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LECTURE 1

Background

Dynamical systems studies mathematical structures X = (X, α) of
the following shape:

• a set X with a distinguished subgroup Aut(X) of the group of
bijections X → X;

• a group Γ and a homomorphism α : Γ → Aut(X).

This defines an action of the group Γ by distinguished bijections of the
space X. The pair (X, Aut(X)) usually comprises one of the following
special cases:

• a probability space and the group of invertible measure-preserving
transformations (ergodic theory);

• a compact metric or topological space and the group of home-
omorphisms (topological dynamics);

• a compact metrizable group and the group of continuous auto-
morphisms (algebraic dynamics);

• a homogeneous space of cosets L\G where L is a lattice in a
connected Lie group G and the natural action by translation
of a subgroup A 6 G (ergodic theory of locally homogeneous
spaces).

Two Γ-actions (X, α) and (Y, β) are (semi-)conjugate if there is a (semi-
)conjugacy θ : X → Y that intertwines the actions: θ ◦α(γ) = β(γ) ◦ θ
for all γ ∈ Γ. The system Y is called a factor of X if θ is measure-
preserving and onto; X and Y are called measurably (or topologically)
isomorphic if θ is an invertible measure-preserving map (or a homeo-
morphism).

Many natural questions about dynamical systems – in particular
any attempts to classify them up to conjugacy – have proved to be very
difficult. In addition, many powerful applications flow from specific ex-
amples. For both of these reasons, examples (and classes of examples)
are particularly important in the study of dynamical systems.

In these lectures the theory of algebraic dynamical systems with Γ =
Zd will be introduced. The primary source for much of the specialized
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material is Schmidt’s monograph [69]; for general background in er-
godic theory consult Walters [80] or the draft text of Einsiedler and
Ward [19].

1.1. Locally compact groups

Definition 1.1. A topological group is a group G that carries a
topology with respect to which the maps (g, h) 7→ gh and g 7→ g−1 are
continuous as maps G × G → G and G → G respectively.

The topological groups we need usually have a natural metric that
defines the topology.

The topological and algebraic structure on a topological group in-
teract in many ways. For example, in any topological group G:

• the connected component of the identity is a closed normal
subgroups;

• the inverse map g 7→ g−1 is a homeomorphism;
• for any h ∈ G the left multiplication map g 7→ hg and the right

multiplication map g 7→ gh are homeomorphisms;
• if H is a subgroup of G then the closure of H is also a subgroup;
• if H is a normal subgroup of G, then the closure of H is also a

normal subgroup.

A topological group is monothetic if it is Hausdorff and has a dense
cyclic subgroup; a monothetic group is automotically abelian since it
has a dense abelian subgroup. Any generator of a dense subgroup is
called a topological generator.

A subgroup of a topological group is itself a topological group in the
subspace topology. If H is a subgroup of a topological group G then
the set of left or right cosets G/H or H\G is a topological space in
the quotient topology (the smallest topology which makes the natural
projection g 7→ Hg or gH continuous). The quotient map is always
open. If H is a normal subgroup of G, then the quotient group becomes
a topological group. However, if H is not closed in G, then the quo-
tient group will not be Hausdorff even if G is. It is therefore natural to
restrict attention to the category of Hausdorff topological groups, con-
tinuous homomorphisms between them, and closed subgroups, which
is closed under many natural group-theoretic operations.

1.1.1. Haar measure. Locally compact topological groups (that is,
topological groups in which every point has a neighborhood containing
a compact neighborhood) produces a class of particular importance in
ergodic theory for the following reason.

Theorem 1.2. [Haar] Let G be a locally compact group.
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(1) There is a measure mG defined on the Borel subsets of G that
is invariant under left translation and is finite on compact sets.

(2) The measure mG is unique in the following sense: if µ is any
measure with the properties of (1) then there is a constant C
with µ(A) = CmG(A) for all Borel sets A.

(3) mG(G) < ∞ if and only if G is compact.

The measure mG is called (a) left Haar measure on G; if G is
compact it is usually normalized to have mG(G) = 1. There is a similar
right Haar measure. A group in which the left and right Haar measures
coincide is called unimodular : examples include all abelian groups,
all compact groups, and semi-simple Lie groups. There are several
different proofs of the existence of Haar measure. Haar’s original proof
appears in his paper [29]; more accessible treatments may be found in
the books of Weil [84] or Hewitt and Ross [31]. The lecture notes of
von Neumann from 1940-41, when he developed much of the theory
from a new perspective, have been made available by the American
Mathematical Society [78]. For compact groups, it may be shown
using fixed-point theorems from functional analysis.

Haar measure produces an important class of examples for ergodic
theory: if φ : G → G is a surjective homomorphism and G is compact,
then φ preserves that Haar measure on G. This observation is due
to Halmos [30], who determined when Haar measure is ergodic, and
accounts for the special role of compact group automorphisms as dis-
tinguished examples of measure-preserving transformations in ergodic
theory.

1.2. Pontryagin Duality

Specializing yet further brings us to the class of locally compact
abelian groups (LCA groups). Classical Fourier analysis for L2 func-
tions extends to these groups (this is called Pontryagin duality or
Pontryagin–von Kampen duality; the original sources are the book of
Pontryagin [63] and the papers of van Kampen [77]. More accessible
treatments may be found in Weil [84] or Hewitt and Ross [31].

A character on a LCA group G is a continuous homomorphism

χ : G → S1 = {z ∈ C : |z| = 1}.
The set of all continuous characters on G forms a group under pointwise

multiplication, denoted Ĝ (this means the operation on Ĝ is defined
by (χ1 + χ2)(g) = χ1(g)χ2(g) and the trivial character χ(g) = 1 is the

identity). The image of g ∈ G under χ ∈ Ĝ will also be written 〈g, χ〉 to

emphasize that this is a pairing between G and Ĝ. For compact K ⊆ G
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and ε > 0 the sets

N(K, ε) = {χ : |χ(g) − 1| < ε for g ∈ K}
and their translates form a basis for a topology on Ĝ, the topology

of uniform convergence on compact sets. A subset E ⊆ Ĝ is said to
separate points if for g 6= h in G there is some χ ∈ E with χ(g) 6= χ(h).

Theorem 1.3. In the topology described above, the character group
of a LCA group is itself a LCA group. A subset of the character group
that separates points is dense.

For f ∈ L1(G) (the Lp spaces are defined as usual using integration
with respect to a Haar measure) the Fourier transform of f is the

function f̂ on Ĝ defined by

f̂(χ) =

∫

G

f(g)〈−g, χ〉 dmG.

Some of the basic properties of the Fourier transform are as follows.

• For fixed χ ∈ Ĝ the map f 7→ f̂(χ) is a complex homomorphism
of L1(G), not identically zero. Conversely, every non-zero com-
plex homomorphism from L1(G) arises in this way, and distinct
characters give distinct homomorphisms.

• The image of the map f 7→ f̂ is a separating self-adjoint alge-

bra in C0(Ĝ) (the continuous complex functions vanishing at

infinity) and hence is dense in C0(Ĝ) in the uniform metric.

• The Fourier transform of the convolution f∗g is the product f̂ ·ĝ.

• The Fourier transform satisfies ‖f̂‖∞ 6 ‖f‖1 and so is contin-
uous.

Lemma 1.4. If G is discrete, then Ĝ is compact, and if G is compact

then Ĝ is discrete.

One proof of the second part of this lemma illustrates how Fourier
analysis may be used to study these groups. Assume that G is compact,
so that the constant function 1 is in L1(G). The Fourier transform of
any L1 function is continuous on the dual group, and the orthogonality

relations (see below) mean that f̂(χ) = 1 if χ is the trivial character χ0,

and f̂(χ) = 0 if not. It follows that {χ0} is an open subset of Ĝ, so Ĝ
is discrete.

Assume that G is compact and let χ 6= η be characters on G. Then
we may find h ∈ G with (χη−1)(h) 6= 1. On the other hand,
∫

G

(χη−1)(g) dmG =

∫

G

(χη−1)(g+h) dmG = (χη−1)(h)

∫
(χη−1)(g) dmG,
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so
∫

G
(χη−1)(g) dmG = 0 and the characters χ and η are orthogonal

with respect to the inner-product

(χ, η) =

∫

G

(χη−1)(g) dmG

on Ĝ. Thus distinct characters are orthogonal as elements of L2
m(G).

The Fourier transform is defined on L1(G)∩L2(G) and maps into a

dense linear subspace of L2(Ĝ) as an L2 isometry. It therefore extends

uniquely to an isometry L2(G) → L2(Ĝ), known as the Plancherel

transform and also denoted f 7→ f̂ . Note that this map is surjective.

Theorem 1.5. [Inversion Theorem] Haar measure on the LCA

group Ĝ may be normalized to make

f(g) =

∫

bG

f̂(χ)〈g, χ〉 dm
bG for a.e. g ∈ G and f ∈ L2(G). (1)

The case in which we will usually use Theorem 1.5 is for a compact
metric abelian group G. In this case the Haar measure is normalized to

make m(G) = 1, and the measure on the discrete countable group Ĝ is
simply counting measure, so that the right-hand side of (1) is a series.

In particular, for the case G = T = R/Z we find Ĝ = {χk : k ∈ Z}
where χk(t) = e2πikt. Theorem 1.5 then says that for any f ∈ L2(T) we
have the Fourier expansion

f(t) =
∑

k∈Z

f̂(χk)e
2πikt

for almost every t. For compact G, the set of characters of G forms an
orthonormal subset of L2

m, and the set A of finite linear combinations
of the form

p(g) =

n∑

i=1

ciχi with ci ∈ C

is a subalgebra of CC(X) which is closed under conjugation. If we
know in addition that A separates points in G, then by the Stone–
Weierstrass Theorem we have that A is dense in CC(X). Moreover, in
that case A is also dense in L2

m, and so the set of characters forms an
orthonormal basis for L2

m. Checking that A separates points can be
checked explicitly for many given compact abelian groups; in particular
for G = Rd/Zd the characters are of the form

χn(x) = e2πi(n1x1+···+ndxd) (2)

with n ∈ Zd and this explicit presentation may be used to show that
characters separate points on the d-torus.
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The general result needed to establish the analogue of Fourier anal-
ysis on compact abelian groups is the following.

