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ABSTRACT. For a class of Z? Markov Random Fields (MRFs) u, we show that
the sequence of successive differences of entropies of induced MRF's on strips
of height n converges exponentially fast (in n) to the entropy of p. These
strip entropies can be computed explicitly when p is a Gibbs state given by
a nearest-neighbor interaction on a strongly irreducible nearest-neighbor 72
shift of finite type X. We state this result in terms of approximations to the
(topological) pressures of certain functions on such an X, and we show that
these pressures are computable if the values taken on by the functions are
computable. Finally, we show that our results apply to the hard core model
and Ising model for certain parameter values of the corresponding interactions,
as well as to the topological entropy of certain nearest-neighbor Z? shifts of
finite type, generalizing a result in [P].

1. INTRODUCTION

The concept of entropy is fundamental to the study of dynamical systems both in
topological dynamics, where it arises as topological entropy for continuous maps,
and in ergodic theory, where it arises as measure-theoretic entropy for measure-
preserving transformations.

Of particular interest in symbolic dynamics are dynamical systems known as
shifts of finite type. We restrict our attention to nearest neighbor Z¢ shifts of finite
type (n.n. Z4-SFT); such an SFT X is specified by a finite alphabet A and a set of
translation-invariant adjacency rules: X is the subset of AZ of all configurations on
Z? which satisfy the adjacency rules. Here, the underlying dynamics are given by
the group of translations by vectors in Z¢. The topological entropy h(X) is defined
as the asymptotic growth rate of the number of configurations on finite rectangles
that extend to elements of X (more precise definitions for n.n. Z?-SFT, topological
entropy and other concepts used in this introduction are given in Section 2).

The most prominent non-trivial example in dimension d = 1 (i.e. n.n. Z-SFT)
is the golden mean shift, defined as the set of all bi-infinite 0 — 1 sequences that
do not contain two adjacent 1’s. Its two-dimensional analogue, known as the hard
square shift H, is defined as the set of all 0 — 1 configurations on Z? such that 1’s
are never adjacent horizontally or vertically.

The topological entropy of a n.n. Z-SFT X is easy to compute: namely, h(X)
is the log of the largest eigenvalue of a nonnegative integer matrix defined by the
restricted adjacency rules. The topological entropy of the golden mean shift turns
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out to be the log of the golden mean (hence the name for this SFT). However, it is
very difficult in general to compute the topological entropy of a n.n. Z2-SFT, and
exact values are known in only a handful of cases. Even for the hard square shift,
the topological entropy is not known.

Given a n.n. Z2-SFT X, the allowed configurations on a strip of height n form
what is effectively a n.n. Z-SFT X,,; here, the alphabet consists of columns of height
n that obey the vertical adjacency rules, with two adjacent columns required to
satisfy the horizontal adjacency rules. The sequence of differences h(X,,4+1) —h(X,,)
does not always converge to h(X) (see [Pi] and [P]). However, in [P], Pavlov proved
that for the hard square shift X = H, not only does this sequence converge to
h(X), but it does so exponentially fast (as a function of n). While this does not
give an exact expression for h(X), it does show that h(X) can be approximated
relatively well. In particular, a consequence of the approximation result from [P] is
that there is a polynomial time algorithm which on input k& produces an estimate
of h(H) guaranteed to be accurate within 1/k. This is in stark contrast to the
main result from [HM], which implies that there exist numbers which occur as the
topological entropy of a n.n. Z2-SFT and are arbitrarily poorly computable.

While topological entropy can be viewed as a purely combinatorial object, the
proof in [P] uses measure-theoretic tools. For a translation-invariant measure p on
AZQ, there is an analogous notion of measure-theoretic entropy h(u). If the support
of p is contained in a n.n. Z2-SFT X, then h(u) < h(X) and there is always at least
one measure p such that h(p) = h(X). For X = H, there is a unique measure of
maximal entropy fimax. There is also a unique measure of maximal entropy ., for
each H,. Using results on “disagreement percolation” from [vdBS], it was shown
that the sequence of differences h(pn+1) — h(pn) converges exponentially fast to
h(ptmax ), and one concludes that A(H,+1) — h(H,) converges exponentially fast to
h(H), as desired.

Of critical importance to the proof is the fact that pmqe is a Z2-Markov random
field (MRF), which is, roughly speaking, a measure on AZ” guch that for any finite
subset S C Z? the conditional probability distribution on configurations on S given
a configuration u on Z? \ S depends only on the restriction of u to the boundary of
S. For pimaz, these conditional probabilities are uniform over allowed configurations
on S given u.

In this paper, we generalize the main result of [P] to more general translation-
invariant Z2-MRFs p, with non-uniform conditional probabilities. Using results
from [vdBM], instead of [vdBS], we give, in Section 3, a measure-theoretic analogue
for certain Z2-MRFs. Namely, our Theorem 3.22 asserts that for sufficiently large
n, the MRF p induces MRFs u,, on strips of height n, with appropriate boundary
conditions, such that the sequence of differences h(pn+1) — h(uy) converges expo-
nentially fast to h(u) (here, p, is viewed as a one-dimensional stationary process
on sequences of configurations of n-high columns); this result requires the existence
of suitable boundary rows for sufficiently large n and a condition on the proba-
bility distributions on configurations at a site in Z?2, conditioned on configurations
on its four nearest neighbors. The condition (which is from [vdBM]) is that any
two such (conditional) probability distributions should not be too different — more
precisely, the total variation distance between any such distributions should be less
than the critical value for site percolation in Z2. This condition is similar in spirit
to the classical Dobrushin uniqueness criterion. The induced MRF p,, is defined by
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restricting the conditional probability specifications of u to the strip of height n,
with appropriate boundary conditions imposed on the row immediately above the
top row of the strip and the row immediately below the bottom row of the strip.
We note, in particular, that u., is not the usual marginalization of y to the strip;
this latter process is typically not even an MRF.

This all becomes more concrete when the MRF p is a Gibbs state for a n.n.
interaction ® on a n.n. Z2-SFT X which satisfies a strong irreducibility condition
(Gibbs states are discussed in Section 4 and the strong irreducibility condition and
consequences are discussed in Section 5). In this case, the induced MRFs p,, are
translation-invariant first-order Markov chains whose transition probabilities are
easily computed from the interaction (Proposition 6.3 in Section 6). There is a
simple closed form for the entropy of such a Markov chain, which in spirit is similar
to the closed form for topological entropy of a n.n. Z-SFT.

The interaction ® defines a continuous function fe on X. The pressure Px (fs)
of such a function is defined as the asymptotic growth rate of arrays which are,
roughly speaking, weighted by exp(fs). Using an equivalent variational formula for
Px(fs), given in terms of translation-invariant measures supported within X, one
can apply Theorem 3.22 to obtain exponentially fast approximations to pressures
of such functions fg by differences of pressures of induced functions on strips of
height n (Theorem 7.2); these pressures are computed as largest eigenvalues of
explicit matrices. A corollary of this result is Theorem 8.1 which expresses the
computability of Px(fs) in terms of computability of the values of ®.

Finally, examples of Gibbs states and corresponding pressures are given in Sec-
tion 9. We consider two classical examples: the two-dimensional hard core model,
given by an interaction parameterized by activity level a, and the two-dimensional
Ising antiferromagnet model, parameterized by inverse temperature § and external
field h. Explicit ranges of values of these parameters are given for which Theo-
rem 7.2 applies.

When ® = 0, then fy = 0 and Px(fs) reduces to h(X). It follows that the
approximation result for pressure (Theorem 7.2) can be used to obtain exponentially
fast approximations to h(X) for certain n.n. Z-SFTs. In particular, this result
recovers the main result of [P] and extends that result to other n.n. Z2-SFTs,
examples of which are given in Section 9.

After this paper was submitted, we were informed of related work by Gamarnik
and Katz [GK] who introduced a sequence of explicit upper and lower bounds that
approximate pressure to within 1/k in time polynomial in k, specifically for a wide
range of parameter values for the hard square and monomer-dimer model in any
dimension, but can be extended to many other models. Their work was based
on methods developed in computer science for efficiently counting the number of
independent sets in finite graphs [Wei].

The techniques of [GK] are related to those of our paper. In particular, both
make use of the concept of correlation decay: configurations on sets far away from
a given site have little effect on the configuration at that site. Both their work and
ours was, in part, motivated by the observation that the more traditional approach
which computes normalized sequence of strip pressures, based on transfer matrices,
appears to converge slowly (see section 3.3 of [GK], which refers to Simon [Sim],
and comments in the introduction of [P]).
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Yet the sequences of approximations are different: the approximations in [GK]
are given by approximating a single conditional probability p, via a recursion for
which p is a fixed point; ours is a sequence of successive differences of strip pressures
and makes explicit use of transfer matrices (differences of strip pressures rather
than normalized strip pressure). While we have restricted attention to only two
dimensional models, it appears that the papers apply to different, but intersecting,
classes of parameter values and models.

2. DEFINITIONS AND PRELIMINARIES

An undirected graph G consists of a set of wvertices (or sites) V(G) and a set
of edges (or nearest neighbors) E(G) of (unordered) pairs of distinct vertices. All
graphs we consider will be countable and locally finite. Two vertices v,w € V(QG)
are said to be adjacentif {v,w} € E(G). For finite sets Uy, Uy C V(G), let E(Uy, Us)
denote the set of all edges in G with one vertex in U; and the other in Us.

For any d > 0, we (in a slight abuse of notation) use Z% to denote the d-
dimensional cubic lattice, the graph defined by V(Z%) = Z¢ and E(Z%) = {{u,v} :
Yy fui — i) =1}

The boundary of a set S C V(G) within a graph G, which is denoted by 9(5, G),
is the set of v € V(G) \ S which are adjacent to some element of S. If we refer to
simply the boundary of a set S, or write 8.9, then the graph G is assumed to be Z2.
In the case where S is a singleton {v}, we call the boundary the set of neighbors
N&, which is just the set of w € V(G) adjacent to v. Again, when no mention of
G is made, it is assumed to be Z2.

For any integers a < b, we use [a, b] to denote {a,a +1,...,b}.

An alphabet A is a finite set with at least two elements.

A configuration u on the alphabet A in the graph G is any mapping from a
non-empty subset S of V(G) to A, where S is called the shape of u. For any
configuration v with shape S and any T' C S, denote by u|7 the restriction of u to
T, i.e. the subconfiguration of u occupying 7. For S,T disjoint sets, z € A5 and
y € AT xy denotes the configuration on SUT defined by (zy)|s = z and (zy)|7 = v,
which we call the concatenation of x and y. We will sometimes informally identify
a configuration = on a shape S with the corresponding configuration on a translate
S + v, namely the configuration y on S + v defined by y, = Ty -

For any d, we use o to denote the natural shift action on AZ" defined by
(00())(u) = x(u+wv).

For any alphabet A and graph G, AY(%) is a topological space when endowed
with the product topology (where A has the discrete topology), and any subsets
will inherit the induced topology. We will also frequently speak of measures on
AV and all such measures in this paper will be Borel probability measures.
This means that any u is determined by its values on the sets [w] := {z € AV() .
x|s = w}, where w is a configuration with arbitrary finite shape S C V(G). Such
sets are called cylinder sets, and for notational convenience, rather than referrring
to a cylinder set [w] within a measure or conditional measure, we just use the
configuration w. For instance, p(w N v | u) represents the conditional measure
u(lw] N o] | [u]).

A measure p on AZ' is translation-invariant (or stationary) if u(A) = p(o,A)
for all measurable sets A and v € Z?. A translation-invariant measure y on AL s
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ergodic if whenever U C A" is measurable and translation-invariant, then p(U) =
0 or 1.

Let d be a positive integer. Let &£1,...,E; C A2 The nearest neighbor Z¢ shift
of finite type (n.n. Z4-SFT) X, defined by &1,...,&q is the set X of all z € A
such that whenever u € Z% and 1 < i < d, we have z(u)z(u + ¢;) € &, where e; is
the ith standard basis vector. We say that X is a n.n. SFT if it is a n.n. Z4-SFT
for some d.

