Lecture 18:

Recall:
Let H be a Hilbert space and E an orthonormal set in H, 1e.,
orthogonal and length = 1.
" TFAE:
1% ‘/)éll span(E) = H (“closed linear span”), i.e., the linear span of £
{sdensein H

[y,!
LR

? 2. (Completeness of basis) If < z,uq >= 0 for all «, then z = 0.

\ 3. Foreachz € H, £ = Y _pen < TrylUa > Ua and this series is

(55} unconditionally convergent.

4. (Parseval’s Identity; Bessel’s inequality with equality) for all
T € H7 HxH2 = ZaeA‘ <Z,Ua > ‘2'
If E satisfies any one of these equivalent conditions it is called an

orthonormal basis.

Theorem: Every nonzero Hilbert space has an orthonormal basis.

Proof: Order the orthonormal subsets of H by inclusion. Every

totally ordered subset has an upper bound, namely its union. By
Zorn, it has a maximal element E. Let W := span(F) which is
closed linear subspace. H = WBW

If E is not an orthonormal basis, then W # H. Then w+ £ {0}.
For any nonzero y € W+, EU{y/||yl|} is an orthonormal set which
properly contains F. This contradicts the maximality of E, and so
W = H and E is an orthonormal basis. [

Examples of orthonormal bases:
1. L*([0,1]), with Lebesgue measure :

E = {62”“0 . n € Z}.
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— Orthogonality: for n # m,

( e2mn0, e27rzm6> — / eZmnH e—2mm0 d9

= /0 (cos2m(n — m)#)) + i(sin 2 (n — m)6))dd

¢

Sin(27r(n—m)6’)|(1)4j27r(nk_ - cos(2m(n—m)f)|g = 0.

1
- #27{'(% —m)

— Length = 1:

1 1
< 627rz'n9, 62m’n9> _ / g2mind =28 qg — / do = 1.
0 0

— Orthonormal Basis: For f € L?,

A

1
f(n) = <f, 627rin6> — / f(9)6—2m'n9d0
0
Want characterization 3 of orthonormal basis:

f _ Z ]E(n)e%rinO

with convergence in L?, i.e. ||f — SV F(n)e?m ||y — 0.

Fourier series representation of L? functions.

This is true:
Step 1: C([0,1]) is dense in L*([0, 1]) in the L? metric, i.e. for
all f € L%([0,1]) and € > 0, there is a continuous function g s.t.

1f —gll2 <e

Step 2: Apply complex Stone-Weirstrass Theorem (Folland, sec-

tion 4.7): Let X be a compact metric space. Let A be a subset of
C(X) which satisfies:
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a. A is an algebra, i.e., a subspace of C(X) that is closed under
multiplication of functions

b. A is closed under complex conjugation
c. A contains the constant functions

d. A separates points, Le., for all z,y € X, = +£ v, there exists

feAst f(z)# f(y)-
Then A is dense in C(X) w.r.t. the sup norm.

Apply to:

A = complex linear span (E)
ie., all complex linear combinations of elements of E.
Verify that A satisfies a, b, ¢, d:

a,b.c are straightforward; for condition d, e2™® “almost” separates
points in [0, 1];

but you can never separate the points T = 0 and z = 1; so, view
the functions in E as functions on the unit circle instead of 0, 1].

Thus, L%([0, 1]) = span(E) (closure in L? metric): because
f € L*([0,1]) is approximated by g € C(X ) which is approximated

by a linear combination of E, which is span(F). /E)'b’}
)
This is characterization 1 of orthonormal basis, and so E is an

orthonormal basis.

2. £%(X), with counting measure. The standard orthonormal

basis: E = {uq }aex-
w® =15 25 )
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(Ua, Uy) = /uaﬂ;d:“ = Zua(ﬁ)uv(ﬁ)

B

1l a=y
10 a#y
So, E is an orthonormal set. And it is an orthonormal basis since

span(E) = £2(X) in £* because if f € £*(X), then it can have only

countably many nonzero terms:
o0
Z |fla)l® < o0
i=1

and approximate this sum by finite linear combinations of E.

If X =N, then E is can be viewed as the standard basis vectors:
(1,0,0,0,...,),(0,1,0,0,...,),...

Defn: A metric space is separable if it has a countable dense set.
Examples:

1. L2*([0,1], ), with u Lebesgue, is separable: simple functions
with complex rational coefficients and intervals with rational end-
points, are dense.

2. £2(X) is separable iff X is countable.

Proof: Assume countable, then the standard basis vectors form a
countable dense set.

Assume separable, so there is a countable dense set. The support
of any element of £2(X) is countable since it is square summable. So,
the union of supports of the countable dense set in £%(X) is countable.
If X were uncountable, then there is an element of X whose charac-
teristic function cannot be approximated by the countable dense set.
Contradiction.
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