Theorem 1.6. For any compact abelian group G, the set of charac-
ters separates points and therefore forms a complete orthonormal basis
for L2

m(G).

Pontryagin duality directly links the algebraic structure of LCA
groups to their (Fourier-)analytic structure. If G is an LCA group,

then Γ = Ĝ is also an LCA group, which therefore has a character

group Γ̂, which is again LCA. Any g ∈ G defines the character χ 7→ χ(g)
on Γ.

Theorem 1.7. The map α : G → Γ̂ defined by

〈g, χ〉 = 〈χ, α(g)〉
is a continuous isomorphism of LCA groups.

The Pontryagin duality theorem relates to the subgroup structure
of an LCA group as follows. If H ⊆ G is a closed subgroup, then G/H
is also an LCA group. The set

H⊥ = {χ ∈ Ĝ : χ(h) = 1 for all h ∈ H},
the annihilator of H is a closed subgroup of Ĝ. Moreover,

• Ĝ/H ∼= H⊥;

• Ĝ/H⊥ ∼= Ĥ ;
• if H1, H2 are closed subgroups of G then

H⊥
1 + H⊥

2
∼= X̂

where X = G/(H1 ∩ H2);
• H⊥⊥ ∼= H .

The dual of a continuous homomorphism θ : G → H is a homomor-

phism θ̂ : Ĥ → Ĝ defined by θ̂(χ)(g) = χ(θ(g)). If the image of θ is

closed, then θ is injective if and only if θ̂ is surjective.
Pontryagin duality expresses topological properties of a compact

group in algebraic terms. For example, if G is compact then Ĝ is
torsion if and only if G is zero-dimensional (that is, has a basis for

the topology comprising sets that are both closed and open), and Ĝ
is torsion-free if and only if G is connected. Duality also gives a de-
scription of monethetic groups: if G is a compact abelian group with a
countable basis for its topology then G is monothetic if and only if the
dual group Ĝ is isomorphic as an abstract group to a countable sub-
group of S1. If G is monothetic, then any such isomorphism is given



1.2. PONTRYAGIN DUALITY 11

by choosing a topological generator g ∈ G and then sending χ ∈ Ĝ
to χ(g) ∈ S1.
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LECTURE 2

Algebraic dynamical systems

Duality shows that any property of an algebraic dynamical sys-
tem X = (X, α) has an equivalent formulation in terms of properties

of the dual system X̂ = (X̂, α̂). This viewpoint has turned out to be
particularly useful in relation to algebraic Zd-actions, where a sophis-
ticated theory was initiated by work of Kitchens and Schmidt [37].

To start, let’s see how duality characterizes the property of ergod-
icity for surjective homomorphisms.

Theorem 2.1. Let T : X → X be a continuous surjective homo-
morphism of a compact abelian group X. Then T is ergodic with respect
to the Haar measure mX if and only if the identity χ(T nx) = χ(x) for

some n > 0 and character χ ∈ X̂ implies that χ is the trivial character
with χ(x) = 1 for all x ∈ X.

Proof. First assume that there is a non-trivial character χ with

χ(T nx) = χ(x)

for some n > 0, chosen to be minimal with this property. Then the
function

f(x) = χ(x) + χ(Tx) + · · · + χ(T n−1x)

is invariant under T , and is non-constant since it is a sum of non-trivial
distinct characters. It follows that T is not ergodic.

Conversely, assume that no non-trivial character is invariant under
a non-zero power of T , and let f ∈ L2(X) be a function invariant
under T . Then f has a Fourier expansion in L2,

f =
∑

χ∈ bX

cχχ,

with
∑

χ |cχ|2 = ‖f‖2
2 < ∞. Since f is invariant,

cχ = cχ◦T = cχ◦T 2 = · · · ,

so either cχ = 0 or there are integers p > q with χ ◦T p = χ ◦T q, which

means that χ is invariant under T p−q (the map χ 7→ χ◦T from X̂ to X̂
is injective since T is surjective), so χ is trivial by hypothesis. It follows
that the Fourier expansion of f is a constant, so T is ergodic.

13
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Corollary 2.2. For each k ∈ Z, |k| 6= 1, the map x 7→ kx
(mod 1) on the circle T is ergodic with respect to Lebesgue measure.

More generally, Theorem 2.1 may be applied to characterize ergod-
icity for endomorphisms of the torus.

Corollary 2.3. Let A ∈ Matdd(Z) be a matrix with det(A) 6= 0.
Then A induces a surjective endomorphism TA of Td = Rd/Zd which
preserves the Lebesgue measure mTd . The transformation TA is ergodic
if and only if no eigenvalue of A is a root of unity.

2.1. Module structure of the dual group

An algebraic Zd-action is an action of Zd generated by d commuting
automorphisms of a compact abelian metrizable group X. Duality gives
a one–to–one correspondence between countable modules M, N, . . .
over the ring Rd = Z[u±1

1 , . . . , u±1
d ] and algebraic Zd-actions XM =

(XM , αM), XN , . . . . It is convenient to write monomials (units) in Rd

in the form un = un1
1 · · ·und

d . This correspondence is defined once we

say that multiplication by un is the automorphism of M = X̂M dual
to the automorphism αn

M : XM → XM .
This correspondence will be used in two ways.

• As a source of interesting examples: any countable Rd-module M
determines some algebraic dynamical system.

• As a tool to study algebraic dynamical systems: any dynam-
ical property of XM must correspond to some property of the
module M , and (perhaps) the algebraic property of M will be
easier to understand than the dynamical property of XM .

We start by writing down some examples; these have various inter-
esting properties that will emerge later. In order to understand how
the module structure of M defines the system XM , consider first the
simplest case of a cyclic module M = Rd/p for some prime ideal p ⊆ Rd.

Write un for the monomial un1
1 · · ·und

d . Also write e1, . . . , ed for the
usual basis vectors for Zd, so uej = uj. Notice that we may identify a
polynomial f(u) =

∑
n∈Zd cf(n)un with cf(n) ∈ Z and cf (n) = 0 for

all n outside a finite support set S(f) with the (finitely supported) sup-
port vector (cf(n)). This identification is an isomorphism between Rd

and
∑

Zd Z. Since the dual of a direct sum is a direct product and the
dual of Z is T, it follows that

R̂d = XRd
∼=
∏

Zd

T = TZd

.
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Under this description, an element x ∈ TZd
defines a character on Rd

by

〈x, f〉 = e2πi
P

n∈Zd cf (n)xn .

It follows that

XRd/p
∼=

{
x ∈ TZd

: 〈x, f〉 = 1 for all f ∈ p
}

=

{
x ∈ TZd

:
∑

n∈Zd

cf(n)xn = 0 for all f ∈ p

}
, (3)

and under this isomorphism, the action αRd/p is the shift action defined
by

(αm

Rd/px)n = xm+n.

This description will allow simple algebraic dynamical systems to be
described explicitly.

2.1.1. A full shift. Let d = 1 and p = 〈p〉 for some prime p. Then

XR1/p = {x ∈ TZ : pxn = 0 for all n ∈ Z}.
Thus the system XR1/p is simply the two-sided full shift on p symbols.

2.1.2. A quasihyperbolic toral automorphism. 1 Let d = 1
and p = 〈u4

1 + 4u3
1 − 2u2

1 + 4u1 + 1〉. Then

XR1/p = {x ∈ TZ : xn+4+4xn+3−2xn+2+4xn+1+xn = 0 for all n ∈ Z}.
Notice that the projection π : XR1/p → T4 sending x to the four coordi-
nates (x0, x1, x2, x3) is an isomorphism, so XR1/p is simply the 4-torus.
The map α1

R1/p
is the left-shift, so the following diagram commutes:

XR1/p

α1
R1/p−−−→ XR1/pyb

yc

T4 A−−−→ T4

where A denotes multiplication by the matrix



0 1 0 0
0 0 1 0
0 0 0 1
−1 −4 2 −4


 .

1This example raises subtle Diophantine approximation questions; the dynam-
ical properties of these quasihyperbolic toral automorphisms were extensively stud-
ied by Lind [45].
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2.1.3. Ledrappier’s “three dot” example. 2 Let d = 2 and p =
〈2, 1 + u1 + u2〉. Then

XR2/p = {x ∈ TZ2

: 2xn = 0, xn + xn+e1 + xn+e2 = 0 for all n ∈ Z}.

If we label the two solutions to the equation 2x = 0 in T as 0 and 1,
then we see that the system is a subshift of the full two-dimensional
shift {0, 1}Z2

. Many dynamical properties of this system come from
relations between coordinates. Notice that the coordinates in any hor-
izontal line determine a triangle of coordinates above it. However, at
certain distances there is a relationship between fewer coordinates: for
any n > 1,

x2ne2 =
2n∑

j=0

(
2n

j

)
xje1 = x0 + x2ne1 .

Thus the presence of a Frobenius automorphism makes it possible for
higher-order mixing to break down. We shall see later that the absence
of a Frobenius automorphism precludes this behavior.

2.1.4. Connected three-dot. 3 Let d = 2 and p = 〈1 + u1 + u2〉;
the corresponding system has the same triangular relation between
coordinates as in Ledrappier’s example, but the alphabet is now the
whole circle.

2Systems of this shape were introduced by Ledrappier [41] as examples of mix-
ing Zd-actions that are not mixing of all orders. This showed that mixing of different
orders is possible for measure-preserving actions of Zd with d > 1. For d = 1 this
is a well-known open problem raised by Rokhlin [64], and it is possible that mix-
ing implies mixing of all orders for any single measure-preserving transformation.
The way in which higher-order mixing breaks down produces refined invariants for
algebraic Zd-actions used by Kitchens and Schmidt [38]; explicit constructions of
any specified order of mixing appear in a paper of Einsiedler and Ward [20]. An
important connection between mixing properties of such systems and Diophantine
analysis in positive characteristic appears in a paper of Masser [50]. There is a
natural way to construct the maps in this system using completions of function
fields of positive characteristic (see Einsiedler and Lind [16] and Ward [83]).