When d = 1, we write £ = &. Any n.n. Z-SFT X defined by £ has an
associated square |A| x |A| matrix A, called the adjacency matriz, which is defined
by a;; = xe(i,7). In other words, a; ; = 1 iff (4,7) € €.

The language of X is:

L(X) =Ugczd, 15)<oo}£5(X)
where
Es(X) = {.%'|S T E X}

For a subset S C Z% = V(Z%), finite or infinite, a configuration = € A% is globally
admissible for X if z extends to a configuration on all of Z¢. So, the language £(X)
is precisely the set of globally admissible configurations on finite sets.

A configuration 2 € A® is locally admissible for X if for all edges e = {u,u +¢;}
contained in S, we have z|. € £. We note that technically there is an ambiguity
here since several choices for & could induce the same n.n. SFT. For this reason,
we will always think of a n.n. SFT as being “equipped” with a specific choice of
the sets &;.

Example 2.1. The Z? hard square shift H is the n.n. shift of finite type with
alphabet {0,1} and & = & = {(0,0),(0,1),(1,0)}.

Given any measure p on AZ" and any rectangular prism R = [][1,n], we can
associate a R-higher power code plFl of ju, defined as the image of y under the
mapping ¢r : A% — (AR)Z" defined by (¢r2)(vi,...,va) = T|[{(n .m0 41)-1)-
For any n.n. Z%-SFT X, ¢p(X) is also a n.n. Z4-SFT, which we call the R-higher
power code of X and denote by X[,

We define a square nonnegative matrix A to be primitive if some power A™ has
all positive entries. This allows us to define the notion of mixing for two types
of one-dimensional dynamical systems. A n.n. Z-SFT X is called mizing iff its
adjacency matrix (after discarding any letters of A which do not actually appear
in X) is primitive, and a Markov chain is called mizing if its transition probability
matrix is primitive.

For any translation-invariant measure p on Azd, we may define its entropy as
follows.

Definition 2.2. The measure-theoretic entropy of a translation-invariant measure
W on AZ s defined by

-1

h = lim I e—— w) lo w)),

W=, Jhm ;  ulw)log(u(w))
we Alli=111:34]

where terms with pw(w) = 0 are omitted.
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We will also deal with measure-theoretic conditional entropy in this paper. It can
be defined more generally, but for our purposes, we will define it only for a measure
on A? and specific type of partition of A%. For any partition ¢ of a set S, and for any
s €5, we use £(s) to denote the element of £ which s is in. If £ is a partition of an
alphabet A, then ¢ is the map on AZ defined by ¢¢(z) = ...&(x_1)&(z0)é(21) - . ..

We note that for any measure p on A% and any partition & of A, the push-forward
¢¢(p1) of p under the map ¢¢ is a measure on £Z.

Definition 2.3. For any translation-invariant measure p on A” and any partition
& of A, the conditional measure-theoretic entropy of p with respect to £ is

— lim _71 w) lo pw)
M1 = Jim gy DL u ”g<<¢g<m>(5<w_k>---f<wk>)>’

weAl=kk]

where again terms with p(w) = 0 are omitted.

Measure-theoretic conditional entropy is most useful because of the following
decomposition formula. For a proof, see [P].

Proposition 2.4. For any translation-invariant measure p on A%, and any parti-
tion & of A,
h(p | €) = h(p) = h(dg(w)-

The weak topology on the space of measures on A” is the weakest topology under
which the map p — [ fdu is continuous for every continuous function f on AZ.
Measure-theoretic (and conditional measure-theoretic) entropy are not continuous
in the weak topology (though they are upper semicontinuous); see [Wal]. For
this reason, we need to define the d metric for measures, with respect to which
the entropy map pu +— h(u) is continuous and in fact Holder. We first need the
preliminary definition of a coupling.

Definition 2.5. For any measures p on X and v on'Y, a coupling of i and v is
a measure X on X XY for which A(A xY) = pu(A) for any p-measurable A C X
and A(X x B) = v(B) for any v-measurable B CY. The set of couplings of p and
v is denoted by C(u,v).

Definition 2.6. For any measures jn and p' on AZ,

d(p, ') = limsup min /d2n+1($,y) dA,

n—soo AEC(l[—n,n]>#' [[=n,n])
where dy, is the normalized k-letter Hamming distance between k-letter configura-
tions given by dy(u,v) = %Zlgigk(l — u(i)o(s))-

We briefly summarize some important properties of the d distance (for more
information, see [Rud] or [S]). We are interested only in the d metric on the space
of translation-invariant measures on A” for a fixed alphabet A. The d metric is
complete and dominates distribution distance in the sense that for any configuration
w on a finite interval of length m, |uu(w)—p' (w)| < md(p, p'). The following estimate
implies that entropy is Holder continuous of any exponent < 1, with respect to d
(see [[Rud], Theorem 7.9] for a proof of the estimate in the ergodic case; the same

estimate holds in the general translation-invariant case): letting e = d(u, 1),

(1) — h()| < elog | A| — eloge — (1 — ) log(1 — ).
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Finally, we define the topological pressure of a continuous function on a n.n.
SFT, following [Rue].

Let X be a n.n. Z%SFT, and let f : X — R be a continuous function. The
topological pressure of f on X can be defined in several ways; one is as the purely
topological notion of the asymptotic growth rate of the number of (locally or glob-
ally) admissible arrays in X, “weighted by f.” For our purposes though, the fol-
lowing definition, which is a consequence of the variational principle (see [Mi] for a
short proof), is more convenient.

Definition 2.7. Given a n.n. Z*-SFT X and f € C(X), the (topological) pressure
of f on X is:

P = Px(h) =su (0 + [ san)
n
where the sup is taken over all translation-invariant measures p supported on X.

The sup is always achieved and any measure which achieves the sup is called an
equilibrium state for X and f. ([Wal])

In the special case when f = 0, P(f) is called the topological entropy h(X) of
X, and any equilibrium state is called a measure of maximal entropy for X.

3. EXPONENTIAL APPROXIMATION OF MRF ENTROPIES

The main measures we will study in this paper are Markov random fields (or
MRFs) on sets of configurations on a graph G.

Definition 3.1. For any graph G and finite alphabet A, a measure p on AV(S)
is called a G-Markov random field (or G-MRF) if, for any finite S C V(G), any
n € A%, any finite T C V(G) s.t. 9(S,G) CT C V(G)\ S, and any § € AT with
1(0) # 0,

1(n | dlacs,cy) = p(n | 9).

Informally, u is a G-MRF if, for any finite S C V(G), the sites in S and the sites
in V(G)\ (SU9(S,G)) are p-conditionally independent given the sites on 9(5, G).

We will sometimes refer to a G-MRF simply as an MRF when G is clear from
context. We note that our definition of MRF differs slightly from the usual one,
where the right-hand side would involve conditioning on an entire configuration on
V(G)\ S a.e. rather than arbitrarily large finite subconfigurations of it. However,
the definitions are equivalent and the finite approach leads to simpler calculations
and proofs.

Definition 3.2. For a graph G and finite alphabet A, a G-specification A is defined
by a set of finitely supported probability measures

{A°() | S CV(Q),|S] < 00,8 € A2
where, for each A°(-), - ranges over all configurations in A%.

Technically, the notation A should include the set S, because for general graphs,
a configuration on 95 need not determine S. However, in this paper we only
consider graphs for which 9S determines S (namely, Z? and the strip subgraphs
H,,.,, defined below), and so we use the simpler notation.

Again we will sometimes refer to a G-specification simply as a specification. We
say that a ZZ-specification is translation-invariant if A°° = o,A? for all § and
v e 7z
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Definition 3.3. For any graph G, 1 a measure on AV )| any finite set S C V(G),
and any 6 € A2SG) with pu(8) > 0, denote by u’ the measure on AS defined by

0 (u) = plu | ).

Definition 3.4. For any graph G and finite alphabet A, and G-specification A, a
G-MRF p is associated to A if u® = A% for all finite S C V(G) and § € A2SE)
with p(6) > 0.

Note that in checking whether an MRF p is associated to a specification A, many
of the A% are totally irrelevant; namely those which correspond to & which have zero
J-measure.

We say that a G-specification A is valid if there is at least one G-MRF associated
to it. If there is exactly one such MRF, we denote it by u(A).

Often a specification is required to satisfy a consistency condition; see [[Ge],
Definition 1.23]. This condition is important for results that assert the existence
of an MRF associated to a given specification: the existence of an MRF p forces
certain consistencies of specifications on the support of p. However, in our work,
we do not need to require consistency: whenever we need existence, we will either
assume it (i.e., that the specification is valid) or assume a condition that guarantees
it (for instance, in Proposition 3.13). And the consistency condition is not needed
in uniqueness results such as Theorem 3.9.

To obtain good approximations of MRF entropies, we will use a condition from
[vdBM] on G-specifications, which was used there to prove uniqueness of the asso-
ciated MRF. We first need some definitions.

Definition 3.5. For any finite set S and two measures p and v on S, the variational
distance between p and v is

o) = 5 3 luls) (o)l

ses

We note that d(p,v) = 1 iff 4 and v have disjoint supports.

Definition 3.6. For any graph G, finite alphabet A, g € V(G), and valid G-
specification A, define
gg(A) := max d(A% A%
5,8 €ANE
and q(A) = SUPgev () qq(A).

Definition 3.7. For any finite alphabet A, graph G, and probability distribution X
on A, Py represents the Bernoulli (i.i.d.) measure on AV whose distribution on
each site is A.

Definition 3.8. For any graph G, the critical probability for site percolation on
G, denoted by p.(G), is defined as the supremum of q € [0, 1] for which, given the
alphabet {0,1} and the graph G, the P_g q)-probability that there is an infinite
connected subgraph of G with 1s at every site is zero.

We point out that percolation theory is an extremely rich area of mathematics,
which we give short shrift to here. For more information, see [Gr].

When the graph G is omitted, we understand p. to denote p.(Z?). Simulations
suggest that p, ~ 0.593, but the best known lower bound is p. > .556, proved by
van den Berg and Ermakov. ([vdBE])
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Theorem 3.9. ([vdBM], Corollary 2) If A is a valid G-specification and g(A) <
pe(G), then there is a unique G-MRF' associated to A.

Theorem 3.9 is, roughly speaking, proved by showing that for a G-specification
A with ¢(A) < p.(G), boundary conditions on large sets (such as rectangles in
7?) exert very little influence on sites near the center. It will be necessary for us
to quantify exactly how this influence decays, and so we will use the methods of
[vdBM] to prove some finitistic results.

Theorem 3.10. For any valid Z*-specification A with q(A) < p. (with unique
associated MRF p = u(A)), there exist K, L > 0 such that for any nonempty finite
set S C Z2, for any rectangle R O S, and for any configurations 6 and 6’ on OR with
positive p(A)-probability, there exists \ € C(,u5|5,u5/|5) such that for any s € S,
M{(z,y) : 2(s) #y(s)}) < Ke L, where d is the distance between S and the set
of t € OR for which 6(t) # §'(t). (We take d = oo if the latter set is empty.)

Proof. Given any such A, S, R, §, and ¢’, Theorem 1 from [vdBM] proves the
existence of N € C(u®, 1*") with the following two properties: (Following [vdBM],
we will sometimes think of )\’ as a measure on ARYIR x ARYIR where pairs (u, u')
in the support of A" are thought of as equivalent to (ud, u'd’).)

(i) Define the map ¢ from (AFYIR) x (ARYIE) 0 {0, 1}FYIR by (p(x,y))(v) =1
if and only if x(v) # y(v). Then the measure ¢\’ on {0, 1}V is stochastically
dominated by P(1_gq.q), where ¢ = g(A). (We do not define stochastic dominance in
general, but can give a simple definition which suffices for our setup. Given a finite
set S and measures p,v on {0,1}°, p is stochastically dominated by v if for any set
C of configurations which is closed under changing 0s to 1s, u(C) < v(C).)

