
MECH 221 Computer Lab 5: Phase Portraits of 2D Linear Systems

OVERVIEW: Constant-Coefficient Linear Homogeneous Systems in the Plane

Two-dimensional linear systems of the form

[

ẋ1

ẋ2

]

=

[

a b

c d

] [

x1

x2

]

(∗)

can produce a variety of solution families. Two possibilities—out of many—are shown here:
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Constructing sketches like these from a given matrix A =

[

a b

c d

]

is a predictable and systematic

process. In this lab, we will train Matlab to do it.

Simplifying Assumptions. We will assume that the matrix A has no zero eigenvalues. This
implies that det(A) 6= 0, and which implies that A cannot have a zero row. Our code will rest on
the assumption that

a2 + b2 > 0 and c2 + d2 > 0. (∗∗)

Here are a few more details on the elements of the desired figures.

The Plot Window. All our plots will show the square defined by −2 ≤ x1 ≤ 2, −2 ≤ x2 ≤ 2. To
focus the plotting viewport on exactly this square, we use the Matlab commands

axis equal;

set(gca,’XLim’,[-2,2],’YLim’,[-2,2]);

Matlab will then display only the viewable parts of whatever graphical objects we have made. This
gives us the precious freedom to draw lines and curves that stretch far outside the box of interest,
and then rely on Matlab to exclude the parts we don’t need to see. We typically issue the two
commands above after all plotting has been finished. (Matlab automatically adjusts the view it
offers after each plotting operation, unless the user insists otherwise.)
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2 MECH 221 Computer Lab 5: Phase Portraits of 2D Linear Systems

Velocity Field. The sketches include a simple grid of dots to show the vector velocity ẋ that
system (∗) assigns to every location x = (x1, x2). The tail of vector ẋ is positioned at the point
(x1, x2).

A little deception improves the pictures: at location x, the true velocity is v = Ax. Sometimes
v is so large that huge arrows crowd the diagram and hide the trajectories. So instead of drawing
exactly v, we pick a constant α > 0 and draw







v, if |v| ≤ α,

α
v

|v|
, if |v| > α.

(This always has the same direction as v. Its magnitude is also correct when |v| is small, but the
magnitude is limited to α when |v| is large.) Experience suggests that the plots look good when α

is about half the spacing between the dots in the grid.

Nullclines. The nullclines for (∗) are the two straight lines through the origin defined by

ax1 + bx2 = 0, cx1 + dx2 = 0.

These are shown in green on the sample sketches above. The first nullcline identifies all points
x where the prescribed velocity is purely vertical (because ẋ1 = 0); the second nullcline shows
points in the plane where the system motion is horizontal (ẋ2 = 0). Note that one point on the
first nullcline is (−b, a), and this point cannot be (0, 0) because of assumption (∗∗). This makes
it possible to find two different points on the nullcline lying far outside two opposite sides of the
viewport, and use Matlab’s plot command to join them. The visible part of this segment makes
an informative addition to our picture. Similar work is needed for the second nullcline.

Eigenvectors. The two-line Matlab sequence

[V,D] = eig(A);

s = diag(D);

will return a square matrix V =
[

v1

∣

∣

∣
v2

]

and a vector s = (s1, s2) in which column v1 is an

eigenvector for A with eigenvalue s1, and column v2 is an eigenvector for A with eigenvalue s2.
Further, |v1| = 1 and |v2| = 1. When v1 and v2 are linearly independent (which is guaranteed
whenever s1 6= s2), then the general solution of (∗) involves arbitrary constants c1, c2:

x(t) = c1e
s1tv1 + c2e

s2tv2. (†)

When s1, s2 are real, choosing c2 = 0 in (†) leaves a family of solutions that move along one of
the two rays with directions ±v1, and one end at the origin. These solutions for (∗) are simple to
understand and well worth drawing. The points with coordinates 3v1 and −3v1 are guaranteed to
lie outside our viewing window. Joining them with a red line will show all of the eigenvector ray
we need to see. Likewise for v2.