3This example was of great importance in the entropy theory of Zd-actions.
As a Z2-action, Ledrappier’s example is easily seen to have zero entropy – and the
same is true whatever the size of the alphabet. So it is a little unexpected that
this system turns out to have positive entropy as a Z2-action by a result of Lind,
Schmidt and Ward [47].
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2.1.5. ×2, ×3. 4 Let d = 2 and p = 〈u1 − 2, u2 − 3〉, so that

XR2/p = {x ∈ TZ2

: xn+e1 = 2xn, xn+e2 = 3xn for all n ∈ Z2}.
Notice that xn determines all coordinates xn+m for m1, m2 > 0. This
system is also the invertible extension of the action of the semigroup N2

on T generated by the maps x 7→ 2x (mod 1) and x 7→ 3x (mod 1).

2.1.6. The space helmet. 5 Let d = 3 and p = 〈1 +u1 +u2, u3 − 2〉.
This is a three-dimensional system that in the u1, u2 plane resembles
the connected three-dot system, while in the u1, u3 plane contains a
doubling map.

2.1.7. Genuine partial hyperbolicity. 6 A feature of algebraic dy-
namical systems with d > 1 is the possibility of genuinely partially
hyperbolic systems. Let

f(x) = x6 − 2x5 − 5x4 − 3x3 − 5x2 − 2x + 1

and write k = Q(a), where a is a complex root of f . Then a and

b = 2a5 − 6a4 − 3a3 − 6a2 − 6a

are fundamental units for the ring of integers in k, and M = Z[a] is
an R2-module under the substitutions u1 = a, u2 = b. Since

{1, a, a2, a3, a4, a5}
is an integral basis for M , αM is a Z2-action on XM = T6, the 6-torus.
Moreover, M is a domain and so it has one associated prime ideal p

in R2 (this ideal is the kernel of the substitution map), and coht(p) = 1.
It follows that αM has entropy rank one in the terminology of subdy-
namics. The only places unbounded on M = R2/p are archimedean;
one of these is complex and four are real. The complex place w

4This example is of great importance for (at least) two reasons. Fursten-
berg [26] showed that any infinite, closed subset of T invariant under both x 7→ 2x
and x 7→ 3x must be all of T and raised a measure rigidity question: can a non-
atomic invariant measure that is ergodic under both maps be anything other than
Lebesgue measure? Despite many partial results by Lyons [48], Rudolph [66],
Johnson [32], Katok and Spatzier [34], [35] and others, all known results still re-
quire an additional entropy hypothesis to reach the conclusion. The state of the
art on this kind of measure rigidity may be found in a paper of Einsiedler and
Lindenstrauss [15]. It is also an important example in understanding mixing for
algebraic dynamical systems: despite being a zero-entropy system, it is mixing of
all orders by a result of Schmidt and Ward [70].

5This example is one of the simplest in which a non-expansive set with interior
can be seen: see Einsiedler, Lind, Miles and Ward [17].

6Damjanović and Katok [14] show that for r > 6 there are such actions on
the r-torus; this example is taken from [13] and the description here comes from
Miles [54].
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has |a|w = |b|w = 1 (this is the part of the spectrum of the action
that is not hyperbolic) and so αn

M is non-expansive for all n ∈ Z2. The
multiplicative independence of a and b implies that αn

M is ergodic for
every n ∈ Z2. The entire action has a two-dimensional foliation on
which the elements act like irrational rotations.



LECTURE 3

Ergodicity and mixing

A measure–preserving Zd–action α on (X,B, µ) is ergodic if the only
square–integrable functions φ on X with the property that φ(αn(x)) =
φ(x) a.e. for all n ∈ Zd are the constants. The action is totally ergodic

if for every n ∈ Zd\{0}, the transformation αn is ergodic.
An eigenfunction for α is a square–integrable function φ with the

property that
φ(αn(x)) = e(n)φ(x)

almost everywhere and for all n ∈ Zd, where e : Zd → S1 is a char-
acter on Zd. The action is weak–mixing if there are no non–constant
eigenfunctions, and is totally mixing if, for every n ∈ Zd\{0}, αn is
mixing.

The action α is rigid if there is a sequence nj → ∞ (here and
throughout, going to infinity means leaving finite sets) with the prop-
erty that

lim
j→∞

µ(A ∩ αnjA) = µ(A)

for all A ∈ B. The action is mild–mixing if there are no factors of the
action that are rigid (this follows the d = 1 definition in [27]).

The action α is mixing (or mixing on 2 sets) if for every A, B ∈ B
lim
n→∞

µ
(
A ∩ α−nB

)
= µ(A)µ(B).

More generally, α is mixing on r sets if, for all sets B1, . . . , Br in B,

lim
nl∈Zd and nl−nl′→∞ for 16l′<l6r

µ

(
r⋂

l=1

α−nl(Bl)

)
=

r∏

l=1

µ(Bl). (4)

A weakening of mixing of higher orders was introduced by Schmidt
in [71] motivated by the way in which Ledrappier’s example fails to be
mixing of all orders. A shape is a finite set F ⊆ Zd. The shape

F = {n1, . . . ,nr}
is said to be a mixing shape for α if for all sets B1, . . . , Br in B,

lim
k→∞

µ

(
r⋂

l=1

α−knl(Bl)

)
=

r∏

l=1

µ(Bl).
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For a single group automorphism, all these notions collapse: in our
terminology, if d = 1 then, for any module M , αM is ergodic if and only
if it is mixing if and only if it is mixing of all orders (see Rokhlin [64]).

3.1. Degenerate or problematical examples

(1) Let T : X → X be an invertible measure-preserving map, and
define a Z2-action on X by β(m,n)(x) = T m−nx. That is, βe1 = T
and βe2 = T−1. Then even if T is a mixing transformation, the
action as a whole has elements that act as the identity.

(2) Let T be a weak–mixing transformation of (Y, C, ν) that is not
mixing, and let (X,B, µ) be the product space

∏
n∈Zd−1(Y, C, ν).

Define a measure–preserving action of Zd on X by setting
(
α(n,k)(x)

)
m

= T k(xm+n),

where (n, k) is an element of Zd. The action α is then totally
weak mixing, but the transformation α0,1 has a factor that is
not mixing and therefore α0,1 is not mixing. The same con-
struction may be used to “promote” any single transformation
(or Ze–action) with a specified pair of properties (mild mixing
without strong mixing, for example) to a Zd–action that pos-
sesses totally the weaker of the two properties and has an ele-
ment (resp. sub–Ze–action) that does not satisfy the stronger.
This construction with d = 2 is used by Kaminski [33], and
seems to appear first in Conze [12, Ex. 3], where the entropy
of the Zd–action is shown to coincide with the entropy of the
underlying Z–action.

(3) Let T be a weak–mixing transformation of (Y, C, ν). Define
a Z2–action α on X as follows. Firstly, X is a countable prod-
uct of copies of Y , with product measure and the product σ–
algebra. For any transformation U , let

(U)∞ = U × · · · × U × · · ·
and let

(U)∗ = U × U−1 × U2 × U−2 × · · · × Un × U−n × · · · .

Define the two commuting generators of α as follows. The
first, α(1,0), is given by the transformation

I × T × (T )∞ × (T 2)∞ × · · · × (T n)∞ × · · ·
· · · × (T−1)∞ × (T−2)∞ × · · · × (T−n)∞ × · · ·

The second generator, α(0,1), is given by the transformation

T × I × (T )∗ × (T )∗ × · · · × (T )∗ × (T )∗ × · · ·
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· · · × (T )∗ × · · ·
where the terms are arranged in matching order. It is then
clear that for any (n, m) ∈ Z2, the transformation α(n,m) has
an identity factor and is therefore non–ergodic. On the other
hand, it is clear that α has no non–constant eigen–functions.
This example is due to Bergelson.

(4) The examples above come from the extra relations in the group Zd

for d > 1 – in particular they can all be traced back to the obser-
vation that Zd is not cyclic. There are more subtle differences
between Z and Z2-actions that are not due to the fact that Z2 is
not cyclic, but instead come from the richer geometry. There is
a (non-algebraic) measure-preserving Z2 system (X, µ, β) with
the property that βn is mixing for every n 6= 0, but there is
a sequence nj → ∞ in Z2 along which µ (A ∩ β−njA) → µ(A)
as j → ∞ for any measurable set A. That is, each element
of the action is mixing but the action as a whole is rigid. See
Ward [81] for the details. This example is possible because the
sequence converges to a line with irrational slope1.

3.2. Ergodicity

We wish to extend the characterization of ergodicity in Theorem 2.1
to the setting of algebraic Zd-actions, and this will be the beginning
of a “dictionary” between dynamical properties of XM and algebraic
or geometric properties of the module M . To formulate these results,
recall that a prime ideal p ⊆ Rd is associated to a module M if

p = ann(a) = {f ∈ Rd : fa = 0M}
for some a ∈ M . The set of prime ideals associated to M is de-
noted Ass(M), and M is said to be associated with p if Ass(M) = {p}.
For a Noetherian module M , the set Ass(M) is finite.

Many results in this field come in two steps. The first is a reduction
to the cyclic case:

XM has property P ⇐⇒ XRd/p has property P for all p ∈ Ass(M),

and the second is a characterization of the property:

XRd/p has property P ⇐⇒ Rd/p has property P̂.

Some also require that the module M be Noetherian.
The main tools for the first step often amount to commutative al-

gebra, so we will not dwell on them, although they are very interesting

1It is not clear if it is possible for a measure-preserving Z2-action to be rigid
but be mixing along any sequence converging to any line.
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themselves. In particular, some effort is required to allow us to work
with the set Ass(M) rather than the much less tractable set of prime
ideals that may arise in a specific prime filtration of M . Instead we
will concentrate on the second step, where we try to characterize P̂ for
various dynamically interesting properties P.