(ii) For a set of (x,y) € (ARYIR) x (ARYIR) with X-probability 1, and for any
v € R, z(v) # y(v) if and only if there is a path P of sites in Z? from v to R for
which z(p) # y(p) for all p € P.

Note that for any fixed v € R, this means that

N{(z,y) + () #y()})
= XN({(z,y) : there is a path P from v to R such that z(p) # y(p) Vp € P})
= (¢\)(there is a path P of 1s from v to OR})
< P1_q,q)(there is a path of 1s from v to OR).

A classical theorem proved by Menshikov ([Me]) and Aizenmann and Barsky
([AB]) shows that for any g < p., there exist K = K(g) and L = L(q) so that for
any n, P_gq (there is a path of 1s from 0 to d[-n,n]?) < Ke t". This clearly
implies that P(;_g 4 (there is a path of 1s from v to dR) < Ke Ldv where d, is
the distance from v to the set of sites in R at which § and §’ disagree.

Therefore, if we define A = N[ 45« 4s), then for any s € S, A({(z,y) : x(s) #
y(s)}) = N({(z,y) : x(s) # y(s)}) < Ke L4 < Ke P4 where d is just the
minimum value of dg for s € S.

|

We will prove a slightly more general version of Theorem 3.10 for § and ¢’ on
the boundaries of possibly different rectangles.
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Theorem 3.11. For any valid Z2-specification A with q(A) < p. (with unique
associated MRF 1 = u(A)), there exist K, L > 0 such that for any finite set S C 72,
for any rectangles R' > R D S, and for any configurations 6 and ' on OR and OR’
respectively with positive (A)-probability, there exists A € C(1|g, u% |s) such that
for any s € S, \({(x,y) : z(s) #y(s)}) < Ke L4, where d is the distance between
S and the set of t € OR for which either t ¢ OR' ort € OR' and 6(t) # 0'(t).

Proof. We will be using Theorem 3.10. First, let’s note that #5’| r can be written
as a weighted average of the measures p”, where n ranges over all configurations
on AR which agree with & on R N &R'. This means that in particular, u'|g =
>, an(ps) for some nonnegative numbers a; summing to 1. By Theorem 3.10
there exist K,L > 0 so that for any 7 there exists \, € C(u’|s, u"|s) with the
property that for any s € S, \,({(z,y) : z(s) # y(s)}) < Ke L where d, is
the distance from any s € S to the set of ¢ € OR for which §(t) # n(t). Take
A =22, apAy. It is clear that A € C(i|g, u% |s). Also, clearly

M(@y) = 2(s) #y($)}) = Y ah({(z,y) = 2(s) #y(s)}) <D ayKe ",

Note that for any 7 agreeing with ¢’ on OR N OR', d,, > d as defined in the
theorem. Therefore, clearly A({(z,y) : x(s) # y(s)}) < Ke %% and we are done.

Given a valid Z2-specification A with q(A) < p., we wish to define specifica-
tions (and associated MRFs) on the maximal subgraphs H,, ., of Z? induced by
V(Hm,n) = Z x [m,n], yielding measures on sets of configurations on biinfinite
horizontal strips.

Of course A itself does not contain enough information to define an
H,, n-specification; there exist sets of the form 9(S, Hy, ) for some finite set S C
H,, n, but which are not expressible as 9T for any finite set 7 C Z2. (For instance,
picture the ‘three-sided’ boundary of a rectangle which includes part of the top
row in Hy, ,.) We therefore supplement A with boundary conditions as follows.
Suppose that ¢,b € A%, and we will define a Hp, n-specification Ay, p ¢ 5.

For any finite S C Z x [m,n], n € A%, and § € A9SHmn) define

(1) At (1) = AS(1),

where £ = (t|asﬂ(z><{n+1}))(b|QSm(ZX{m,l}))(s, the concatenation of t|85’ﬂ(Z><{n+l})7
blosn(zx{m-1}), and 4. In other words, a configuration on 9(S, H, ) is supple-
mented by symbols from ¢ and b above and below H,, ,, if necessary, to extend
it to S. The following gives a sufficient condition on m,n,t,b for the validity of

Am,n,t,lr

Definition 3.12. For a Z2-specification A with alphabet A, integers m < n and
t,b € A%, we say that m,n,t,b is compatible with A if there exists an MRF
associated to A such that for all sufficiently large k, there exists 6, € A2(=kKlx[m.n])
with positive p-measure whose top row s t\[—k,k] and whose bottom row is bl[_ -

Proposition 3.13. For a valid Z2-specification A with alphabet A, integers m < n
and t,b € AL, if m,n,t,b is compatible with A, then Ny, nip is a valid Hy, -
specification.
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Proof. Let u be an associated MRF and for all sufficiently large k, 0 as described
in Definition 3.12. Define the measures p®. We wish to take a weak limit of
a subsequence of these measures, so they must be extended to measures on all
of AZxIm:nl: choose any a € A, and for each k extend each configuration in the
support of u% to all of Z x [m,n] by filling all unoccupied sites with a’s.

By definition of Ay, ,, ¢, and the fact that p is an MRF associated to A, any weak
limit of a subsequence of the measures ;¢ is an MRF associated to the specification
Apntp, and so Ay, g 1y is valid. O

While the compatibility condition may be difficult to check in general, it is
checkable for certain special kinds of MRFs introduced in later sections.

We can also give a sufficient condition for uniqueness of an H,, ,-MRF associated
t0 Apyn,ep. In fact, it requires a less restrictive bound on ¢(A), which will be useful
for some later discussions.

Proposition 3.14. For any integers m < n and any valid H,, ,-specification
At induced by a Z2-specification A with q(A) < 1 and boundary conditions
t and b, Ay, ntp has a unique associated MRF.

Proof. Consider any such A, m, n, t, and b for which A,, ., + 5 is a valid specification.
For any i € V(Hy,, ) = Zx[m,n], by the definition of Ay, .t 6, ¢ (Amn,tb) and ¢;(A)
are both maxima of d(A%, A%") over sets of pairs 6,0’ € AN, However, for ¢;(A), one
maximizes over all such pairs, and for ¢;(As, n.1,6), One may be maximizing over a
smaller set. (For instance, if ¢ is part of the top row of H,, ,, then one only considers
configurations on the neighbors where the neighbor above i is equal to (i + (0,1)))
Therefore, q;(Am.ntp) < qi(A). Since i was arbitrary, ¢(Am.nep) < q(A).

It now suffices to show that p.(H,, ) = 1; the proposition then follows from
Theorem 3.9. For any p < 1, if sites of H,, , are independently taken to be open
with probability p and closed with probability 1 — p, then the probability than an
entire column {i} x [m,n] is closed is (1 — p)"~™*! > 0. This means that with
P _p p)-probability 1, there exist closed columns arbitrarily far to the left and right,
meaning that there are no infinite open connected clusters. Therefore, since p < 1
was arbitrary, p.(Hpm,, ) = 1 and we are done. ]

Clearly, when the hypotheses of Proposition 3.14 are satisfied, p(Am nep) can
be thought of as a measure on the one-dimensional full shift (A% and we
will interpret p(Ay, n,¢0) in this way for further discussions about d distance and
entropy. It should always be clear from context which viewpoint is being used.

Proposition 3.15. For any valid Z2-specification A with q(A) < p. (with unique
associated MRF = pu(A)) and any t,b € A% for which there exists N such that
W(A_p e p) exists for alln > N, p(A_p nep) approaches p weakly as n — oo.

Proof. By definition of A_,, ,, ¢+, any weak limit of a subsequence of p(A_y n¢p) 1S
clearly a Z2-MRF associated to A. (As before, we need to extend each p(A_y, ,.4.p)
to a measure on all of AZQ; we do this by choosing any a € A and extending each
configuration in the support of u(A_, ) to all of Z? by filling the unoccupied
sites with a.) However, the only such MRF is p. O

We will now use Theorem 3.11 to derive couplings of marginalizations of (A1 5.¢,5)
and p(Ay n41.46) to substrips which imply their closeness in the d metric.
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Theorem 3.16. For any valid Z2-specification A with q(A) < p. (with unique
associated MRF p = u(A)), there exist K, L > 0 such that for any n and any
t,b € A% such that 1,n,t,b and 1,n + 1,t,b are compatible with A, and for any
1<i<i <n,

(A1) 2xiir— 175 BT g 1,.0) [zx i ir—1)) < (7 — )Ke F=1) and

E(M(Al,n,t,bﬂm[i,z"—l],M(Al,n+1,t,b)|2x[i+1,z‘/]) < (i —i)Ke 1

Proof. We begin with the first inequality. For A as in the theorem, take the K
and L guaranteed by Theorem 3.11. Fix ¢, b, n, and i < ¢’. For every sufficiently
large k, take d5, and ¢;, configurations on 9([—k, k] x [1,n]) and O([—k, k] x [1,n+1])
respectively with positive y-measure which are both equal to t|{_j, ) on the top and
b~k on the bottom. Define S; i/ = [k, k] x [i,i" — 1]. By Theorem 3.11, for
any k > n —1 and j < k — (n — '), there exists A\; i/ j r € C(Nak|Si,,i/,jvl$§’;|s,i,i/,j)
for which the A;;/ ; x-probability of disagreement at any site in S;;/ ; is less than
Ke Ln=i), (This is because 0j, and §), agree on their bottom row, and the distance
from any site in S; ;s ; to any other site in O([—k, k] x [1,n]) UO([—k, k] x [1,n+1])
is at least n —4'.)

Now, for any fixed i < i’ and j, define \; ;7 ; to be any weak limit of a subse-
quence of the couplings A; i j 1 as k — oo. Note that any weak subsequence of ok
approaches an MRF on H .+ associated to the specification Aj ¢4, and since
p(A1,n,ep) is the unique such MRF, the sequence ul* itself must weakly approach
(A1 ptp). Similarly, ,u‘S;v weakly approaches p(A1 n41,.p). Therefore, A;;; €
O(N(Al,n,t,b”SMIJ , M(Al,n+1,t,b)|siﬂi/,j)- Also, it is clear that if we think of a config-
uration on S; ; ; as a (25 + 1)-letter word on the alphabet of words on columns of
height ¢’ —i, then By, , (d2j+1(2|[—j1, yl-5.41) < (i’ —i)Ke (=) Recalling the
definition of d, we see that then clearly d(p(A1,5.¢.5)]2x ' =115 (A1 1,60 [z, —1)) <
(i' —i)Ke Ln=i),

To prove the second inequality, change the proof above by defining d; on
O([—k, k] x [2,n+1]) instead. Then d) and ¢;, will agree on their top rows, and the
rest of the proof goes through mostly unchanged. The distances from Z x [i,i" — 1]
and Z x [i + 1,4] to the bottom rows of Hj , and Hj ,41 respectively are at least
i, which is why n — ¢’ is replaced by 1. O

We will for now restrict our attention to translation-invariant Z2-specifications
A with g(A) < p. and constant boundary conditions ¢,b € A%, which means that
the measures f1(Am pnep) (When they exist) will be translation-invariant as one-
dimensional measures. (Otherwise, their horizontal shifts would also be MRFs
associated to Ay, p 1.1, contradicting uniqueness of p1(Ay, 5, ¢5).) We can then discuss
the measure-theoretic entropies A(u(A1 n,5)) and A(p(A1ny1,60))-

We will decompose these into conditional measure-theoretic entropies, and then
use Theorem 3.16 and Holder continuity of entropy (with respect to d) to show that
many of these entropies are exponentially close, finally showing that A(u(A1,n+1,66))—
h(1(A1,5.¢,)) is exponentially close to h(u). We first need some notation for special
conditional measure-theoretic entropies.

