
MATH 552
Homework Assignment 4

Due 2022 Nov 18 (Fri) 23:59 PST

1. Consider the family of 1-dimensional maps

x 7→ f(x, α) = α− x2, x ∈ R1, α ∈ R1. (1)

Globally these are not diffeomorphisms, but locally they can be. We can always consider forward orbits
{xk}∞k=0, and sometimes we can consider both forward and backward orbits.

(a) Show that (1) has a fold bifurcation for maps, at α = −1/4.

(b) Find all branches of fixed points p0[j](α) explicitly as functions of α, and determine the linearized

stability of each fixed point. Summarize your results for (1) so far, in a branching diagram (use
a horizontal α-axis and vertical x-axis).

(c) Show that (1) has a flip bifurcation for maps, at α = 3/4. Determine the existence and stability
of 2-cycles, at least for α sufficiently near 3/4. Summarize your results for (1), by redrawing the
branching diagram of part (b) and then updating it with the new information from part (c).

2. Poincaré normal forms can be developed for maps, and families of maps. In parts (b) and (c) below, we
consider a useful example in a 1-dimensional state space, the Poincaré normal form at a flip bifurcation.

(a) Consider a map x 7→ f(x), where f : Rn → Rn is a local diffeomorphism. Show that under a
coordinate change x = h(y), where h : Rn → Rn is a local homeomorphism, the map x 7→ f(x)
transforms into the [locally topologically equivalent] map y 7→ g(y), where g(y) = h−1(f(h(y))),
i.e. g = h−1 ◦ f ◦ h (Hint: It may be easier to use the recursion notation for maps xk+1 = f(xk).)

(b) Let n = 1, u ∈ R1, v ∈ R1. Suppose we have a map of the form

u 7→ f̂(u) = µ0 u+ f̂ (2)(u) + f̂ (3)(u) +O(|u|4), (2)

where µ0 = −1, f̂ (2)(u) = f̂20 u
2, f̂ (3)(u) = f̂30 u

3, and f̂20, f̂30 are constants. Show that there
exists a smooth coordinate change of the form

u = h(v) = v + h(2)(v), (3)

where h(2)(v) = h20 v
2 and h20 is a constant, that transforms the map (2) into the map [i.e. the

Poincaré normal form of (2) up to order 3]

v 7→ µ0 v + g(3)(v) +O(|v|4). (4)

where g(3)(v) = g30 v
3 and

g30 = f̂30 +
(
f̂20

)2

.

First, find the Taylor expansion for the inverse coordinate change v = h−1(u) up to a sufficiently
high order. Then, show explicitly how to choose the coefficient h20 of the quadratic term in the
coordinate change (3), so that the coefficient g20 of the quadratic term in the transformed map
v 7→ µ0v + g20v

2 + g30v
3 +O(|v|4) vanishes (i.e. so that g20 = 0). Finally, explicitly calculate the

coefficient g30 of the cubic term in the transformed map that results, if this specific h20 is used.

(c) As in part (b) let n = 1, u ∈ R1, v ∈ R1, but now also let α ∈ R1 belong to an open interval that
contains α0 = 0, and suppose we have a family of maps of the form

u 7→ f̂(u, α) = µ(α)u+ f̂ (2)(u, α) + f̂ (3)(u, α) +O(|u|4), (5)

where
µ(α) = −1 +O(|α|), f̂ (2)(u, α) = f̂2(α)u2, f̂ (3)(u, α) = f̂3(α)u3,

and
f̂2(α) = f̂20 +O(|α|), f̂3(α) = f̂30 +O(|α|)



are smooth real-valued functions of α in an open interval that contains α0 = 0. Show that there
exists a family of coordinate changes of the form

u = h(v, α) = v + h(2)(v, α) (6)

where h(2)(v, α) = h2(α) v2 and h2(α) is a smooth real-valued function of α in an open interval
that contains α0 = 0, and for each α near α0 = 0, h( · , α) : R1 → R1 is a local diffeomorphism,
that transforms the family of maps (5) into the family of maps

v 7→ g(v, α) = µ(α) v + g(3)(v, α) +O(|v|4), (7)

where g(3)(v, α) = g3(α) v3, and g3(α) is a smooth real-valued function of α in an open interval
that contains α0 = 0, with

g3(0) = f̂30 +
(
f̂20

)2

.

