
Chapter VI. Lagrange Multipliers
c©2015, Philip D Loewen

A. Wishful Thinking

Let X be a real vector space, with a subset S. Suppose functionals Λ,Γ:S → R

are given, together with a constant γ, and we face the optimization problem

min
x∈S

{Λ[x] : Γ[x] = γ} . (P )

A simple sufficient condition for global minimality in (P ) is the following:

Theorem. Suppose x̂ ∈ S is admissible in (P ). If there is some λ ∈ R such that

Λ[x] + λΓ[x] is minimized over S at x̂, (∗)

then x̂ gives a global minimum in (P ).

Proof. For any x ∈ S obeying Γ[x] = γ, line (∗) gives the central inequality below:

Λ[x] = Λ[x] + λ(Γ[x]− γ)

= (Λ[x] + λΓ[x])− λγ

≥ (Λ[x̂] + λΓ[x̂])− λγ

= Λ[x] + λ(Γ[x]− γ)

= Λ[x̂].

This is the desired result. ////

Implementation. If the set S above can be expressed as S = {x0 + y : y ∈ V }
for some subspace V of X , and if both functionals Λ and Γ are differentiable in all
directions from V , then every x̂ satisfying (∗) will be found among solutions of

0 = D(Λ + λΓ)[x̂] on V . (∗∗)

So we look for points x̂ in S and constants λ ∈ R for which Γ[x̂] = γ and (∗∗) holds.
In some favourable situations, we find a pair that actually obeys (∗), and thus obtain
a global solution for (P ).

Comments on the Logic. The Theorem above provides a simple test that, if
passed, guarantees that an admissible point x̂ solves the given problem. But there is
no guarantee that the test will identify every solution. The next example illustrates
how the procedure just outlined can break down, leaving its user with a page filled
with calculations having no clear salvage value.
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Example. Consider this problem with X = R
2, where typical points have the form

x = (s, t):

min
{
ℓ(s, t)

def
= s+ t : 1 = g(s, t)

def
= st, s > 0

}
.

The suggested procedure is to look for points (s, t) such that st = 1 and

[0 0] = ∇s,t (s+ t+ λst) = [1 + λt 1 + λs].

Clearly λ = 0 can’t work, so we may write s = −1/λ = t. Then the constraint forces
1 = st = s2, so s = 1, and our unique candidate for optimality is the point x̂ = (1, 1).
(The unique corresponding multiplier is λ = −1.) It’s easy to see geometrically, or by
substituting s = 1/t and using calculus, that x̂ really is this problem’s global solution.
However, the theorem above won’t confirm this because x̂ does not minimize the
function

(s, t) 7→ s+ t+ λst = s+ t− st.

It’s a critical point, but writing this expression as 1 − (s − 1)(t − 1) clearly shows
that x̂ is a saddle point instead of a minimizer. Without our specialist knowledge
that x̂ is a solution, the procedure outlined above would leave us stranded, with no
good reason for thinking the point x̂ was preferable to any other. ////

B. Local Surjectivity

Lemma. Let A =

[
a b
c d

]
be a 2× 2 matrix. TFAE:

(a)
{
Ax : x ∈ R

2
}
= R

2, i.e., A:R2 → R
2 is surjective.

(b) For any open set Ω ⊆ R
2 with 0 ∈ Ω, one has 0 ∈ intA(Ω) = int {Ax : x ∈ Ω}.

(“A is locally surjective near 0.”)

(c) det(A) 6= 0.

Proof. Exercise; done in UBC Math 223. ////

The conclusion of the next result localizes this surjectivity condition for nonlinear
mappings. Given f :R2 → R

2, we label the component functions as follows:

f(s, t) =

[
f1(s, t)
f2(s, t)

]
.

Theorem (Surjective Mapping). Suppose both f1 and f2 have first partial deriva-
tives that exist and are continuous on some open set G containing a point x0 ∈ R

2.
Consider the Jacobian matrix

Df(x0) =




∂f1
∂s

∂f1
∂t

∂f2
∂s

∂f2
∂t



x=x0

.

If det(Df(x0)) 6= 0, then f(x0) ∈ int f(G).

Proof. Belongs in Math 321; see, e.g., Bartle, Elements of Real Analysis. ////
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Discussion. Suppose x0 = (0, 0). Then for (s, t) near (0, 0), linearizing the compo-
nent functions f1 and f2 of f leads to the vector-valued approximation

[
f1(s, t)
f2(s, t)

]
≈

[
f1(0, 0)
f2(0, 0)

]
+

[
∂f1
∂s

∂f1
∂t

∂f2
∂s

∂f2
∂t

] [
s
t

]

i.e., f(s, t) ≈ f(0, 0) +Df(0, 0)

[
s
t

]
.