When s1, s2 are not real, they both have the form σ ± iω for some real constants σ and ω. In
this case the eigenvectors v1 and v2 are also complex-valued, and conjugates of each other, and
there is no useful way to include them in our sketch. The general solution formula in (†) remains
valid, however, provided we allow complex constants for c1, c2. The function of t on the right will
return a vector with real-valued components if and only if c1 and c2 are conjugates of each other.
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MECH 221 Computer Lab 5: Phase Portraits of 2D Linear Systems 3

In Matlab, to extract the first two column vectors from a given matrix V , we use the colon
operator:

V1 = V(:,1); % Colon means "all rows", number specifies column 1

V2 = V(:,2); % Colon means "all rows", number specifies column 2

This pattern works on any matrix V with 2 or more columns. (Extracting rows works the same way:
saying R2 = V(2,:) extracts row 2 from V. That’s nice to know, but we we won’t use it today.)

General Trajectories. When both constants c1 and c2 in (†) are nonzero, the path of the system
point x is influenced by both terms. Typically x(t) follows a curved path. At t = 0, we have

x(0) = c1v1 + c2v2 =

[

v1

∣

∣

∣
v2

] [

c1
c2

]

= V c.

To find the trajectory through some prescribed starting point x0, we choose c1, c2 using

c = V −1x0. (‡)

In our sketching project, we could choose a point x0 inside the viewing window, get c1, c2 from (‡),
and then apply (†) for an interval of t-values centred at 0. Like this:

% Setup: x0_1, x0_2 are the initial coords in vector x0
% V1,V2 are unit eigenvectors
% s1,s2 are eigenvalues for V1,V2
c = [V1, V2] \ [x0_1;x0_2];
t = linspace(-1,1,201);
x1= c(1)*exp(s1*t)*V1(1) + c(2)*exp(s2*t)*V2(1); % Component 1
x2= c(1)*exp(s1*t)*V1(2) + c(2)*exp(s2*t)*V2(2); % Component 2
plot(x1,x2);

Here the positive t-values show where the system point x(t) will move after t = 0; the negative
t-values show where the point must have been before t = 0 in order to hit x0 on schedule. The
interval −1 ≤ t ≤ 1 in the code fragment above may not be ideal for showing all of the system’s path
through x0 inside the viewing window. (It may generate points far outside the viewport, which is
a waste of computational effort, or it may stop short in following branches of the trajectory that
are converging to the origin.) Additional careful thinking would be appropriate here, but we will
save some time by using trial-and-error instead.

Complex Eigenvalues. When the given matrix A has complex eigenvalues s1 and s2, the eigen-
vectors v1 and v2 will have some complex entries, and the calculation of c = V −1x0 will give
complex numbers for c1, c2. But those numbers will be mutual conjugates, so simply carrying
through the general solution formula (†) with all these complex quantities will produce a plottable
system trajectory. Matlab handles complex arithmetic automatically, so identical code can be used
to find and plot trajectories whether the eigenvalues are real or complex.

Defective Matrices. When the given matrix A has a repeated eigenvalue and a defective eigenspace,
the general solution form is different from (†). Fortunately, this situation is so special that it seldom
happens. It makes sense to put top priority on the cases already described.

It can be shown that the defective case occurs exactly when

4bc = −(a− d)2 < 0.
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4 MECH 221 Computer Lab 5: Phase Portraits of 2D Linear Systems

When this exact equation holds, let’s just unilaterally change the given matrix entry from c to

c′ = c (1 + βsign(bc)) ,

where β is some tiny multiplier. (Experimentation is welcome, starting with β = 10−10.) We can
hope that making a miniscule change to one entry of the matrix A will make a correspondingly
small difference in the corresponding solution pattern. For the purposes of drawing an accurate
picture, changing c to c′ and then proceeding as in the nondefective case seems like a reasonable
strategy.

