
UBC Mathematics 402(201)—Assignment 8
Due at 09:00 on Thursday 12 March 2015

1. A taut string joins the points (0, 0, 0) and (1, 1, 1) on the three-dimensional surface y = x2. What
curve does the string describe?

2. A heavy gun is installed at the point of R3 with coordinates (x, y, z) = (0, 0, z0), z0 > 0. It can
launch projectiles in any direction with a constant muzzle velocity v0 > 0. Show that the set of
possible projectile trajectories fills out a paraboloid of revolution in the half-space z > 0, and find
the equation of this figure. Show that the paraboloid is an envelope for the set of trajectories. See
the sketch below.
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Figure 1: A militaristic problem.

3. In a certain basic problem with initial point (0, 0), every arc below is an extremal:

x(t) = 1− (αt− 1)2, α ∈ R.

(a) Show that each terminal point (b,B) with b > 0 and 0 < B < 1 lies on two different curves in
the family above. Find them both.

(b) Only one of the two extremals identified in part (a) can possibly provide a minimum in the
problem with terminal point (b,B). Which one? Why?

4. Consider the variational integrand L(t, x, v) = x
√
1 + v2, for which a two-parameter family of

extremals was found on an earlier assignment:

x(t;α, β) =
cosh (α+ βt)

β
, α, β ∈ R.
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(a) Find Jacobi’s differential equation for L, relative to the extremal x̂(t) = x(t; α̂, β̂).

(b) Find two linearly independent solutions for the differential equation found in (a).

(c) Consider the basic problem involving L, with initial point (a,A) = (0, 1) and terminal point
(b,B). Prove that if B = cosh b, the admissible extremal x̂(t) = cosh t gives rise to no conjugate
points in [0, b), regardless of the value of b > 0.

(d) For the problem in (c), the choice β = coshα gives a one-parameter family of extremals
x(t;α) satisfying the initial condition. Using the computer, or otherwise, show that there are
two distinct extremals passing through the terminal point (b,B) = (1, 1), and sketch these
two extremals. Use conjugate point theory to conclude that one of them is not a minimizer.
(Which one?) [Report all numerical results to five significant digits.]

5. (Legendre’s Approach.) Consider the basic problem with integrand L and smooth (i.e., C1) ex-

tremal x̂. Write α(t) = L̂vv(t), β(t) = L̂xv(t), and γ(t) = L̂xx(t). Assume (L+), i.e., that α(t) > 0
for all t in [a, b].

(a) Suppose that Jacobi’s equation relative to x̂ has a solution y1 such that y1(t) > 0 for all t in
the closed interval [a, b]. Confirm that the function u1(t) = −α(t) (ẏ1(t)/y1(t)) − β(t) then
satisfies the Riccati equation:

u̇(t) = −γ(t) + α(t)−1 (β(t) + u(t))2 , a < t < b.

(b) With u1 as above, prove that the second variation functional

J [y]
def
=

∫ b

a

[
L̂vv(t)ẏ(t)

2 + 2L̂xv(t)ẏ(t) y(t) + L̂xx(t)y(t)
2
]
dt

satisfies, for all continuously differentiable y in VII ,

J [y] =

∫
b

a

α(t)
[
ẏ(t) + α(t)−1 (β(t) + u1(t)) y(t)

]2
dt.

(c) Conclude that for all smooth y in VII , one has J [y] > 0 unless y ≡ 0.
[Clue: If J [y] = 0, then the bracketed term in the integrand must vanish for all t. Show that
this fact, together with y(a) = 0, implies y ≡ 0.]

(d) Deduce (with Legendre) that if Jacobi’s equation has a positive-valued solution on [a, b], then
the extremal x̂ must provide a directional local minimum (in the class of C1 arcs) for Λ[x] =∫ b

a

L(t, x, ẋ) dt.

(e) Specifically, consider L(x, v) = v2 − x2 on the interval [ε, π − ε], assuming < ε < π/2 is given.
Find a positive-valued solution of Jacobi’s differential equation, state the corresponding Riccati
equation, and write down the solution u1 suggested above. Use this to build an inequality that
will confirm the global (not just directional) minimality of the arc x̂(t) = 0 in the problem
of minimizing Λ[x] subject to x(ε) = 0 = x(π − ε). Discuss the feasibility of extending your
conclusions to the case ε = 0.
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