From now on, we assume that M is a countable Rd-module (the
countability assumption is equivalent to assuming that XM is metriz-
able, which is in turn equivalent to assuming that XM with its Haar
measure and Borel sets is a Lebesgue space).

Even for a Z-action (a single invertible measure-preserving trans-
formation) one must distinguish between ergodicity of the action and
ergodicity of each element of the action. This distinction is much more
important for Zd-actions.

Throughout, let M be a countable Rd module.

3.2.1. Ergodicity of individual elements. Deciding if an individ-
ual element αn

M is ergodic is simply a matter of applying Theorem 2.1
and translating what that means to our context.

Lemma 3.1. For any n ∈ Zd, the automorphism αn

Rd/p
is ergodic

if and only if p does not contain a polynomial of the form uℓn − 1 for
some ℓ > 1.

Proof. By Theorem 2.1, αn

Rd/p
is non-ergodic if and only if there is

some non-zero character a ∈ Rd/p with uℓna = a for some ℓ > 1. This
means that a /∈ p and (uℓn−1)a ∈ p, so is equivalent to uℓn−1 ∈ p.

This extends to the statement that αM is ergodic if and only if αn

Rd/p

is ergodic for all p ∈ Ass(M) by an algebraic argument – see Schmidt [69,
Prop. 6.6] for the details.

3.2.2. Ergodicity of the action. It is clear that a single ergodic
element of the action makes the whole action ergodic, but it is not
clear if the converse holds (see the examples in Section 3.1).

Lemma 3.2. The whole action αRd/p is ergodic if and only if p does
not contain a set of the form {uℓn − 1: n ∈ Zd} with ℓ > 1.

Proof. If the action is not ergodic, then there is a function with
an L2 Fourier expansion

∑
a∈Rd/p

caa that is non-constant and invariant

under αn

Rd/p
for every n ∈ Zd. It follows that

∑
a∈Rd/p

|ca|2 < ∞
and ca = cn=una for all n, so the orbit {una} of some non-zero a ∈ Rd/p
must be finite, and so p must contain an ideal of the stated form.

Again this extends to any module: αM is ergodic if and only if αRd/p

is ergodic for all p ∈ Ass(M).
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3.3. Mixing

For the whole action to be mixing, we certainly must have every el-
ement mixing. As we have seen the converse does not hold for measure-
preserving systems in general, but the next result says that it does for
algebraic ones.

Lemma 3.3. The action αRd/p is mixing if and only if αn

Rd/p
is

ergodic for every non-zero n ∈ Zd.

As mentioned above, mixing and ergodicity are equivalent for a
single group automorphism, so this says that mixing of the action is
equivalent to mixing of every element of the action. As usual this
extends to general modules: αM is mixing if and only if αRd/p is mixing
for every p ∈ Ass(M). See Schmidt [69, Prop. 6.6] for the details and
the proof of Lemma 3.3.

The hypothesis of mixing is common in studying commuting maps
because it means the action is “genuinely higher-rank”. A good – and,
by Lemma 3.1, somewhat representative – image of a non-mixing Z2

action is that of Section 3.1(1).
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LECTURE 4

Expansiveness

Expansiveness is a basic geometric property of dynamical systems
expressing the idea that over long periods of time nearby points are
moved far apart. The finer structure of expansiveness for Zd-actions
is described in one of Doug Lind’s lectures; here we simply describe
an important result of Schmidt that describes when XM is expansive.
This material is taken from Schmidt [72]; in particular the part we
describe contains a simple instance of a beautiful and unexpected way
to ‘linearise’ algebraic dynamical systems1.

Notice that unlike other (measurable) properties, we cannot ex-
pect a statement of the shape ‘XM is expansive if and only if XRd/p is
expansive for all p ∈ Ass(M)’ without additional hypotheses. For ex-
ample, properties like mixing are preserved by taking infinite Cartesian
products, while expansiveness is not. It turns out that the additional
finiteness assumption needed is that M be finitely generated.

A Zd-action α by homeomorphisms of a compact metric space (X, d)
is called expansive if there is some δ > 0 with the property that

d (αn(x), αn(y)) < ε for all n ∈ Xd ⇒ x = y.

Notice that an algebraic dynamical system X is expansive if there is a
neighbourhood O of the identity 0 with the property that

⋂

n∈Zd

αn(O) = {0};

any such set O is called an expansive neighbourhood.

1In the more familiar setting of toral automorphisms, or smooth maps on com-
pact manifolds, the action of the derivative on the tangent space provides a local
linear model for the action. For d > 1, an algebraic Zd-action can only have positive
entropy if the compact group itself has infinite topological dimension.

25
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Given a prime ideal p ⊆ Rd, we associate to it a variety2

V (p) = {z ∈ (C \ {0})d : f(z) = 0 for all f ∈ p}.
Write Sd = {z : |zi| = 1 for 1 6 i 6 d}.

Theorem 4.1. The algebraic Zd-action XM is expansive if and only
if M is Noetherian and, for every p ∈ Ass(M),

V (p) ∩ Sd = ∅.

Proof. As usual we omit the reduction to the case of a cyclic
module, also we indicate here the proof for the system XRd/p under the
assumption that XRd/p is connected (equivalently, that p ∩ Z = {0};
see Exercises for the remaining case). Recall the explicit description of
the system in (3).

Pick a set of generators f1, . . . , fk ∈ Rd for p, so

p = 〈f1, . . . , fk〉 = f1Rd + · · ·+ fkRd.

Now a point x ∈ TZd
will lie in XRd/p if it is annihilated by the polyno-

mials unfi for i = 1, . . . , k and all n. That is, it is enough to simply use
the generating polynomials applied in every location in order to verify
that the point x is annihilated by all the polynomials in the ideal.

The metric on XRd/p means that a point x is close to zero if xn is
close to 0 ∈ T for every n ∈ Zd. Thus being non-expansive means that
for any ε > 0 there is a point x ∈ XRd/p with |xn| < ε for all n ∈ Zd.

Now assume that V (p) ∩ Sd = ∅.
For a polynomial

f(u) =
∑

n∈Zd

cf(n)un

(as on p. 14) write ‖f‖ =
∑

n∈Zd |cf |, define

ε =

(
10

k∑

i=1

‖fi‖
)−1

and set O = {x ∈ XRd/p : |x0| < ε}. If O is not an expansive neigh-
bourhood, then there is a non-zero point

x ∈
⋂

n∈Zd

αn

Rd/p(O)

2For other dynamical problems it is useful to place this in a wider context. If K
is a normed field, write Gm for the multiplicative group of K (i.e. the punctured
affine line or Spec K[x±1]). Now let p be an ideal over K[u±1

1
, . . . , u±1

d
], so that

Spec K[u±1

1
, . . . , u±1

d
]/p is a subscheme in Gd

m, and the set of K-points, X(K) is a

subset of (K \ {0})d associated to p.
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(that is, there is a point x with the property that every coordinate xn

has |xn| < ε.) Since |xn| < ε for all n ∈ Zd there is a unique point y in
the Banach space ℓ∞(Zd) of bounded complex-valued functions on Zd

with |yn| < ε and with yn reduced modulo 1 equal to xn for all n ∈ Zd.
Since 〈x,umf〉 = 1 we must have

∑

n∈Zd

cfi
(n)yn+m ∈ Z for all m, i.

However, the choice of ε means that the left-hand side is bounded above
by 1/10, so

∑

n∈Zd

cfi
(n)yn+m = 0 for all m, i. (5)

That is, the point y (whose coordinates are complex numbers) is also
annihilated by the ideal p.

The shift map Un defined by (Unz)m = zn+m is an isometry (in the
supremum norm) of the Banach space ℓ∞(Zd). Write

S =

{
z ∈ ℓ∞(Zd) :

∑

n∈Zd

cfi
zm+n = 0 for all m, i

}
(6)

=

{
z ∈ ℓ∞(Zd) :

(∑

n∈Zd

cfi
(n)Un

)
z = 0 for all i

}
; (7)

notice that in the condition defining the set in (6) is equality to zero
in the alphabet T, and is therefore required to hold at each coordinate,
while in (7) the condition is equality to zero in the group XRd/p.

Now the point y constructed above has the property (5) and is non-

zero, so the closed linear subspace S ⊆ ℓ∞(Zd) is non-trivial; write U
(S)
n

for the restriction of Un to S. Now let A be the Banach subalgebra
of the Banach algebra of all bounded linear operators on S generated

by {U (S)
n : n ∈ Zd}, and let I(A) be the space of maximal ideals of A

in its usual topology. The Gelfand transform W → Ŵ from A to the
Banach algebra C(I(A), C) of continuous functions I(A) → C is a
contractive3 homomorphism of Banach algebras. Now for any n ∈ Zd,

3That is, norm-non-increasing. The construction goes back to Gelfand [28]; see
Năımark [59] for a thorough account. A brief summary is as follows: let B be a
Banach algebra over C, and write ∆ for the space of multiplicative linear functionals
B → C in the weak*-topology. The Gelfand transform ̂ : B → C(∆) defined
by x̂(φ) = φ(x) for φ ∈ ∆ is a continuous norm-non-increasing homomorphism.
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both U
(S)
n and

(
U

(S)
n

)−1

= U
(S)
−n are isometries of S, so by the norm-non-

increasing property of the Gelfand transform, |Ûn(ω)| = 1 for every ω
in I(A).

The relation ∑

n∈Zd

cfi
(n)U (S)

n
= 0

implies that ∑

n∈Zd

cfi
(n)Û

(S)
n = 0

for each i. Fix some ω ∈ I(A) and define complex numbers c1, . . . , cd

by cj = Û
(S)
ej (ω) for j = 1, . . . , d. Then by construction c ∈ Sd

and
∑

n∈Zd cfi
(n)cn = 0 for all i, so we have exhibited a point c ∈

V (p) ∩ Sd, contradicting the assumption that O is not an expansive
neighbourhood of 0. It follows that αRd/p is expansive.