Show how to choose the coefficient h2(α) of v2 in the family of coordinate changes so that the
coefficient of v2 vanishes in the transformed family of maps, for all α near α0 = 0. Finally,
determine the resulting coefficient of v3 in the transformed family of maps if this specific h2(α)
is used. (Hint: If α = 0, then this should reduce to part (b) with the smooth coordinate change
u = h(v, 0).)
If µ(α) = −1− aα+O(|α|2), then to leading order we have

v 7→ g(v, α) = −v − aα v − b v3 +O(|α|2|v|+ |α||v|3 + |v|4), (8)

where −b = f̂30 +
(
f̂20

)2

.

(d) Calculate explicitly the second iterate g2(v, α) = g(g(v, α), α) of (8) up to leading order terms,
with remainder O(|α|2|v|+ |α||v|3 + |v|4).

3. Consider the 2-dimensional vector field expanded to 2nd order

ẋ = f(x) = Ax+ f (2)(x) +O(‖x‖3), x = (x1, x2)ᵀ ∈ R2, (9)

where

A =

(
0 1
0 0

)
, and f (2) ∈ H2.

Observe that the origin (0, 0) is an equilibrium.

(a) Find a (6× 6) matrix representation M
(2)
A , of LA : H2 → H2. Find the dimension, and determine

a basis, for the range LA(H2), of LA in H2. Show that there exists a coordinate change

x = h(y) = y + h(2)(y), h(2) ∈ H2,

that “removes” all but two of the six second-order coefficients, and transforms (9) into a Poincaré
normal form up to order 2

ẏ = Ay + r(2)(y) +O(‖y‖3),

given specifically by
ẏ1 = y2 + a y21 +O(‖(y1, y2)‖3),

ẏ2 = b y21 +O(‖(y1, y2)‖3).
(10)

Give the complementary subspace H̃2, to LA(H2) in H2, that corresponds to the Poincaré normal
form (10), and check that it is indeed complementary.

(b) Find explicitly a coordinate change h that accomplishes the transformation in part (a), and find
the normal form coefficients a and b of (10), in terms of the partial derivatives of components of
the original vector field

f(x) =

(
f1(x1, x2)
f2(x1, x2)

)
,

evaluated at the equilibrium (0, 0).
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4. The following system comes from a simplified model for metabolic oscillations. Here X(t) and Y (t)
represent the well-mixed concentrations of two intermediate chemical species, κ is a chemical reaction
rate constant, and α is the input flux of a chemical. Fix κ, with 0 < κ < 1/8, and consider the system

Ẋ = α− κX −XY 2,

Ẏ = κX +XY 2 − Y,
(11)

with α > 0 as a bifurcation parameter.

(a) Find all equilibria for (11), and determine their linearized stabilities, depending on α. Identify
all critical values of α, where the first two of the Hopf bifurcation conditions, (H.0.i) and (H.0.ii),
are satisfied. For each critical α-value, verify the transversality condition (H.1).

(b) Determine the existence and stability of any periodic orbit arising from a Hopf bifurcation i.e. for
each critical α-value from part (a), verify the Hopf bifurcation nondegeneracy condition (H.2),
apply Theorem 3.6, and determine the local dynamics of the normal form. Summarize your results
for (11), by drawing a schematic (Auto-style) branching diagram with α on the horizontal axis,
Y on the vertical axis. Speculate: what do you think happens if κ is near (below, or above) 1/8 ?
(Hints: At critical values of α, to simplify calculations, express the linearization in terms of
ω > 0, the imaginary part of the critical eigenvalue. Also to simplify calculations, choose the
second component of the critical eigenvector q to be 1.)
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