The intuitive content of the Surjective Mapping Theorem is that local surjectivity of
the matrix Df(0, 0) near (0, 0) and the approximation statement just written imply
local surjectivity of the function f near (0, 0).

Contrapositive. Suppose f satisfies the continuous differentiability hypotheses of
the previous theorem on some open set G, and there is a point x0 ∈ G for which
f(x0) 6∈ int f(G). Then det(Df(x0)) = 0.

C. Lagrange Multipliers in the Plane

Optimization Problem. Continuously differentiable functions ℓ, g:R2 → R are
given. A simple optimization problem is to choose x ∈ R

2 to

min {ℓ(x) : g(x) = γ} .

Necessary Condition. Suppose x̂ ∈ R
2 gives a local minimum above. Consider

F :R2 → R
2 defined by

F (x) = (g(x), ℓ(x)).

We have F (x̂) = (γ, ℓ(x̂)) by the constraints, and (by local minimality) there is some
open set G containing x̂ such that F (G) contains no points of the form (γ, ℓ(x̂)− ε)
for ε > 0. In particular, F (x̂) 6∈ intF (G).

The contrapositive of Graves’s Theorem then says that DF (x̂) must be singular.
That is, its rows must linearly dependent: for some nonzero vector (λ, λ0) ∈ R

2,

[ 0 0 ] = [λ λ0 ]DF (x̂) = [λ λ0 ]

[
∇g(x̂)
∇ℓ(x̂)

]
,

i.e., [ 0 0 ] = ∇ (λ0ℓ+ λg) (x̂).

In summary, we have this useful result for two-dimensional problems.

Theorem (Lagrange). If x̂ ∈ R
2 gives a local extremum in the problem stated

above, then there exist real constants λ0 ∈ {0, 1} and λ (not both zero) such that

∇(λ0ℓ+ λg)(x̂) = 0. (∗∗)

Proof. We know that (∗∗) holds for some nonzero pair (λ0, λ). If λ0 = 0 the conclusion
is true as stated. If not, then λ0 6= 0 and we have

∇(ℓ+ λ̃g)(x̂) = 0 for λ̃
def
= λ/λ0.

Thus (∗∗) holds with the original pair (λ0, λ) replaced by (1, λ̃). Using the modified
pair from the beginning gives the sharpened form of the conclusion.
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Terminology. For (∗∗) to hold with λ0 = 0 requires that λ 6= 0, and in this case we
have

∇g(x̂) = 0.

This is the “abnormal” case, where the candidate x̂ is a critical point for the con-
straint function alone. In practice, this often indicates some kind of degeneracy
or borderline case in the problem formulation. An optimization problem that has
abnormal extremals is called an abnormal problem.

Example. Here is an abnormal problem in R
2:

min
{
ℓ(s, t) = tes : 0 = g(s, t)

def
= s2 + t2

}
.

The only point where g = 0 is x̂ = (0, 0), so it must be the point that gives the
minimum. Lagrange says there must be some λ0, λ (not both zero) such that

[0 0] = ∇ (λ0ℓ+ λg) (x̂)

= λ0 [0 1] + λ [0 0] = [0 λ0] .

This is correct when λ0 = 0 (any λ then works), but it never holds with λ0 = 1. ////

Higher Dimensions. Boosting this story to inputs x in R
n and constraining func-

tions g:Rn → R
m with m < n doesn’t change much. The only change is that when

γ ∈ R
m, we need the Lagrange multiplier λ also to be a vector of dimension m.

D. Lagrange Multipliers in General

Now suppose X is a real vector space with an affine subset S parallel to a subspace
V , and functionals Λ,Γ:S → R are given. Consider the problem

min {Λ[x] : x ∈ S, Γ[x] = γ} . (P )

Let us investigate the properties a (local) solution x̂ for (P ) must enjoy.

Fix any y, h ∈ V and define f :R2 → R
2 as follows:

f(s, t) =

[
f1(s, t)
f2(s, t)

]
=

[
Γ[x̂+ sy + th]
Λ[x̂+ sy + th]

]
, (s, t) ∈ R

2.

