
MATH 552
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Due 2022 Oct 28 (Fri) 23:59 PDT

1. First (i) determine the linearized stability, and then (ii) construct, with explanation, a local Lyapunov
function L(x1, x2) to determine the (actual, “nonlinear”) stability of the equilibrium (0, 0) (stable,
Lyapunov stable but not stable, or unstable) for each of the following vector fields in R2:

(a)
ẋ1 = −x1 + 2x2 − 4x22 − x31, ẋ2 = 1

2x1 − x2 + x1x2.

(b)
ẋ1 = −x2 + b(x21 + x22)x1, ẋ2 = x1 + b(x21 + x22)x2 ( two cases: b > 0, b < 0 ).

Hint: Try a power series L(x1, x2) = Ax21 + 2Bx1x2 +Cx22 + · · · , starting with quadratic terms chosen
so that the equilibrium is at an isolated local minimum for L(x1, x2). Add higher-order terms only if
necessary.

2. The following family of vector fields models a (nondimensionalized) pendulum subject to constant
damping δ ≥ 0 and constant torque γ > 0 applied at the pivot:

φ̇ = ν, ν̇ = γ − δ ν − sin(φ), x = (φ, ν) ∈ S1 × R1 = X. (1)

(a) Find all equilibria for (1) in the cylinder X = S1 × R1. For each equilibrium in X, perform a
linearized stability analysis and then determine the (actual) stability of the equilibrium as far as
can be determined from the linearized stability analysis (if it is not possible to determine stability
from linearization, then say so). There are various cases, depending on the values of δ ≥ 0 and
γ > 0; for some values of δ and γ there are precisely two distinct equilibria p0[1] = (φ0[1], ν

0
[1]) and

p0[2] = (φ0[2], ν
0
[2]) in the cylinder X, one of which, call it p0[2], is a hyperbolic saddle.

(b) Draw global phase portraits in the cylinder X = S1×R1 (indicate explicitly what values of φ you
are identifying) for the five cases:

i. δ = 0, 0 < γ < 1; ii. δ = 0, γ = 1; iii. δ = 0, γ > 1;

iv. 0 < δ � γ < 1; v. 0 < γ � δ < 2.

Clearly indicate the global stable and unstable manifolds W s(p0[2]) and Wu(p0[2]) of the hyperbolic

saddle equilibrium p0[2], when this equilibrium exists, in cases i, iv, v (e.g. use different colours or

linetypes in your drawing). Justify your phase portraits using analytical methods, such as the
results of part (a) for local information (when it is possible to apply Theorem 2.2), and analysis of
a Hamiltonian function (in cases i, ii, iii) or a global Lyapunov function (in cases iv, v). Discuss
if cases iv and v differ topologically in their global phase portraits.

3. At hyperbolic equilibria or fixed points, no local bifurcations can occur. Consider anm-parameter fam-
ily of n-dimensional vector fields

ẋ = f(x, α), x ∈ Rn, α ∈ Rm,

where f : Rn × Rm → Rn is smooth. Suppose for α = α0, there is an equilibrium p00, and it is
hyperbolic: i.e. f(p00, α0) = 0, and Re λj0 6= 0 for all eigenvalues λj0 of the n× n matrix fx(p00, α0).

(a) Apply the implicit function theorem (Appendix A) to prove that for all α sufficiently close to α0,
there is a unique equilibrium p0(α) in an open neighbourhood of p00, with p0 depending smoothly
on α, and p0(α0) = p00. (This shows that locally there is no change in the number of equilibria,
when the value of α is perturbed from α0, the equilibrium that is already there “persists”.)

(b) Show that for all α sufficiently close to α0, the equilibrium p0(α) remains hyperbolic: i.e. Re λj(α) 6=
0 for all eigenvalues λj(α) of the n × n matrices fx(p0(α), α), and the local topological classifi-
cation (by Theorem 2.2) for p0(α) remains the same as for p00. (This shows that the equilibrium
that persists simply remains the same topological type – no local bifurcation occurs.)



(c) Use similar arguments (but give details where the argument is not exactly the same as in parts
(a) and (b)) to show that for an m-parameter family of n-dimensional maps x 7→ f(x, α), x ∈ Rn,
α ∈ Rm, if for α = α0 there is a hyperbolic fixed point p00, then for all α sufficiently near α0, the
fixed point persists and its local topological classification (by Theorem 2.3) remains the same.

4. Transcritical bifurcations in one-dimensional vector fields. Let f : R1 × R1 → R1 be C3, and consider
the one-parameter family of one-dimensional vector fields

dx

dt
= f(x, α). (2)

Assume f satisfies a constraint of the form

f(0, α) = 0 for all α (TC.0.i)

in some open interval of α-values that contains some special value α0. Thus there is an equilibrium
p0[1](α) = 0 for all α in some open interval that contains α0, i.e. p0[1](α) ≡ 0 is a smooth branch of
equilibria. Assume next that a bifurcation condition

fx(0, α0) = 0 (TC.0.ii)

holds, so that p0[1](α0) = 0 is a nonhyperbolic equilibrium for α = α0.
Further, assume that f satisfies a transversality condition

a = fxα(0, α0) 6= 0, (TC.1)

and finally assume that f satisfies a nondegeneracy condition

b = 1
2fxx(0, α0) 6= 0. (TC.2)

(a) Show that because of the constraint (TC.0.i), we can write f(x, α) = xf̃(x, α) for some function
f̃ that is smooth enough near (0, α0) (you do not need to worry about the degree of smoothness).

(b) Show that there is another smooth branch of equilibria p0[2](α) defined for α in an open interval

containing α0, that crosses the first branch p0[1](α) ≡ 0 transversally at α = α0 in the (α, x)-plane,

i.e. (p0[2])
′(α0) 6= 0. Draw the four possible branching diagrams for (2), depending on the signs of

a and b, indicating stability of equilibria in the conventional way. Hint: Use the result of part (a),
then use the implicit function theorem. [This local bifurcation is called transcritical. The results
can be summarized by saying that the family (2) is locally topologically equivalent, at (0, α0),
to the normal form dy

ds = aβy + by2, at (0, 0), and to one of the two topological normal forms
dη
dτ = βη ± η2, at (0, 0).]

(c) Show that transcritical bifurcations are not structurally stable, by giving a simple explicit example
of a smooth function g : R2 → R1 so that there exist ε arbitrarily close to 0 such that the perturbed
family

ẋ = αx− x2 + εg(x, α)

has no transcritical bifurcation near (x, α) = (0, 0). Draw the topologically non-equivalent branch-
ing diagrams (α vs. x) for ε = 0 and for ε 6= 0 arbitrarily close to 0.

(d) (Transcritical bifurcations, generalized.) Suppose the family is constrained to have a smooth
branch of equilibria x = p0[1](α) (not necessarily zero), so that (TC.0.i) is replaced by

f(p0[1](α), α) = 0 for all α, (TC.0.i’)

and (TC.0.ii) is replaced by
fx(p0[1](α0), α0) = 0. (TC.0.ii’)

Give the appropriate replacements for (TC.1) and (TC.2) in terms of partial derivatives of f
evaluated at (p0[1](α0), α0) and derivatives of p0[1] evaluated at α0, so that there is a transcritical

bifurcation for (2). Hint: make the simple change of variables x = p0[1](α) + u and work with the
smoothly equivalent family of vector fields for u.
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