For any a, define R, = Z x {a}. For any m < n and any interval B C [m,n], we
partition A" by the letters appearing on B, and call this partition £5. Then,
for any translation-invariant measure z on (Al™")% and disjoint adjacent intervals
B,C C [m,n], we make the notations
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b (U Bo) = h(@ea(n)) and

beB

ha(U Bl U Bo) = hlbennc () | €5).

ceC beB

Also, for any translation-invariant measure g on AZQ, hu<Ube B Rb) will be

understood to mean hm(u . )<UbEB Rb) for any D D Bj; in other words, this
deD d

expression is given meaning by marginalizing p to any substrip containing the rows

whose entropy is to be computed. It does not matter which D is used, since clearly

this quantity depends only on the restriction of p to J,cp Ro. We will interpret

hy, ( Ueee Be | Upen Rb) in an analogous fashion.

The following is just a consequence of Proposition 2.4 for this new notation.

Proposition 3.17. For anym < n, u a translation-invariant measure on (Almm)%
or AZZ, and B, C adjacent subintervals of [m,n],

m( U Ra)_hu(bgRb>+hu(cEJCRc| U R)-

a€eBUC beB

The following theorem can both be thought of as an extension of the Markov
property in one dimension and a generalization of Theorem 13 from [P].

Theorem 3.18. Let A be a translation-invariant Z2-specification. Let n be a posi-
tive integer, t,b € AZ be constant sequences and p be an MRF associated to A ptp.
Then for any integers i and k with 1 <k <i <mn,

i—1
hu | Ri | |J Ry | =hu(Ri | Risy).
i=k

Proof. We will prove the theorem for k£ = 1, and this suffices to prove the theorem
for all k < i, since for any 1 < k < i, conditioning on & ;_1) is an intermediate
partition between £y ;_1; and {(;_1). If the conditional entropies resulting from
these two partitions are equal, then clearly any intermediate partition gives the
same value. Fix any A, n, t, b, and ¢ as in the statement of the theorem. For
simplicity, we write u = p(A1 1) We can write
i—1
hM(Ri | U Rj) = kli)rgo(l/k)sk, where

Jj=1

Sk = Z w(lwNwv)log (M)

weAl=EkIX[1,i=1] 'u(w N ’U)
e Al—F kX (i}

@ (X wesa)

weAl—k k]x[1,i—1]

3 (X swnomeeno).

we Al R kIX [Li=1],
e Al—F kX {1}
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(As in the definition of measure-theoretic entropy, in each sum we omit terms
coming from configurations of p-measure zero.) We also define

x uw(wNLNR)
Sp = NvNLNR)I =
k Z v plwnv )Og(u(wﬂvﬂLﬂR))
we Al-F kX [1i-1]

ve Al=kkIx{i} 7
LeA{—k—1}x[1i— 1]
ReAk+1IX(1,i— 1’

(4) ( > u(wﬂLﬂR)logu(wﬂLﬂR))—

we A=k kX [1,i-1]
LeA{—k—1}x[1i- 1]
ReA{k+1}x[1,i- 1’

(5) Z ,u(wﬂvﬁLﬂR)logu(wﬁvﬂLﬁR)).
we Al=FFIX[Li=1]
ve AlTRRIX ()
LeA{—k—1}x[1i= 1]
ReAlk+1Ix[Li- 1’

We claim that |S, — S5 < 4(¢ — 1) log|.A|. To see this, we first compare (2) and
(4). For any fixed w, consider the term p(w)logu(w) from (2). Compare this to
the corresponding terms from (4), i.e. Y, p u(wNLNR)log u(wNLNR). We make
the simple observation that for any set of k nonnegative reals {a;}¥_; summing to
o, — Ele a;log(a;) is at least —aloga, and at most —alog() (achieved when
all a; are equal). Therefore,

p(w)log p(w) — 3~ p(w N LN R)log u(w N LN R)| < pu(w) log (A2
L,R

since the number of different pairs L, R is at most |A\2(i_1). By summing this
over all choices of w in (2) and (4), we see that the difference between (2) and (4)
has absolute value at most 3 u(w)log(JA|20~Y) = 2(i — 1) log | A|. An analogous
argument may be made for (3) and (5), and so |S — S};| < 4(i —1)log |A] for all k.

We can similarly write h,(R; \ Rl 1) = limg oo (1/k)Ty, where Ty is defined
exactly as Sy, but where w € Al=Fk*[1i=1] i5 replaced in the summation by w’ €
AlFRRX=1} O Tf we define T exactly as S, again using w’ instead of w, then
a trivially similar proof to the above shows that |T}, — T)F| < 4(i — 1) log |A] for
all k. If we can now prove that S} = T} for all k, then |Sy — T)| < |Sk — S§| +
T — T + |S; — T| < 8(i — 1)log|A| for every k, which clearly shows that
hy, (R,» Uizt Rj) = limyyo0(1/)Sk and hy(R; | Ri—1) = limp_oo(1/k)T} are
equal.

We claim that for any L € A{-F=1x[Li=ll ' R e Atk+1Ix[Li=1] ) ¢ gl=FRIx{i}
and w € AlZFAX[Li=1] if we define w’ = W[ k) x{i—1}» then

plwNLNR)  pw NLNR)
plwNovNLNR)  plw'NoNLNR)
To see this, we define w” = W|[—k,k]x[1,i—2)] and note that since u is an Hiy, -

MRF,
pw’"Nw' NLNR)  pw”Nw NvnLNR)

plw' NLNR) —  plwNunLNR)
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From this, it is clear that
plw' NLAR)  plw” Nw NLNR)

pw' NvNLNR) pw' Nw NvNLNR)’

n(wNLNR)
n(wNvNLNR)*

corresponding to w with the top row w’ can be collapsed, which quickly yields
Si =17, completing the proof.

which is clearly equal to But then for any fixed w’, all terms in S}

O

Corollary 3.19. If A is a translation-invariant Z2-specification with q(A) < pe
(with unique associated MRF p = p(A)), and t and b are constant sequences such
that —n,n,t,b is compatible with A for sufficiently large n, and k is any positive
integer, then

Proof. Fix any such pu, t, b, and N > 0 such that —n, n,t, b is compatible with A for
n > N. Let k be a positive integer. Then by Theorem 3.16, there exist K, L > 0
so that

d(p (A n,t0)l o ) < ke Lk

ey R Pyl R

for any n > N and k < n, and so this sequence of marginalizations is d Cauchy and
approaches a d limit. Since the measures w(A_p n.ep) approach p weakly as n — oo
by Proposition 3.15, it must be the case that the d limit of M(A,n,n’t,b)|u?:% R, 18
“‘U?;h R Thus, by Theorem 3.18, translation-invariance of y, and continuity of

entropy with respect to the d metric, we conclude that for any positive integer k,
-1
h#(RO | Uj:-k Rj) = hu(RO | R_l).
([l

Corollary 3.20. If A is a translation-invariant Z2-specification with q(A) < pe
(with unique associated MRF p = pu(A)), and t and b are constant sequences
such that —n,n,t,b is compatible with A for sufficiently large n, then h(u) =
hu(Ro | R—1).

Proof. For any such p and positive integer k, hy, (U?:o R;) = hu(Ro)+h,(Ri | Ro)+
o+ hu(Ry | U2y Ry) = hu(Ro) + (k — 1)k, (Ro | R—1) by translation-invariance
of p, Proposition 3.17, and Corollary 3.19. But then by dividing by k£ and letting
k — oo, we see that h(u) = h,(Ro | R-1).

O

Theorem 3.21. For any valid translation-invariant Z2-specification A with q(A) <
pe (with unique associated MRF p = p(A)) and any integer N and constant se-
quences t and b such that 1,n,t,b is compatible with A when n > N, there exist
Q, R > 0 such that |h(1(A1nt1,00)) —h((A1nep))—h(p)] < Qe T for anyn > N.

Proof. Proposition 3.17 and Theorem 3.18 imply that for n > NV,

h(M(A1’”+1’t1b)) = h#(/\l,n+1.t,b)(R1) + Z h#(Al.n+1,t,b)(Rj+1 | RJ) and
j=1
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n—1
WA ) = Buas o) (R 4 har e (Ripa | Ry).
j=1
We can then write h(u(A1 nt1,e0)) — h(1(A1nep)) as
(6) hM(Al,n+1,t,b)(R1) - hH(Al,n,t,b)(Rl)
[5]-1
(7) + (hu(Al,m,t,b)(RJ‘H | Bj) = huas ) (B | Rj))
j=1
(8) T Pp(h o) Bz 41 | Bz g)
n
(9) + Z (hu(Al,n+1,t,b)(Rj+1 | R]) - hM(Al,n,t,b)(Rj | Rj—l))'
j=13)+1

By Theorem 3.16 and Holder continuity of entropy with respect to d, we see
that (6), (7), and (9) are exponentially small in n, i.e. there exist constants Q
and R independent of n such that each has absolute value smaller than Qe %",

Theorem 3.16 also implies that the sequence ,u(/\l’nJrl,,g,b)|RLQJURLQJ+1 approaches
2 2

a d limit with exponential rate in n, as n — oco. Since 0(07_L%J_1)N(A17n+17t7b)
approaches p weakly by Proposition 3.15, this d limit must be u|r_,ur,. But then
again by Holder continuity of entropy with respect to d and translation-invariance

of u, (8) approaches h,(Ry | R—1) with exponential rate as n — oo, which equals
h(p) by Corollary 3.20. O

This result can be generalized to periodic boundary conditions as well. If A is
a translation-invariant Z2-specification with g(A) < p. and t and b are periodic
sequences such that 1,n,¢,b is compatible with A, then p(Aq ) exists by Propo-
sitions 3.13 and 3.14, and (M(A17n,t7b))[p] (the p-higher power code of (A1) 1S
translation-invariant.

Theorem 3.22. For any valid translation-invariant Z2-specification A with q(A) <
Pe (with unique associated MRF 1 = u(A)), and any integer N and sequences t and
b with period p such that 1,n,t,b is compatible with A when n > N, there ezist
Q, R >0 such that |(1/p)(h((#(A1n11,6.6))") = h(((A1n,e.0)) 1) = B(p)| < Qe=Fn
forallm > N.

Proof. The proof is nearly identical to that of Theorem 3.21, and so we only high-
light the slight differences. Theorem 3.16 implies the exponential d closeness of
relevant marginalizations of p(A1 ) to substrips just as before. Then, since
passing to (i(Aqn.+p))P! multiplies the relevant d distances by at most p, we still
have the necessary exponential d closeness of marginalizations for these recoded
strip measures. Since the (u(Aq,.+))P! are translation-invariant, the same proof
as in Theorem 3.21 shows that h((p(A1nt1.06)) ") — A((1(A1ne5))P)) approaches
h(ulP!) = ph(u) exponentially fast. O

4. INTERACTIONS AND GIBBS STATES

In [P], similar techniques were used to show that the topological entropy of
the Z2 hard square shift H is exponentially well approximable by differences of
consecutive topological entropies of horizontal biinfinite strips. It turns out that
this is a corollary of Theorem 3.21; the unique measure of maximal entropy p for
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H is in fact the unique MRF associated to a translation-invariant Z2-specification
A satisfying q(A) < p; in this case, for any finite set S and § € A% A? will
be uniform on configurations which are locally admissible in S U dS. If one takes
t =b=0%, then u(A; ) exists for all n, and is the unique measure of maximal
entropy for the n.n. Z-SFT composed of all locally admissible configurations on
Hl,n in H.

We will use Theorem 3.22 to generalize the main result of [P] to some topological
pressures by using some classical results of Ruelle regarding the relationship between
equilibrium states and a class of Z2-MRFs called Gibbs states.

Let X be a nonempty n.n. Z4%SFT X with language £(X). We are mostly
interested in the cases d = 1,2. An interaction on X is simply a real-valued function
® on L£(X). The interaction is finite-range if there exists M such that ® vanishes
on Lg(X) for any S with diameter larger than M. It is translation-invariant if it
assigns the same values to all translates of a given configuration on a finite set.

For finite S and = € Lg(X), define

Us(z) =U§ (2) = ) ®(zls).