Note that f(0, 0) = (Γ[x̂],Λ[x̂]) = (0,Λ[x̂]). Since x̂ solves (P ), there can be no pair
(s, t) for which f1(s, t) = γ and f2(s, t) < f2(0, 0). (If there was, the arc x = x̂+sy+th
would lie in S and obey Λ[x] < Λ[x̂] and Γ[x] = γ, a contradiction.) Thus the point
f(0, 0) cannot be an interior point of the set

{f(s, t) : |(s, t)| < 1} .
According to Graves’s Surjective Mapping Theorem [provided f is C1 near (0, 0)],
this forces

0 = det [Df(0, 0)] = det

[
Γ′[x̂; y] Γ′[x̂; h]
Λ′[x̂; y] Λ′[x̂; h]

]
.

The same conclusion holds for arbitrary y, h ∈ V . Expanding the determinant gives

0 = Γ′[x̂; y]Λ′[x̂; h]− Λ′[x̂; y]Γ′[x̂; h] ∀y, h ∈ V. (∗∗)
Two cases arise:
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Case 1: Γ′[x̂; y] = 0 for all y ∈ V .

In this case the operator DΓ[x̂]:V → R defined by DΓ[x̂](y) = Γ′[x̂; y] satisfies

DΓ[x̂] = 0 on V . (†)

Case 2: Γ′[x̂; y0] 6= 0 for some y0 ∈ V .

Here choosing y = y0 in (∗∗) and rearranging leads to

0 = Λ′[x̂; h] +

(
− Λ′[x̂; y0]

Γ′[x̂; y0]

)
Γ′[x̂; h] ∀h ∈ V.

Introducing λ := −Λ′[x̂; y0]/Γ
′[x̂; y0] gives 0 = (Λ′+ λΓ′)[x̂; h] for all h ∈ V , i.e.,

D(Λ + λΓ) [x̂] = 0 on V . (‡)

Combining these results, we obtain a useful theorem:

Theorem. Suppose x̂ solves problem (P ) stated above. If the functionals Λ and Γ
are sufficiently smooth, then there must be constants λ0 ∈ {0, 1} and λ ∈ R, not
both zero, such that

D(λ0Λ+ λΓ) [x̂] = 0 on V . (3)

Proof. In case 1, the pair (λ0, λ) = (0, 1) satisfies (3); in case 2, line (3) holds with
λ0 = 1. ////

Remarks. 1. Line (3) holds vacuously, for each and every x̂, when both λ0 = 0 and
λ = 0, so it is essential to stipulate “not both zero” for a meaningful result.

2. The possibility that λ0 = 0 must be allowed to obtain a correct statement, but
it usually signals a problem where there is something unusual about the problem
formulation or the constraint structure. This situation is called “abnormal.” An
example from the Calculus of Variations appears below.

Applications to the COV. The standard isoperimetric problem

min{Λ[x] :=
∫ b

a

L(t, x(t), ẋ(t)) dt :x ∈ PWS[a, b], x(a) = A, x(b) = B,

∫ b

a

G(t, x(t), ẋ(t)) dt = γ}

fits the pattern described abstractly above. We need only recognize the vector space
X , affine subset S, subspace V , and functional Γ as follows:

S = {x ∈ PWS[a, b] : x(a) = A, x(b) = B} ,
V = VII = {y ∈ PWS[a, b] : y(a) = 0 = y(b)} ,

Γ[x] =

∫ b

a

G(t, x(t), ẋ(t)) dt.
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The smoothness conditions on Λ and Γ will hold whenever the corresponding inte-
grands L and G are of class C1. The extremality theorem stated above concerns the
operator

(λ0Λ+ λΓ)[x] =

∫ b

a

(λ0L(t, x(t), ẋ(t)) + λG(t, x(t), ẋ(t))) dt.

Conclusion (3), that D(λ0Λ+ λΓ)[x̂] = 0, is equivalent to the statement that the arc
x̂ obeys IEL for the integrand

L̃(t, x, v) = λ0L(t, x, v) + λG(t, x, v).

The direct translation of the abstract theorem into the present context is as follows:

Theorem. Suppose x̂ solves the isoperimetric variational problem stated above. If
both L and G are C1, then there must be constants λ0 ∈ {0, 1} and λ ∈ R, not both
zero, such that for some c,

λ0L̂v(t) + λĜv(t) = c+

∫ t

a

(
λ0L̂x(r) + λĜx(r)

)
dr t ∈ [a, b].

An Abnormal Situation. In the isoperimetric problem

min

{∫ 1

0

t2ẋ(t)2 dt : x(0) = 0, x(1) = 1,

∫ 1

0

√
1 + ẋ(t)2 dt =

√
2

}
,

every arc providing a global minimum must have corresponding constants λ0 ∈ {0, 1}
and λ ∈ R, not both zero, such that x̂ obeys (IEL) for

L̃ = λ0t
2v2 + λ

√
1 + v2.