For the reverse implication, we start with a point c ∈ V (p) ∩ Sd.
The map

φc : Rd/p −→ C

f 7−→ f(c)

is an Rd-module homomorphism, where C inherits the structure of
an Rd module by defining the action of g ∈ Rd on C to be multiplica-
tion by g(c). The closure A of the image of φc carries the Zd action
generated by the commuting isometries w 7→ c1w, . . . , w 7→ cdw, and

so the dual map defines an inclusion of Â into XRd/p with this iso-

metric action being given by the restriction of αRd/p to Â. This shows
that αRd/p is not expansive.
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Entropy

A fundamental invariant of many dynamical systems is their en-
tropy. The entropy theory of algebraic dynamical systems is on the
one hand very simple (all the natural notions of entropy coincide) but
on the other very subtle: we shall see at the end of this section that
the simplest question about the entropy of algebraic dynamical sys-
tems remains open. The material here comes from a paper of Lind,
Schmidt and Ward [47]. Our purpose is to compute the joint entropy
of the whole action. This means that instead of computing the entropy
of a common refinement over the set {0, 1, . . . , n − 1} and dividing
by n, we compute the entropy or count something over a region like
a d-dimensional cube Q and divide by the volume of Q. The entropy
of lower-rank actions, starting from individual elements and going up
to the whole action, produces interesting information in one “correct”
dimension for a given system, and this is related to the subdynamical
structure of the system (see Einsiedler, Lind, Miles and Ward [17] for
the subdynamical aspect, and papers of Einsiedler and Ward [21], [22],
Einsiedler and Lind [16] and Miles and Ward [57] for various manifes-
tations of the correct entropy rank phenomena).

An algebraic dynamical system X = (X, α) is an action by homeo-
morphisms of a compact metric space, and as such has an entropy hsep(α)
defined via separating sets and an entropy hspan(α) defined via span-
ning sets in the sense of Bowen [7], an entropy htop(α) defined via open
covers in the sense of Adler, Konheim and McAndrew [2]. It is also an
action by Haar measure-preserving transformations, and as such has a
measure-theoretic entropy hmX

(α) in the sense of Sinăı [74] and Kol-
mogorov [39]. Finally, Haar measure is homogeneous for α in the sense
of Bowen [7], so there is a definition of entropy via volume decrease,

hBowen(α) = lim
ε→0

lim sup
Q→∞

− 1

nd
log mX

( ⋂

n∈Cn

α−nB(ε)

)

where B(ε) is a metric open ball around the identity of radius ε and

Cn = {n ∈ Zd : 0 6 ni < n for 1 6 i 6 d}.
29



30 5. ENTROPY

A combination of results of Bowen for d = 1 and Lind, Schmidt and
Ward for d > 1 shows that these all coincide in our setting.

Theorem 5.1. For an algebraic dynamical system (X, α),

hsep(α) = hspan(α) = htop(α) = hmX
(α) = hBowen(α).

As a result we will write h(α) for this common quantity, and call it
simply the entropy of α.

It is a more delicate question to decide if Haar measure is the only
maximal measure – that is one whose entropy is the topological entropy.
Berg [4] showed that for a single automorphism Haar measure is the
unique maximal measure for ergodic systems of finite entropy; Lind,
Schmidt and Ward [47, Th. 6.14] extend this to Zd-actions by showing
that if h(α) < ∞ then Haar measure is the unique measure of maximal
entropy if and only if α has completely positive entropy.

5.1. Explicit calculations

We next consider how one might actually compute h(αRd/p) in some
simple cases.

5.1.1. Full shifts. If M = Rd/〈p〉 then the resulting system is a full d-
dimensional shift on p symbols. Then

B(ε) = {x ∈ {0, 1, . . . , p − 1}Zd

: xn = 0 for n ∈ Qε}
for some large region Qε of radius rε. It follows that

⋂

n∈Cn

α−nB(ε)

is a cylinder set defined by requiring that xn = 0 on a set of coordinates
with cardinality between nd and (n + 2rε)

d (see Figure 1).
Thus

(
1

2

)(n+2rε)d

6 mX

( ⋂

n∈Cn

α−nB(ε)

)
6

(
1

2

)nd

so h(α) = log p.

5.1.2. Ledrappier’s example. The relation defining Ledrappier’s ex-
ample in Section 2.1.3 shows that the coordinates (0, 0), . . . , (2n, 0) de-
termine all the coordinates in the region Cn (see Figure 2).

It follows that

{x ∈ X : x(a,0) = 0 for 0 6 a 6 n} ⊆
⋂

n∈Cn

α−nB
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n

n
Qε

all zeros

Figure 1. The Bowen ball
⋂

n∈Cn

α−nB(ε) in a full shift.

n

2n

determine
all of Cn

these coordinates

Figure 2. Log of the volume decays linearly in Ledrappier.

where B = {x ∈ X : x(0,0) = 0}, so

mX

( ⋂

n∈Cn

α−nB

)
>

(
1

2

)2n

,

with similar estimates for any metric ball in place of B. We deduce
that h(α) = 0.

5.1.3. ×2,×3. We wish to compute the volume of

{x ∈ X : |xn| < ε for n ∈ Cn}.
Now if |x(n,n)| < ε then (for example) x(n−1,n) must lie in

(− ε
2
, ε

2
) ∪ (1

2
− ε

2
, ε

2
)
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and so on. It follows that

mX

( ⋂

n∈Cn

α−nB(ε)

)
∼
(

1

6

)n

,

and again we have a linear (rather than quadratic) decay, so h(α) = 0.

5.1.4. The case d = 1. Of course entropy was first computed for sin-
gle transformations, and the calculation for group automorphisms has
a history going back to the original papers defining entropy. Sinai [74]
showed that the formula

h(TA) =

r∑

i=1

log+ |λi|

for the entropy of the automorphism of the r-torus defined by the ma-
trix A with eigenvalues λ1, . . . , λr holds for r = 2, and claimed the
higher dimensional formula holds. This formula makes sense in terms
of the volume decrease definition of entropy (which was not available
at the time of course). In order to understand this, imagine an auto-
morphism of the 2-torus with two real eigenvectors v+ and v− with
corresponding eigenvalues λ+ > 1 and λ− < 1. Then the effect of ap-
plying the inverse map to an ε-ball around the identity is illustrated in
Figure 3. Clearly up to very small errors the volume of

⋂n−1
j=0 T−jB(ε)

is approximately λ−n
+ times the volume of B(ε), so we expect that the

entropy will be log λ+.

v+

v−

B(ε) T−1B(ε)

T−2B(ε)

Figure 3. B(ε) ∩ T−1B(ε) ∩ T−2B(ε) for a hyperbolic
automorphism of the 2-torus.

The relationship between entropy and eigenvalues expressed in Fig-
ure 3 is related to Jensen’s formula in complex analysis.

The 2-dimensional case was also proved by Rohlin [65] using his
measurable partition machinery. Abramov [1] computed entropy for
automorphisms of groups whose dual group is a subgroup of Q. Here
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the map is specified by a rational number m
n

in lowest terms and
Abramov’s formula is

h(×m

n
) = max{log |m|, log |n|}. (8)

Genis claimed without proof the formula for general toral automor-
phisms. Arov [3] proved a more general result, for automorphisms of
solenoids (groups with dual a subgroup of Qr for some r) whose charac-
teristic polynomial has coefficients whose denominators are all powers
of a fixed integer. Finally, Yuzvinskii [87] obtained the formula for any
automorphism of a compact group.

Theorem 5.2. In the case of a principal ideal 〈f〉 ⊆ R1 the formula
of Yuzvinskii is

h(αR1/〈f〉) = log

s∑

j=1

log+ |λj| + log |as| (9)

where f(u1) = asu
s + · · · + a0 with a0as 6= 0 and the λj are the zeros

of f .

Remark 5.3. (1) The proof of this result is quite opaque. Lind
and Ward [46] found a geometric approach to the case of solenoids,
where the formula is recast in a different form, with local contributions
all accounted for by the same underlying hyperbolicity mechanism in
various local fields:

h(αR1/〈f〉) =
∑

p6∞

log
s∑

j=1

log+ |λj,p|p (10)

where the λj,p are the zeros of f in an extension of Qp for p 6 ∞. There
is some machinery1 involved in setting all this up, but once that is done
the proof is easy – indeed the only effort required is in the standard
term corresponding to p = ∞.
(2) The formula expressing the entropy as a sum of local contribu-
tions comes from a good understanding of the local geometry of the
maps. A third way to write Yuzvinskii’s formula points at a possible
generalization to higher rank:

h(αR1/〈f〉) =

∫ 1

0

log |f(e2πit)| dt. (11)

1Specifically, this uses the description of a solenoid as a quotient of an adele
ring (see Weil [85]). Once this machinery is understood, it extends easily to positive
characteristic as well, giving a clear geometrical picture of systems like Ledrappier’s.
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5.2. Reduction to prime ideals

As for many other dynamical properties, the case of a general mod-
ule reduces eventually to the case of a cyclic module Rd/p. There are
two steps in this reduction, and both are quite involved.

5.2.1. Reduction to Noetherian modules. If M is a countable Rd-
module, then there is a sequence of Noetherian modules

M1 ⊆ M2 ⊆ · · ·
with M =

⋃
k Mk. Simple arguments show that

h(αM) = lim
k→∞

h(αMk
).

It is not known if h(αM) < ∞ means that this limit must stabilize –
we will see why later.

5.2.2. Reduction to cyclic modules. A general addition formula
for automorphisms of compact groups was found by Yuzvinskii [86]
and, independently, by Thomas [76]; this was generalized to Zd-actions
in [47]: if X = (X, α) is an algebraic Zd-action, and Y ⊆ X is a
closed α-invariant subgroup, then

h(α) = h(α|Y ) + h(αX/Y )

where the last term is the entropy of the action induced on the quotient
group X/Y .

