * cost} — 8L{e * sint}

4. Answer (e) is the only one that successfully solves the PDE on substitution.
5. All the answers are silly, but (d) at least is not wrong.

Part II:

1. We divide and conquer, dealing with z(t) first. This ODE has the homogeneous solutions, Ajet +
Ase™t and the particular solution sint. But the ICs demand that A; = Ay = 0, so x(t) = sint. Inserting
this into the z—equation gives

_t+C

d
2 cost—zsint=1 or —(zcost)=1 — 2z(t)= = —
dt( ) ®) cost cost’

in view of the IC. Alternatively, but with more effort, one can divide by cost, find the integrating factor
I = exp [(—sint)/(cost)dt = cost, and then solve the ODE (given ¢I = 1). Last,

w' 4+ w?sint = 0,

which is separable:

d 1
/—w—C’+/sintdt or —— =C —cost=—cost
w

w?

given w(0) = 1. i.e. w = sect. The solutions for z and w diverge for t — x. Happy days.

()= (5 ) 0) (o)

The eigenvalues of the matrix are 0 and —5, with eigenvectors (;) and (_21 >, resectively. The particular

2. The system is

solution is ( ) sint where

dy
ds
—dy =2y —ddy 41 & —dy=2dy —dy +2,

which lead to — <1

2) sint. The general solution is therefore

<Z) - @) (A+Bt)+ <—21) (C cos V5t + Dsinv/5t) — @)sint

The initial conditions give A = B = C' = D = 0, implying no homogeneous solutions and a pure oscillation
with unit frequency.



3. From the definition of the Laplace transform
0

L{et ()} = / == f()dt = F(s)

L{H({t—a)f(t—a)} = /OO e S f(t—a)dt =e /Oo e STf(T)dr = e f(s)

a

The Laplace transform of the ODE gives

1 e—s—l

2 U — — — =
(s*+2s+1)y(s) —sA—B—2A por

or

A L+ A+ B i 1 e 51
s+1 (s+1)2  (s+1)3 (s4+1)3

y(s) =

The inverse is

1 1
y(t) = Ae™' + (A+ B)te™! + StPe ™! — S(t = 1)%e " H(t — 1)

When ¢ > 1, the RHS has the factor A+ (A + B)t — 3 + ¢, which vanishes if A= 1 and B = —
4.

[SJ[SY

(a) f(x)= i by sinnx, b, = 2 /Tf f(z)sinnz dz.
n=1 T Jo

(b) The steady state solution, satisfying U” 4+ cosz = 0, U(0) = 1 and U(w) = —1, is U = cosz. Putting
v =u — U we then find the homogeneous problem,

UV = Vg, ©(0,8) =v(m,t)=0,v(z,0)=-U(x).

Separating variables then gives
0 ™
2
v= E bye” " tsinnx, b, =— / (— cos z) sinnx dx,
n=1 0

which can be evaluated using a handy trig formula. Thence,

o0

u(x,t) = cosx — Z

n even

2,
dne " tsinnx

m(n2—1)



