
MATH 552
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1. Suppose f : R × Rn × Rm → Rn is Cp, with p ≥ 1. By the Fundamental Theorem of Calculus,
the unique solution x(t) = ϕ(t, t0, x0, α), t ∈ J (t0, x0, α), of the parametrized family of initial value
problems

ẋ = f(t, x, α), x(t0) = x0, (1)

starting at initial time t0, at initial value x0, satisfies the equivalent integral equation

ϕ(t, t0, x0, α) = x0 +

∫ t

t0

f(s, ϕ(s, t0, x0, α), α) ds. (2)

By Theorem 2.1, ϕ(t, t0, x0, α) is differentiable with respect to the initial value x0 ∈ Rn, and also with
respect to the parameter α ∈ Rm. By formally differentiating (2) with respect to x0, or with respect to
α, and then with respect to t (assuming that one is allowed to interchange the orders of differentiation
and integration), one can derive some useful facts about the partial derivatives ϕx0

and ϕα of the
solution.

(a) If Φ(t) = ϕx0(t, t0, x0, α), determine the initial value problem (i.e. the matrix ODE together with
the initial condition) satisfied by the n× n matrix function Φ(t) .

(b) If Θ(t) = ϕα(t, t0, x0, α), determine the initial value problem (i.e. the matrix ODE together with
the initial condition) satisfied by the n×m matrix function Θ(t).

2. Suppose f : Rn → Rn is Cp, p ≥ 1. Let x(t) = ϕ(t, 0, x0), t ∈ J (0, x0), be the unique solution of the
initial value problem for the autonomous system

ẋ = f(x), x(0) = x0, (3)

starting at initial time 0, at initial value x0, with ϕ(t, 0, x0) defined for all t belonging to the unique
maximal open interval of existence J (0, x0).

(a) Let y(t) = ϕ(t, t0, x0), t ∈ J (t0, x0), be the unique solution of

ẏ = f(y), y(t0) = x0, (4)

starting at some arbitrary initial time t0, at the same initial value x0 as (3). Let z(t) = x(t− t0),
and show that y(t) = z(t), i.e. ϕ(t, t0, x0) = ϕ(t− t0, 0, x0), and that

J (t0, x0) = t0 + J (0, x0).

(This is why for autonomous systems, without loss of generality, in initial value problems we can
take the initial time t0 = 0.)

(b) Prove that ϕ(s+ t, 0, x0) = ϕ(s, 0, ϕ(t, 0, x0)), i.e. ϕs+t(x0) = ϕs ◦ϕt(x0), for all s, t ∈ R, x0 ∈ Rn
such that both sides are defined (find restrictions on s, t, x0 so that both sides are defined).

3. Consider the initial value problem for the family of vector fields in R1, with parameter α ∈ R1,

ẋ = αx− x3, x(0) = x0 ∈ R1. (5)

(a) Sketch phase portraits in the state space (i.e. the x-axis) R1, for each of the three cases α < 0,
α = 0, α > 0. You do not have to “solve” the initial value problems explicitly, in order to sketch
the phase portraits.

(b) Sketch the phase portrait, in the (α, x)-plane, of the vector field in R2,

α̇ = 0, ẋ = αx− x3.

Use a horizontal α-axis and a vertical x-axis.



(c) In a separate sketch, draw curves in the (α, x)-plane showing the locations of all equilibria p0 =
p0[j](α). Use a solid curve to denote a “branch” of stable equilibria, and a dashed curve to denote
a branch of unstable equilibria.

(d) For α = 0 only:

i. by elementary methods, find explicitly the solution of the initial value problem (5) i.e. the
local flow ϕt(x0) = ϕ(t, 0, x0, 0) including the maximal open interval of existence J (0, x0, 0)
(consider different cases of x0);

ii. find explicit numerical values of s, t, and x0 such that only one of
ϕs+t(x0) = ϕ(s+ t, 0, x0, 0) or ϕs ◦ ϕt(x0) = ϕ(s, 0, ϕ(t, 0, x0, 0), 0)
is defined, but the other is not.

4. (a) Show that if two vector fields in Rn are locally smoothly equivalent (i.e. locally Cp-equivalent
with some integer p ≥ 1), then the two vector fields (i.e. their corresponding flows) are locally
topologically equivalent.

(b) Show that if two vector fields in Rn are locally Cp-equivalent, then the eigenvalues of the lin-
earizations at corresponding equilibria are exactly the same. How large of a positive integer does
p have to be? Explain carefully (you may use results stated in Appendix A without proof).

(c) Show that if two local diffeomorphisms in Rn are locally smoothly conjugate (i.e. locally Cp-
conjugate with some integer p ≥ 1), then the two local diffeomorphisms are locally topologically
equivalent.

(d) Show that if two local diffeomorphisms in Rn are locally Cp-conjugate, then the multipliers of the
linearizations at corresponding fixed points are exactly the same. How large of a positive integer
does p have to be? Explain.

(e) Show that the flows generated by the two vector fields dx/dt = x and dy/ds = (1.0001)y are
locally topologically equivalent at their equilibria. Are they locally Cp-equivalent for any integer
p ≥ 1? Explain. Briefly discuss why, in view of this example, smooth equivalence may not be as
useful a concept as topological equivalence, for classifying continuous-time dynamical systems.

(f) In Question 3, part (d), you should find that the local flow ϕt, for

dx

dt
= −x3, x(0) = x0 ∈ R1 (6)

has at least some solutions which “blow up” in finite time, so the local flow ϕt is not a global
flow. Show that

dx

ds
=

−x3

1 + | − x3|
, x(0) = x0 ∈ R1 (7)

is orbitally equivalent to (6), and it generates a global flow ψs in R1 (solutions are defined for all
times s ∈ R, for all initial values x0 ∈ R1). How are t and s related?
Determine what happens to s, as t approaches the endpoint of the interval of existence J (x0) for
ϕt(x0), with x0 6= 0.
How are the phase portraits of the two flows ϕt and ψs related?
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