S'CS
For y € AZ\S such that xy € X, define:

W (x,y) = W§ (z,y) = > O((zy)|r).

TCZ4 |T|<oo: TNS#£D, TNZI\SAD

A Gibbs state for a translation-invariant finite-range interaction ® on X is a measure
d

p with support contained in X such that for any = € Lg(X) and y € A%\ with

ry € X,

exp(—Us(z) — Ws(z,y))
Z{x’eﬁs(X): z'yeX} exp(—US(x’) - WS(Z'/’ y))

(10) wz | y) =

(note that the denominator is simply a normalization factor). The measure itself
is given as an integral with (10) as the integrand. This agrees with the classical
definition of Gibbs state (see Ruelle [Rue], Chapter 1, in particular equation (1.15))
in the case of a n.n. SFT. Ruelle [Rue] (Chapter 1) shows that given any such ®
and X, there is at least one Gibbs state o (Ruelle’s result is actually much more
general).

An interaction is a nearest neighbor (n.n.) interaction if it vanishes on all con-
figurations other than those on vertices and edges.

We now define a specification corresponding to (10) for translation-invariant,
n.n. interactions. For a finite set S C Z% and z € Lg(X), let

O(z,8) = B(2(u)).

uesS

For a finite set F of edges in E(Z?) such that Ueeg e C S and z € Lg(X), let

O(z,E) = ®(z]).

ecE
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The Gibbs Z-specification determined by ® and X, denoted by Ag x, is defined
as follows. For any finite S C Z¢, x € A%, and § € Ls(X),

(11)

Aj x (@) exp(~®(x, S) — (6, E(S, 5) U E(S,05)))

D (weas: wseLouss(x)) XP(— @ (2, 8) — ®(a'd, B(S, S) U E(S,95)))
if 26 € Lsuas(X), and A y (z) = 0 otherwise. For § € A%\ Los(X), set Af y =
A‘;X for some arbitrary ¢’ € Lss(X) (note that Lgg(X) is nonempty since X is

nonempty). In this case ¢(Ag, x) is determined only by {A%,X}éec(x)-
Ifxelg(X)andy € AZNS with 2y € X and § = ylos, then

Us(z) = ®(x,5) + ®(x, E(S, 5))

WS(x»y) = q)(m(st(Sv 85))7
and so for any Gibbs state u for ® on X, the conditional probabilities (10) reduce
tou(z |y) = A%’X(x). Since p is supported in X, all other conditional probabilities
p(z | y) are spurious, and so y is a Z4-MRF associated to Ag x. Since there always
exists a Gibbs state for ® and X (by Ruelle’s result above), Ag x is valid. We
also note that since ® was assumed to be translation-invariant, Ag x is translation-
invariant as well.

Given a translation-invariant n.n. interaction ® on an.n. Z2-SFT X, we will find
it useful to represent a corresponding Gibbs state as a Gibbs state for an interaction
which is non-zero on a single finite set, namely the set A = {(0,0), (0,1), (1,0)}.
Specifically, define

(12) d(x) = ®(z|{0,0)) + 2] {0,0).00.1)}) + (] {(0,0).(1,0)})
for z € LA(X).

Proposition 4.1. Any Gibbs state for d on X is a Gibbs state for ® on X.

Proof. For a horizontal edge ¢ = {u,u + (1,0)} let et = {u,u + (0,1)}. For a
vertical edge e = {u,u + (0,1)} let et = {u,u + (1,0)}. For a finite set S, let
D(S) = {edges e: eN S =g and et € E(S,0S)}.

Forz € A%, y € AZNS it xy € X, then letting § = y|ss, we have

U2 (z) + We(z,y) = &z, S) + 0(ad, E(S, S) U E(S,dS)) + ®(xy, D(S))

Note that the last term in this expression is the same if we replace z by any
2’ € A® such that /0 € Lguas(X). It follows that for a Gibbs state for d on X,
the conditional probabilities (10) reduce to the specification determined by ® and
X.

|

We conclude this section by presenting two interactions on n.n. Z2-SFTs which
define historically important Gibbs measures. We will return to these examples
later in the paper to demonstrate how later results apply to them.

1. The Z? hard-core model with activity a is given by X equal to the Z? hard
square shift # and translation-invariant n.n. interaction ® defined by ®(u) = au(v)
for u a configuration on a vertex v and ®(u) = 0 for u a configuration on an edge.
In this model, a can be thought of as the “weight” given to the symbol 1.
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2. The Z? Ising antiferromagnet with external magnetic field h and temper-
ature T = % is defined by X = {£1}% and translation-invariant n.n. inter-
action ® defined by ®(u) = —phu(v) for u a configuration on a vertex v and
®(u) = fu(vr)u(ve) for u a configuration on an edge {v1,v2}. In this model, h is
an external influence which gives individual sites a preference between 1 and —1,
and [ can be thought of as the “penalty” imposed to aligned adjacent sites; when
[ is very large, adjacent sites are more likely to differ.

5. STRONGLY IRREDUCIBLE SFTs

We from now on restrict our attention to a specific class of n.n. Z2-SFTs with
very strong topological mixing properties.

Definition 5.1. A n.n. Z2-SFT X is strongly irreducible (with filling distance L)
if for any finite S,T C Z* with d(S,T) > L, and any x € Ls(X),y € Lp(X), it is
always the case that vy € Lsur(X).

Our first use of strong irreducibility is to present a sufficient condition for a
Z2-MRF to be fully supported within an SFT.

Proposition 5.2. If X is a strongly irreducible n.n. Z2-SFT and A is a valid
72-specification such that 26 € L(X) = A%(x) > 0, then any Z*-MRF associated
to A whose support is contained in X is fully supported on X.

Proof. Denote by L the filling distance of X. Let u be any Z2-MRF associated
to A whose support is contained in X. Fix any w € E[,nyn]z(X) and any § €
AI([=n=L:n+LI*) guch that § has positive u-measure. Since the support of u is
contained in X, § € L(X). Therefore, by strong irreducibility of X, there exists
T € Lip_ppyrp(X) with 2|_p, n2 = w and 20 € L(X). By the assumption on
A, A%(x) > 0, and since y is associated to A, this means that p’(x) > 0. But then
since p(0) is positive, p(x) is as well. Since w is a subconfiguration of x, u(w) > 0.

O

From this, we can conclude a fact about certain valid Z?-specifications supported
on strongly irreducible n.n. Z2-SFTs that will be useful later.

Proposition 5.3. Let X be a strongly irreducible n.n. Z*-SFT and A be a valid
7.2 -specification such that 6 € L(X) = A°(z) > 0. Assume that there exists a 7.*-
MRF associated to A whose support is contained in X and that g(A) < 1. Then for
any rectangle R and 6,6' € Lor(X), there exists u € A such that du,d'v € L(X).

Proof. Consider such X, A, R, §, and ¢, and let u be a Z2-MRF associated to A
with support contained in X. By Proposition 5.2, u is fully supported on X.

Without loss of generality, we assume R = [0,m] x [0,n] for some nonnegative
m,n. We begin by proving the proposition for m = n = 0, i.e. R = {(0,0)}.
Consider any ¢, (" € L, ,,(X). Then by full support of u on X, u(¢), u(¢") > 0.
Since q(A) < 1, there exists a € AU} such that A¢(a), AS (a) > 0, and since p
is associated to A, pé(a),u¢ (a) > 0. Therefore, u(Ca), u(¢'a) > 0, and since the
support of 4 is contained in X, Ca,('a € L(X).

We will use this fact to deal with general R. Define by r1, 79, ..., 7y, the elements
of R, listed in lexicographic order (i.e. the bottom row from left to right, then the
next row from left to right, etc.) For each k € [0,mn], define Ry = {r;}F_,. We
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define u letter by letter, on the sites r; in order. Suppose that for some k € [0, mn),
we have defined u, € AR such that dug,'ur, € L£(X). We must define uz,q €
A1 such that ugy1|p, = ur and dugy1, 8 upr1 € L(X).

Define C' = N;,,, \ (Rr UOJR), the set of neighbors of 7441 which do not have
letters assigned to them in ¢, &', or uy. Clearly, since du, and 6’uy are globally
admissible in X, there exist 7,7 € Lo(X) such that dnug,d'n'ux, € L(X). Define
¢ = Gl and ¢ = (@'fwy)l,, . ; clearly ¢, ¢’ € £(X).

Then by the proof of the proposition for R consisting of a single site, there exists
a € Ly, ,,1(X) such that (a,(’a € L£(X). Then from the facts that X is a n.n.
SFT, that ¢,¢’ € AN*+1, and that dnuy, and 6'n'uy, are globally admissible in X,
we can conclude that dnuia and §'n'uga are globally admissible in X as well. But
then trivially duga, d'uga € L(X), and so we can take ugy1 = uga.

This inductive process eventually yields t,,, € A for which Sy, 6 tUm, €

L(X), and so by taking u = u,,, we are done.
O

Our main application of strong irreducibility is, for any Gibbs specification As, x,
to guarantee the existence of periodic rows ¢, b such that (Ao, x)m,n,ep is valid for
n—m large (recall that this is an induced specification on the strip subgraph H,, ).

We first recall the result of Ward [War] that any strongly irreducible n.n. Z2-SFT
X has a globally admissible periodic row (i.e., a periodic configuration on Z x {0}
which extends to an element of X); in fact, every such SFT has a doubly periodic
element, though we will not need this fact here.

For integers m < n and globally admissible periodic rows ¢, b, let X,, 1 be the
set of all configurations z € A%*[™7 such that tb is locally admissible. Note that
all elements of X, 1+ are in fact globally admissible.

Proposition 5.4. Let X be a strongly irreducible n.n. Z*-SFT and ® be a translation-
invariant n.n. interaction on X. Let t and b be periodic rows which are globally
admissible in X (which always exist by [War]). If n —m exceeds the filling distance
of X, then m,n,t, b is compatible with Ag x (and therefore by Proposition 3.18
(Ao, x)mn,tb 15 valid).

Moreover, there is an MRF associated to (Ao x )m,n,t,p sSupported in Xp nip-

Proof. Let t and b be such rows. Since Ag x is Gibbs, it is valid, and so has an
associated MRF p supported in X. Let m,n be chosen so that n — m exceeds
the filling distance of X. Then for all k, there exists wi, € Lj_ x]x[m—1,n+1](X)
whose top row is t|[_;x and bottom row is b|[_j . Proposition 5.2 applies to
w, and so p(wg) > 0. Thus, m,n,t,b is compatible with Ag x (by taking 0 =
Wk |a([—k+1,k—1]x [m,n]) iD the definition of compatibility).
The measure obtained as in Proposition 3.13 from the Jy, is clearly supported in
Xm,mt,b-
|

For any translation-invariant n.n. interaction ®, strongly irreducible n.n. Z2-
SFT X with filling distance L, globally admissible periodic ¢t and b, and m,n with
n —m > L, for notational convenience we denote by Ao x,m.ntb the specifica-
tion (Ag, x)m,n,t,p Which by Proposition 5.4 is valid. If in addition g(A) < 1,
then by Proposition 3.14 there is a unique H,, ,,-MRF p(Aa x mn,tp) associated
to Ad X m.ntp, Which we call the induced Gibbs state for & and X, and which,
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again for convenience, we denote by pao, x mn,tp. By Proposition 5.4 po, x mon,eb 1S
supported in X, » ¢p-

6. INDUCED GIBBS STATES AS ONE-DIMENSIONAL MARKOV CHAINS

Our eventual goal is to use the results of Sections 3, 4, and 5 to give an algorithm
for approximating certain topological pressures by means of induced Gibbs states
on strips. For this procedure to be useful though, it must be the case that these
induced Gibbs states are tractable measures to deal with. Under some elementary
assumptions, this does turn out to be the case; in fact the induced Gibbs states
turn out to be Markov chains.

