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Learning Goals

This week we study two applications of integration to geometric problems: (1) finding the area between
two curves, and (2) finding the volume of certain kinds of solids by considering their cross-sectional
areas. Both of these problems will involve setting up definite integrals of functions of one variable.

The specific learning goals for this week are that by the end of the week and review homework, you
should be able to:

1. construct an integral or a sum of integrals that can be used to find the area of a region bound
by two or more curves by considering approximating rectangles that could be vertical (of widths
∆x) or horizontal (of widths ∆y);

2. interpret an integral of the form

∫ b

a
|f(x)− g(x)| dx as an area of a plane region;

3. use approximate integration (e.g. the Midpoint Rule) to approximate the area of a plane region;

4. construct an integral or a sum of integrals that can be used to find the volume of a solid by
considering its cross-sectional areas. For solids that are obtained by revolving a region about
an axis of rotation, find the volume by considering cross-sectional discs or washers;

Potential Learning Approaches and Issues

1. As a general idea, we break down areas or volumes into small area elements or volume elements
whose areas and volumes we can easily compute, and then we add up the areas or volumes of these
elements to get the total area or volume we seek. This ”adding up” is done by integration: we
break the area or volume down into a finite number of pieces and then use the same kind of limit
process we did to define the definite integral. Physicists and engineers often ”abuse notation”
and skip to a place of working with area elements dA = f(x) dx or dV = A(x) dx, in which
they think of the dA as a small ”infinitesimal” bit of area, for example, f(x) as the height of the
element, and dx as a tiny ”infinitesimal” width. Stewart sticks to being a mathematician, and
writes down the finite area element ∆A = f(x)∆x, for example, and then takes limits.

2. In computing areas, it is useful to focus on a single area element – a small slice of the region of
width ∆x (physics and engineers are likely to call this dx, a slight abuse of notation) and height
given by the distance between the curves at the point x. Thus, a typical area element has area
∆A = [f(x) − g(x)] ∆x. By drawing a diagram to illustrate the region whose area you wish to
compute, you can draw such an area element and correctly identify its height.

3. In some of the approximation problems, such Problem 44, to set up the approximation to the
definite integral that defines the area, you don’t really need to explicitly identify a coordinate
system. Of course, there is a preferred axis in such problems that defines the variable of inte-
gration, in a way. On the other hand, it does not matter where you actually put the origin of
your coordinate system – it will not affect your computation. It is worth spending some time
pondering over this.



4. In section 6.2, the general notion of a cylinder may be new to you. You are familiar with the right
circular cylinder that has cross-section a circle, of course. Cylinders have the property that they
are defined by an axis and their cross-sections along that axis. The shape of the cross-sections is
allowed to vary as you move along the axis of the cylinder. Familiarize yourself with this idea by
thinking about some of the most common solids you have studied: the cube, the pyramid with a
square based, a right circular cone. What other solids have the property that they are cylinders?

5. You will study solids that are generated by revolving regions around some fixed axis. These are
a special kind of cylinder with a rotational symmetry (obviously!) around the generating axis.
We will only ask you to use the so-called ”disk” and ”washer” methods to compute the volumes
of such solids of revolution. Section 6.3, which is not part of this course, covers another method
that may be familiar to some of you.

6. In the end, the key idea that you should consider is the fact that we were able to compute these
areas and volumes by breaking the problem down into finding basic elements that we knew how
to compute, and then integrating (”adding up”) these elements to get the total area or volume.
This idea plays out in many ways in physics and engineering. In general, your professors in these
disciplines will hide the limit process (if they even think about it at all) and just compute using
elements. Carefully done, this works because the underlying integrals are well defined.

Suggested Problems

Suggested Problems: Each week, I will post suggested problems on the main Math 101 website.
These are in addition to the formal assignments you will do through WebWork.

This week, all suggested problems will be from the text:
Section 6.1:] 1, 4, 9, 12, 19, 23, 26, 31, 45, 47, 55.
Section 6.2: 6, 7, 12, 19 – 30, 39, 41, 47, 61, 64, 70.