Now if M is a Noetherian Rd-module, then there is a prime filtration
of the module

M = Mr ⊇ Mr−1 ⊇ · · ·M1 ⊇ M0 = {0}
in which each quotient Mj/Mj−1 is isomorphic as a module to Rd/qj for
some prime ideal qj. Unfortunately the primes appearing here are not
simply the associated primes of M – they may also lie strictly above
the associated primes. Nonetheless, a short exact sequence

0 → L → M → N → 0

of Rd-modules dualizes to give a short exact sequence

0 → XN → XM → XL → 0

of algebraic Zd-actions, so there is a closed invariant subgroup XN of X.
Applying the Yuzvinskii–Thomas addition formula inductively gives

h(αM) =
r∑

j=1

h(αRd/qj
).
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5.3. Entropy for a principal prime ideal

The difficult step is to compute h(αRd/p) for a principal ideal p.

Theorem 5.4. For any prime ideal p ⊆ Rd,

h(αRd/p) =





0 if p is non-principal;

∞ if p = {0};
m(f) if p = 〈f〉 6= {0}

where m(f) is the Mahler measure of f ,

m(f) =

∫ 1

0

· · ·
∫ 1

0

log |f(e2πit1 , . . . , e2πitd)| dt1 · · · dtd.

This is proved in [47] (see Schmidt’s monograph [69, Ch. 5] for
a more leisurely account). The case of a non-principal ideal will be
discussed in Section 5.4, and the case p = {0} is clear, since the system
is then a full d-dimensional shift with alphabet the circle. Here we
indicate some of the issues in the proof by examining the case d = 2
and f(u1, u2) = 1 + u1 + u2. The idea behind the proof is to use
finite pieces of orbits of carefully chosen one-dimensional systems to
approximate the quantities involved. In order to make this work, strong
control on how the quantities converge is needed.

Let C be a large rectangle in Z2, and write X, α and so on for

XR2/〈1+u1+u2〉, αR2/〈1+u1+u2〉

and so on.

5.3.1. Upper bound. For the upper bound h(α) 6 m(f), we use the
volume decrease definition of entropy. We wish to estimate the volume
of the set

{x ∈ X : |xn| < ε for n ∈ C}.
Think of C as being of width m and height N , and imagine chopping up
the vertical lines in it and laying them beside each other as in Figure 4.

The slices are related to each other via the toral map defined by
the circulant matrix

A =




1 1 0 0 · · · 0
0 1 1 0 · · · 0
...

. . .
. . .

...
1 0 0 · · · 0 1


 .

It follows that the rate of volume decrease for the action of A is an
upper bound for h(α). Now A is a circulant, so has eigenvalues

1 + e2πij/(N+m)
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m

N

m × T(m+N)

Figure 4. Approximation using volume decrease.

with the corresponding eigenvectors all being orthogonal. By the ar-
gument illustrated in Figure 3 we deduce that

h(α) 6
1

m + N

m+N−1∑

j=0

log+ |1 + e2πij/(N+m)|

∼
∫ 1

0

log+ |1 + e2πit| dt (a Riemann approximation)

= m(1 + u1 + u2) (by Jensen’s formula).

We need to make sure that the Riemann sum is genuinely close to m(f),
and for this a uniformity result is needed. Using perturbation theory
of linear operators, it may be shown that if B is the unit ball in Cd, ℓ
is Lebesgue measure on Cd, and T ∈ Cd×d then

− 1

m
log ℓ

(
m−1⋂

j=0

T−jB

)
−→ h(T )

where h(T ) is the entropy formula for the matrix T , uniformly on
compact sets in Cd×d.

5.3.2. Lower bound. For the lower bound, we use the separated set
definition of entropy. Now we pull back a (|C|, ε)-separated set in Tn

with respect to the matrix



0 1 0 · · · 0
0 0 1 · · · 0
...

. . .
...

−1 −1 0 · · · 0




companion to the polynomial un
1 + u1 + 1 (see Figure 5).
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(|C|, ε)-separated set

n pulls back to a (C, ε)-separated set

Figure 5. Pulling back a separated set.

Using this one can show that

h(α) > lim sup
n→∞

m(un
1 + u1 + 1).

It is not clear if this converges. Certainly the Haar measure on the
subgroup {(z, zn)} in S1 × S1 converges weakly to the Haar measure
on S1×S1, but the integrand is not continuous. Despite this, a delicate
argument due to Lawton [40] shows that

lim
n→∞

m(f(u1, u
n
1)) = m(f(u1, u2)).

That is, a higher-dimensional Mahler measure is approximated by suit-
able one-dimensional Mahler measures.

5.4. Entropy for non-principal ideals

We wish to show that h(αRd/q) = 0 if q is a non-principal prime
ideas. This is proved using the Yuzvinskii–Thomas entropy addition
formula and the fact that if p is any non-zero ideal, then h(αR2/p) < ∞.
If p is principal the entropy is finite by Section 5.3; if not we may find
a non-zero irreducible polynomial f ∈ p. Then the dual of the natural
map Rd/〈f〉 → Rd/p is an embedding of the system XRd/p into XRd/〈f〉,
showing that h(αRd/p) 6 h(αRd/〈f〉) < ∞.

Returning to the non-principal prime ideal q, we may find another
prime ideal p ( q. Since p 6= q there is an irreducible polynomial g ∈
q \ p. It follows that the map ×g : f + p → gf + p from Rd/p to itself
is injective. The image of this map is (p + 〈g〉)/p, so there is a short
exact sequence of Rd-modules

0 −→ Rd/p
×g−→ Rd/p −→ Rd/(p + 〈g〉) −→ 0.

The dual of this is a short exact sequence of Zd-actions,

0 −→ XRd/(p+〈g〉) −→ XRd/p

c×g−→ XRd/p −→ 0,

so by the Yuzvinskii–Thomas addition formula we have

h(αRd/p) = h(αRd/p) + h(αRd/(p+〈g〉)).
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Now p+ 〈g〉 ⊆ q, so XRd/q is a closed subsystem of XRd/(p+〈g〉); it follows
that

h(αRd/q) 6 αRd/(p+〈g〉) = 0

since h(αp) < ∞.

5.5. Entropy zero

Kronecker’s theorem generalizes to more variables as follows.

Theorem 5.5. For an irreducible polynomial f , m(f) = 0 if and
only if f is a (monomial times a) cyclotomic polynomial evaluated on
a monomial.

This is a result of Boyd [8]; a leisurely account may be found in [25].

5.6. Completely positive entropy

The opposite extreme of zero entropy is completely positive entropy.
Write N for the set of prime ideals p with h(αRd/p) = 0 (that is, ideals
which are non-principal or are generated by generalized cyclotomics),
and write P for the set of prime ideals p with h(αRd/p) > 0 (that is, all
other prime ideals).

Theorem 5.6. For a Noetherian Rd module M , h(αM) = 0 if and
only if Ass(M) ⊆ N , and αM has completely positive entropy if and
only if Ass(M) ⊆ P.

A single group automorphism is isomorphic to a Bernoulli shift if
and only if it is ergodic (this was shown by Katznelson [36] in the case
of toral automorphisms; the general case was shown by Lind [44] and
Miles and Thomas [51], [52], [53].) For d > 1 it is possible to have
mixing actions of zero entropy, so clearly the hypothesis of completely
positive entropy is needed.

Theorem 5.7. An algebraic Zd-action is isomorphic to a d-dimensional
Bernoulli shift if and only if it has completely positive entropy.

This is proved by Rudolph and Schmidt [67].

5.7. Lehmer’s problem

Computing Mahler measures is a subtle business: a simple example
is that

m(1 + u1 + u2) = h(αR2/〈1+u2+u2〉) =
3
√

3

4π

∞∑

n=1

(n

3

) 1

n2
, (12)
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where
(

n
3

)
is the Legendre symbol. Most striking of all is the fact that

a question of Lehmer [42] remains open. Lehmer’s problem is to decide
if, given ε > 0, there exists a polynomial f ∈ Rd with 0 < m(f) < ε.
The smallest known positive value is one found by Lehmer,

m(u10
1 + u9

1 − u7
1 − u6

1 − u5
1 − u4

1 − u3
1 + u1 + 1) = 0.1623 · · · .

See Boyd [9] or Everest and Ward [25] for an overview of Lehmer’s
problem.

Lind [43] showed that Lehmer’s problem is exactly equivalent to
asking if an ergodic automorphism of the infinite torus can have finite
entropy. In our setting Lehmer’s problem governs the set of possible
entropies: by [47, Th. 4.6] the set of possible entropies of algebraic Zd-
actions is [0,∞] if there are arbitrary small positive Mahler measures,
and is the countable set {m(f) : f ∈ Rd} if not.
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LECTURE 6

Mixing and S-unit equations

By approximating the indicator functions of the sets appearing in
the definition of mixing on r sets (4) by trigonometric polynomials, we
see that an algebraic Zd-action α on a compact group X is mixing on r

sets if and only if for all characters χ1, . . . , χr in X̂ with χi 6= 1 for
some i ∈ {1, . . . , r},

lim
nℓ∈Zd and nℓ−nℓ′→∞ for 16ℓ′<ℓ6r

∫
(χ1 · αn1) · · · (χr · αnr) dmX = 0.

Of course we may assume that n1 = 0 in either of these. In the language
of modules, this means that αM is mixing on r sets if and only if for
all nonzero elements (a1, . . . , ar) ∈ M r,

um1 · a1 + · · ·+ umr · ar 6= 0 (13)

whenever mℓ ∈ Zd and mℓ − mℓ′ lies outside some sufficiently large
finite subset of Zd for all 1 6 ℓ′ < ℓ 6 r.

The theory of higher-order mixing for algebraic dynamical systems
turns out to depend on whether or not the group is connected. Ledrap-
pier’s example (Section 2.1.3) shows that if X is not connected, then
there may be mixing Zd-actions on X which are mixing but not mixing
on three sets. A simple construction using valuations in fields of pos-
itive characteristic allows one to construct similar examples with any
specified order of mixing (see [20]). The way in which mixing breaks
down in the totally disconnected case produces intricate invariants –
see Schmidt [69].