Let X be a strongly irreducible n.n. Z2-SFT with filling distance L, ® a
translation-invariant n.n. interaction on X such that ¢(Ae x) < 1, and let u be
any Gibbs state for ® on X. Let ¢t and b be globally admissible periodic rows for
X, which for now we assume to be constant (though such rows may not exist in
general): ¢t =15°,b = b3°. Let m,n be integers such that n —m > L.

Let Cpy n,t,p denote the set of all “locally admissible columns compatible with ¢
and b” on H,, ,, i.e., all z,, ... 2, such that z;z;4; € & for i =m,...,n —1, and
boZTm, Tnto € Ea. Let Epy pn.1p denote the set of all locally admissible (n —m +1) x 2
rectangles, i.e., ordered pairs of columns (Tp, ... %0, Ym ---Yn) € (Comn,tp)? such
that x;y; € & for each i =m, ..., n.

Observe that X, .+ (defined near the end of Section 5) is the n.n. Z-SFT on the
alphabet Cy, 1, ¢, defined by £ = &, , + 5. Here, we are identifying a configuration on
a finite interval of Z over the alphabet Cy, ;, + » with the corresponding configuration
on a finite rectangle in Z x [m,n] over the alphabet A. Recall that since ¢ and b
are globally admissible and X is a n.n. Z2-SFT, we have £(X,, ,+1) C L(X).

Denote by K¢’X7m’n,t7b the restriction of the specification Ag x m. n,tp to configu-
rations & of the form O(F x [m,n], H,, ) for finite sets F. We think of Ae_x m.n.t.p

m,n]

as a Z-specification over the alphabet Al

Corollary 6.1. If X is a strongly irreducible n.n. Z*-SFT, ® is a translation-
invariant n.n. interaction for which ¢(Ae x) < 1, t,b are globally admissible con-
stant sequences, and n—m exceeds the filling distance of X, then q(Kq:.)X,m/n’t’b) < 1.

Proof. To show that q(Ae x mnip) < 1, it suffices to show that for any ¢,/ €
L1y Xmmtp) and d,d" € Li1y(Xmn,ep) such that cd, c’d” € L(Xpmn,tp), there
exists e € Lo} (Xm,n,t,p) such that ced, c’ed’” € L(Xymn,e,p). (This is sufficient since
Ag x, being a Gibbs specification, has the property that Aﬁ;x (u) > 0ifud € L(X).)
However, note that this is equivalent to showing that for any d,0" € La(103 x[m,n]) (X)

with to at the top and by at the bottom, there exists u € A *Imnl(X) such that
du,0'u € L(X). This is a straightforward consequence of Proposition 5.3, which
can be applied since Ag x is the Gibbs specification determined by ¢ and X and
q(Aq>’X) < 1.

(Il

Corollary 6.2. If X is a strongly irreducible n.n. Z*-SFT, ® is a translation-
invariant n.n. interaction for which ¢(Ae x) < 1, t,b are globally admissible con-
stant sequences, and n — m exceeds the filling distance of X, then Xy nep 5 a
mixing Z-SFT.
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Proof. By Corollary 6.1, ¢(Ae,x m.ntp) < 1. We prove that X,, ,, 5 is mixing by
using some well-known facts about the structure of n.n. Z-SFTs. In particular, we
show that X, .+ is irreducible and aperiodic; for more details on these properties
see [LM].

We first show that X, ,, +p is irreducible. Assume for a contradiction that it is
not. Then there exist at least two nontrivial irreducible components C, D C Cy, p ¢,5-
But then clearly we have a contradiction to q(Ké,X,m,n,t,b) < 1; a boundary con-
figuration consisting of two letters from C' can only be filled in a globally ad-
missible way with a letter from C, and the same is true for D. Since C' and D
were nontrivial components, there exist such boundary configurations ¢,d’ which
are globally admissible, and since C N D = @ and Ag x is supported on X,

d(Xfp,X,m,n,t,b»be,x,m,n,t,b) = 1. Therefore, our original assumption was wrong
and X, .¢p is irreducible.

It remains to show that X,, s is aperiodic, which is done in the same way;
suppose for a contradiction that X,, ,:s can be partitioned into period classes
Py,...,Pg, k> 1. Then if we take § to be a globally admissible boundary config-
uration in X, , 5 consisting of a letter from Py on the left and a letter from P
on the right, and ¢’ to be a globally admissible boundary configuration in Xy, 5 ..
consisting of a letter from P; on the left and a letter from P3 (1104 ) on the right,
then § and ¢’ can only be filled with letters from P; and P, respectively. Again,
since Py N P, = @, this contradicts ¢(Ae x,m.n,tp) < 1, 50 Xy ntp is aperiodic and
irreducible, therefore mixing.

O

The induced Gibbs state pe, x,m,n,tb can be viewed as a measure on (Cm,n’t,b)Z
supported in X, » +p, and when viewed in this way, it is a Z-MRF associated to
K¢7X7m7n,t7b. We will show that when viewed in this way (1o, x m,n.¢,b is & translation-
invariant irreducible 1st-order Markov chain, with a transition probability matrix
defined explicitly in terms of ®.

We first describe K@ X, m,n,t,b €xplicitly in terms of ®. For a configuration z on
a finite set U C Z x {n} let

¢
By(2U)=Y @ ()
uelU
For a configuration z on a finite set U C Z x {m} let
O_(2U)=) @ (b;)
uelU

Let R = [~k, k] x [m,n], z € AT, § € A9UFHmn) such that 25 € L( X, p.tp). From
(11) and (1), we have:

B exp(—A(z, 9))
D {WEAR: wOEL(X i)} XP(—A(w,0))

5
(13) A@,X,m,n,t,b(m)
where

(14) A(z,0) =®(z,R) + (24, E(R,R) UE(R,0(R, H1.n)))
+ &1 (2, RN (Z x{n}))+®_(2, RN (Z x {m})).
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We claim that Ag x .t can be expressed as a Z-specification determined by
a n.n. interaction ®,, p¢p on Xy ptp. We define @, 1 to vanish on all finite
configurations other than those on edges in &, » +,5, and on such edges, it is defined
by

(15) Pt p(Tm - Ty Y - - Yn) =

<<i <I>(aci)> +o () + C;t@ (+>> +o () + (g;q)(xi,yi)>> .

Let R = [k, k] x [m,n], z € A%, § € A9FHmn) quch that 26 € L(Xymntp)-
Observe that
exp(=B(z,9))

(16) AS —
® Z{wGAR: WOEL( Xy m,tb) } GXp(—B(’LU, 6))

()

mon,t, by Xm,n,t,b

where

(17) B(z,6) =
k—1 o o
Z (Pt b (2| Gy xmons 211y xpmon]) + Lot (2l (ke xmond s O (et 11 x [mon)))
p—

+ P, t,b (Ol {—k—1} x [ 2l {=k} x[m,n)) = A(2,0) + C(9),

where

C(8) = (zn: (5(—k — 1,2'))) + O (“"“b‘o“"))
n—1 )
() )

Comparing (13), (14), (16) and (17), we see that

-0

5 —
Agm,n,t,byxm,n,t,b - A@,X,m,n,t,b

forall § € Lor,m,, ) (Xmn,t,p). Since pa x m n.t.p is supported in X, ¢ p, it follows
that (e x mn.tp, when viewed as a Z-MRF, is a Gibbs state for the interaction
(bm,n,t,b on Xm,n,t,b-

Let Ao x,m,n,tb be the square matrix indexed by C, .+, and defined by

e_q>7n,n,t,b(cvd) if (c’ d) e g’m,n,t,b

0 otherwise.

(18) (A<1>,X,m,n,t,b)c,d - {

We will frequently suppress the dependence of A on ®, X, m,n,t, b when it causes
no confusion.

By Corollary 6.2, we may assume (by deleting elements of Cy, 1 which do not
actually appear in X, ,.p) that A is a primitive matrix. Let A(A) represent the
Perron (i.e., largest) eigenvalue of A. By Perron-Frobenius Theory, there are unique
(up to scalar multiples) right and left (positive) eigenvectors u = ue, x,m n,t,p and
U = U, X, m,n,t,p cOrresponding to A(A4).
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Let IT = Ilg x,mntb (again, dependence will frequently be suppressed) be the
(primitive) probability transition matrix indexed by C,, ¢ defined by
Ac’dv(d)
A(A)v(c)
Proposition 6.3. Let ® be a translation-invariant n.n. interaction on a strongly
irreducible n.n. Z2-SFT X. Let t and b be globally admissible constant rows and
assume that n — m exceeds the filling distance of X. Assume that q(Ae x) <
1. Then the induced Gibbs state po x,mmntp for ® and X is a one-dimensional
translation-invariant mixing 1st-order Markov chain with probability transition ma-
triz e x mn,t,b-

(19) eq =

Proof. This is a special case of a much more general result [Ge] (Theorem 10.25).
However, the proof in our case is much simpler, as follows.

Write p = Ko X mmn,tb, U = UDd X mn,tby V= UVd X mmn,tb and \ = )\(Aé,X,m,n,t,b)~
We assume that v and v are normalized so that v -v = 1. Fix any k£ > 0.

Since p is a Gibbs state for the interaction 6m’n,t7b on X, pn,tb, fOr any positive
integers k,¢ and any z_p,...,2_1,%0 € Comn.t.b,

plzolz—q,...,2_ Z,u Xplr_1,. .., x_p)p(TolTe, x-1,. .., T_k)

:Z:u(mdx—la"'ax—k) Z H($Oamla"'7xé—1|xf7x—17'"7m—k)
Ze

T1yeesTp—1

= Z,u(a:ﬂx_l, ceTg) Z w(zo, 1, ..., xe—1|Te, 1)
Ty

L1,.--,Tp—1

ST S

Ty 1yeey@l—1 THTY 5

= Y e xfk>—AW°(A[’W
TG,

Aa: 1woA:Eow1 o 'Aweﬂwz

/A VAR -A ’
STy Ay 1% oy Tp1Te

Since A is primitive, by [LM] (Theorem 4.5.12) we have that limy (A:# =

vetg. Thus, given € > 0, for sufficiently large ¢, u(xg|lx_1,...,2_k) is within € of
ZM([L‘ |[L’ T )Aw,lwovwouwg ACE715E0UQJU
Z 717 MR | 7k: =
Vg Ug, A Up_ A

Az _jagVzq
Va_q A
invariant mixing 1st-order Markov chain.

Thus, p(xolr—1,...,2_k) = =11, , 4. In particular, p is a translation-

O

7. PRESSURE AND EQUILIBRIUM STATES

We now turn to our main application of Theorem 3.22: the approximation of
certain topological pressures on strongly irreducible n.n. Z2-SFTs.

We recall that for any n.n. Z?-SFT X and f € C( ), an equilibrium state is a
translation-invariant measure p on X for which h(p) + [ f dp is maximized, and
that this maximum P(f) is called the topological pressure of f on X. Our main
tool is Theorem 4.2 from [Rue], which proves that any equilibrium state is a Gibbs
state.
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Let X be a strongly irreducible n.n. Z2-SFT X and ® be a translation-invariant
nn. interaction such that g(Ag x) < p.. Define & as in (12). Let fp : X — R
be defined by fe(z) = —®(z|a). In this case, Theorem 4.2 from [Rue] shows that
any equilibrium state for fg is a Gibbs state for P. (In fact, this is the reason
for defining ®: technically Theorem 4.2 from [Rue] applies only to interactions
supported on configurations on a single shape.) According to our Proposition 4.1,
any equilibrium state for fg is a Gibbs state for ® as well.

Since X is strongly irreducible, there exist ¢, b globally admissible periodic rows
in X. We for now assume that ¢,b are constant, and deal with the general periodic
case later. For any n which exceeds the filling distance of X, let A\, = A(Aa x,1.n,t,0)-

Theorem 7.1. Let X be a strongly irreducible n.n. Z2-SFT and ® be a translation-
invariant n.n. interaction on X such that ¢(Ae x) < pe. Let t and b be globally
admissible constant rows. Then there exist constants Q, R > 0 such that for suffi-
ciently large n,

[log Any1 —log A, — P(fa)] < Qe Fn,

Proof. Let p be an equilibrium state for fg, i.e., P(fo) = h(n) + [ fodu. By the
discussion above, i is a Gibbs state for ® on X and, by Theorem 3.9, is the unique
Z2-MRF associated to the Z2-specification A = As x.