Home Practice (optional): Explain why the “+” sign in the definition of c′ leads to real
eigenvalues, whereas the “−” sign would give complex ones.

Initial Points. An ideal phase plot will show enough trajectories to fill the plane with representa-
tive curves, without overcrowding it. This calls for a careful choice of starting points for the curves
to generate, and here it’s helpful to anticipate the final figure. Different scenarios call for different
strategies.

(a) The case of real eigenvectors. If eigenvectors v1 and v2 are real and therefore plottable,
the lines through 0 that they generate divide the plane into 4 wedges. We need to draw
some trajectories in each wedge. For the wedge generated by the given directions of v1

and v2, a unit vector bisecting the vertex angle is

w =
v1 + v2

|v1 + v2|
.

We can use a few equally-spaced points on the ray kw, k > 0, to provide x0 values in the
scenario above. The same approach will work in the other 3 wedges. (To generate all 4
wedges, use every possible combination of signs while pairing ±v1 with ±v2.)

(b) The case of complex eigenvectors. This is more complicated, because system trajectories
tend to spiral around the origin. To save time, we sacrifice some beauty in favour of
simplicity. Let’s just pick one ray on one of the nullclines (it doesn’t matter which), and
start the system at the 6 equally-spaced points along this ray whose distances from the
origin are 0.5, 1.0, 1.5, . . . , 3.0.

(c) The defective case. Our intervention, outlined above, will turn the defective case into
one where v1 and v2 are so close to being colinear that 2 of the 4 wedges described in
scenario (a) are so thin that they are not visible in the plot. There is no problem here.
We just need to know it advance that a shortage of visible wedges in the picture does not
mean our code is wrong.

Practical Reassurance. Trusting Matlab to manage complex arithmetic is all fine, but there are
a few wrinkles we should anticipate. All of them arise because roundoff error in computed values
may distort the imaginary part of a number as well as its real part.

• For a matrix whose eigenvalues are ±3i, Matlab may return values like (2× 10−15)± 3i.

• Even for a matrix whose eigenvalues are not real, the exact values on the right side of (‡) are
real numbers. But roundoff errors can add in tiny imaginary components, and then Matlab
will complain as follows when we try to plot the results:

Warning: Imaginary parts of complex X and/or Y arguments ignored

If the plots look correct, it’s safe to disregard these warnings.
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MECH 221 Computer Lab 5: Phase Portraits of 2D Linear Systems 5

LAB ACTIVITIES: Automatic Phase Plane Plots

1. Make personal working copies of four files from Connect:

• slopefield.m, an exact copy of our starting point in Computer Lab 4,

• vec2d.m, a helper function that draws vector arrows in 2D,

• pp2test.m, a driver script for automated testing,

• pp2---.m, with --- replaced by your assigned lab day, the ultimate test cases.

Rename slopefield.m as phaseplot.m, and take a good look at the provided script pp2test.m.
In principle, giving the command

clear all; close all; pp2test

should apply your evolving script phaseplot.m to a number of representative choices for the
matrix A. Do this at the end of each numbered step below to benchmark your progress through
the project.

2. Modify phaseplot.m to produce a velocity field instead of a slope field. After your edits,
phaseplot should assume that the system matrix A is predefined in the Matlab workspace.
Instead of a little segment centred at each node in the grid, we want to see little vector with
their tails on the grid nodes. The given function vec2d can draw these vectors (it works just
like Matlab’s function plot). For testing, just issue the command suggested in Step 1.

3. Extend phaseplot to show the nullclines for the system. Use dashed lines in your choice of
colour. (Hint : Find the coordinates of a point p that lies on the nullcline but outside the
viewing window. Have Matlab plot a dashed line from p to −p. Don’t waste time trying to
put p right on the frame of the viewing window: Matlab will automatically display only the
relevant segment of whatever line you plot.) Caution: Don’t do anything that might trigger
division by 0.