We concentrate on the connected case, and indicate the connection
between the main result in that setting and a Diophantine problem.

Theorem 6.1. If X = (X, α) is a mixing algebraic action and X is
connected, then it is mixing of all orders.

Proof. As usual we omit the reduction argument which shows
that it is sufficient to prove this for systems of the form XRd/p for a
prime ideal p with p ∩ Z = {0}. As with the entropy argument, we
also specialize to a very simple special case in order to explain the
connection to number theory.
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Let p = 〈u1 − 2, u2 − 3〉, so that the corresponding system (X, α) =
(XR2/p, αRd/p) is the ×2,×3 system of Section 2.1.5. Notice that α is
mixing since αn is mixing for every n 6= 0. Assume that α is not mixing
on r sets for some r. Notice that there is an isomorphism

R2/〈u1 − 2, u2 − 3〉 → Z[1
6
]

of rings, and under this isomorphism multiplication by u1 (resp. u2) is
sent to multiplication by 2 (resp. 3). Thus the non-mixing on r sets is
witnessed as follows: there are rationals (characters) a1, . . . , ar ∈ Z[1

6
],

not all zero, and a sequence (n
(j)
1 ,n

(j)
2 , . . . ,n

(j)
r ) with

n(j)
s − n

(j)
t → ∞ as j → ∞ for every s 6= t

such that

2n
(j)
1,13n

(j)
1,2a1 + · · ·+ 2n

(j)
r,13n

(j)
r,2ar = 0 for all j > 1. (14)

This equation is a simple example of an S-unit equation; a deep result
by Schlickewei (see [68] for example) says that (14) has only finitely

many solutions in different values of the vector (n
(j)
1 ,n

(j)
2 , . . . ,n

(j)
r ) (and

hence of the index j) unless some subsum of the left-hand side vanishes
infinitely often. By the characterization of mixing given above, this
forces the action α to be non-mixing for some order ℓ < r. On the
other hand, α is mixing on 2 sets, so we deduce that α is mixing of all
orders.

The general case is similar: if the system is not mixing on r sets,
this gives rise to an infinite family of solutions to an S-unit equation in
a characteristic zero field. By a suitable version of the S-unit theorem,
this forces a subsum to vanish infinitely often, which implies the system
is not mixing of some smaller order, proving the result by induction.

The connection between mixing and S-unit equations also applies
in the totally disconnected case, but there the presence of a Frobenius
automorphism on the field means there are infinite families of solutions
(for example, the failure of mixing on three sets in Ledrappier’s example
corresponds to the identity 1 + t2

n
+ (1 + t)2n

= 0 in F2(t)). There is
an analogous theorem in this setting also, relating the order of mixing
to mixing shapes, due to Masser [50].

Theorem 6.2. For any algebraic dynamical system, the order of
mixing as detected by mixing shapes is equal to the order of mixing.
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Growth and orbit-counting

The number of periodic points is an invariant of topological con-
jugacy; in this and the next lecture we describe some properties of
orbit-growth for group automorphisms, particularly in the setting of Zd-
actions. This is recent work by Everest, Stevens, Miles and Ward.

7.1. The hyperbolic paradigm

If α : X → X is a ‘hyperbolic’ group automorphism1 then it has
well-understood periodic orbit properties. One of the tools used in
studying orbit-growth is the dynamical zeta function. This may be
viewed as a generalization of the Weil zeta function, which corresponds
to the dynamical zeta function of the action of the Frobenius map on
the extension of an algebraic variety over a finite field to the field’s
algebraic closure. Writing

Fα(n) = |{x ∈ X : αnx = x}|
for the number of points fixed by αn, the dynamical zeta function is
defined by

ζα(z) = exp

∞∑

n=1

zn

n
FT (n) (15)

which has a formal expansion as an Euler product,

ζα(z) =
∏

τ

(
1 − z|τ |

)−1
, (16)

where the product is taken over all orbits of α. Just as the classical
Euler product relates analytic properties of the Riemann zeta function

1Informally this means that there is a commutative diagram

∏
i
Kri

i

×
Q

i
Ai−−−−−→ ∏

v
Kri

iyπ

yπ

X
α−−−−→ X

where π is a continuous surjective local isometry, each Ki is a locally compact field
with norm | · |i, and each Ai is an ri × ri matrix over Ki none of whose eigenvalues
have norm one.
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to asymptotic counting properties of the prime numbers, the Euler ex-
pansion (16) relates analytic properties of the dynamical zeta function
to orbit-counting asymptotics. In the hyperbolic case, the dynamical
zeta function

ζα(z) = exp
∞∑

n=1

Fn(α)
zn

n

is often rational (see Exercise 13). The number of periodic points grows
at an exponential rate,

1

n
log Fn(α) → h(α), (17)

where h(α) is the topological entropy of α. In particular, the zeta
function (15) has radius of convergence e−h(α) and, crucially, has a
meromorphic extension to a strictly larger radius.

7.2. Periodic points for commuting maps

Periodic points for Zd actions are more complicated in several ways.
The first difficulty is to decide what one wants to count: if α is a Zd

action on X, then for each n ∈ Zd there is the map αn with its own
associated periodic points. One may also select a subgroup L 6 Zd

and define

FL(α) = |{x ∈ X : αn(x) = x for all n ∈ L}|.
It turns out that (as with entropy and the expansiveness property)
there is an appropriate rank to work in: roughly speaking, the right
rank r has two properties:

• r is not too small, meaning that | FL(α)| < ∞ for all or many
subgroups L or rank r;

• r is not too big, meaning that lim supn→∞
1
nr log FnL(α) > 0 for

all or many subgroups L of rank r.

To see what these mean in practice, we revisit some of the examples
from Sections 2.1.1 to 2.1.7. In each case the appropriate rank r is
given, with some examples of periodic-point calculations in that rank.

7.2.1. Full shifts. Section 2.1.1 defines a full shift on p symbols.
Here r = 1 and of course FnZ(α) = pn.

7.2.2. A toral automorphism. Section 2.1.2 is a toral automor-
phism defined by the matrix A. By duality, the dual of

{x ∈ T4 : Anx = x},
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which is the dual of {ker(A4 − I)} if finite, is isomorphic to

T̂4/(Â4 − I)T̂4,

which is isomorphic to Z4/(A4 − I)Z4. Thus FnZ(α) = | det(An − I)|.

7.2.3. Ledrappier’s example. Section 2.1.3 also has r = 1. For cer-
tain directions n, the map αn is expansive and this is reflected in a very
orderly sequence of periodic points. Using the local structure of XM in
terms of completions of the function field F2(t) and the periodic point
formula from [11] we have

| F(n1,n2)(α)| = |tn1(1 + t)n2 − 1|∞|tn1(1 + t)n2 − 1|t|tn1(1 + t)n2 − 1|1+t,

the three absolute values being given by

|r(t)|t = 2− ordt(r(t)), |r(t)|∞ = |r(t−1)|t and |r(t)|1+t = 2− ord1+t(r(t))

where r(t) ∈ F2(t) (see [11], [16] or [83] for the details). In each of
the expansive regions, the entries in Figure 1 can easily be found using
the ultrametric property of the absolute values. For example, in the
expansive region n1 < 0, n2 > 0, n1 + n2 > 0 we have

|tn1(1 + t)n2 − 1|t = 2−n1, |tn1(1 + t)n2 − 1|∞ = 2n1+n2

and

|tn1(1 + t)n2 − 1|t = 1,

giving | F(n1,n2)(α)| = 2n2 . In non-expansive directions things are more

complicated; for example | F(n,0)(α)| = 2n−2ord2(n)
.

Some calculations are shown in Figure 1. Notice that | F(α−n)| =
| F(αn)|, so only the region n2 > 0 is shown, with ∞ denoting the
lattice point (0, 0) corresponding to the identity map α(0,0).

16 32 32 32 32 16 64 128 256 512 1024
32 1 16 16 16 1 32 64 128 256 512
32 16 4 8 8 4 16 32 64 128 256
32 16 8 1 4 1 8 16 32 64 128
32 16 8 4 1 1 4 8 16 32 64
16 1 4 1 1 ∞ 1 1 4 1 16

Figure 1. Periodic points for Ledrappier’s example.
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7.2.4. ×2,×3. The ×2,×3 example from Section 2.1.5 may be treated
in the same way. The system has expansive rank 1: the map α(1,1) for
example acts expansively. There are non-expansive directions however:
the lines spanned by (0, 1), (1, 0) and (− log 3, log 2) comprise the non-
expansive 1-spaces. These are the lines 2x = 1, 3y = 1 and 2x3y = 1
that record vanishing of 2-adic, 3-adic and real Lyapunov exponents
respectively. The formula in [11] says that

Fn(α) = |2n13n2 − 1| × |2n13n2 − 1|2 × |2n13n2 − 1|3.
The zeta function ζαk at some representative points k ∈ Z2 is shown
in Table 1.

Table 1. Zeta functions in ×2,×3

k F(αkn) ζαk(z)

(1, 1) 6n − 1 1−z
1−6z

(1, 0) (2n − 1)|2n − 1|3 irrational

(0, 1) (3n − 1)|3n − 1|2 irrational

(2,−1) 4n − 3n 1−3z
1−4z

(1,−1) 3n − 2n 1−2z
1−3z

In fact the dynamical zeta function is uniformly parameterized
across each expansive region, reflecting the uniform behaviour within
expansive cones in the spirit of Boyle and Lind [10].

3y = 1

2x = 1

2x3y = 1

◗
◗

◗
◗

◗
◗

◗
◗◗

◗
◗

◗
◗

◗
◗

◗
◗◗

q q q q q q q

q q q q q

q q q q q

q q q q q q q

q q q q q q q

ζα(a,b) (z) = 1−z
1−2a3bz

ζα(a,b) (z) = 1−3−bz
1−2az

ζα(a,b) (z) = 1−2az
1−3−bz

ζα(a,b) (z) = 1−z
1−2−a3−bz

ζα(a,b) (z) = 1−3bz
1−2−az

ζα(a,b) (z) = 1−2−az
1−3bz

Figure 2. The parametrization (a, b) ↔ ζα(a,b) for ×2,×3.

