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Let (X, B, 1, T) be a measure preserving transformation and f be a positive function on X. Notice that

= [ dt.
.deu /O u(f > t)dt

That implies that > .o u(f > ir) < oo for all 7 > 0. Since T is measure preserving this implies
1
Z;J.(—,ch’ > 1) < 00,
3:=0 ¢
By Borel-Cantelli lemma
1 ; .
p(=f oT* > r infinitely often) = 0.
1
Therefore .
limsup = foT® < r.
00 ¢
But r was arbitrary. Thus
1 .
lim —foT*=0.
1—00 1

The result immediately follows for L' functions.






