Lecture 16:
Recall: A Banach space X is a complete NVS.

——

Fact: X — [0,00),  — ||z]|| is continuous.
Proof (in fact, works for NVS):

Let ¢, — .
| @]l = |2l | < [lzn — 2|
Since ||z, — z|| = 0, ||zx|] — ||z]]. O
Recall: A Hilbert space is a complete inner product space.
Fact: X x X — K, (z,y) — (x,y) is continuous.
Proof (in fact, works for inner product spaces): If z, = z, y, — v,

then T

(@2} = (s )| < 15 39 (2, Y — (o )|
by C-S: :’[ L X, (=7 l 7" j(’?v Xy ];17/
< Nl lly = gl + gl Ilz — ]

Since Hilbert spaces are Banach spaces, ||x|| is continuous, and so
l|l¥]| = ||ly|| and so upper bound tends to 0 as n,m — co. O

Defn: For a vector space X, a convexr combination of z,y € X
18 a point of the form tx 4 (1 — ¢)y such that ¢ € [0,1]. A subset S
of X is convex if whenever z,y € S then every convex combination
of z,yisin S.

A convex combination is a weighted average.

Intuitively, a convex set is one in which for every pair of points in

the set, the entire line segment between the points is contained in
— ey

the set. A

Example: Any subspace of a vector space is convex.
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Theorem (closest point): Let K be a nonempty closed convex
subset of a Hilbert space H. Let z € H\K. Then inf ek l|lz—yl|| >0

is achieved uniquely. S”l"‘;/\'}z’,’) e Lo’
In other words, there is a unique point in K closest to z.
HW4: This is false (both existence and uniqueness) in Banach

spaces, even when K is a closed subspace.

Proof: Let {y,} be a sequence in K such that ||z — ya|| converges
to d := infyek ||z — yl|. |

We claim that {y,} is Cauchy. If so, then y, converges to some
y € H, and therefore y € K; since || - || is continuous, we have

e — ]| = lim|fz ~ yal| =

and so the inf is achieved.

Proof of Cauchy:

By parallelogram law, with v, — x and y,,, — x as sides,

2l|yn — 37”2 + [|Ym — $||2) :Hyn — Z‘/mH2 + Hyn + Ym — 23;“?

Re-write:
2(11yn = zl1* + llym — 2|*) = 1 = YmlI” + 4/l (Yn + tm)/2 — ]’
Since K is conveX, (Yn+Ym)/2 € K and so ||(Yn+ym)/2—x||* > d2.

So, for large n, m,

E“ 4d%) = ||y — Y2 + (> 4d?)
Thus, ||yn — ym||? is small.

With a bit more rigor:
Re-write:

190 = ymll* = 2(/1yn — @[1* + [lym — 2I1*) — 4|(yn + ym)/2 — z|?
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< 2(|[yn — al[* + lym — 2lP) — 4d°
the latter inequality since (1/2) (Yn+ym) € K, owing to the convexity
of K.
Given € > 0, for large n, m,

2lyn — |2+ |ym — 2||?) — 4d® < 2(d* + e+ d? +€) — 4d* = 4e.

Thus, {y.} is Cauchy.

Uniqueness: Suppose that y,y' € K are distinct points that
achieve the inf:
/
|z —yll =d=[lz -yl

Then by parallelogram law with sides  — y and @ — Y,
4d® = 2(|je — gl + llz — /| = 12z —y =¥/ 1P+ ly = ¥/II

= ||z — (y+3)/2P7 + ly = vl > 4|z — (y +5)/2II,
and so the distance from z to the midpoint (y + y')/2 is strictly
smaller than d, a contradiction. [

Q: Sounterexample for cloded, but not CO}X{GX set I\ Hilbext space?
(without™spnvexity, uniquenss is false).

Defn: Let H be a Hilbert space. For any set & C H, the orthog- -
onal complement is defined

Et={ye H:Vr€ E,z 1y}

Prop: E* is a closed subspace of H.

Proof: By bilinearity, E- is a subspace. It is closed because {(z, y)
- is continuous: if y, € E+ and y, — y in H, then for all z € E, we
have (x,y,) = 0 and so

LT,y = (as,liTrln yn) = lim(z, y,) = 0.0
n
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Theorem: Let M be a closed subpsace of a Hilbert space H. Then
H =M@ M, ie., each x € H is uniquely expressible as y + 2z
wherey € M, z € M*. In fact, y, z are the unique points in M, M+
~ closest to x.

Proof: By Theorem (closest point), there is a unique y € M
closest to = (of course, if z € M, theny =x). Let z =z —y.

We will show that z € M+t ie. forallve M < z,v >=0.

We claim for all £ € R

121 < ]z + tol|

To see this, observe that ||z|| is the distance from x to y (the unique
closest point on M to z), and ||z+tv|| = ||z —y —tv|] is the distance
from z to y +tv € M.

Thus, f(t) = ||z + tv||? achieves a minimum at ¢ = 0. But
(1) = ||lz+tv||? =< z+tv, z4+tv >=< 2,2 > +2tR < 2,0 > 2 < v, >

which is a differentiable function on R. So, ¢ = 0 is a critical point
and thus f'(0) = 0. But f/(t) = 2R < z,v > +2t < v,v > and so
0= f'(0) = 2R < z,v > and so R < z,v >= 0. Applying the same
argument to ||z + itv||?, we get & < z,v >=0.

So,z=y+z2y€Mze M |

Uniqueness is easy: If x = y + 2z = v + 2/, with y,9 € M,
z,7 e Mt theny—y =2 —ze MNM* andsoy—y' Ly—y
and so y — gy = 0 and thus also z — 2/ = 0. O

For any subpsaces is (M+)+ = M? Need closed subspace and is
then true.

Proof if H were finite dimensional:
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dim(M*) = dim(H) — dim(M) and so

dim(M*)* = dim(H) — dim(M™")
= dim(H) — (dim(H)) — dim(M) = dim(M).

But clearly (M*)* D M, and then since they have the same
dimension, (M+)+ = M. O

Prop: Let H be a Hilbert space.

1. For any set £ C H, (E+)" is the smallest closed subspace that
contains .

2. It M is a closed subspace, then (M1)L = M.

Proof: 2 follows from 1 since M is the smallest closed subspace
that contains M. |

Proof of 1: Will use A C B implies A+ D B,
IR
(E+)* is a closed subspace that contains E. CE ) 2 £

Since an arbitrary intersection of closed sets is closed and an ar-
bitrary intersection of subspaces is a subspace, the smallest closed
subspace that contains a given set is the intersection of all closed
subspaces that contains the given set.

Let N be the smallest closed subspace that contains £. Then
NN(EYHL = N and so

ECN c (EYH?

Suppose (E1)+ # N. Then there exists z € (EHE\ N.
Since N & Nt = H, we can write z =y+z,y€ N,z€ N
Since z € Nt (y,z) = 0.
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