Some explicit calculations are shown in Figure 3.
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211 227 235 239 241 121 485 971 1943 3887 7775
49 65 73 77 79 5 161 323 647 1295 2591
5 11 19 23 25 13 53 107 215 431 863
23 7 1 5 7 1 17 35 71 143 287
29 13 5 1 1 1 5 11 23 47 95
31 5 7 1 1 ∞ 1 1 7 5 31

Figure 3. Periodic point counts for ×2,×3.

In an expansive direction like (1, 1) we have | F(αn(1,1))| = 6n − 1
and the exponential growth rate along the sequence in italics is clear.
For lattice points close to the non-expansive line 2x3y = 1 we find (for
example) that | F(α(−5,3))| = 5, and it is not immediately clear that
there is exponential growth along the sequence shown in bold, but the
next theorem from [58] says this does indeed hold.

Theorem 7.1. If (XM , αM) is a mixing algebraic Zd-action with M
Noetherian, dim(X) > 0, and some n ∈ Zd being expansive, then

lim inf
n→∞

1

‖n‖ log | F(αn

M)| > 0.

This is quite delicate: the proof uses Baker’s theorem to relate the
lower limit to something related to the entropy of an automorphism
of X, and then a weak version of Lehmer’s problem, which says that
on any given group there is a positive lower bound to the set of positive
entropies of automorphisms.
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LECTURE 8

Prime orbit and Mertens’ theorems

A closed orbit τ of length |τ | = n for a continuous map T : X → X
on a compact metric space X is a set of the form

{x, T (x), T 2(x), . . . , T n(x) = x}
with cardinality n. A dynamical analogue of the prime number theorem
concerns the asymptotic behaviour of expressions like

πT (N) = |{τ : |τ | 6 N}| , (18)

and a dynamical analogue of Mertens’ Theorem concerns asymptotic
estimates for expressions like

MT (N) =
∑

|τ |6N

1

eh(T )|τ |
(19)

where h(T ) denotes the topological entropy of the map. Results about
the asymptotic behaviour of both expressions under the assumption
that X has a metric structure with respect to which T is hyperbolic
may be found in the works of Parry [61], Parry and Pollicott [62],
Sharp [73] and others. An orbit-counting result on the asymptotic be-
havior of (18) for quasi-hyperbolic toral automorphisms has been found
by Waddington [79], and an analogue of Sharp’s dynamical Mertens’
Theorem for quasi-hyperbolic toral automorphisms has been found by
Noorani [60]. Both the current state of these kinds of results and
the seminal early work on geodesic flows is described in the book of
Margulis [49] which also has a survey by Sharp on periodic orbits of
hyperbolic flows. For hyperbolic maps, the dynamical analogue of the
prime number theorem takes the form

πT (N) ∼ e(N+1)h

N
(20)

and the dynamical analogue of Mertens’ theorem is

MT (N) ∼ log N + C + o(1). (21)

In both cases more refined error terms exist.
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8.1. Group automorphisms close to expansive

In a system like ×2,×3, in any direction n apart from the directions
with n1 = 0 or n2 = 0, αn is an expansive group automorphism so we
have (20) and (21). In the non-expansive directions the results of [24]
show that (for example) the sequence whose Nth term is

Nπα(1,0)(N)

2N

has infinitely many limit points, and

Mα(1,0)(N) ∼ 5

8
log N + C + O(1/N). (22)

Maps like this are not expansive, but they appear inside a Zd-action
in which all other directions are expansive. The local structure shows
that this map is non-expansive because of a single vanishing Lyapunov
exponent.

The paper [11] gives a way to view systems arising in this way using
rings of S-integers; in this construction such a map will appear in some
non-expansive direction inside a Zd-action of expansive rank 1 if and
only if the set of primes involved is finite.

8.2. Group automorphisms far from expansive

The same kind of question makes sense for any group automor-
phism. The recent paper [23] identifies a class of group automorphisms
of finite combinatorial rank; the definition is a little involved but an
example will indicate the kind of system dealt with. The map α(1,0) in
the ×2,×3 system may be identified with the dual of the map x 7→ 2x
on Z[1

6
]. This ring is obtained from the integers by inverting the

primes 2 and 3 – since only finitely many primes are inverted, this
is not far from hyperbolic. At the opposite extreme, we may invert
all but finitely many primes, and this is one of the ways to construct
examples with finite combinatorial rank.

Example 8.1. Define a compact group automorphism α : X → X
to be the dual map to x 7→ 2x on Z(3) = Z[1

p
: p any prime 6= 3]. Then

πα(N) =
log N

log 3
+ O(1).

In general, if α : X → X has finite combinatorial rank and X is a
connected group then we associate a Dirichlet series

dα(z) =
∞∑

n=1

Oα(n)

nz
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to (X, α), where Oα(n) is the number of closed orbits of length n un-
der α. Then the results of [23] read as follows. The series dα(z) is a
rational function of the variables {c−z : c ∈ C} where C is a finite set of
positive integers. The asymptotic behaviour of πα is governed by the
abscissa of convergence σ of dα and the order K of the pole at σ as
follows. For the case σ = 0,

πα(N) = C (log N)K + O
(
(log N)K−1

)
.

For σ > 0 the situation is more involved. In combinatorial rank one
(in which case the pole at σ is necessarily simple),

πα(N) = δ(N)Nσ + O(1)

where δ is an explicit oscillatory function bounded away from zero and
infinity.

For the general case of a simple pole, there is only a Chebychev
result of the form

ANσ
6 πα(N) 6 BNσ

for constants A, B > 0. Given the oscillatory function that arises in
combinatorial rank one, no stronger asymptotic can be expected.

Finally, and surprisingly, in the case σ > 0 and K > 2, there is an
exact asymptotic

πα(N) ∼ CNσ (log N)K−1 .

This comes about because the higher-order pole introduces a factor
which randomizes the oscillatory behaviour seen in the case of a simple
pole.
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Exercises

Exercise 1. Show that a surjective endomorphism of a compact
group preserves the Haar measure.

Exercise 2. Use an argument like that of Theorem 2.1 to prove the
following. If X is a compact abelian group, the group rotation Rg(x) =
gx is ergodic with respect to Haar measure if and only if the sub-
group {gn : n ∈ Z} generated by g is dense in X.

Exercise 3. Prove Corollary 2.3 using Theorem 2.1 and the ex-
plicit description of characters on the torus from (2).

Exercise 4. Can the construction in Section 2.1.2 be reversed?
That is, if you are given a matrix A ∈ GLr(Z) is there a correspond-
ing ideal in R1 that gives an isomorphic system? Specifically, this

construction clearly applies to the matrix

[
0 1
1 4

]
with characteristic

polynomial u2
1 − 4u1 − 1. Does it apply to the matrix

[
3 2
2 1

]
, which

has the same characteristic polynomial?

Exercise 5. Verify the statement on p. 26, that a point lies in XRd/p

if and only if it is annihilated by a generating set of polynomials moved
(multiplied by a monomial) everywhere.

Exercise 6. What does the characterization of expansiveness in
Theorem 4.1 mean for a single group automorphism (the case d = 1)?

Exercise 7. Show that if p is a prime ideal with p ∩ Z = pZ for
some rational prime p, then XRd/p is expansive.

Exercise 8. Use Theorem 4.1 to show that the examples of Sec-
tion 2.1.1, 2.1.3, 2.1.5 and 2.1.6 are expansive, while the examples of
Section 2.1.2, 2.1.4 and 2.1.7 are not expansive.

Exercise 9. Show how (10) is compatible with Abramov’s for-
mula (8).

Exercise 10. Show using Jensen’s formula that the right-hand
sides of (9), (10) and (11) are all equal.
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Exercise 11. Prove the identity (12), a result due to Smyth [75].

Exercise 12. Show that the entropy of the system correspond-
ing to the module Rn

d/ARn
d , where A is an n × n matrix over Rd,

is m(det(A)). To do this use the Yuzvinskii–Thomas addition formula
and notice that for any such matrices A and B there is an exact se-
quence of Rd-modules

0 → ARn
d/A(BRn

d ) → Rn
d/A(BRn

d) → Rn
d/ARn

d → 0.

Exercise 13. Compute ζα when α is the full-shift or an automor-
phism of T2, and verify (17) in both cases.



Projects

Project 1. Explore higher-order mixing for actions of other groups
by automorphisms of a compact abelian group. Background from Bhat-
tacharya [6], Bergelson and Gorodnik [5], Einsiedler and Rindler [18],
Miles and Ward [56].

Project 2. Prove (22), and try to extend it to other maps arising
in the same way.

Project 3. The orbit-counting results for the simplest examples
involve inverting either a finite or a co-finite set of primes. Can any
intermediate results be found, in which an infinite and co-infinite set of
primes is inverted? See [82] for one direction; another is to construct
very thin sets of primes.

Project 4. Can orbit-counting be extended to other group ac-
tions? The preprint [55] considers examples like the following: for an
action T of a finitely-generated group G , define MT (N) =

∑
|τ |6N

1
eh|τ |

where the sum is taken over closed orbits of the action, and h denotes
the entropy. Then for the full 2-shift over G, if G = Zd we have

MT (N) ∼ CNd−1,

and if G is the discrete Heisenberg group


1 Z Z
0 1 Z
0 0 1


 ,

then

MT (N) ∼
(

ζ(2)2

2ζ(3)
+ 1

)
N log N.

Can this kind of result be extended to more interesting actions (that
is, not for full shifts)?

Project 5. As mentioned in Section 2.1.5 on p. 17, all known
results on the ×2,×3 measure rigidity question require an entropy hy-
pothesis. On the other hand, the mixing of all orders result in Theo-
rem 6.1 is a deep property of the Haar measure, raising the following
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question. If an invariant measure for ×2,×3 makes the whole action
mixing of all orders, must it be Lebesgue?
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