4. Use Matlab’s eig command to get the eigenvalues and eigenvectors for the matrix A. (See
above.) If the eigenvalues are real, choose the subscripting scheme so that s1 < s2. (This is
not done automatically by eig. Take care to keep the subscripts of sk synchronized with the
subscripts of vk.) Have your script display the matrix A and its eigenvalues; check that, if the
eigenvalues happen to be real, their labels are correct.

5. If the eigenvalues of A are real, the corresponding eigenvectors are plottable. Add both of
them to your sketch. For example, if v1 is in the Matlab column-vector V1, draw and label it
with commands like

vec2d([0,V1(1)],[0,V1(2)],’r’,’LineWidth’,1);

text(1.05*V1(1),1.05*V1(2),’v_1’,’r’,’FontSize’,16);

Now, add the lines through the origin generated by both eigenvectors. Test.

6. Draw one system trajectory. Pick an initial point x0 at distance 0.5 from the origin along one
of the nullclines, and use a code fragment like the one shown immediately after (‡) to add the
corresponding trajectory to your plot. Check the results for each scenario in the file pp2test: a
curve compatible with the velocity field should be visible in all cases, whether the eigenvalues
are real or complex.
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6 MECH 221 Computer Lab 5: Phase Portraits of 2D Linear Systems

7. Generate a list of starting points x0. Different situations require different treatment:

⊓⊔ If the eigenvalues of A are real, we want the picture to show 40 trajectories, 10 in each of
the wedges bounded by ±v1 and ±v2. In each wedge, the start points should lie on the
wedge bisector at distances from the origin given by

r = 0.3, 0.6, 0.9, . . . , 3.0.

(Matlab notation for that list is r = linspace(0.3,3.0,10).)

⊓⊔ If the eigenvalues of A are complex, we want the picture to show 6 trajectories. The start
points should lie on some nullcline, at distances from the origin given by

r = 0.5, 1.0, 1.5, 2.0, 2.5, 3.0.

One reasonable design approach is to fill in a Matlab matrix with N columns, where each
column is a 2-element vector describing one of the starting points described above.

8. Use your work in Step 7 to extend your achievement in Step 6. Now, instead of drawing just
one trajectory, your script should produce either 6 or 40 curves, depending on the eigenvalues
of A. Suggestion: Wrap your code from Step 6 in a for-loop that updates the starting point
and then repeats the process of drawing the corresponding arc.

9. Implement the defective-matrix hack described in the text. In detail, go back to the code you
wrote in Step 4, and put in some conditional logic. Define β = 10−10 and check if the unit
vectors v1 and v2 returned by eig are so close to parallel that |v1 • v2| > 1 − β. If they are,
change the matrix entry c to c′ = (1+βsign(bc))c and apply eig to the modified matrix. (Note
that Matlab has a built-in function named sign.) To test this, edit the script pptester to
remove the return statement and activate some extra cases.

10. Tune up the title of the plot your script generates, so that it shows the eigenvalues and your
family name. Here’s how your instructor did this—feel free to copy and adapt:

if isreal(s1)
evstring = sprintf(’Real eigenvalues s_1=%0.5g, s_2=%0.5g, Loewen’,[s1,s2]);

else
evstring = sprintf(’Complex eigenvalues s=%0.5g (+/-) i%0.5g, Loewen’, [real(s1),abs(imag(s1))]);

end;
title(evstring);

Test this on both the generic examples in pp2test but also the ultimate production challenges
in pp2---, where --- is replaced with your lab day code.

Hand-in Checklist.

⊓⊔ A printed copy of your ultimate script phaseplot.m, in which the student’s name, lab group,
and UBC ID appear in the electronic file and therefore on the printout.

⊓⊔ Printed copies of the plots for the ultimate test cases in pp2---.
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