Recalling the definition of the interaction 51%“, ((15)), we see that 51%“7
defines a function on the Z-SFT Xj .5 by: 2 — ®1,.45(20,21). With a slight
abuse of notation, we let 517,17,5,17 denote this function.

Combining Proposition 6.3 with the well-known characterization of unique equi-
librium states of locally constant functions as Markov chains (see [Kr, p. 99], [Bl]),
we see that for any n larger than the filling distance of X, o x 1 ¢, is the unique
equilibrium state for @1, ;5 on the Z-SFT Xj .5, and log\, = P(®1 1) =
hpo, X 1,n,6.0) + [ @1t bdid, x,1,0,8,b-

By Theorem 3.21 and Proposition 5.4, there exist constants @, R such that for
sufficiently large n,

Ih(pa,x.1n41,6.0) — h(pao,x1n.6) — ()] < Qe ™.

It remains to show that [ ®1,4145 dpa x 1,041,606 — [ Pintp dite, x 10,0 COD-
verges exponentially fast to f fo du. From the definition of 61,n,t,b> it follows that
J ®tnt1,60dpa,x 1,041,60 — | P1n,tpd1a, X 1,066 can be decomposed into a sum of
the form

(20) Z (/ F(2)dpe x 1,041, _/F(x)dﬂ<1>7X,17n,t,b>
+ Z (/F(J(O,l)x/))dﬂ¢,X,1,n+1,t,b - /F(xl)dﬂé,XJ,n,t,b)

+ /(ﬁb 0 0(0,—n/2]))A®, X, 1,n+1,t,b>

where each x in the first sum is a configuration with shape a vertex or edge contained
in {0,1}x[1, [n/2]], each 2’ in the second sum is a configuration with shape a vertex
or edge contained in {0, 1} x [[n/2],n], and F'(z) represents any one of the functions

O(x), D (:0 ,or ® t; , as appropriate. (Clearly, in the latter two cases,  must be

a configuration on a single site contained in the bottom or top row respectively.)
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Since distribution distance is dominated by d distance, by Theorem 3.16 there
exist K,L > 0 such that for any configuration x with shape a vertex or edge
contained in {0,1} x [1, |[n/2]],

(21) o, x 1m0 1.06(T) — o x 1 mp(@)| < Ke /2,

Similarly, for any configuration 2 with shape a vertex or edge contained in {0, 1} x

[[n/2], 7],
(22) |40, X 1n41,.6(0(0,1)%) = o, X,1,m,1(w)] < Ke™H/2,

By (21) and (22), if we take Q' = K max, |®(z)|, then each of the first two sums
in (20) is less than 5nQ’e~1"/2.

The third term of (20) converges to [ fedp by Proposition 3.15, and is exponen-
tially Cauchy by (21) and (22). Therefore, there exists Q" such that for sufficiently
large n,

‘/ (fa 000, n/2)))dpie, X 1 nt1,86 — / fcpdu‘ <Q"e /2,

Therefore, (20) is exponentially close to [ fodp.
O

We now consider the general case where ¢t and b are globally admissible periodic
(but not necessarily constant) rows with common period p and generalize Theo-
rem 7.1 to this case. Since such ¢ and b always exist, this will yield a way to
efficiently approximate P(fg) for any translation-invariant n.n. interaction ® on a
strongly irreducible n.n. Z*-SFT X for which ¢(Ae x) < pe.

Let Xl denote X10P—11>x{0} " the ([0,p — 1] x {0})-higher power code of X,
which is a n.n. Z2-SFT over the alphabet APl := Lio,p—1]x{0} (X). Define a new
translation-invariant n.n. interaction ®?) on X! as follows:

e On vertices: ®P([zg..., 2, 1]) = 30— ®(z;)

e On horizontal edges: ®P([zg..., 2, 1][yo .- Yp-1]) = ®(zoz1) + ... +
P (zp-1y0)

e On vertical edges: ®) ([[m(’""zp_l]) = (22) +...+® (Z’:)

Yo+ sYp—1]
Let ¢!}, blP! be the constant rows (t[jg ,—1])%, (bljo,p—17)* € (AP))Z. Then ¢, blP! are
globally admissible in X!,

If ¢(Agpinl xtm1) < pe, we can simply apply Theorem 7.1 to achieve exponentially
converging approximations to P(fgw1), and it is fairly easy to see that P(fgm) =
pP(fs), so we would be done. However, by examining the definitions, we see that
it could be the case that q(Agw xw) > ¢(As x), and so we must take a more
circuitous route. L

As earlier, we can define @l i) i on (XP), 0 4 and the corresponding
matrix Agipl el m o elel pie) - For fixed X, @,¢,b, p and any n greater than the filling

distance of XPI, we make the notation AL{’] = Aglel, x0) 1,0 tle) pip) a0 )\Lf] =

)\(A%’ ]), the largest eigenvalue of AP,

Theorem 7.2. Let X be a strongly irreducible n.n. Z*-SFT and ® a translation-
invariant n.n. interaction on X. Let t and b be globally admissible periodic rows,



APPROXIMATING ENTROPY AND PRESSURE FOR Z2 MRFS AND SFTS 27

with common period p. Assume that ¢(Ae,x) < p.. Then there exist constants
Q, R > 0 such that for sufficiently large n,

(1/p) (log AL, —log AP)) — P(fs)] < Qe P,

Proof. Define AlPl = Agin xw- We will now verify that q(Al?)) < 1. Any bound-
ary configurations 6, §'lPl € LN g0 (X [Pl) correspond to configurations 6,8 €
L ((0,p—1]x{0})(X). By Proposition 5.3 (which we may use because ¢(Aq, x) < pe <
1), any such §,¢" have a common globally admissible filling in X, which implies
that 6!, §[P have a common globally admissible filling in X!, which has positive
(AU"])‘SM7 (A[p])‘y[p] -values since APl is a Gibbs specification.

Therefore, by Proposition 3.14, for large enough n, there is a unique induced
Gibbs state Kl X 1 p,tlp) ble) for X"l and ol By again using Proposition 6.3
and ([Kr, p. 99], [Bl]), pewl xiwl 1m0 pie is the unique equilibrium state for

DLy i1 yim on (X)) i e and

(23) log /\Lf] = P((I)[p]l,n,t[p],b[l’]) = Mol x10) 1,140 ple] )
+/(I)[p]Ln,t[p],b[p]dﬂ'q)[p],X[p],l}n’t[p],b[p]-

We now must show that the differences of the right-hand sides of (23) for n and
n+1 in fact converge exponentially fast to pP(f), which is done in much the same
way as in the proof of Theorem 7.1. We again take an equilibrium state p for fs
and X, which is a Gibbs state for ® on X and is the unique Z2-MRF associated
to the Z2-specification Ag x. Since ¢(Ag x) < 1, we may define the unique MRF
e, X1t associated to Ap x 1,n.t,5-

We claim that pge xinl 1m0 plrl = (M@,X,l,n7t,b)[p]~ This follows from Propo-
sition 3.14 and the fact that q(A[”]) < 1 once one verifies that (/l<1>,X,1,n,t,b)[p] is
associated to (A[p])lm_’t[p]’b[p] = Aol X190 1,n, 40 plr)- This is straightforward (but a
bit tedious), and we leave the details to the reader. Thus, (23) becomes

log APV = A((pa,x 1,m,6.0) 7)) + /ml,n,t[pl,b[md((u¢,x,1,n,t,b)[p})-

By Theorem 3.22, h((ugxylmﬂjtb)[p]) - h((u¢,x,1,n,t,b)[p]) converges exponentially
to ph(w). Arguing the same way as in the proof of Theorem 7.1, we see that

/ml,rwrl,t[m,b[p]d((U<I>7X,17n+1,t7b)[p]) _/ml,n,thﬂ],b[?]d((ﬂ@,XJ,mt,b)[p])

converges exponentially to [ femdu = [ Zf;&(f@oa(i’o))du =p [ fedp, where the
latter equality comes from translation-invariance of p.

Thus, (1/p)(log )\[ﬂ_l —log )\%7]) converges exponentially to P(fs), as desired.
(I

We will make a brief aside here to consider the utility of this theorem. For a
n.n. Z2-SFT X and translation-invariant n.n. interaction ® with associated Gibbs
specification Ag x, recall that A%’ y is defined by a formula involving X and ¢ for
every 6 € Ly, (X), and then for any other §' € ANw.o) | Ag,X is just defined
to match one of the existing A%’X (see the definition of A%’X in Section 4). This
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means that ¢(Ag x) is, in reality, a minimum variational distance between Aﬁ; x
and A‘;  for globally admissible §, " only.

It is well known ([Be]) that checking whether or not a given configuration is
globally admissible in a n.n. Z2-SFT can be undecidable, and so certainly algorith-
mically impossible. However, it is shown in Corollary 3.5 of [HM] that for a strongly
irreducible n.n. Z2-SFT, global admissibility of a configuration is algorithmically
checkable.

In practice however, this checking process can be very time-consuming, and so
it is often easier to consider a “simpler” version of q(Ag x). Assume that @ is
defined on all of AUE&; U&,. Say that a configuration 6 € AN©.0 is fillable if there
exists x € A0} guch that 26 is locally admissible. For fillable §, the formula
(11) makes sense and we can define

G(Ap,x) = maxd(A} y, A )

where the max is taken over only fillable configurations 6,8’ € AM©.0. Then
q(As.x) < (Mg, x), and so if ¢(Ae x) < pe, ¢(Aa x) < pe as well. Since com-
puting ¢(Ae x) only requires finding the set of locally admissible configurations in
X with shape {(0,0)} U N o), it is a far easier quantity to find.

8. COMPUTABILITY

We now address the issue of how efficiently our methods can be used to ap-
proximate P(fg) for a function fg induced by a n.n. interaction ® on a strongly
irreducible n.n. SFT X.

We define a € R to be a computable number if there exists a Turing machine T

which, on input n, outputs a number Z—" € Q such that ‘04 — &’ < 27" For any

qn
sequence of positive integers {r,}, we say that « is {r, }-computable if there exists

such a Turing machine 7" which computes % in less than r,, steps for all sufficiently
large n. (For more information on computability theory, see [Ko].)

We say that ® is {r, }-computable if each value ®(w) in the range of ® is {r,}-
computable.

Theorem 8.1. For any {r, }-computable n.n. ® and strongly irreducible n.n. Z>-

SET X for which q(Ae x) < pe, there exist constants B, C, and J such that P(fs)
is {J" + Breny f-computable.

Proof. We will not include every detail of the argument, but just describe the algo-
rithm for approximating P(fs) and summarize the most computationally intensive
steps. For a similar argument with more details included, see [P].

Some preprocessing must be done before any approximations. Firstly, a globally
admissible periodic row ¢ for X must be found; a careful reading of the proof in
[War| shows that this can be done algorithmically. Denote by p the period of t. Also,
we invest a finite number of steps to find explicit integers L and U which bound
all ®(w) from below and above respectively. This finite amount of computation
is negligible compared to the computation times in the theorem, and so it can be
absorbed in the constant J.

Then, by Theorem 7.2, there exists R > 0 such that for sufficiently large n,

|1/p (108 A(Agin X151 1,041,400 0101) — 10Z A(Agion X151 10,4100 0101)) — P(fa)] < 0.2¢7 1",
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To approximate P(fs) to within 27", it then clearly suffices to approximate
)\(A(I)[p]7x[p]’17k7t[p]7t[p]) and A(A(b[p]7X[p]’17k+17t[p]’t[p]) to Within 04 . 277}, Where k} =
n[l‘)}gf] It obviously suffices to describe the procedure for AM(Agie xie 1 g tlel 4101)-

We from now on refer to Agw) xie1 1 k4101 ¢l SIMply as A for ease of reading.