That is, for some constant c,

2λ0t
2 ˙̂x(t) + λ

˙̂x(t)√
1 + ˙̂x(t)2

= c.

Closer inspection of the constraints reveals there is only one admissible arc, namely
x̂(t) = t. This arc must certainly give the minimum, and substitution in the relation
above gives

2λ0t
2 +

λ√
2
= c ∀t ∈ [0, 1].

This forces λ0 = 0: the only form in which the conclusion of the theorem holds is the
abnormal one. ////
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Implementation/Logic Review. The results of this section suggest slight modi-
fications to the procedure introduced in Section A, and a significant revision of our
understanding of its outcome. Given an isoperimetric problem of the form above,

1. Find all admissible extremals for the constraint integrand G. These are the
problems “abnormal extremals,” since they satisfy the conclusions of the theorem
with (λ0, λ) = (0, 1). In most problems this set of arcs is empty.

2. Find all admissible x̂ that, together with some contant λ, satisfy IEL for L̃ =
L+ λG.

3. If the problem has a solution, it must be among the arcs identified in Steps 1
and 2.

4. For each pair (x̂, λ) found in Step 2, test whether the mapping x 7→ Λ + λΓ is
minimized over S by x̂. If so, x̂ gives the minimum in the stated problem.

Most of the hard work in this procedure comes in Steps 1 and 2, which are the same
here as in Wishful Thinking mode above. Step 3, which follows from the theorems
above, confirms that the effort in Steps 1 and 2 has really produced some useful
information, regardless of whether the test in Step 4 is passed or not. Deleting
Step 3 takes us back to Wishful Thinking mode, in which the hard work of Steps 1–2
seems like a high-stakes gamble, leading either to global minimality or to complete
disappointment.

E. Interpretations

Back in wishful thinking mode, consider the influence of the constant γ in the
equality constraint on the minimum value in our problem. That is, define the value

function

V (γ)
def
= min {Λ[x] : Γ[x] = γ} . P (γ)

Fix any y in X , and put γ = Γ[y] into the above definition. Then the minimization
problem sets up a contest between all x for which Γ[x] = Γ[y], with the winner being
that x whose Λ-value is smallest. Clearly one of the choices for x compatible with
the constraints is the original choice x = y itself, but there is no particular reason to
expect y to provide a minimum. This establishes an inequality involving y; since the
same reason applies for any y at all, we have

V (Γ[y]) ≤ Λ[y], ∀y ∈ X. (1)

On the other hand, if we are interested in some particular constraint level γ̂, and a
solution to the problem P (γ̂) is known—call it x̂—then we have

Λ[x̂] = V (γ̂) = V (Γ[x̂]). (2)

Taken together, lines (1)–(2) imply

[0 = ] Λ[x̂]− V (Γ[x̂]) ≤ Λ[y]− V (Γ[y]).
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That is, the function y 7→ (Λ− V ◦ Γ)[y] has an unconstrained minimum over X at
the point y = x̂. Therefore

0 = D(Λ− V ◦ Γ)[x̂] = DΛ[x̂]− V ′(Γ[x̂])DΓ[x̂].

Defining λ = −V ′(γ̂), we have the same conclusion derived carefully in previous
sections: If x̂ is a minimizer in problem P (γ̂), then there exists some constant λ such
that

0 = D(Λ + λΓ)[x̂].

In normal problems with a unique minimizer x̂ and a unique corresponding Lagrange
multiplier λ, this alternative derivation suggests a new interpretation for the number
λ. Namely, −λ tells the rate of change of the objective value with respect to the
constraint levels.

In Economics, problem P (γ) might be faced by some business owner, whose goal
is to minimize some financial penalty (measured in dollars). Then γ might represent
the available amouont of some commodity important in the business, perhaps in
units of kg. Then dV/dγ tells the rate of increase in the owner’s cost as the available
resource increases. Typically more resources drive costs lower, so we are interested in
λ = −dV/dγ, the positive improvement in our “bottom line” associated with every
slight increase in γ. The units of this quantity are dollars per kilogram, and the
standard term for it in economics is the shadow price. It tells the value of resource
γ to the business owner interested in problem P (γ). The owner will compare λ with
the cost of γ on the open market. If the market price is below λ, it’s profitable to
buy some and achieve a larger profit; if the market price is above λ, selling some γ
to others increases the business’s operating penalty a little, but the buyers give the
owner enough dollars per kilogram to make this a profitable decision anyway.

Mathematically, the weak point in the reasoning above is the unstated assump-

tion that the function V is differentiable at γ̂. Independent effort using quite different
methods is required to put a solid foundation under the interpretations above.
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