The entries of A, indexed by legal columns ¢ and d, are all of the form e~ 2 e(w),
where the sum is always over a set of at most 4kp configurations w on single
sites or pairs of adjacent sites; these are easily computed in polynomial (negligi-
ble) time in k, given ¢, ¢, and d. Therefore, the smallest nonzero entry of A is at
least e=**PU and the largest entry is at most e~ **PL. We now wish to approxi-
mate each entry of A to within a tolerance of 0.2|A|~*Pe=4kPUe8rPLo=n  We first
approximate each individual ®(w) to within m|A|*kpe*4kpU68ka2’”. Since k
is linear in n, this expression is only exponentially small in n. Since each ®(w)
is {r,}-computable, there exists C' so that such an approximation can be found
for each ®(w) in fewer than r¢,, steps for sufficiently large n, and so a collec-
tion of such approximations for all ®(w) can be found in fewer than Brg,, steps,
where B is the constant number of configurations w for which ®(w) # 0. For
each entry A.q = e~ 2 %) of A we then have an approximation to — > ®(w)
within a tolerance of 0.1|A4|*Pe=4kPUe8kPL2—n "wwhich yields an approximation to
Apq = e~ X% to within a tolerance of 0.2|.A| ~*Pe~4kPUetkPL2=7 for large enough
n since A¢ q < e~ 4kpL

We then have a matrix A in which each entry is within 0.2| A|~kre—4kpU gdkpLo—n
of the corresponding entry of A. Since this matrix has only exponentially many
entries (the size of A = Aglp) x1p) 1 g tle) ¢l 18 at most the size of the alphabet of

X [p]

1,k,tlp] ¢l
surilfnirfg previously recorded approximations to ®(w) and exponentiating, there
exists F so that A can be computed in fewer than F™ 4 Brg, steps for sufficiently
large n.

Then (1 — 0.2|A| *Pe*krla—m)A < A < (1 4 0.2|A]"FPe**PLo=m) A and by
monotonicity of the Perron eigenvalue, (1 — 0.2 A|7*Pe#*PLa—n)\(A) < A(A) <
(1 4 0.2|A|~kPetkrLo—m) \(A). Since clearly A\(A) is bounded from above by the
maximum row sum of A, which itself is less than |A|*Pe=#*PL this means that
IA(A) — A(A)] <0.2-27,

All that remains is to approximate A(A) to within a tolerance of 0.2- 2™, Since

which is at most |A|*P), and since each approximation only involves

A and A have the same nonzero entries, and since A is primitive, there exists
N = N(k) such that AN has all positive entries. We assume that N is the smallest
such integer, which is called the index of primitivity of A. It is well-known ([HorJ],
Corollary 8.5.9) that the index of primitivity is at most quadratic in the size of
the matrix, so there exists G independent of n so that N < G*. Let € denote the
smallest entry of AN. Then € > (e ®*?Y)N_ (We changed 4kpU to 5kpU to account
for the fact that the smallest entry of A could be slightly smaller than the smallest
entry of A.)
The reader can verify that for any M and k,

(e Z(EM)c’d)k < S (AR < (Z(ZM+N)C’d)k.



30 BRIAN MARCUS AND RONNIE PAVLOV

By taking logs, dividing by k(M + N), and letting & — oo, we see that

M . AMA+N
log e +_1og§Z(A- Jed _ A@4)<:1og§:(A Jed
M+ N M+ N M+ N

1 A'M c
%7 then for every M > N,

~ ~  NXA) loge

AMA) < fu < A(A4) + o o
For fys to approximate A(Z) to within 0.2 - 27", it is therefore sufficient to take
M > 5-2"(NA(A) — loge), which is less than H™ for some constant H and large
enough n. The calculation of fy~ entails taking an exponentially large power of an
exponentially large matrix, which can be done in exponentially many computations.
Therefore, there exists I so that A(A) can be approximated to within 0.2 - 27" in

fewer than I™ computations.

By collecting all of these facts and taking J = max(I, F) + 1, we see that for
sufficiently large n, we may approximate P(fs) to within 27" by performing fewer

than J" 4+ Breg, steps for some uniform constants B, C', and J.

If we denote fyr =

O

9. EXAMPLES

We now give some applications of the results from Sections 7 and 8 to specific
Gibbs states and pressures, beginning with the hard-core and Ising antiferromag-
netic models presented earlier. We note that these models have strongly irreducible
underlying SFTs (the hard square shift and full shift on +1 respectively), and so
checking whether our results apply to them boils down to checking which parameter
values give ¢(As, x) < pe.

1. Hard-core model: we wish to know which activity levels a give ¢(As x) < pe.
By the definition of ®, it is easy to check that for § = 0Vw©.0),

L ifb=0
A (b) =4 T
(= 1120

which we abbreviate by A%,H = (H%’ lj%a) For any other §' € {0,1}Nw.o), A‘;H =

(1,0), i.e. it is concentrated entirely on the 0 symbol. (This is because if §" # 0N©.0)
the only locally admissible way to fill § in H is with a 0.) Therefore,

1 a a
q(A{Z',H) _d(<1_|_a71_|_a> 7(170)> - 1+a7

which is less than p, iff a < %. We note that this computation was already done
in [vdBM].

2. Ising antiferromagnet: again, we wish to know which parameters h, 3 give
g(Ap x) < pe. Again, it is reasonably straightfoward to check that for any 6 €
{£1}N0.0 with Y §(v) =n,

eXP(=B(h—n)) e
exXp(B(h—n))+exp(—B(h—n)) ifb=—1

’UGN((LO)

Ag x(b) =
eXp(B(h—n)) .
exXp(h—n)+exXp(—pB(h—n)) ifb=1.
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It is then fairly easy to see that

q(Ao,x) = (i((A<I>7X)(1N(°'(’))7 (A(I)’X)(lem,O)))
exp(B(h —4)) B exp(B(h +4))
exp(B(h — 1)) + exp(—Blh— 1) exp(B(h+ 1)) + exp(—A(h 1))

It was shown in [vdBM] that ¢(As x) < p. as long as 26(4 — |h|) < log (%),
though this condition is certainly not necessary.

In both models, the results of [vdBM] imply that there is a unique Gibbs measure
u for the described parameters. Theorem 7.2 implies that in addition, the pressure
P(fs) is exponentially well approximable by

1/p (log M(Agi) x10) 1.ms1.400) pi0)) — 108 M Agi) x10] 11,110 pir)))
for any boundary conditions ¢, b periodic with period p. (Of course, for these two
models, there exist globally admissible constant rows, and so we could take p = 1.)
By Theorem 8.1, a bound on the computability of these pressures can also be given
in terms of the computability of the relevant parameter values.

We conclude by giving applications to topological entropy, in the same spirit as
[P].

Definition 9.1. Let X be a n.n. Z>-SFT. Define the specification A = Ag x by:

sy. )0 if  né ¢ LX)
AO”_{ﬁﬁ if nd e L(X)

when § € L(X) (here N(0) is just the normalization factor |{n € A5 : né €
L(X)}), and by A% = A% when &' ¢ L(X), where 8y is any fired globally admissible
boundary with the same shape as §'.

Note that since a measure of maximal entropy is clearly an equilibrium state for
the function f = fy = 0, any measure of maximal entropy is a Z2-MRF associated
to the specification Ag x.

We now exhibit two classes of strongly irreducible n.n. Z2-SFTs for which q(A) <
p. for this specification, implying that the topological entropy (topological pressure
for f = fo = 0) is exponentially well approximable via strips, and therefore {J™}-
computable for some J. For the first, we need a definition.

Definition 9.2. In a n.n. Z%-SFT X with alphabet A, a € A is a safe symbol if
forallb e A, (a,b),(bya) € & for1 <i<d. In other words, a is a safe symbol if
it may legally appear next to any letter of the alphabet in any direction.

Proposition 9.3. Any n.n. Z2-SFT with alphabet A containing a subset A’ of
safe symbols for which % > 1 — p. has a unique measure of mazximal entropy
which is an MRF associated to a translation-invariant Z2-specification A satisfying

q(A) < pe. The topological entropy of any such SFT is {J™}-computable for some
J.

Proof. Consider any such Z2-SFT X and any p a measure of maximal entropy on
X with Z2-specification A. Clearly, since X contains a safe symbol, any § € AN©.0)
is in £(X) and X is strongly irreducible. For any § € ANw©.  the probability
distribution A’ is uniform over some subset of A, call it Ss, which contains A’.
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Clearly, |Ss| = N(8). Choose any 8,0 € AVN©.0 and assume w.l.o.g. that N(§) >
N(0"). Then,

d(A°, A% ZW (e)| <
eE.A
Al 1 1 N(S) —|A'] | N(¢) - |A
T(N(&)‘J\f(a))Jr aING) | 2N(d)
_ |A'| |A'|
TN ST <P

Therefore, ¢(A) < p¢, implying by Theorem 3.9 that 1 was unique. The fact that
h(X) = P(fo) implies that h(X) is {J"} computable for some J by Theorem 8.1.
([l

We note that since p. > .556 > .5 by [vdBE], clearly the Z? hard square shift H
satisfies the conditions of Proposition 9.3.

We recall that the {J"}-computability of the topological entropy of such SFTs
followed from the exponentially good approximations given by differences of topo-
logical entropies of constrained strips, i.e. strips with boundary conditions ¢, b. For
SFTs with at least one safe symbol a (such as those to which Proposition 9.3 ap-
plies), one can take t, b = a” and then the topological entropies of the approximating

“constrained” strips are equal to those of unconstrained strips as were treated in
[P].

Proposition 9.4. Let X be a n.n. Z>-SFT with alphabet A with the property that
for all a € A, and for any direction, the set of legal neighbors of a in that direction
has cardinality greater than (1 — g25~)[Al. Then X has a unique measure of

mazimal entropy u which is an MRF associated to a Z2-specification A satisfying
q(A) < pe. The topological entropy of any such SFT is {J™}-computable for some
J.

Proof. Consider any such n.n. Z2-SFT X and any p a measure of maximal entropy
on X with Z2-specification A. Since 1 — ﬁ > %, at any site v, the presence of a
symbol at an adjacent site rules out fewer than (1/4)|A| of the symbols at v; thus,
any 6 € AN©.0) can be extended to a locally admissible configuration with shape
No,0) U{0}. It follows that, any locally admissible configuration 2 on a subset S
of Z? can be extended to a locally admissible configuration on S U {v} for any site
v & S. Therefore, any locally admissible configuration is globally admissible. This
implies both that any § € AN©.0 is in £(X) and that X is strongly irreducible
(with filling distance 1). Therefore, for any § € ANw©.0) | the probability distribution
A% is uniform over some nonempty subset of A, call it S;. Clearly |S5| = N(6).
Define v := 745=. Then it is clear that [Ss| > (1 — a)|A[ for any § € A. Choose

any 4,0 € AN©.0 and assume w.l.o.g. that N(§) > N(d"). Define m := |S5 N Sy/|
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and note that m > N(0) — a|A|. Then,

d(A2,A%) = ;;M‘S(e) — A% ()]
my 1 1 N(@)—m N(@')—m _ m
S?(N(CS/) _N(5)>+ oNG) T aN@) L NO)
<1_N((5)—0z\A|:a\A|< @ _y
N(5) NO) “1-a "¢

Therefore, ¢(A) < p., implying by Theorem 3.9 that p was unique. The fact
that h(X) = P(fo) again implies that h(X) is {J"}-computable for some J by
Theorem 8.1.

O

By [VABE], 7555 > 16557 > 6+ 1t follows that the usual k-checkerboard Z2-

SFT, with alphabet {1,...,%k} and forbidden list consisting of all pairs of adjacent
identical letters, satisfies the conditions of Proposition 9.4 when k£ > 12. (It may
also satisfy these conditions for smaller k depending on the exact value of p..)
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